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Nonlinear TE Electromagnetic Surface Waves in a Ferrite
Layered Structure
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Abstract

Characteristics of TE electromagnetic surface waves propagating in a nonlinear
dielectric film bounded by a ferrite cover are examined theoretically. A dispersion
relation based on Jacobian Elliptic Functions is derived, which describes the behaviour
of the nonreciprocal nonlinear waves.
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1. Introduction

In several years, the investigation of nonlinear electromagnetic
surface and guided waves in nonlinear wave guide structures has been
advanced rapidly by many authors “%. Recently, the propagation
characteristics of nonlinear electromagnetic and magnetostatic surface
waves in gyromagnetic (Ferrite materials) wave guide structure have
been studied %" as the microwave devices using ferrite materials have
unique characteristics; non-reciprocity, and magnetic tenability ®"%.
Potential applications of nonlinear electromagnetic waves in designing
microwave solid state devices could be utilized by stimulating the study
of dispersion relation and the power in a proposed ferrite layered
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structure. In this paper, we investigate theoretically the bahaviour of TE
surface waves in a nonlinear dielectric film bounded by a gyromagnetic
ferrite cover and a linear dielectric substrate. We derive an exact
analytical dispersion equation. The layout of the paper is as follows;
section two presents the basic equations of electric and magnetic fields
components in each layer of wave guide structure. In section 3, we
derive the dispersion equations. In section 4, we compute, illustrate,
discuss some numerical results and present our final conclusions.

2. Theory

The analytical model of wave-guide structure is shown in Fig.1. A
static biasing magnetic field H, is applied in the +y direction. We assume
that the finite nonlinear film occupies the region 0<z <d bounded by
the ferrite (Y1G) cover of the space z>d and a semi-infinite linear
dielectric substrate in the region z<0.

z
A

Ferrite.
€3 medium ;

" B

€1 medium

Figure (1): Analytical model of a layered structure and coordinate system

The magnetic permeability tensor of the gyromagnetic ferrite cover is

described as ¢+,
ﬂxx 0 #xz
mo)=| 0 w, 0 (1a)
- /uxz 0 - /’lxx
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Where

(@, +wm)—w2J

., .
,UXXI,UB[ a)g 7 , ,lez:l/ugﬂ, o is the angular

frequency of the supported wave, o, =yu,H,, o, =yu,M,, u,H,is
the applied magnetic field, y =1.76x10"s'T" is the gyromagnetic
ratio, o M, is the dc saturation magnetization of the magnetic insulator
and u,has been introduced as the background, optical magnon
permeability. It will be assumed that ferrite cover has frequency-
independent dielectric constant € =¢, and has value 1. The dielectric
function of the nonlinear dielectric medium is assumed to be Kerr-like,

isotropic and depends on the electric field, then the dielectric function of
a nonlinear film is characterized by *™*:

8NL:8L +ay‘ Ey‘z, (1b)

where g, is a frequency- dependent linear part,and o is a nonlinear
coefficient.

Only TE modes are going to be considered with propagation constant
k., along the x-direction, and operating frequency . Electromagnetic
fields are assumed to be

E=[o. E, (2), 0]’ x~@0) 2)

H =[H 0 H ]ei(k X—wt) 3)
x' 4
Using Maxwell’s equations and following the usual derivation, then
the electric and magnetic field components in each layer can be written
as:
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2.1.In a linear dielectric medium

E® = E, explkz] (4)
O _ iESk,
* ou, (%)
k
HO - M1 E(,l)
Coop, ©

The electric and magnetic fields in the dielectric substrate are:
2
Where, k,° = k2 —Cﬂz &1y ME, :ciz, ¢ is the velocity of light, and
k= /c,Ey is the electric field inregion 1atz=0
2.2 In nonlinear medium

The components of electric and magnetic fields are closely follow
the treatment given by Boardman and Egan ®° as:

E® =Penfa(z +2,)|m] )
HO =" psn[q(z+2,)linla(z + 2, ) @
a) o
HO =" [pen[afz+2,)im] ©)
wp,
w’s
Where k7 =k’ - ~2, ¢n, sn and dn are specific Jacobian elliptic
C
functions, and
2
g=(ki +40,C, )% A, = "’2 % and p? = (¢ kD245
C

C, is a constant that can be obtained from the boundary conditions.
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2.3 In the ferrite cover

The electric and magnetic fields components in the ferrite cover can
be written as %

E = Eeh (10)

HE(S) (Z)z(luxxk3 _ikxluxz JE)’ (11)
o, U M,

HZ(3) (Z) — /uxz k3 + lkx/'l\:x Ey (12)
ol K,

where E4 denotes the electric field in region (3) at z= d, k3 = (k-
@ 1,7/¢?) and = (e’ + 1)/ 1, Which is the effective permeability.

3. Dispersion Equations

Matching the field components H. , H . and E, at the boundaries, z =

cnlqd]=
@B \(aE )] Sﬂrr lkluxz
0 -
2 2 w M,
2 2 2 2 2 2 2 (13)
a BE, , E c (ku, —iku, azE azE 2 azE kK,
E)ELI n’.l + ) Q +

2 2 2 o Mo, 2

0 and z = d, the dispersion equations are:

Where n;=ck;/w, E, and E, are the values of the electric field at the lower
and upper boundaries of the film, respectively. This equation *® is
represented in the form
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f (ny, aE¢*/2, ®, D) =0,

where n, = ck ©, D = od/c, and aEy*/2 is called the optical power
density.

The conditions for the existence of nonlinear surface waves, for the
present study are ny>e; >e1, < 0 It is very clear that the dispersion

2[0‘2E§ ](“255 J (Qz B n1n3)

2 2 (14)
2 2

%2t Ed{(nfaz E2[2)+ (n2er, B2 [2) + Qz(az E2[2+a, Ej/2)+[azf" —azE"J}

cnlgd]=

2 2

equation displays non-reciprocal behavior which is very important in
designing microwave devices since

f (ny, o Ee?/2, ®, D) # f (-ny, aE%/2, ®, D)

We examine the dispersion equation in the special case py, = 0 and

uxx = 1, we get,
aZ2 (EZ SH, —é‘zjz aZ2 X[E 2§ _EZJZ =1 (15)
) =
(/‘v‘% _‘91) (‘91 +HE— 252) ) (,Uvga _‘91) (51 THE— 252) o

which is identical to the results obtained in @

After some algebraic manipulations, the relation between E,° and E,
can be derived as

4. Numerical Results, Discussions, and conclusions

The derived nonlinear characteristic dispersion equation Eq. (13) has
been computed and simulated numerically. The results are presented in
graphical form by using software mathematical program known as
MAPLE V. In our computation, the data is used as reported by shabat ®”,

wH =57, 14,=125 yM =17Fandy =1.76<10"radsT* For p, <0, the range
of surface waves is from Jf (f, +f_)to(f, +f, ), where fo=cwo/2n, and
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fm=wm/2w, This gives result of values corresponds to frequencies 16.234
GHz to 18.9 GHz.

Figure 2 shows dispersion curves as aE’/2 versus the effective wave
index n, of Eq. (13) in both wave propagation directions, since (n, = + 1,
n, = 1 for propagation in the forward direction, n, = -1 for the backward
direction). Both curves represent the non-reciprocal behavior for different
values of operating frequency. These values are very important in
computing the power flow in the wave guide structures which are now
under consideration. The figure illustrates the dependence of the wave
index of TE, waves on the optical power density at the lower boundary of
the nonlinear layer. The curves are labeled with values of f: curves 1, 2, 3
represent different frequency as 16.40GHz, 16.43GHz and 16.46GHz
respectively. 1 addition the results of the present work exhibit that the power
density depends strongly on the frequencies, it might be also used in
designing and implementing integrated microwave devices based on non-
reciprocal behavior as isolators and switches. The curve of power density
versus wave index decreased suddenly from high to lower point.

Figure 3 describes the relation between the power density (aE,°/2)
and the thickness of the film D for various values of frequency. We
notice that the nonlinearly increases in strength as the film thickness
increases in the forward and backward wave direction. Both figures also
display non-reciprocal behavior.

We proposed here a new approach describing a non- reciprocal
behavior of nonlinear surface waves in a three—layer ferrite wave guide
structure, which is very promising for designing future microwave
devices.
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Figure (2): Computed power density versus the effective mode index for
various values of frequency. (a) Forward, (b) backward (y=1.67x10" rad.S™*T*,
“,()MO:O.].?ST, ],l,oHQ:O.ST,szl,
aE4?2=. 5,d=30um). Curve (1), f=16.40GHz;curve (2),
f=16.43GHz;curve (3),/=16.46GHz
aElR aElR
022 ! 2 022 ! 2
S 1 s
0218 (a)forward / // 3 0218 (a)forward / 3
,,0216 / 0216
; 0214 // // / ; 02143
3 0212 // / / E 02121
20l / Ve / £ 02l
0.208 yd 0.2084
0.206 // 0.206{
0.204 /// / 0.2044
0.202 4 / 0202
0 / e 02
2365 237 2375 238 2385 239 2395 24 2405 241 2413 2355 2'37 2'375 2‘38 2‘385 2'39 2}‘95 T4 a5 24l Al
Film thichness ) ’ ’ ’ Filmmichne.ss]) N

Figure(3): Computed power density versus the film thickness for various

values of the frequency,

in two direction (a) forward (b) backward.

curvel, f=16.40GHz; curve2,f=16.43GHz; curve3, f=16.46GHz
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Appendix A

We consider a thin, optically nonlinear, dielectric film sandwiched between
semi-infinit linear dielectrics. Only TE modes are going to be considered, and
these propagate along the x axis with wave number kx and angular frequency w.
The electric and magnetic field component have the form E= (0,E,(z),0)
exp(ik-iat) and H = (H(z),0,H,(z)) exp(ik-iax). If the optical nonlinearity is of
the kerr type, then the dielectric constant of the film is &+ az/Ez/z so that if Ej
are taken to be real, then they must satisfy the equation:

the first integration of equation (A.1) is derived as follows:

B, — (k2 - 2A,E2)E, =0 (A1)
dE, d (dE, _kzzEsz2+2AE§dE2:0
dz dz\ dz dz dz
14 (dE, 2_£k2dE22+2A£dE;_O
2dz\ dz 2 % d:z 4 d:z
2
%[‘f—zj —%k§E§+%AE2“=CZ
z
2
[iE—Z) -k}E;+AE, =2.C,
: (A.2)
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Then Eq. (A.2) gives:

EZ - (k2 - A,E2)EZ =C, (A3)
the value of constant C, is evaluated as:
at z=0
E,=E, , E,=Ee°=E, (A.4)
,E =E, E =kE_e® =kE, (A5)

E2 - (k2 - A,E2)E? = C,
Elk, - (k2 - AE2)EL =C,

6028
S S L A8
27,2 ngl 2 2 (0252 2 | 2
Egk; _c—on — || ks - 2 - AN Eq |Ey =G,
o’e o’
Bk - R - R+ B A BB = C, A7)
Finally we obtain:
2 2]
E =
a)_zEg[gz gl+a220 = C, Atz=0 (A.8)
2 27 -
a-E At z=d A.9
a)_zEg{gz_gngA =G (A9)
c 2 |

Where E¢?, and Ey?, are the value of electric fields at the lower and higher
boundary, respectively.
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Appendix B

The relationship between E;’ and Ej’ is derived mathematically with
details as follows:

Dividing both Eq’s. (A.8) And (A.9), we get;
Eg(gz —& +0‘2E§/2) = Ef(gz —&3 +“2E13/2)

(B.1)
Ef(gz &3 +0‘2E§/2)_E3(52 & +052E§/2): 0
Multiply Eq. (B.1) by 205 :
ZaZEbZ(gZ — &+ O(ZEE/ZJ — 20,2 (52 —-& + azEg/Z)z 0
2a2E,f(82 — 33)+ (azE,f)— 205255(82 - 81)— (052155)2 =0
2
(azElf )2 - (azEzj +a,Ef (28, — 28,) + a,e2(26, — 26,)=0 (8.2)
(azEf )2 - (azEs )2 —a,Ef (51 te - 282 + &5 — 51)+ (B.3)

Then, add (g, —&,)(e, + &, — 2¢,) to both sides of Eq. (B.3), we
have:

(B f 2 el +,~26,+,-6) +on
(6+5-25-5+8)+a-g)la+5-28)=(5-8)a+5-25)  (BA)

Adding the term, (azE,fazEf —azE,fazEf) in left-hand side of Eq.
(B.3) we got;
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(aczEb2 )2 +o,Er aE? — o, EroLES — (azEf )2 —a,EX (g, + &, —2¢,)

- azEzf (53 - 51) + szEf (‘91 &~ 232) - aonz (53 - 51)

+ (53 - 51)(51 Té&— 252):(53 - 51)(51 +& - 252) (B:5)

(0o~ e~ 1) |op 2 + 2~ + - 255) =6 —&1) (646, ~25,) (BD)

[(azE,f - & +82)—aEf +g —82][052E,f AN —¢, +5‘2] (B.7)
:(53_51) (51+53 _252)

B.8
(azEzf —&3 +‘92)2 _(0“55 —& +<92)2 :(53 _‘91)(51 + &3 _252) (59)

2 2
{E} {E—} er-alae-2s) (B9
a, o,

At last, we get the relation between Eq? and Ey’ as:

o [E2 &5 ]2 _ o y
(‘93 - 51) (51 +é&— 252) ’ a, (53 - 51) (51 +é&— 252)
2
p_bm% | 4
X( o a, ] (B.10)
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Appendix C

E

o

= cn(z,9)

&~

IS

5 =cn’(2,9)

2

1-=2=1-cn’(z
7 (z,9)

. =

o

2

E
C1-=2 =sn’(z
7 (z,9)

. =

The derivation of the constant C; in both boundaries:
(1) Atz=o0

From Eq. (3.46) we have;

-k - MEE = C,
But  EY = E, exp(kz)

And  E =Ek, ,El=EM

(C.1)
o — (2) —
Where E =E, and E” =E,
And E=E, andE =E,
Then E?? - (k2 - AE2)E =C,
w’e (C.2)
Ef[kz -2 (k2 - AE2)E? =C,
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2

Where 2 =k? -2t
C
2

w &

And k22 :k2 —0—22

Equation (4.42) becomes:

22 2
0 E {gz s azzEg } _¢, (C.3)

2
(4

Where E, is the value of electric field at the lower boundary of the film

(2) Atz=d

We have Ef) = E, exp [kg(d _ Z)]
Then E, = —k,E,

Where E® =E,

And

(Es )2 = k32E32
Substitute in:

Ez2 - (k22 - AzEzz)Ez2 = Cz (C.4)

But . )
at z=d E,=E, , E,=E,

And 2 2
@ 82 kZ _ k2 w
2 ! 3 T2 83#\1
C C

kE=k? -
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Then Eq. (4.44) becomes:

2
k2 E2 - sz - ‘(‘:’—ngJAZ EZZ}EZ2 =G,

2 2
et [ Laine o

c

Then

0)2

a
—ZEjlgzgavar?z E;]—Cz, (C.6)
c

Relationship between E¢” and Eg”

We drive mathematically the relationship between Eand E> as
follow:

Dividing Eq. (C.3) by Eq. (C.4) we get:
72 , 2|2 1 I C7
| & T EH TSR TR T AT % (C.7)
Multiply Eq. (C.7) by 2¢, it becomes:
2aE2[5 —E U +1aE2j—2aE2(g -& +la E2j=0 (C.8)
1 O A R R ol72 "1 27270
2aE2(8 -& )+ a E? 2—2aE2(g —g)— a E? 2=0
0 G2 T EH, d oVv2 1 270

2 2
(0{ Ez) —(a Ez) +a EZ(Zg —2& U )+a E2(28 -2¢ )=O
2 d 270 2 a\ 72 37y 2 0V 1 2
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2 2
(azEjj —(azEf)) —aZEj(gl top =2, —51)+a2E§(51 e THE RS —2,92)=0
Adding (u,e, — & )(e, + u,6, — 2¢,) to the both sides of Eq. (C.7)
then the left-hand side of Eq. (C.7) becomes:

(azEj )2 — (ocon2 )2 - azEj(el + U, &y — 28, + [, 65 — 51)+ a,E?

(81 + UEy— 26, — [, E4 + 81)+ (,uvg3 - 6‘1)(6‘1 + U,E — 26‘2)

Also adding the term «,E’a,E* —a,E a,E* to the left-hand side,
we obtain:
(s + auEsn L - B (2 — a6 + 1.2~ 28,) - oo
(estt, — &)+ 0o} (& + 1.6, = 26, )~ e, — 61) + (.8 — & )& + ph.6— 2,)
The above equation becomes:

| — @, B2 ~ (6, - &)| | @B} + 2 = (61 + 1,65 - 25,
Finally the Eq. (C.9) lead to:

(B2~ B (5, -8) | [ + B ~(6+ 15~ 25)|=(ug,—5)  (C9)
(51 + U & _252)

(B~ + 186+ 8| B~ — 6 + 5+ 5, + 0
=(ue—5)5 +ue—25)

(02—, +) (o2 — &+ &) | [ (2 — s, +) (2 5 +5,) ] (€:10)
=(u&—a)(a+us—25)
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, Equation (C.10) becomes:
(%Eg — &M, + 53)2 - (a"zEj &+ 52)2 = (ﬂvgs - 51)(51 +HE— 252) (C.11)

2 2
%{Ej _%} _0’22|:E3 _%} :(,Uvgs _51)(‘91 + & _2‘92)

Dividing Eq. (C.11) by (u,&, — &,) (&, + 1,6, — 25,), e obtain:

2
%2 (Ez S, _‘92] a’zz «
b
(ﬂvgs _‘91) (51 +HE _2‘92) 2] (ﬂvgs _‘91) (51 + 14,8 _2‘92)
2
X[EZ _ﬁJ —1 (C.12)
o

By using Eq. (C.12) we plot the relations between «,E’ against
a,E>.
This (E,°,E;) relationship can be used to great effect in the nonlinear

generalisation of the dispersion relationships of asymmetric and
symmetric waveguides that are familiar from linear solid state optics.

To find Eq(13) mahematically

Applying the boundary conditions on £ and H at both z = 0 and z=d
we obtain:
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EV = F®
y y
E exp(k.z)=Pcnlg(z )m
e , exp(k,2) la(z,)|m]
E, =Pecn(z,q) 1)
H(l) =H(2)
iIEVk _
y ™M l
=——Pgsn|qz. |d
hen o ~Pq laz, Jan[qz, ]
-FE k
sn[gz, Jdn[gz, | = —=+ )
Pq
and (2) (3)
Ey = Ey

Pen [a(d+z,)]= E, exp [k;(d - d)]

then E, = Pen {q{d + 1_cn 1(E0/P)}} (3)
q

and
g=(:+an,C, YV A, -= ”220“22
P* = (g* + k2)/2A,
From EqQ’s. (4.19) And (4.21) we have:
AT 4)
,1—i”jzsn2(z,,q) 5)

where: cn’+sn’=1
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Similarly; for the upper boundary, we have:
£y _ cn[q(d + lcn_l(Eo/P)H
P q

2
: 1—E—‘§=Sn2[q(d +lcn"l(E0/P)H ©)
P q
The boundary condition for the magnetic fieldat z = d is
H(Z) =H(3)

L pgsnfg(d-+ 2, dn [g(d + =, )][M]E
a) la)luoll’lxx/'lv

[

£, == {pyanfold + 2, Janlg(d + 2,)]} )
/uxxk3 - lkluxz

and

B® — p@

o HO s HE
where B = u(w)H ( the magnetic flux density) .
Substitute about #® , H® and H{ we get:

hen kol i il o fanz))
l a)ﬂo#xxﬂv la)’Ll "’lex/l‘) a)/»lo

let
E,=Penlg(d +z,)]

cnfqd]=cn[qz, —qd —gz,]
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Using Jacobian Functions for Eq. (4.28) we get 2

erfd] = M9z cnla(d+2,) +snlaz dnfaz, Jsn[q(d+ 2, )1dn[(d+2,)]q  (9)
1-m sn’[gz,] sn°[q(d+2,)]

Substitute from EQ’s. (4.20), (4.22), (4.23), (4.24) and (4.25) in Eq.
(4.29) we obtain:

RS R e O]
AL
v

cgd] = 2EE{ ’k”v } / { f;}( —f;} (10)

then Eq. (4.30) becomes:

. . 2
crlgd] = 2E,E, qz—@{‘m} @E+{W}
'LIXX'LIV lu'cxluv

x E- +C]2(E02 +Ef)+A2(Ef +Ef)2

(11)

Multiply the right hand side of Eq. (4.33) by
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2 2 2 2
c(a (o )
0)2(22j EoEd /a)z[zzj EoEd y We get

2(%155}(@5 J{Qz cf ks, —iku, }
2\ 2 60 Heodd, (12)

@, {%Ef . B ¢ [l@um—lkum) (%Ez L oF JQZ (%E %EQJ}
I
1ot
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