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Abstract. In this paper, the reflection and absorption properties of a metamaterial layer 

on a metallic substrate is investigated theoretically and numerically. Perfect 

absorption is achieved for any frequency and for any angle of incidence when 

specified conditions are satisfied. These conditions are as follows: (i) the real 

permeability Re μ of the metamaterial is very small as compared with the imaginary 

part Im μ and (ii) the metamaterial thickness is very thin as compared with the 

wavelength of the incident radiation. Expressions for reflection and absorption 

coefficients are derived in detail. In the numerical results, the mentioned coefficients 

are computed and illustrated as a function of angle of incidence when Re μ, Im μ, and 

metamaterial thickness change.  
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1. INTRODUCTION 

An electromagnetic absorber is a device that can efficiently absorb incident 

radiation with negligible reflection and transmission [1]. The performance of an 

absorber depends on its thickness, morphology and the high possibility of the 

materials fabrication used [2]. Traditional absorbers can be categorized into two 

types: resonant absorber and broadband absorbers [3]. Resonant absorbers rely on 

the material interacting with the incident radiation in a resonant way at a specific 

frequency. Broadband absorbers generally rely on materials whose properties are 

frequency independent and therefore can absorb radiation over a large bandwidth 

[4]. These absorbers are usually relatively thick and heavy, especially for longer 

wavelengths e.g. the Salisbary absorber [5] and the Dällenbach absorber [6] have a 

thickness of a quarter wavelength. 

Electromagnetic metamaterials [7, 8] are arrays of structured subwavelength 

elements, which may be described as effective materials via ε (ω) and μ (ω), the 

electric permittivity and magnetic permeability, respectively [4]. Although the 
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initial interest in metamaterials was due to their ability to exhibit exotic 

electromagnetic effects impossible to achieve with natural materials, they are 

excellent candidates for electromagnetic wave absorbers. Metamaterial-based 

absorbers [9] offer benefits over conventional absorbers such as further 

miniaturization, wider adaptability, and increased effectiveness. Intended 

applications for the metamaterial absorber include emitters, sensors, spatial light 

modulators, infrared camouflage, wireless communication, and use in solar 

photovoltaics and thermophotovoltaics. Due to these benefits, the metamaterial-

based absorbers have achieved remarkable and growing interest. For example, Tao 

et al. [10] have shown experimentally highly flexible wide angle of incidence 

terahertz metamaterial absorber. Landy et al. [11] have performed measurements of 

a polarization-insensitive absorber for terahertz imaging. Meng et al. [12] have 

studied polarization-sensitive perfect absorbers at near-infrared wavelengths. Chen 

[13] has provided a general formulation for metamaterial perfect absorbers and Alu 

et al. [14] have studied epsilon-near-zero metamaterials and electromagnetic 

sources. Liu et al. [15] have demonstrated a spatially dependent metamaterial 

perfect absorber operating in the infrared regime and Huang et al. [16] have 

investigated numerically the impact of resonator geometry and its coupling with 

ground plane on the performance of metamaterial perfect absorbers. Avitzour et al. 

[17] have described metamaterial-based approach in making a wide-angle absorber 

of infrared radiation. 
In this study, we perform theoretical and analytical investigations of a 

perfect absorption based on a metamaterial layer placed on a metallic substrate. 
The electromagnetic radiation that is obliquely incident from vacuum on the 
structure is considered to be reflected by the structure and propagate within the 
metamaterial layer. We have proved that maximum absorption and minimum 
reflection are demonstrated if the permeability of the metamaterial has vanishing 
real part but a large imaginary part as well as the metamaterial thickness is very 
thin as compared with the long wavelength of the incident radiation. Maxwell’s 
equations are used to determine the electric and magnetic fields in each region. 
Then, Snell’s law is applied and boundary conditions are imposed at each interface 
to obtain the reflection and absorption coefficients in a closed form. The behavior 
of the mentioned coefficients against the incidence angle and the metamaterial 
layer thickness is computed and presented in numerical results showing the effect 
of the real and imaginary parts of the permeability of the metamaterial. The 
analysis corresponding to these numerical computations is in agreement with the 
experimental results [1].     

2. THEORY 

We consider a metamaterial slab with thickness d located between a semi-

infinite half free space and a metallic substrate. A parallel polarized plane wave in 
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region 1 is incident on the plane x = 0 at some angle θ relative to the normal to the 

boundary (Fig. 1). The permittivity and permeability of free space in region 1 are εo 

and μo, respectively. For the metamaterial in region 2, the relative permittivity and 

permeability tensors 2  and 2  are described by [1]: 

2
ˆ ˆ ˆ,xx yy zzx y z      (1) 

2
ˆ ˆ ˆ.xx yy zzx y z      (2) 

 

 

 
Fig. 1 – Oblique incidence of electromagnetic wave on a metamaterial embedded between semi-

infinite free space and metallic substrate. 

The magnetic field of the incident and reflected waves in regions 1, 2 can be 

written as [18, 19]: 
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where A  and B  are the amplitude of forward and backward traveling waves 

(  = 1, 2) , 
c

nk 
   is the wave vector inside the material, nℓ  is the refractive 

index of the corresponding material, ω is the angular frequency, c is the speed of 

light in vacuum, and ε1x = ε1z = εo, ε2x = εxx, ε2z = εzz. 

We match the boundary conditions for H


 and E


 fields at each layer 

interface, that is, at z = 0, yy HH 21   and xx EE 21   and at z = d, E2x = 0 (since 

the presence of the metallic substrate make the transmission coefficient T to be 

zero [1]) . This yields the following equations [18, 20, 21]: 

 

A1 + B1 = A2 + B2 ,   (6) 
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where  xxx kkk 21 Snell’s law and 
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The reflection coefficient r of the structure is given by [22]: 
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From the law of conservation of energy [23, 24], the relation between the reflection 

R = |r|
2
 and the absorption A is given by (remember that, the transmission T is zero)  

A + R = 1.   (11) 

Using eq. (9) together with k1z = k1cosθ, kx = k1sinθ, and performing the 

approximation tan(k2zd) ≈ k2zd, when |k2zd| < 0.5, then eq. (10) becomes: 
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For normal incidence θ = 0, the above equation reduces to 
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The solution of this equation for perfect absorption condition leads to μyy = 

= iλ/(2πd), where λ is the wavelength in free space. To get the second perfect 

absorption condition, we substitute μyy = iλ/(2πd) into eq. (9) and use the 

approximation condition |k2zd| < 0.5 to yield |dεxx|<λ/(8π). From the above 

discussion, two main conditions are required to get perfect absorption. First, the 

thickness d and the permittivity εxx must be small enough to meet the 

approximation condition |dεxx|<λ/(8π), and secondly, μyy must be equal to iλ/(2πd), 

which is purely imaginary and inversely proportional to thickness d.  

A careful examination of eq. (10) shows that, the reflection coefficient r is 

independent of the wavelength λ. This can be explained as follows, if the 

metamaterial thickness d = λ/m, m = 1, 2, 3, …, then, μyy = im/(2π). Moreover, 

from eq. (9):  

)sin(
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2
zz

yyxxz m
dk


   , 

where k1 = 2π/λ. Clearly, the reflection is determined by permeability μyy, thickness 

d, and their permittivities εxx and εzz.  

If the metallic substrate is removed, then the structure becomes vacuum / 

metamaterial / vacuum (regions 1, 3 are vacuum and region 2 is metamaterial). In 

this case the transmission cannot be neglected. The reflection and transmission 

coefficients are given by [22]: 
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where r and t are the interface reflection and transmission coefficients, 

respectively. For the parallel polarization r and t are given by [22]: 
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where i, j correspond to any two adjacent media and yy
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3. NUMERICAL RESULTS AND APPLICATIONS 

In this section, the computations of the above theory have been carried out 

for the parallel polarization (TM wave). Specifically, the reflection and absorption 

coefficients for the structure shown in Fig. 1 are computed as a function of angle of 

incidence, Re (μ), Im (μ), and metamaterial thickness. The calculations are 

performed using the exact formula (10). Here, the computed reflection and 

transmission coefficients are represented by the relations R = 10 log|r|
2
 and T =  

= 10 log|t|
2
, respectively. In the calculations, the angle of incidence is changed 

between 0˚ and 90˚ to realize all possible angles of incidence. The relative 

permittivity and permeability of region 1 are equal to 1 (free space). For simplicity, 

the permittivity of the metamaterial in region 2 is assumed to have a moderate 

normal value, for example, εxx = εzz = 1 [1].  

Figure 2 shows the reflection as a function of the angle of incidence for  

m = 90, Re μ = 0, and for various imaginary parts of the permeability of the 

metamaterial (Im μ = 1, 9, 14.3, 20, 50). It can be seen that, the reflection at normal 

incidence (0˚ angle of incidence) is minimized (–38, i.e., 99.98 absorption) when 

μyy = 14.3i, which is in agreement with our calculations (m = 90, μyy = im/(2π) = 

14.3i). For μyy values larger than 14.3i, the reflection increases (absorption 

decreases). On the other hand for μyy values smaller than 14.3i, the reflection 

increases (the absorption decreases) as μyy decreases. 
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Fig. 2 – The reflection as a function of the angle of incidence for m = 90, Re μ = 0 and for various 

values of Im μ  = 1, 9, 14.3, 20, 50. 
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Figure 3 illustrates the variation of reflection with the angle of incidence 

when Re μ changes (Re μ = 0, 1, 2, 3, 10). The values m = 90 and Im μ = 14.3 are 

kept fixed. As confirmed from the figure, a smaller real μ gives a smaller reflection 

(a higher absorption). Thus a large absorption is achieved at a zero real part of μ. 
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Fig. 3 – The variation of reflection with the angle of incidence when Re μ changes  

(Re μ = 0, 1, 2, 3, 10). The values m = 90 and Im μ = 14.3 are kept fixed. 

Figure 4 presents the reflection versus the angle of incidence for Re μ = 0, 

Im μ = 14.3 and for different values of thickness (m = 4, 30, 90, 200, 1000). It can 

be observed that, at the value of metamaterial thickness that meets our calculations 

(m = 90, μyy = im/(2π) = 14.3i) and for normal incidence, the reflection is minimum 

(the absorption is maximum). When the thickness increases beyond m = 90 (m = 4, 

30), the reflection rises up, implying lower absorption. For thickness less than  

m = 90 (m = 200, 1000), the lowest reflection occurs at large oblique incidence. 

Figure 5 shows the reflection against the angle of incidence for different 

values of slab thickness (m = 4, 30, 90, 200, 1000) and their corresponding values 

of imaginary part of μ (Im μ = .64, 4.8, 14.3, 31.8, 159.2) with Re μ = 0. As can be 

seen from Fig. 5, the highest absorption is obtained for the thinnest case and its 

corresponding largest value of Im μ, which is in agreement with the two mentioned 

above conditions for perfect absorption. 
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Fig. 4 – The reflection versus the angle of incidence for different values of thickness  

(m = 4, 30, 90, 200, 1000). Here Re μ = 0 and Im μ = 14.3. 
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Fig. 5 – The reflection against the angle of incidence for different values of slab thickness (m = 4, 30, 

90, 200, 1000) and their corresponding values of imaginary part of μ (Im μ = .64, 4.8, 14.3, 31.8, 

159.2) with Re μ = 0. 

To check the effect of the metallic substrate, Fig. 6 shows a calculation of the 

reflection (with and without the metallic substrate, see the panel (a) of Fig. 6) and 
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of transmission (without the metallic substrate, see the panel (b) of Fig. 6) as a 

function of the angle of incidence for Re μ = 0, m = 90, and Im μ = 14.3. As seen in 

Fig. 6, both the reflection and transmission increase when the metallic substrate is 

removed. 
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b) 

Fig. 6 – a) The reflection with and without the metallic substrate; b) the transmission without the 

metallic substrate. 
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4. CONCLUSIONS 

In this paper, a perfect absorption at metamaterial surface is proposed for a 

wide range of incidence angles and for any wavelength of the electromagnetic 

radiation, where a metamaterial slab is arranged between vacuum and metallic 

substrate. The structure parameters are defined and the required equations for the 

electromagnetic wave propagation are derived using Maxwell’s equations. The 

boundary conditions are imposed and Snell’s law is applied to obtain the reflection 

and transmission coefficients in the closed form. We have shown that the 

metamaterial permeability of a vanishing real part but a large imaginary part as 

well as a very thin metamaterial slab are required for perfect absorption. Finally, 

the reflection and absorption coefficients as a function of the incidence angle, 

metamaterial slab thickness, and metamaterial permeability with its real and 

imaginary parts are studied numerically to demonstrate the effects of the perfect 

absorption conditions. As it can be seen from the theoretical and numerical results, 

if the mentioned conditions are satisfied, the minimum reflection and maximum 

absorption will be clearly observed.        
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