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Rotating polarizer, compensator, and analyzer ellipsometry
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In this paper we propose theoretically a set of ellipsometric configurations using a rotating polarizer, compensator,
and analyzer at a speed ratio of N1ω:N2ω:N3ω . Different ellipsometric configurations can be obtained by giving different
integral values to N1, N2, and N3. All configurations are applied to bulk c-Si and GaAs to calculate the real and imaginary
parts of the refractive index of the samples. The accuracies of all ellipsometric configurations are investigated in the
presence of a hypothetical noise and with small misalignments of the optical elements. Moreover, the uncertainties in the
ellipsometric parameters as functions of the uncertainties of the Fourier coefficients are studied. The comparison among
different configurations reveals that the rotating compensator–analyzer configuration corresponds to the minimum error in
the calculated optical parameters.
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1. Introduction
Ellipsometry has become a standard technique for analyz-

ing bulk materials, thin films, surfaces, and interfaces.[1–11] In
ellipsometry, information about a sample is obtained by mea-
suring and analyzing the change in polarization state when
light is reflected at non-normal incidence from a specular sur-
face or transmitted through a sample.[12] Ellipsometry gener-
ally consists of a source, a detector, and polarization-state-
conditioning elements such as polarizers and compensators.
An ellipsometric measurement allows one to quantify the
phase difference between Ep and Es, ∆ , and the ratio of their
amplitudes given by tan(ψ). For a reflecting surface, the forms
of ∆ and ψ are

∆ = δp−δs, (1)

tanψ =

∣∣rp
∣∣

|rs|
, (2)

where δp and δs are the phase changes for the p and s com-
ponents of light; rp and rs are the complex Fresnel reflection
coefficients for the p and s components which may be written
as {

rp = ρp e iδp ,

rs = ρs e iδs .
(3)

Ellipsometry allows for the determination of the complex re-
flectance ratio ρ of a surface. This quantity is defined as the ra-
tio between reflection coefficients of p and s, rp and rs. Com-
monly, the reflectance ratio is expressed in terms of ψ and ∆

as
ρ =

rp

rs
= tan(ψ)e i∆ . (4)

The real and imaginary parts of the refractive index can be
calculated using the following equations:

εr = sin2
θ0 + sin2

θ0 tan2
θ0

(1−ρ

1+ρ

)2
, (5)

where θ0 is the angle of incidence and

εr = ε1 + iε2, ñ =
√

ε = n+ ik,

ε1 = n2− k2, and ε2 = 2nk, (6)

where ñ is the complex refractive index, ε is the permittivity,
n is the real part of the refractive index, and k is the imagi-
nary part of the refractive index which is called the extinction
factor.

The history of ellipsometry began in 1887 when Drude
derived the equations of ellipsometry.[13] Since then, ellip-
sometry has attracted researchers and scientists. Until the
early 1970s, ellipsometry measurements were time consum-
ing. In 1975, the automation of spectroscopic ellipsometry
(SE) measurement was achieved by Aspenes and Studna.[14]

This breakthrough in the field improved the measurement time
as well as the measurement precision. In 1984, real time
monitoring ellipsometry was constructed.[15] Since then, dif-
ferent ellipsometric configurations have been studied in the
literature.[16–23] The speed ratio with which the optical el-
ements rotate was the main difference among these struc-
tures. The most common configuration was the rotating an-
alyzer ellipsometer.[16] The rotating polarizer and analyzer el-
lipsometer (RPAE) has also been proposed in different forms.
The most common one was an RPAE with a speed ratio of
1:2.[17,18] An RPAE in which the polarizer and the analyzer
rotate with the ratio 1:1,[19,20] an RPAE with a speed ra-
tio 1:3,[21,22] and an RPAE with a speed ratio 1:−1[23] were
among those proposed.

In a recent study, an ellipsometer using a phase retarder
and rotating polarizer and analyzer at a speed ratio 1:N was
proposed.[24] Different ellipsometric configurations were pre-
sented by assuming N = 1, 2, and 3.
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As recent examples of the applications of SE, the authors
in Ref. [25] fabricated the gallium phosphide (GaP) nanopar-
ticulate thin films by colloidal suspension deposition and in-
vestigated these films by SE. They used the effective medium
approximation to calculate the values of the refractive index n
and the extinction coefficient k.

The authors in Ref. [26] analyzed the effect of a spherical
shape on the measurement results of SE, and a method to elim-
inate this effect was proposed. Based on the simulation results
of the SE measurement on a silicon sphere by ray tracking,
they found that the sphere makes the parallel incident beam of
the SE divergent after reflection, and the measurement error of
the SE, caused by this phenomenon, can be explained by the
mixed polarization theory.

In this work, we propose theoretically a general ellip-
sometric structure in which three elements are rotating. The
speed ratio at which the polarizer, compensator, and analyzer
rotate is N1ω:N2ω:N3ω , respectively. The approach has the
advantage that the equations of any ellipsometric configura-
tion can be obtained just by substituting for N1, N2, and N3. We
give six examples by assigning N1, N2, and N3 some specific
values and hence six different ellipsometric configurations are
studied and compared.

2. Mueller formalism

Stokes vector and Mueller matrix formalisms are usually
used to express the theory of ellipsometry. The Stokes vector
consists of four elements: S0, S1, S2, and S3. Another approach
may be used in the theory of ellipsometry which is Jones vec-
tor and Jones matrix formalism. The Jones vector is usually
adopted for describing polarized light. In order to describe
unpolarized or partially polarized light, the Stokes vector is
usually used. In actual ellipsometry measurement, Stokes pa-
rameters can be measured. In the Stokes vector representation,
optical elements are described by the Mueller matrices.

The ellipsometric configurations under consideration
consist of light source, fixed linear polarizer, rotating linear
polarizer with angular speed N1ω , rotating compensator with
angular speed N2ω , sample, rotating analyzer with angular
speed N3ω , and detector. The compensator generates a phase
difference between the two components of light, given by

δ =
2πd

λ
(ne−no), (7)

where d is the thickness of the compensator and ne and no are
the extraordinary and ordinary refractive indices at the wave-
length λ . It is worth mentioning that in experiment, compared
with the polarizer and analyzer elements, the compensator is
less optically perfect with the retardation angle which is not a
constant and usually changes slightly with wavelength in the
entire spectral region. The error caused by this part of disper-
sive features will slightly affect data accuracy of the system.

As the incident light travels through these optical ele-
ments, the state of polarization changes. The Mueller matrices
associated with the optical elements employed in the proposed
ellipsometric structure[13] are given below.

The matrix of rotation with an angle α , R(α) reads

R(α) =


1 0 0 0
0 cos(2α) sin(2α) 0
0 −sin(2α) cos(2α) 0
0 0 0 1

 , (8)

the matrix of an ideal fixed polarizer or analyzer Pm or Am is

Pm = Am =
1
2


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

 , (9)

the matrix of an ideal fixed compensator Cm is

Cm =


1 0 0 0
0 1 0 0
0 0 cos(δ ) sin(δ )
0 0 −sin(δ ) cos(δ )

 , (10)

and the matrix of an ideal sample Bm is

Bm =


1 −cos(2ψ) 0 0

−cos(2ψ) 1 0 0
0 0 sin(2ψ)cos(∆) sin(2ψ)sin(∆)
0 0 −sin(2ψ)sin(∆) sin(2ψ)cos(∆)

 . (11)

We respectively assume a rotating polarizer, rotating compensator, and rotating analyzer to have angles βp = N1P+ γ , βc =

N2P+κ , and βA = N3P+α , where P = ωt, and γ , κ , and α are the initial azimuth angles of the optical elements at t = 0. The
Stokes vector of the detected light is given by

S = R(−βA)AmR(βA)Bm R(−βc)CmR(βc) R(−βP)PmR(βP)Pm Si , (12)

where S is a four-element column vector containing Stokes parameters S0 through S3, and Si = [1,0,0,0]T.

3. Rotating polarizer, compensator, and ana-
lyzer ellipsometer at any speed ratio

After performing the product of matrices given by
Eq. (12) and rearranging the result, the detected light intensity

can be found from the first component of the column vector

S(S0). To simplify the result, we let

A = 1− cos(2ψ)

4
− cos(2ψ)cos(δ )

4
, (13)
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B = 1− cos(2ψ)

2
− cos(2ψ)cos(δ )

2
, (14)

C =−cos(2ψ)

4
− cos(2ψ)cos(δ )

4
, (15)

D =−cos(2ψ)

2
+

cos(2ψ)cos(δ )
2

, (16)

E =
1
4
− cos(2ψ)+

cos(δ )
4

, (17)

F =
1
4
− cos(2ψ)

2
+

cos(δ )
4

, (18)

G =
sin(2ψ)cos(∆)

8
+

sin(2ψ)cos(∆)cos(δ )
8

, (19)

H =
1
8
+

cos(δ )
8

, (20)

J =
1
8
− cos(δ )

8
, (21)

K =
sin(2ψ)cos(∆)

4
− sin(2ψ)cos(∆)cos(δ )

4
, (22)

and

L =
−sin(2ψ)sin(∆)sin(δ )

4
. (23)

In terms of these coefficients, the general equation of the de-
tected light intensity can be written as

I = A+Bcos(2N1)P+C cos(4N1)P+2Dcos(4N2)P

+E cos(2N3)P+Dcos2(2N2−N1)P

+2Dcos4(N2−N1)P

+F
[
cos2(N1−N3)P+ cos2(N1 +N3)P

]
+2G

[
cos2(N1−N3)P+ cos2(N1 +N3)P

]
+H

[
cos2(2N1 +N3)P+ cos2(2N1−N3)P

]
+G

[
cos2(2N1 +N3)P− cos2(2N1−N3)P

]
+ J
[
cos2(2N2 +N3)P+ cos2(2N2−N3)P

]
+K

[
cos2(2N2−N3)P− cos2(2N2 +N3)P

]
+2J

[
cos2(2N2−N1 +N3)P+ cos2(2N2−N1−N3)P

]
+2K

[
cos2(2N2−N1 +N3)P− cos2(2N2−N1−N3)P

]
+ J
[
cos2(2N1−2N2 +N3)P+ cos2(2N1−2N2−N3)P

]
+K

[
cos2(2N1−2N2 +N3)P− cos2(2N1−2N2−N3)P

]
+2L

[
cos2(N1−N2−N3)P− cos2(N1−N2 +N3)P

]
+L
[
cos2(N2 +N3)P− cos2(N2−N3)P

]
+L
[
+cos2(2N1−N2−N3)P

− cos2(2N1−N2 +N3)P
]
. (24)

Equation (24) gives a general expression for the intensity re-
ceived by the detector of the proposed structure. We will con-
sider two cases. In the first case, both the compensator and
the analyzer are rotating whereas the polarizer is fixed. In the
second case, we will assume that the compensator and the po-
larizer are rotating whereas the analyzer is fixed. In each case,
three ellipsometric configurations are investigated by consid-
ering different speed ratios of the rotating elements. Section 4
covers the first case and Section 5 presents the second one.

4. Rotating compensator analyzer ellipsometer
with a fixed polarizer
In this case, N1 is set to be zero while N2 and N3 could be

any integer. In the following subsections, we assume γ = 0,
N2 = 1, and N3 = 1, 2 or 3. Three different ellipsometric con-
figurations are then obtained. For each configuration we use
the Fourier transform of the intensity to deduce the Fourier
coefficients and the ellipsometric parameters.

4.1. Rotating compensator analyzer ellipsometer with a
speed ratio 1:1

In the first configuration, the following parameters are as-
sumed to be N1 = 0, γ = 0, κ = 0, α = 0, and N2 = N3 = 1.
Substituting these values into Eq. (24) and taking the Fourier
transform of the result, we have

I(t) = a0 +
3

∑
n=1

an cos(2nωt), (25)

where a0 and an are the Fourier coefficients which are given
by

a0 = 2− cos(2ψ)− cos(2ψ)cos(δ )

+ sin(2ψ)sin(∆)sin(δ ), (26)

a1 =
3
2
−2cos(2ψ)+

cos(δ )
2
− sin(2ψ)cos(∆)

2

− sin(2ψ)cos(∆)cos(δ )
2

, (27)

a2 =−cos(2ψ)+ cos(2ψ)cos(δ )

− sin(2ψ)sin(∆)sin(δ ), (28)

a3 =
1
2
− cos(δ )

2
− sin(2ψ)cos(∆)

2

+
sin(2ψ)cos(∆)cos(δ )

2
. (29)

Note that the intensity contains three alternating coefficients
(ACs) Fourier coefficients a1, a2, and a3 in addition to direct
coefficients (DCs) term a0. The intensity is symmetric since
sin(2nωt) terms are missing, i.e. the intensity has cosine terms
only. Solving Eqs. (27)–(29) for (tanψ) and (cos∆ ) we obtain

sin(ψ) =

√
a1 +a3

4
, (30)

cos(ψ) =

√
4−a1−a3

4
, (31)

tan(ψ) =

√
a1 +a3

4−a1−a3
, (32)

and

cos(∆) =
−2a3 +1− cos(δ )

2(1− cos(δ ))sin(ψ)cos(ψ)
. (33)

It is worth investigating the uncertainties δψ and δ cos(∆) in
the ellipsometric parameters ψ and ∆ due to the fluctuations
in the Fourier coefficients. The uncertainties δψ and δ cos(∆)

are calculated by differentiating Eqs. (30) and (31) as follows:

δψ =
δψ

δa1
δa1 +

δψ

δa3
δa3, (34)
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δ cos(∆) =
δ cos(∆)

δa1
δa1 +

δ cos(∆)

δa3
δa3, (35)

where
δψ

δa1
=

1
1+ tan2(ψ)

1
8cos2(ψ)

(
cot(ψ)+ tan(ψ)

)
, (36)

δψ

δa3
=

1
1+ tan2(ψ)

1
8cos2(ψ)

(
cot(ψ)+ tan(ψ)

)
, (37)

δ cos(∆)

δa1
=

cos(∆)

8

( tan(ψ)− cot(ψ)

sin(ψ)cos(ψ)

)
, (38)

and
δ cos(∆)

δa3
=

cos(∆)

8

( tan(ψ)− cot(ψ)

sin(ψ)cos(ψ)

)
− 1

(1− cos(δ ))sin(ψ)cos(ψ)
. (39)

4.2. Rotating compensator analyzer ellipsometer with a
speed ratio 1:2

In the second configuration, we assume the following val-
ues γ = 0, κ = 0, α = 0, N1 = 0, N2 = 1, and N3 = 2. The
Fourier transformation of Eq. (24) contains one DC and four
AC coefficients. It is given by

I(t) = a0 +
4

∑
n=1

an cos(2nωt), (40)

where

a0 =
5
2
− cos(δ )

2
− cos(2ψ)− cos(2ψ)cos(δ )

+ sin(2ψ)cos(∆)− sin(2ψ)cos(∆)cos(δ ), (41)

a1 = sin(2ψ)sin(∆)sin(δ ), (42)

a2 = 1−3cos(2ψ)+ cos(2ψ)cos(δ ), (43)

a3 =−sin(2ψ)sin(∆)sin(δ ), (44)

and

a4 =
1
2
− cos(δ )

2
− sin(2ψ)cos(∆)

2

+
sin(2ψ)cos(∆)cos(δ )

2
. (45)

From these Fourier coefficients we can derive ψ and ∆ to ob-
tain

tan(ψ) =

√
−a2−2+2cos(δ )

a2−4
, (46)

cos(∆) =
−2a4 +1− cos(δ )

D
, (47)

where

D = (1− cos(δ ))

√
a2

1
1− cos2(δ )

+
(2a4−1+ cos(δ )

1− cos(δ )

)2
. (48)

We differentiate Eqs. (46) and (47) to obtain δψ and δ cos(∆)

as follows:

δψ =
δψ

δa2
δa2, (49)

δ cos(∆) =
δ cos(∆)

δa1
δa1 +

δ cos(∆)

δa4
δa4, (50)

where
δψ

δa2
=

1
1+ tan2(ψ)

1
tan(ψ)

(3− cos(δ )(
a2−4

)2

)
, (51)

δ cos(∆)

δa4
=
−2
D
− 2(2a4−1+ cos(δ ))cos(∆)

D2 , (52)

and
δ cos(∆)

δa1
=

cos(∆)

D2

(1− cos(δ )
1+ cos(δ )

)
a1. (53)

4.3. Rotating compensator analyzer ellipsometer with a
speed ratio 1:3

Another ellipsometric configuration can be obtained by
letting N2 = 1 and N3 = 3 provided that N1 = γ = 0, κ = 0,
and α = 0. When these values are inserted into Eq. (24), the
Fourier transformation is found to have five AC terms in addi-
tion to the DC term. It is given by

I(t) = a0 +
5

∑
n=1

an cos(2nωt), (54)

where

a0 = 2− cos(2ψ)− cos(2ψ)cos(δ ), (55)

a1 =
1
2
− cos(δ )

2
+

sin(2ψ)cos(∆)

2

− sin(2ψ)cos(∆)cos(δ )
2

, (56)

a2 = cos(2ψ)+ cos(2ψ)cos(δ )

+ sin(2ψ)sin(∆)sin(δ ), (57)

a3 = 1+ cos(δ )−2cos(2ψ), (58)

a4 =−sin(2ψ)sin(∆)sin(δ ), (59)

and

a5 =
1
2
− cos(δ )

2
− sin(2ψ)cos(∆)

2

+
sin(2ψ)cos(∆)cos(δ )

2
. (60)

The ellipsometric parameters ψ and ∆ can be derived from
these coefficients and we obtain

sin(ψ) =

√
a1 +a3 +a5

4
, (61)

cos(ψ) =

√
3+ cos(δ )
1− cos(δ )

(a1 +a5

4

)
− a3

4
, (62)

tan(ψ) =
sin(ψ)

cos(ψ)
, (63)

cos(∆) =
a1−a5

2
(

1− cos(δ )
)

sin(ψ)cos(ψ)
. (64)

Moreover, the uncertainties of ψ and ∆ are given by,

δψ =
δψ

δa1
δa1 +

δψ

δa3
δa3 +

δψ

δa5
δa5, (65)

δ cos(∆) =
δ cos(∆)

δa1
δa1+

δ cos(∆)

δa3
δa3+

δ cos(∆)

δa5
δa5, (66)
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where
δψ

δa1
=

1
1+tan2(ψ)

1
8cos2(ψ)

×
(

cot(ψ)−3+cos(δ )
1−cos(δ )

tan(ψ)
)
, (67)

δψ

δa3
=

1
1+ tan2(ψ)

1
8cos2(ψ)

(
cot(ψ)−tan(ψ)

)
, (68)

δψ

δa5
=

1
1+tan2(ψ)

1
8cos2(ψ)

×
(

cot(ψ)−3+cos(δ )
1−cos(δ )

tan(ψ)
)
, (69)

δ cos(∆)

δa1
=

1
E1

−
[
(3+ cos(δ )) tan(ψ)+

(
1− cos(δ )

)
cot(ψ)

]
cos(∆)

4E1
, (70)

δ cos(∆)

δa3
=

(1− cos(δ ))
[
− tan(ψ)+ cot(ψ)

]
cos(∆)

4E1
, (71)

δ cos(∆)

δa5
=
−1
E1

−
[
(3+ cos(δ )) tan(ψ)+

(
1− cos(δ )

)
cot(ψ)

]
cos(∆)

4E1
, (72)

and

E1 = 2
(
1− cos(δ )

)
sin(ψ)cos(ψ). (73)

5. Rotating polarizer compensator ellipsometer
with a fixed analyzer

We now turn our attention to the second case in which the
analyzer is fixed while both the compensator and polarizer are
rotating with different ratios. To achieve this, we set N3 = 0
and α = π/4 while N1 and N2 may take any integral values to
obtain different ellipsometric configurations as will be shown
in the following subsections.

5.1. Rotating polarizer compensator ellipsometer with a
speed ratio 1:1

In the first configuration, we assume N1 = N2 = 1, κ = 0,
and γ = 0. Substituting these values into Eq. (24) and taking
the Fourier transform of the results, we obtain the following
expression for the intensity

I(t) = a0 +
2

∑
n=1

an cos(2nωt)+
2

∑
n=1

bn sin(2nωt), (74)

where,

a0 = 1− cos(2ψ)

2
, (75)

a1 = 1− cos(2ψ), (76)

a2 =
−cos(2ψ)

2
, (77)

b1 = sin(2ψ)cos(∆), (78)

b2 =
sin(2ψ)cos(∆)

2
. (79)

For this ellipsometric configuration, ψ and ∆ are given in
terms of Fourier coefficients as

sin(ψ) =

√
a1

2
, (80)

cos(ψ) =

√
a1−4a2

2
, (81)

tan(ψ) =

√
a1

a1−4a2
, (82)

cos(∆) =
b1

2sin(ψ)cos(ψ)
. (83)

We differentiate the last two equations to obtain δψ and
δ cos(∆) as follows:

δψ =
δψ

δa1
δa1 +

δψ

δa2
δa2, (84)

δ cos(∆) =
δ cos(∆)

δa1
δa1+

δ cos(∆)

δa2
δa2+

δ cos(∆)

δb1
δb1,(85)

where
δψ

δa1
=

1
1+ tan2(ψ)

1
4cos2(ψ)

(
cot(ψ)− tan(ψ)

)
, (86)

δψ

δa2
=

1
1+ tan2(ψ)

1
4cos2(ψ)

(
tan(ψ)

)
, (87)

δ cos(∆)

δa1
=
−cos(∆)

4

( 1
cos2(ψ)sin2(ψ)

)
, (88)

δ cos(∆)

δa2
=

cos(∆)

4

( 1
cos2(ψ)

)
, (89)

and
δ cos(∆)

δb1
=

1
2sin(ψ)cos(ψ)

. (90)

5.2. Rotating polarizer compensator ellipsometer with a
speed ratio 1:2

In the second configuration, we assume the following val-
ues: N1 = 1, N2 = 2, κ = 0, γ = 0, and α = π/4. The Fourier
transformation of Eq. (24) contains one DC and eight AC co-
efficients. It is given by

I(t) = a0 +
4

∑
n=1

an cos(2nωt)+
4

∑
n=1

bn sin(2nωt), (91)

where

a0 = 1− cos(2ψ)

4
− cos(2ψ)cos(δ )

4
, (92)

a1 = 1− cos(2ψ)

2
− cos(2ψ)cos(δ )

2
, (93)

a2 =
−cos(2ψ)

2
, (94)

a3 =−
cos(2ψ)

2
+

cos(2ψ)cos(δ )
2

, (95)

a4 =−
cos(2ψ)

4
+

cos(2ψ)cos(δ )
4

, (96)

b1 =
sin(2ψ)cos(∆)

2
+

sin(2ψ)cos(∆)cos(δ )
2

+ sin(2ψ)sin(∆)sin(δ ), (97)
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b2 =
sin(2ψ)cos(∆)

2
+

sin(2ψ)sin(∆)sin(δ )
2

, (98)

b3 =
sin(2ψ)cos(∆)

2
− sin(2ψ)cos(∆)cos(δ )

2
, (99)

and

b3 =
sin(2ψ)cos(∆)

4
− sin(2ψ)cos(∆)cos(δ )

4
. (100)

Using Eqs. (93)–(95), we can find ψ and ∆ in terms of AC

Fourier coefficients a1, a2, and a3,

sin(ψ) =

√
a1 +a3

2
, (101)

cos(ψ) =

√
a1 +a3−4a2

2
, (102)

tan(ψ) =

√
a1 +a3

a1 +a3−4a2
, (103)

and

cos(∆) =
b3(

1− cos(δ )
)

sin(ψ)cos(ψ)
. (104)

As mentioned above, δψ and δ cos(∆) can be obtained by dif-

ferentiating Eqs. (103) and (104) as

δψ =
δψ

δa1
δa1 +

δψ

δa2
δa2 +

δψ

δa3
δa3, (105)

δ cos(∆) =
δ cos(∆)

δa1
δa1 +

δ cos(∆)

δa2
δa2

+
δ cos(∆)

δa3
δa3 +

δ cos(∆)

δb3
δb3, (106)

where
δψ

δa1
=

1
1+ tan2(ψ)

1
4cos2(ψ)

(
cot(ψ)− tan(ψ)

)
, (107)

δψ

δa2
=

1
1+ tan2(ψ)

1
4cos2(ψ)

(
tan(ψ)

)
, (108)

δψ

δa3
=

1
1+ tan2(ψ)

1
4cos2(ψ)

(
cot(ψ)− tan(ψ)

)
, (109)

δ cos(∆)

δa1
=
−cos(∆)

4

( 1
cos2(ψ)sin2(ψ)

)
, (110)

δ cos(∆)

δa2
=

cos(∆)

4

( 1
cos2(ψ)

)
, (111)

δ cos(∆)

δa3
=
−cos(∆)

4

( 1
cos2(ψ)sin2(ψ)

)
, (112)

and
δ cos(∆)

δb3
=

1(
1− cos(δ )

)
sin(ψ)cos(ψ)

. (113)

5.3. Rotating polarizer compensator ellipsometer with a
speed ratio 1:3

Another ellipsometric configuration can be obtained by

letting N1 = 1 and N2 = 3 provided that N3 = 0, κ = 0, γ = 0,

and α = π/4. We still have a rotating polarizer compensator

ellipsometer with a speed ratio 1:3. When these values are

inserted into Eq. (24), the Fourier transformation is found to

have twelve AC terms in addition to the DC term, then

I(t) = a0 +
6

∑
n=1

an cos(2nωt)+
6

∑
n=1

bn sin(2nωt), (114)

where

a0 = 1− cos(2ψ)

4
− cos(2ψ)cos(δ )

4
, (115)

a1 = 1− cos(2ψ)

2
− cos(2ψ)cos(δ )

2
, (116)

a2 =−
cos(2ψ)

4
− cos(2ψ)cos(δ )

4
, (117)

a3 = 0, (118)

a4 =−
cos(2ψ)

4
+

cos(2ψ)cos(δ )
4

, (119)

a5 =−
cos(2ψ)

2
+

cos(2ψ)cos(δ )
2

, (120)

a6 =−
cos(2ψ)

4
+

cos(2ψ)cos(δ )
4

, (121)

b1 =
sin(2ψ)cos(∆)

2
+

sin(2ψ)cos(∆)cos(δ )
2

+
sin(2ψ)sin(∆)sin(δ )

2
, (122)

b2 =
sin(2ψ)cos(∆)

2
+

sin(2ψ)cos(∆)cos(δ )
2

− sin(2ψ)sin(∆)sin(δ ), (123)

b3 =
sin(2ψ)sin(∆)sin(δ )

2
, (124)

b4 =
sin(2ψ)cos(∆)

4
− sin(2ψ)cos(∆)cos(δ )

4
, (125)

b5 =
sin(2ψ)cos(∆)

2
− sin(2ψ)cos(∆)cos(δ )

2
, (126)

and

b6 =
sin(2ψ)cos(∆)

4
− sin(2ψ)cos(∆)cos(δ )

4
. (127)

Solving Eqs. (116), (120), and (126) for ψ and ∆ in terms of
a1, a5, and b5, we obtain

sin(ψ) =

√
a1 +a5

4
, (128)

cos(ψ) =

√
4−a1−a5

4
, (129)

tan(ψ) =

√
a1 +a5

4−a1−a5
, (130)

cos(∆) =
b5(

1− cos(δ )
)

sin(ψ)cos(ψ)
. (131)

δψ and δ cos(∆) are now given as follows:

δψ =
δψ

δa1
δa1 +

δψ

δa5
δa5, (132)

δ cos(∆) =
δ cos(∆)

δa1
δa1 +

δ cos(∆)

δa5
δa5

+
δ cos(∆)

δb5
δb5, (133)

where
δψ

δa1
=

1
1+ tan2(ψ)

1
8cos2(ψ)

(
cot(ψ)+ tan(ψ)

)
, (134)
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δψ

δa5
=

1
1+ tan2(ψ)

1
8cos2(ψ)

(
cot(ψ)+ tan(ψ)

)
, (135)

δ cos(∆)

δa1
=

[
(− tan(ψ)+ cot(ψ)

]
cos(∆)

8sin(ψ)cos(ψ)
, (136)

δ cos(∆)

δa5
=

[
(− tan(ψ)+ cot(ψ)

]
cos(∆)

8sin(ψ)cos(ψ)
, (137)

and
δ cos(∆)

δb5
=

1(
1− cos(δ )

)
sin(ψ)cos(ψ)

. (138)

6. Results and discussion
We have discussed two cases: rotating compensator ana-

lyzer with fixed polarizer ellipsometer (RCAE) and rotating
polarizer and compensator with fixed analyzer ellipsometer
(RPCE). For each case, three different speed ratios for the ro-
tating optical elements are assumed. In this section we present
the results obtained when applying these configurations to c-Si
and GaAs samples. We assume a sample consisting of one in-
terface to separate a semi-infinite air layer of refractive index
n0 as an ambient and a bulk c-Si material of refractive index
n1. The incidence angle is taken to be θ0 = 70◦. The most
common compensators are usually made from CaCO3 crystal
(calcite), MgF2, and mica. CaCO3 compensators are rarely
used because the value of |ne−no| is relatively large. In spec-
troscopic ellipsometry MgF2 and mica are commonly used.
We here assume MgF2 compensator to have a retardance of
π/2 at 4 eV. The extraordinary and ordinary refractive indices
of the compensator are taken from the Handbook of optical
constants of solids.[27]

Based on Eq. (24), simulated light signals are generated.
The Fourier transform of the generated signal is taken to ex-
tract the Fourier coefficients using the equations derived above
for each ellipsometric configuration. The ellipsometric param-
eters ψ and ∆ in the photon energy range of 1.5 eV–6 eV are
then derived using Eqs. (32) and (33) for RCAE with speed
ratio 1:1, Eqs. (46) and (47) for RCAE with speed ratio 1:2,
Eqs. (63) and (64) for RCAE with speed ratio 1:3, Eqs. (82)
and (83) for RPCE with speed ratio 1:1, Eqs. (103) and (104)
for RPCE with speed ratio 1:2, and Eqs. (130) and (131) for
RPCE with speed ratio 1:3. These values of the ellipsometric
parameters correspond to the clean signal without considering
any noise. In practical situations, random fluctuations in the
recorded signal appear due to the noise from many sources. To
simulate reality, a random noise is generated using MathCAD
code and was superimposed on the clean signal according to
the following equation:

Inoise = (rnd(c)− c/2)I +(rnd(e)− e/2)+0.0001Imax, (139)

where MathCAD’s rnd(c) function produces random noise in a

range from 0 to c and rnd(e) function produces random noise
in the range from 0 to e. Figure 1 shows the noise superim-
posed on the clean signal.

0 50 100 150 200 250 300 350

-4
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0

2

4

N
o
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e
/
1
0

-
5

Analyzer angle/(O)

Fig. 1. Noise superimposed on the clean signal.

This noise is added to the pure signal. Fourier transform
of the noisy signal is taken to extract the new Fourier coef-
ficients in the presence of the noise. The same equations are
then used to calculate the ellipsometric parameters ψ and ∆ for
the noisy signal in the same photon energy range. To calculate
the complex refractive index of the sample, we use Eq. (5).

6.1. nnn and kkk of c-Si and GaAs

The calculated values of n and k for c-Si and GaAs are
plotted in Figs. 2 and 3, respectively along with the published
values.[27] The points in Figs. 2 and 3 represent the calculated
real and imaginary parts of the refractive index of c-Si and
GaAs for the noisy signal using RCAE with speed ratio 1:1. If
another ellipsometric configuration is used the difference be-
tween them cannot be obviously observed in this figure. To
differentiate among them, we calculate the percentage error in
the calculated values of n and k for each ellipsometric config-
uration.

2 3 4 5 6

0

1

2

3

4

5

6

7

n
 a

n
d
 k

Energy/eV

n

k

c Si

Fig. 2. Real and imaginary parts of the refractive index of c-Si in a
photon energy range from 1.5 eV to 6 eV. Lines represent accepted
values, and points denote calculated values.
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4
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n
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n
d
 k

Energy/eV

n

k

GaAs

Fig. 3. Real and imaginary parts of the refractive index of GaAs in a
photon energy range from 1.5 eV to 6 eV. Lines represent accepted
values, and points denote calculated values.

6.2. Percentage error in nnn and kkk of c-Si and GaAs

The percentage errors in the calculated values of n have
been calculated for the two samples (c-Si, GaAs) as shown
in Figs. 4 and 5 for all ellipsometric configurations which
are rotating polarizer and compensator with fixed analyzer
(RPCE) using different speed ratios as well as rotating com-
pensator and analyzer with fixed polarizer (RCAE) using dif-
ferent speed ratios. We should emphasize that the fluctuations
shown in the two figures are due to the noise imposed on the
clean signal as mentioned before. Generally, the percentage
errors in n for the two samples are low (of order 10−2) for all
ellipsometric configurations. As a result, the comparison of
percentage error in n among them is not of high significance.
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Fig. 4. Percentage errors in the real part of the refractive index of c-Si for all the ellipsometric configurations.
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Fig. 5. Percentage errors in the real part of the refractive index of GaAs for all the ellipsometric configurations.

Figures 6 and 7 show the percentage errors in k for the two
samples. As can be seen from the figures, the percentage error
in k is much higher than that in n. Moreover, this percentage
error in k is crucially dependent on the ellipsometric configu-
ration used. The two figures show that the RCAE with speed
ratio 1:2 corresponds to the minimum percentage error in k.
For c-Si sample, the percentage error ranges from −0.1% to
0.08% as shown in Fig. 6 whereas it ranges between ±0.02%

for GaAs sample as shown in Fig. 7. We can conclude that

the RCAE with speed ratio 1:2 has a preference among other

configurations. It is worth mentioning that these values of n

and k were calculated using a set of AC Fourier coefficients

without dependence on the DC coefficient. If the DC term is

considered in the calculations, the percentage errors in n and k

would be much higher.[19,23]

120703-8



Chin. Phys. B Vol. 22, No. 12 (2013) 120703

E
rr

o
r 

in
 k

E
rr

o
r 

in
 k

Energy/eV Energy/eV Energy/eV

1.5 2.0 2.5 3.0
-120

-80

-40

0

40 RPCE 1:1

1.5 2.0 2.5 3.0
-100

0

100

200

300 RPCE 1:2

1.5 2.0 2.5 3.0
-150

0

150

300

450

600
RPCE 1:3

1.5 2.0 2.5 3.0

-80

-40

0

40 RCAE 1:1

1.5 2.0 2.5 3.0

-0.16

-0.08

0

0.08 RCAE 1:2

1.5 2.0 2.5 3.0
-80

-40

0

40
RCAE 1:3

Fig. 6. Percentage errors in the imaginary part of the refractive index of GaAs for all the ellipsometric configurations.
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Fig. 7. Percentage errors in the imaginary part of the refractive index of GaAs in a photon range from 1.5 eV to 3 eV for all the
ellipsometric configurations.

6.3. Uncertainties

In this subsection, we investigate the uncertainties
δ cos(∆) and δψ in ψ and cos(∆) as functions of the uncer-
tainties of the Fourier coefficients. δ cos(∆) and δψ represent
the fluctuations of cos(∆) and ψ about their ideal values re-
spectively. The uncertainties δ cos(∆) and δψ for c-Si sample
for the six configurations are plotted in Figs. 8–11. Figure 8
shows the curves of δ cos(∆) versus energy for the RCAE with
speed ratios 1:1, 1:2, and 1:3. The first three panels in the
figure show the curves of δ cos(∆) versus energy due to the
uncertainty of the Fourier coefficients for each ellipsometric
configuration. For example, the first panel (upper left) shows
δ cos(∆) due to the uncertainty of a1 and a3 using the RCAE
with a speed ratio 1:1. The fourth panel (lower right) shows
the total variation in cos(∆) due to simultaneous uncertainty
in all Fourier coefficients. From the figure we see that the
structure that has the lowest uncertainty is for the case of 1:2
and this is in agreement with the conclusion mentioned in the
previous subsection. In a similar manner, Fig. 9 shows the un-

certainty in cos(∆) of the RPCE with speed ratios 1:1, 1:2, and
1:3. Comparing the two figures (Figs. 8 and 9), we can con-
clude that the RCAE with the speed ratio 1:2 is still the best
structure due to the minimum percentage error obtained with
this configuration.

Energy/eV Energy/eV

2 4 6

-40

-20

0
δcos(∆)/δa1

δcos(∆)/δa1

δ
c
o
s(
∆

)
δ
c
o
s(
∆

)

δcos(∆)/δa5

δcos(∆)/δa1

δcos(∆)/δa4

δcos(∆)/δa3

δcos(∆)/δa3

1:1

2 4 6

0

1

2
1:2

2 4 6
-20

0

20

40
1:3

2 4 6
-40

-20

0

20
for 1:3

for 1:2

for 1:1

total variation

Fig. 8. Curves of δ cos(∆) versus energy in different RCAE structures.
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Fig. 9. Curves of δ cos(∆) versus energy in different RPCE structures.

The uncertainties in ψ for the RPCE with different speed
ratios are shown in Fig. 10 whereas they are shown in Fig. 11
for RCAE. As can be seen from the two figures, the ellipso-
metric parameter ψ is less sensitive to the uncertainty in the
Fourier coefficients than ∆ . Moreover, the sensitivity of ψ to
the uncertainty in the Fourier coefficients is high in the low
energy region compared with in the low energy region for all
ellipsometric configurations. Figure 11 reveals that the RCAE
with the speed ratio 1:2 is still the best structure due to the low
sensitivity of this configuration in all configurations.
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Fig. 10. Curves of δψ versus energy in RPCE structures with speed
ratios 1:1, 1:2, and 1:3.
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Fig. 11. Curves of δψ versus energy in RCAE structures with
speed ratios 1:1, 1:2, and 1:3.

6.4. Misalignment of the optical elements

In practical situations, the alignment of the optical ele-
ments with respect to the plane of incidence is not easy. Az-
imuthal misalignment of optical elements is considered as one
of the most affecting sources of systematic errors. It is very
important to mention systematic error sources in such a struc-
ture. Sample mispositioning, beam deviation, collimation er-
rors, and azimuthal misalignment of optical elements are the
usual sources of systematic errors. Thus, it is important for
the verification process to have some quantities for the deter-
mination of the accuracy of the simulated data as a result of
misalignment of the polarizer and rotating compensator. The
parameters to be checked are the ellipsometric parameters ψ

and ∆ as well as the real and imaginary parts of refractive in-
dices n and k.
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Fig. 12. Percentage errors in n, k, ψ , and ∆ for c-Si sample at λ =
632.8 nm each as a function of the error in γ while keeping the two other
variables (κ and α) equal to zero. The figure represents RCAE with speed
ratios: curve a 1:1, curve b 1:2, and curve c 1:3 (RCAE offset in γ).
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Fig. 13. Percentage errors in n, k, ψ , and ∆ for c-Si sample at λ =
632.8 nm each as a function of the error in γ while keeping the two other
variables (κ and α) equal to zero. The figure represents RPCE with speed
ratios: curve a 1:1, curve b 1:2, and curve c 1:3 (RPCE offset in γ).

Figures 12 and 13 show the percentage errors in ψ , ∆ ,
n, and k for RCAE and RPCE respectively each as a func-
tion of the error in the polarizer azimuth angle γ varying from
−0.1◦ to 0.1◦ in steps of 0.01◦ while keeping the other vari-
ables equal to zero. Each figure shows the three ellipsometric
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configurations with the speed ratios 1:1, 1:2, and 1:3. As can
be seen from the figures, the influence of misalignment of the
rotating polarizer on ψ , ∆ , and n is not significant for small
misalignment. On the other hand, it is considerable for k espe-
cially for RPCE with the speed ratio 1:3.

Similarly, Figs. 14 and 15 show the errors in the same pa-
rameters for RPCE and RCAE for three speed ratios each as a
function of the error in the rotating compensator azimuth angle
κ varying from −0.1◦ to 0.1◦ in steps of 0.01◦ while keeping
the other variables equal to zero. Almost the same conclusions
drawn from Figs. 12 and 13 can describe Figs. 14 and 15. The
influence of misalignment of the rotating compensator on ψ ,
∆ , and n is not considerable whereas it is relatively high for k,
especially for RPCE with the speed ratio 1:3.
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Fig. 14. Percentage errors in n, k, ψ , and ∆ for c-Si sample at λ =
632.8 nm each as a function of the error in κ while keeping the two other
variables (γ and α) equal to zero. The figure represents RPCE with speed
ratios: curve a 1:1, curve b 1:2, and curve c 1:3 (RPCE offset in k).
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Fig. 15. Percentage errors in n, k, ψ , and ∆ for c-Si sample at λ =
632.8 nm each as a function of the error in κ while keeping the two other
variables (γ and α) equal to zero. The figure represents RPCE with speed
ratios: curve a 1:1, curve b 1:2, and curve c 1:3 (RCAE offset in k).

Finally, it is worth comparing the best configuration
which is RCAE at a speed ratio 1:2 with the well-known ro-
tating compensator ellipsometer RCE.[28] Figure 16 shows the
total variation of cos(∆) due to simultaneous uncertainty in all

Fourier coefficients for RCE and RCAE at a speed ratio 1:2.
The sensitivity of cos(∆) in the case of RCAE is much less
than that in case of RCE especially for photon energies less
than 3 eV. Therefore the preference of RCAE at a speed ratio
1:2 over the RCE is clear in the figure.
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Fig. 16. Curves of δ cos(∆) versus energy for RCE and RCAE at a
speed ratio 1:2.

7. Conclusions

We present two ellipsometric structures, which are rotat-
ing polarizer compensator (RPCE) and rotating compensator
analyzer (RCAE). For each structure, we assume three differ-
ent configurations by considering different speed ratios. The
percentage errors arising from noise effects and misalignment
of the optical elements are investigated for all configurations.
Moreover, the uncertainty in the ellipsometric parameters due
to the uncertainty in Fourier coefficients is presented. We find
that RCAE with a speed ratio 1:2 corresponds to the smallest
error in the calculated optical parameters of two samples. A
comparison between the well-known rotating compensator el-
lipsometry (RCE) and RCAE at a speed ratio 1:2 reveals that
RCAE has a preference over RCE.
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