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Abstract: A three-layer waveguide structure sensor consists of LHMs (left-handed materials) film surrounded by dielectric cladding 
and antiferromagnetic substrate is proposed. LHMs known as MTMs (metamaterials) have simultaneous negative permeability and 
permittivity. The dispersion relation for the structure is derived for TE guided modes. Two ranges of frequencies are chosen such that 
Voigt permeability, μv, either negative or positive. The sensitivity is proven to be affected by different parameters including the film 
thickness, LHM parameters, and Voigt frequency.  
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1. Introduction 

A sensor in general recognizes and senses the 

presence of an analyte (the specie to be detected). The 

ideal sensor not only has to respond to low 

concentrations of analytes, but also must have the 

ability to discriminate among species. Sensors have a 

broad range of applications in medical, pharmaceutical, 

environmental, defense, bioprocessing or food 

technology.  

The need for fast, easy to use, compact and cheap 

sensors is the motivation of this study. In this paper, 

the proposed structure is a three-layer system consists 

of new man-made materials named metamaterials as 

film sandwiched between an antiferromagnetic 

substrate and dielectric cladding. Antiferromagnetic 

metal is studied extensively because its negative 

dielectric constant influences the dispersion relation in 

a qualitative manner.  

Ritchie [1] first study led to the fast growing field 
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of plasmonics owing to their potential application in 

areas as diverse as biosensing [2]. Several studies is 

conducted to understand both surface magnetic 

polaritron (plasmons) and guided waves in magnetic 

(anti/ferromagnetic) layered waveguides [3-10] where 

magnetic layered intercalated with dielectric layers or 

MTMs (metamaterials) layers.  

LHM (left-handed materials) or MTMs are 

materials, which have been fabricated in the 

laboratory. Veselago [11] theoretically predicated the 

existence of LHM with both negative permeability (µ 

< 0) and negative permittivity (ε < 0) and verified 

experimentally by Pendry et al. [12, 13] and Shelby et 

al. [14]. These materials have unique electromagnetic 

properties made them attractive to several applications 

including antenna design, superlenses, higher 

resolution magnetic resonance imaging [15, 16], 

sensors [17-19] and isolators [20, 21].  

The dispersion relation for the proposed structured 

is derived for TE (transverse electric fields) 

propagating modes only. The homogenous sensitivity, 

S, is defined as the change in the effective refractive 

D 
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index with cladding index [22], is then calculated to 

measure the ability of the proposed structure to detect 

and sense small changes at the cladding. Next section 

is devoted to cover the background. Numerical 

calculations and result discussions are given in 

Section 3. The paper is concluded in the Section 4.  

2. Theoretical Background 

Fig. 1 displays the three-layered waveguide sensor. 

The guiding layer consists of LHM sandwiched 

between a semi-infinite linear dielectric cladding and 

a semi-infinite AFM (antiferromagnetic) substrate 

layer. While the LHM film has both negative 

permittivity ε3 and negative permeability μ3, the linear 

dielectric cladding has positive permittivity ε1 and 

positive permeability μ1. The AFM substrate has 

positive permittivity ε2 and tensor permeability μ2 

defined by Eq. (1). 
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ω02 = γ2H0, ωa = γ2Ma, ωm = 4πγ2Ms2, ω is the circular 

frequency, H0 is the external magnetic field that is 

applied in the z direction and perpendicular to the 

direction of propagation of the waves, Ms2 is the 

unscreened saturation magnetization in the direction 

of H0, γ2 is the absolute value of the gyromagnetic 

factor in the antiferromagnet, Ha is the internal 

anisotropy field confined in the x direction, and He is 

the exchange field.  

The bulk polaritons for antiferromagnet in an 

external magnetic have two frequency gaps [23, 24]. 

The two gaps correspond to the regions of negative 

value of the Voigt permeability: 

μv = (μ11
2 － μ12

2) / μ11         (6) 

where, μv has two poles at ω1 and ω3 and two zeros at 

ω2 and ω4 given by: 
    1/ 221,3 2 2 2 2 2 2

1 02 02 1 024 4m a m a m a                 

(7) 
   1/ 22,4 2

02 1 2 m a            (8) 

The surface polaritons for the semi-infinite 

antiferromagnet in the Voigt configuration have two 

branches for each direction of propagation. The 

transverse fields TE are assumed to have the 

oscillation form as follows: 

   0 0
j t ky

zE E e
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      (10) 

where, k = Nω / c is the propagation constant, N is 

the effective refractive index, and c is the speed of 

light. Applying Eqs. (9) and (10) to Maxwell’s 

equations and applying boundary conditions at x = 

-a/2 and x = a/2, we obtain the dispersion equation as 

follows: 

     2
3 2 1 1 2 3cot 0iF F F a F F F      (11) 

where, F1 = -jλ1, F2 = -jμ02 [μ12－λ2μ11], F3 = jλ3, λ1 = 

N/α1, α1=(N2－n1
2)1/2, n1= (ɛ 1)

1/2, λ2 = [Nμ11 －

α2μ12]/[Nμ12－α2μ11], α2=(N2－ɛ2μv)
1/2, μv = (μ11

2－

μ12
2)/μ11, λ3 = Nμ3/α3, α3 = (N2－ɛ3μ3)

1/2, and β = jα3. 
 

 
Fig. 1  The proposed three layered waveguide. The film is 

LHM with ,   surrounded by AFM substrate 
and dielectric cladding.  
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The homogenous sensitivity due to guided waves, S, 

is calculated from the dispersion Eq. (11) by 

differentiating the effective refractive index N with 

respect to the cladding refractive n1 = ɛ1
1/2. So, S, can 

be expressed as Eq. (12). 

1

( )
N

S
n

 



            (12) 

The calculation of S is tedious; hence, it is not 

reproduced here. The values of the refractive index N 

for surface waves are first numerically calculated 

form Eq. (11) and accordingly the sensitivities S is 

calculated numerically from Eq. (12). The behavior 

of our system will depend on the values of ω1, ω3, ω2, 

and ω4. Moreover, it will be affected by the values  

of MTM’s parameters and the thickness of the   

film. 

3. Results and Discussion 

In this work, we studied the sensitivity of the sensor. 

Moreover, we test the effect on the sensitivity for μv < 

0 and μv > 0. In the numerical calculation, we defined 

the reduced frequencies, Ω = ω/ωm, Ω0 = ω02/ω1, Ωa = 

ωa/ω1, Ωm = ωm/ω1 and wave number, Q = kc/ωm = 

NΩ. 

The sensitivity is calculated for both cases when μv 

< 0 and μv > 0. 
 

      
(a)                                                 (b) 

      
(c)                                                  (d) 

Fig. 2  The sensitivity due to guided waves S is calculated as function of the wave number Q for μv > 0 at different values of 
reduced frequency Ω = 0.05, 0.1, 5 and 15. The film thickness a = 0.05 cm. 
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(a)                                                   (b) 

      
(c)                                                (d) 

Fig. 3  The sensitivity due to guided waves S is calculated as function of the wave number Q for μv > 0 at different values of 
reduced frequency Ω = 0.05, 0.1, 5 and 15. The film thickness, a = 0.15 cm. 
 

3.1 Results for μv > 0 

In this case, the reduced frequency is tuned such 

that μv > 0. The sensitivity S is plotted in Fig. 1 as 

function of wave number Q at the chosen set of values 

of reduced frequencies Ω = 0.05, 0.1, 5 and 15. The 

calculation has performed using the following values: 

a = 0.05 cm, Ωm = 5, Ωm·Ωa = 0.1, n1 = 1, ɛ2 = 1.0, ɛ3 

= -1, μ3 = -4, Ω0 = 0.3, μ02 = 2. 

From Fig. 2, we can see that S varies as the wave 

number changes. The sensitivity goes to zero at the 

zeros of wave number Q which corresponds to the 

zeros of ω and infinities at the poles of ω as stated in 

Eqs. (7) and (8). The position of the zeros and 

infinities changes as Ω changes. Fig. 2 gives us a 

promising sensor for the stated values. The system is 

very sensitive with changes occurs at the cladding 

layer. In this case, the maximum value, S = ±7, occurs 

at Ω = 0.05 and at Q = ±20. 

To study the effect of the film thickness, the same 

calculation is repeated keeping all parameters 

unchanged except the film thickness value is changed 

to a = 0.15 cm. The sensitivity, S, is plotted in Fig. 3 

versus the wave number, Q, at Ω = 0.05, 0.1, 5 and 15. 

We notice that the maximum sensitivity, S = ±3, 

occurs at Ω = 0.05 at Q = ±3. The figure exhibits the 

zeros and poles which is associated with ω. We see 

the effect of film thickness appears at the limits of the 

propagation constant, Q, which decreases dramatically 
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S 

Q 
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with increasing a. Also, the maximum value of S 

decreases with respect to the previous calculations.  

The effect of changing MTM’s parameters are done 

by repeating the previous calculations keeping all 

parameters unchanged and swamping the values of ɛ3 

and μ3; i.e., ɛ3 = -4, μ3 = -1. Fig. 4 exhibits the 

sensitivity, S, versus the wave number, Q, at a = 0.05 

cm and Ω = 0.05, 0.1, 5 and 15. 

The maximum sensitivity S = ±100 occurs at Ω = 

0.05 and Q = ±10. From previous calculation, we can 

control the sensitivity of the sensor by changing the 

value of the film thickness and the MTM’s parameters. 

3.2 Results for μv < 0 

The reduced frequency is tuned such that μv < 0. 

The sensitivity S is displayed in Fig. 5 as function of 

wave number Q at chosen set values of reduced 

frequencies Ω = 3.765, 3.7625, 6.8 and 6.95 that 

satisfied the condition μv < 0. The calculation has 

performed using the following values: a = 0.05 cm, 

Ωm = 5, Ωm·Ωa = 0.1, n1 = 1, ɛ2 = 1.0, ɛ3 = -1.0, μ3 = -4, 

Ω0 = 0.3, μ02 = 2. 

The sensitivity, as presented in Fig. 5, has its 

maximum value, S = 7, at Ω = 6.7625 and Q = 10. 
 

        
(a)                                         (b) 

    
(c)                                                 (d) 

Fig. 4  The sensitivity S is calculated as function of the wave number Q for μv > 0 at different values of reduced frequency Ω 

= 0.05, 0.1, 5 and 15. The film thickness, a = 0.05 cm and ɛ3 = -4.0, μ3 = -1. 
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(a)                                                 (b) 

 

       
(c)                                                 (d) 

Fig. 5  The sensitivity S is calculated as function of the wave number Q for μv < 0 at different values of reduced frequency Ω 
= 6.7625, 6.765, 6.8 and 6.95.  
 

4. Conclusions 

The homogenous sensitivity of the proposed sensor 

is studied. The sensor is a three-layer waveguide 

consists of a LHM film surrounded by AF substrate 

and dielectric cladding. The sensitivity is calculated 

for range of frequencies at which the Voigt frequency 

is negative and positive. Moreover, we studied the 

effect of the film thickness and the LHM parameters. 

Results show that the sensitivity of the proposed 

sensor can be tuned by changing the value of the film 

thickness and the LHM’s parameters. The results 

might be of interest to the sensors fabricators.  
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