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ON MINIMUM ENERGY PROBLEMS*
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Abstract. A stochastic system described by a semilinear equation with a small noise is considered.
Under suitable hypotheses, the rate functionals for the family of distributions associated to the solution and
the exit time and exit place of the solution are computed.
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1. Introduction. The paper is concerned with several deterministic optimization
questions which arise in the theory of small noise distributed systems.
Let us assume that a stochastic system is described by a semilinear equation

(1.1) dX°=(AX +F(X))dt+Ve dW, X°(0)=acH, >0,

where A and F are, respectively, linear and nonlinear parts of the drift term and W
is a Wiener process with incremental covariance Q on a Hilbert space H.

The optimization problems considered in this paper are motivated by the problem
of finding the rate functionals for the family of distributions £(X°(-)), € >0. They
are also related to the problem of calculating (for a given domain) the exit time and
exit place of the processes X°(-), € >0, (see [4], [5], [11], [12], [14], [15]). Here and
in the sequel the distribution of a random variable ¢ is denoted as F(¢).

If E;(a,-) is the rate functional for the family of measures u, = L(X™°(T)), € >0,
then also of importance is the functional E.(a, b) =inf;-oE+(a, b), a, b€ H, which is
sometimes called the quasipotential ([4], [5]). For an appropriate choice of the initial
condition, E. is the rate functional for the invariant distributions (»,) of the
process X °.

Assume that a is a stable equilibrium point for the deterministic system z=
Az+ F(z), and let & be a set contained in H which is open with respect to the strong
topology and contains the point a. Define

T =inf{t=0;, X°(t) €09}

then lim, o In e&(7") is called the exit rate.
Now let y*“*(+) be a solution to the following controlled equation:

y=Ay+F(y)+Q"’¢, y(0)=a

in which ¢ stands for a square integrable function from [0, +oo[ into H.
Under fairly general conditions, (see [14]), we have

Er(a, b) =% inf{L [#(s)|? ds; y**(T) = b}

and see [5], [12], and [14],
(1.2) 13?01 In eé(7°) = blgg E.(a,b).
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The set of all those points where the infimum in (1.2) is attained is the exit set, and
this also has an important probabilistic interpretation (see [4], [5], [13]).

The present paper is concerned with the problem of finding or estimating E; and
E. and is also concerned with the problem of minimizing E., over the boundary of a
given set D. We will refer to them as the minimum energy problem and the exit problem,
respectively. We show that in certain important cases explicit solutions are possible.

The paper is divided into three parts. The first part is devoted to the minimum
energy problem for linear systems. Here we gather partially known results. Basic
formulae and estimates are given in Theorem 2.2. The next section starts from an upper
estimate for the energy E. which, however, is only valid locally. The main result of
the paper is formulated in Theorem 3.7 which gives explicit formulae for E for the
so called gradient systems. The first part of the theorem is an extension of a result by
Friedlin [5] which also allows for a much larger class of drift terms. The second part
is concerned with systems of second order in time, which are not discussed in [5]. All
the basic steps of the proof are the same as those for the related results in finite
dimensional spaces (see [4]); they require more sophisticated control theoretic and
analytical developments. The final part presents a complete solution of the exit problem
when the dynamics are linear.

This paper is a shortened version of the report [3], to which we will refer for
additional details.

2. Minimum energy problem for linear systems. Consider a linear control system
(2.1) y=Ay+ Bu, y(0)=ae H

on a Hilbert space H. The operator A generates a C,-semigroup of linear operators
S(t), t=0 and B is a bounded linear operator from a Hilbert space U into H. We will
always assume u(-)e L*[0, T; U] for arbitrary T > 0.

The mild solution of (2.1) is given by

t

(2.2) y(t)=S(t)a+J S(t—s)Bu(s) ds, t=0.

0

Let us fix 7> 0 and consider the following linear operator L acting from L’[0, T; U]
into H:

(2.3) LTu=J S(T —s)Bu(s) ds.

Thus
y(T)=8S(T)a+ Lu.

Recall that if L is a bounded linear operator between Hilbert spaces H,, H,, then the
value of its pseudoinverse operator L™' at a point y e Im L< H, is characterized as
the unique vector x € H, such that

Lx =y, (x—z,x)=0 forallze H,, Lz=y.

Equivalently x = L'y is the element with the smallest norm satisfying Lx = y.

It is clear that there exists a control u(-)e L’[0, T; U] transferring a to b in time
T if and only if b—S(T)a € Im L, and it is clear that the control which achieves this
and minimizes the functional u - [, ||u(s)|* ds—called the energy functional—is

(2.4) u=L7'(b—S(T)a).
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Let us recall that the system (2.1) is null controllable in time T >0 if an arbitrary
state b€ H can be transferred to 0 in time T. Moreover, the set &+ of all states which
can be reached from 0 in time T>0 with controls u(-)e L*[0, T; H] is called the
reachable space in time T. If & is the whole space then the system is said to be
exactly controllable in time T. Finally a semigroup S(t) is said to be stable if, for some
positive constants M and w we have ||S(1)|| = Me ' (see [1], [2]).

Define the linear operator

t
R,=J S(r)BB*S*(r) dr, t=0.

0

We have the following proposition (see [1], [2]).
ProrosITION 2.1. (i) The function R,, t =0, is the unique solution of the equation

d
(25) - (Rxx)=2ARA*xx)+|B*x|’, xeD(A%), 1=0; Ry=I

(i) If A generates a stable semigroup then lim,, . R, = R exists and is the unique
solution of the equation

(2.6) 2(RA*x, x)+ || B*x|*=0, x € D(A%).

The following theorem gives general results for the functionals Er(a, b), the
minimal energy of transferring a to b in time T, and E.(a, b),a, be H, T>0. In its
formulation we will use the convection that if an element x is not in the domain of
an unbounded operator C we set || Cx|| = +0o.

THEOREM 2.2. (i) For arbitrary T>0 and a,be H:

Er(a,b)=||R¥*) 7 (S(T)a-b)|>.
(ii) If S(t) is stable and the system (2.1) is null controllable in time T,> 0, then
Eo(0,b)=|(RY*)7'b|*  beH.
Moreover, there exists C >0, such that
2.7) I(RY*)"'b|*= Ex(0,b)=C|(RV*)'b|)?,  beH, T=T,.

Proof. The proof of (i) can be found, for instance, in [1]. To prove (ii) let us
remark that the null controllability in time T, is equivalent to the fact that for a constant
C,>0 and all xe H,

TO
J | B*S*(r)x||* dr = ||R‘T/02x||2z C||S*(To)x|>.
0
But

e (k+1)T0

IR 3 [ s ar

k=0 J kT,

and for a constant C,>0,

TO
J | B*S*(r)x||* dr= G| x|?>, xeH.

0
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Consequently, for some constants M >0, w >0, C;>0,

To [e'<)
[R?x|?= J | B*S*(r)x|?* dr+ czkz | S*(kT,)x|?
0 =1

I

T, [=e}
J I B*S*(r)x | dr+ C,M? Y e “¥To||S*(Ty)x|)?
k=0

0

lIA

TO

{1+2 M3(1 —e""To)“l} J | B*S*(r)x||* dr

Cl 0

=G| REx|I?,  xeH.

Hence Im R'?< Im R¥’. Since the operator (RY,”) 'R"/?is closed and thus bounded
it follows that (2.14) holds. Now lim R+ = R so (2.13) must hold as well.

We now consider two special cases. Assume that A: D(A)< H - H is a negative
definite operator on a Hilbert space H and that C: H -» H is a bounded operator. The
operators A and ¢,

o = B é] ,D(sf)=D(A)x D(-A)"?

define C,-semigroups on H and % = D(—A)"?>x H. The semigroups define mild
solutions of the following Cauchy problems

(2.8) X = Ax, x(0)e H

(2.9) i=Ax+C%  x(0)e D(-A)Y? x(0)e H.

The controlled version of (2.8)-(2.9) are

(2.10) y=Ay+u, y(0)=xe H

(2.11) j=Ay+Cy+u,  y(0)eD(-A)"?, y(0)=veH.

We have the following theorem.
THEOREM 2.3. (i) Assume that the operator A is negative definite, then the reachable
set R for the system (2.10) is, for all T>0, exactly D((—A)"?) and

E.(0,b)=2|(—A)"?b|>, beH.

(ii) If in addition the operator C is negative definite, bounded and (—C)"* commutes
with (—A)"? then the system (2.11) is exactly controllable and

0 2 2 1/2 2
) O S o LT I P

Proof. For the details of the proof see [3]. The proof that (2.11) is exactly
controllable is similar to the one given for the one dimensional wave equation in [2],
although, of course, a more general spectral decomposition is required.

This result does not generalize to arbitrary semigroups; however for analytic
semigroups the first part of (i) can be generalized. To do this we must introduce the
real interpolation space D,(1/2,2). We recall that D,(1/2, 2) is the set of all x in H
such that there exists a function y(-)e W"?(0,00; H)N L*(0,00; D(A)) such that
y(0)=x (see [7]).

THEOREM 2.4. Suppose that A generates an analytic semigroup on H, then the
reachable set for system (2.10) does not depend on time and is equal to D4(1/2,2).
Moreover the energy norm (E.(0,-))"? is equivalent to the norm of DA(1/2,2).

Proof. Let T>0, u(-)e L*[0, T; H]; then the solution of (2.10) is given by

y(t)= J” S(t—s)u(s) ds
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and we have (see [8]) that y(-)e W"?(0,00; H)N L*0,; D(A)). Hence y(T)e
DA(1/2,2).

Conversely let xe D,(1/2,2); then we want to show that there exists a control
u(+)e L[0, T; H] such that y(T)=x. Now since x € D,(1/2,2) there exists z(*)e
W'2(0, 0c0; H)N L*(0, c0; D(A)) such that z(0) = x. Choose a C* real function ¢(-)
such that ¢(0)=0, ¢(T) =1 and set

§N)=¢(0Dz(T—1), u(t)=£&(t)—-A&(1);  te[0, T]
Then u(-)L’[0, T; H], £(¢t) = y(t) and &(T) = y(T) = x as required.
We now consider

t

y(t)= S(t)x+J S(t—s)u(s) ds
0

and first suppose that xe€D4(1/2,2). Then there exists z(:)e
W'2(0, 00; H)N L*(, 00; D(A)) such that z(0) = x. Let h be a real valued C*™ function
such that h(0) =1, h(T)=0 and set y(¢) = h(t)z(t), then y(0)=x, y(T) =0 and y(-)—
Ay(-)e L*[0, T; H]. Thus it suffices to choose u(t)=y(t)— Ay(t). For xe H we first
choose u(t)=0in [0, T/2]; thus y(T/2) € D4(3, 2). Now by the previous argument we
can find a control u(-)e L*[T/2, T; H] such that y(T)=0.

3. Minimum energy problems for nonlinear systems. Results like Theorems 2.2, 2.4
for linear systems do not have immediate generalizations to nonlinear ones. However
local results can be obtained via linearization as we shall show in Theorem 3.1. This
theorem will also play a role in proving Theorem 3.7, which is an extension of Theorem
2.3 and is the most important result of the paper.

Denote by Vi the space Im L =1Im RY/? associated with the control system (2.1),
equipped with the norm |.||+:

Il =I(RE) x| = | L+"x[.
It follows immediately from the control theoretic interpretation that if ¢t =s,
V,cV, and |x|,=|x||, xeV.

Let us assume that for all T > 0 sufficiently small, F: V;-- U and for all r> 0, there
exists N,.r>0 such that

(3.1) [F(a)—F(b)|[u=N,rlla=bl+ provided |al+=r, |blr=r
Consider the following equation:
(3.2) y=(Ay+BF(y))+Bu,  y(0)=0,

which has the following mild form:

(3.3) y(t)= Jr S(t—r)BF(y(r)) dr+J” S(t—r)Bu(r) dr.

0 0
THeOREM 3.1. If 2N,/ T<1 and ||b||+=r((1-2N,~T)/2N,VT) then
Er(0, b= (||| r + rN, 1/ T)".

We will need the following result, also of independent interest.
ProrosiTiION 3.2. A mild solution y(-) of (2.1) with initial condition 0 is
Vy-continuous on [0, T].
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Proof. Fix 0=t=s=T, then

y(s)=y(t) = I S(s—r)Bu(r) dr—J' S(t—r)Bu(r) dr

0 0

= JS S(s—r)B{u(r)—u(r—(s—1))Is_,(r)} dr.

0

Thus, from the definition of the norms in V, and V7,

(3.4) ||y(S)-y(t)Hzr§||y(S)*y(t)||§§J0 lu(r) = ur=(s =) I y(r)|* dr

s

:J u(r)—u(r—(s—0)|f dr+J

§—

llu(r)|* dr.

5

But the right-hand side of (3.4) tends to 0 as s —f—>0 and so the result follows.
Proof. The equation (3.2) can be written as

y(t) = L:F(y)"‘Lzu

where F(y) denotes the function F(y(s)) s€[0, T]. If there exists a control u(-) that
transfer zero to b in time T, then

(3.4) x=LrF(y)+ Lu.

Set

(3.5) u=L7'(b—LF(y)).

We will now show that the following equation

(3.6) y(t)=LF(y)+LL7'(b—LF(y))  te[0,T]

has a Vi -continuous solution. Note that then necessarily
y(T)=LyF(y)+x—LrF(y)=x

and the transferring control is given by (4.6).
For ze Z=C[0, T; V;] define ¢(z) by

¢(2)(1) = LiF(z)+ L.L7' (x — LyF(z)).
It follows from Theorem 4.1 that ¢: Z > Z. Note
$(0)(1)=LLr'x te[0,T]

and hence

T

oup |LL3'813= [ 1L b6 1 ds= o1

0
So [|¢(0)||z=||b| r- Let w, z€ Z, then
¢ (w)(1) = ¢ (z)(t) = L[F(w)— F(z)]+ L L7 (Ly[F(z) = F(w)])
and hence

¢ (w)—¢(2)ll2 = | LF(w) = F(2))||z = |L.L7 (Lt [ F(z) - F(w)])»

T 1/2
=of [ irewsn-Feenty o]

0
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If [wllz=r|z| =, then
T 1/2
||¢(W)—¢(Z)llzé2Nr,r{J IIW(S)—Z(S)IIZTds)} =2N, VT|w—z|.
0

To show that the iterates z, = ¢"(0), n=1,2, - - - , are convergent it is enough to prove
that ||z,||z=r, for n=1,2,---. Set k=2N, VT, then

6" (O z=[¢"(0) =" (0)|z+["'(0) =" 2(0)]| .+ - - +[[$?(0) = ¢'(0)] -
n—l_ . <—k—
= (kRO S (bl

So by the induction argument if

2N, T
————||xb|| =7,
(1-2N,VT)
then ||¢"(0)|| > =r for all n=1,2, - -. The sequence {z,} is thus convergent in Z to

a solution y(-) of the equation (3.6). Now

T 1/2 T 1/2
(e as} ™ <po=rorcon, =it +{ [ 1Fooii as)

T

1/2
énburw,,r{j ||y<s>||2rds} = b5 + N, T

0
This complete the proof.

Remark 3.3. With a similar proof to the one above we can show that there exists
a unique solution of equation (3.2) on the interval [0, T] for any control satisfying

—2N, VT
2N,+VT<1 and EIT) |Lu| < r%iﬂ'—’\r/_TC
Also, nonzero initial states can be taken into account.

COROLLARY 3.4. Assume that for a given T >0 the transformation F satisfies (3.1)
with N, 710 as r|0. Then for arbitrary £ > 0 there exists 8 >0 such that if ||b|+ <38, then
Er(0,b)=e.

Proof. The result follows immediately from Theorem 3.1.

We will show that Theorem 2.3 can be extended to nonlinear systems of the form

(3.7) y=Ay-UW)tu,  y0)=acH
(38)  J=Ay-U(y)-By+u,  y(0)=a,e D(-A)"?,  y(0)=boe H.
We will make the following assumptions

(i) A is a negative definite operator on the Hilbert space H.
(ii) U is a functional from V=D((—A)"?) into R, of class C', U(0)=0,
DU(0)=0.
(iii) There exists a mapping U': V - H, Lipschitz on bounded sets such that

DU(x; h)=(U'(x), h), forall x,heV,

where DU (x; h) denotes the value of the Fréchet derivatives at x in the direction
h.
(iv) B is a positive constant.
Example 3.5. Let A=(d*/dx*), D(A)= W0, L)N W?(0, L). For any positive
integer k, we shall denote by W*(0, L) the Sobolev space consisting of all the real
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functions on [0, T] which have square integrable derivatives of any order less or equal
to k. Moreover, we set Wy(0,L)={ue W'0,L); u(0)=u(L)=0}. Then V=
D(—A)"?= W(0, L). Define

U(x)= J ¢(x(s))ds, xeV,

0
where ¢ is a real valued function of class C'. It is easy to see that
U'(x)(s)=¢'(x(s)), se[o0, L], xeV.
The assumptions (ii) and (iii) are satisfied in this case.

Example 3.6. The functional U(x)=(—A)"?x|? xe€ V obviously satisfies the
condition (ii) and DU(x; h)=2((—A)"?x, (—=A)"?h), x, he V. But U’'(x) is defined
only for x € D(A), so (iii) does not hold.

The minimal energy required to transfer a, to a, for the system (3.7) and from
[52] to [5!] for the system (3.8) will be denoted by Er(ao,a,) and Er([#], [51),
respectively. Also E (-, ) =inf;-E+(:, ).

We denote by z%(-), z[3]( ) the solutions of the uncontrolled systems

3.9) z=Az—-U'(z), z(0)=ae H
(3.10) F=Az-U'(z)-Bz  z(0)=aeD(-A)"?  7(0)=beH.

THEOREM 3.7. Assume that the assumptions (i)-(iv) hold.
(1) Ifag D(—A)"? then E(0, a) = +co.
(2) Ifae D(-A)"? and (—A)"?2°(t)>0 as t > in H, then

(3.11) Eo(0, a) = [(=A)"?a|*+2U(a).
(3) If [e]€ # and 2t () >0 as t >0 in ¥, then
a12) e (0] 2]) =puic-ar=ar+2u@+ pory

Proof. The proof is based on the following identities. For the system (3.7), with
y(0)e D(-A)"?

(3.13) %J ||u<s>u2ds=§J Ju(s)+2Ay(s)—2U"(y(s)| ds

0

+I(=A) 2y (DP+2U (1) - [(-A) "y ()|

=2U(y(0))].
For the system (3.8), with y(0)e D(—=A)"?, y(0) € H,
T T
61 A horas=t[ s -2sior as
0 0

+BLI(=A) 2y (DP+2U((T) + [ ¥(TDI?
=(=A)"2y(0) [~ 2U(y(0) = | (0)|"].
To show that (3.13) holds let us use the fact that the mild solution of (3.7) is in fact
a strong solution. Elementary calculations give

T

(3.15)  \f(1,2)\i(o, .| u(s)| ds)=%f u(s)+2A4y(s)—2U"(y(s))|’ ds)

0

—ZI (¥(s), Ay(s) = U'(y(s))) ds

0
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It remains to show that

(3.16) L (¥(s), U'(y(s))) ds=U(y(T))— U(y(0))
and
(3.17) -2 J (¥ (s), Ay(s)) ds = [ (=A)*y(T)|* = [(=A) 'y (0)||".

In fact the identities (3.16) and (3.17) are true for arbitrary functions y(-) from
W0, T; H)N L*(0, T; D(A)). To see this consider a sequence {y,()} of functions
from C'(0, T; D(A)) converging to y both in W'?(0, T; H) and in L*(0, T; D(A))
topologies. Such a sequence exists since the domain D(A) is dense in H. For each n
and all te[0, T]

% U(ya(1)) = DU(y,(1); yu (1)) = (U (ya(1)), yu(1))

So the identities (3.16) and (3.17) hold for each y,, n=1,2, - -. However, we can
pass to the limit in the above identities and therefore (3.16) and (3.17) hold for general

To prove (3.14) note that the functional U is defined on all state space and is of
class C'. Thus if the control u( - ) is smooth and initial condition is in the domain of
the generator then

Mo as=2 [ ucs) 28505 28500017 s

T

[ o) 28500017 ds 2 506 - Ao+ U5, 0
0 0

and consequently (3.14) holds in this case. The general case is obtained by a standard
approximation argument.
Note that if Z(¢) = Az(t) — U'(z(t)), t€[0, T], then for y(t) =z(T —t) we have

y(O)+Ay()-U'(y(1) =0,  y(0)=z(T),y(T)=2(0), t€(0, 7).

Moreover, the function y(-) is a solution of (3.7) when u(t) =—-2Ay(t)+2U'(y(t)),
te[0, T], and for this control the first term on the right-hand side of (3.13) vanishes.
Hence u( - )e L’[0, T; H] and

(3.18) Er(0,a)=[(-A)2a|*+2U(a)
Er(z°(T), a)=||(-A)"?a|*+2U(a) — | (=A)"?z°(T)|*-2U(z*(T)).
But
Er1(0, @)= E|(0, z°(T)) + E-(z°(T), a).

Since ||[(—A)"?z*(T)||>0 as T - it follows from Theorem 3.1 but E,(0, z°(T))~> 0
as T —oo. Thus

lim Er(z*(T), a) = | (-A)"a|*+2U(a)

T
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and

inf Er(0, a)=|(—A)"?a|*+2U(a)
T=0

and so formula (3.11) holds. Formula (3.12) can be proved in a similar way.

Remark 3.8. Assume that Q is a linear positive definite operator that commutes
with A (more precisely with the spectral measure associated with A) and consider the
following system:

¥y=Q 'Ay—:Q7'U'(y) —3Qy+u
y(0)=xe D(-A)"? y(0)=ve H.

Then the formula (3.12) can be generalized to the following

(3.19) E([g] [ZD = (=A)"2a|*+ U(a)+{Qb, b)

with basically the same proof.

Remark 3.9. Let € be a separable Banach space containing H such that the
inclusion operator i: # > € is radonifying. This means that if & is a Hilbert space then
i is Hilbert-Schmidt. Then there exists an invariant measure on & for the process

dX=Ydt dY=(Q 'AX+iQ 'U(X)-1QY)dt+dW

and up to a multiplicative constant is of the form

dx
—(1/2)U(x)
e
K [dy]

where u is a Gaussian invariant measure for the linear system
dX =Ydt dY =(Q'AX -3 QY) dt+dW.

The measure w is cylindrical on # with mean vector o and covariance operator

_[e’ o
(3.20) R—[O Q_,].

The representation (3.20) is valid provided we introduce a new but equivalent inner
product (-, -); on ¥

<[Z] [Z]> =((-Q7'A)"?a,,(=Q'A) ) +(b,, by).

The proof of this result follows from [15].

4. The exit problem. For details of the stochastic exit problem see [5], [12]. Here
we discuss its deterministic analogue. To fix ideas we concentrate on the system (3.7)
and assume that the conditions of Theorem 3.7 are satisfied. In addition let € be a
Banach space containing D(—A)'/? and such that the inclusion operator i: # - € is
randonifying, which means that the image i(y) of the cylindrical Gaussian measure
N(0, I) has an extension to a o-additive measure on Borel subsets of &.

Example 4.1 (Compare [5]). Let

d2

A=
dx*’

D(A)= W0, L)N W30, L).
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Then
D(—A)"?>= W0, L).
If E = C[0, L], then the inclusion i: W¢(0, L) > € is radonifying (see [6]).
Let 9 be a bounded open set in € containing 0. For arbitrary & >0 define

(4.1) (09), ={x € &, distancey (x,0D) <&}
and let

r. =inf{E.(0, b); be (69), N D},

ri =inf{EL(0, b); b€ (69). N D},
where 9 and 9° denote, respectively, the closure and the complement of .

F=inf{E.(0, b); b€ oD}.

If

r =limr;,r"=1limr}
el0 £l0

then r =7 r"=7 and we expect that in fact r~=r*=7 The numbers r_,r", and 7
will be called, respectively, the lower, the upper exit rates, and the exit rate.

The following problems are of interest for both deterministic and stochastic
systems.

ProBLEM 4.2. Under what conditions r~ =r"=#?

PrROBLEM 4.3. Assume that r~=r" =7 Calculate 7 and describe as explicitly as
possible the set

(4.2) €={beaP); E.(0, b) =}

which will be called the exit set.

For linear systems some answers to the above questions are available assuming
that € = H(see [12]); here we consider a different situation and give rather specific
answers to both the problems. Namely we consider the problem

inf [|Aul?,,

ued®
where A is a closed operator on H = L*(T") with the domain D(A)< C(T)=E, C(T)
being the space of continuous functions on ' R" and & is a bounded neighborhood
of 0 in E. If ug D(A), we set ||Au| =+0co. We will assume also that:

(i) The operator G = A ' is an integral operator with a continuous kernel g(-, - ):

Gv(x)=‘[‘g(x,y)v(y) dy, xel', veH.

(ii)) The set @ is of the following form:
P ={ucE;-b(x)<u(x)<a(x),xel}

where a(+) and b(-) are positive functions on T.
The following result holds.
THEOREM 4.4. Assume (i) and (ii) hold. Then v =r" =7 and

(4.3) F= inf{(a(x) A b(x) (JI g% (x, y) dy) }

xel
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Let T be the set of all x e I" for which the infimum in (4.3) is attained. If T, is nonempty
then

P
a(x) A b(x)
Proof. Let us fix xeI" and a positive number c; first we will solve the problem:
inf{||Au|*; u(x)= ¢, u e E} (if ug D(A), ||Aul| = +c0), which is equivalent to
(4.4) inf |o||>= inf |o|?

Gu(x)=c¢ Gu(x)=c

g¢={(va)(');vx(')= g(x,-),er‘O}.

where Gov(x)=(g(x,-). v)y. The proof of the following lemma is straightforward.
LEMMA 4.5. Let H be a Hilbert space, ve H and ¢>0, then for the problem
inf{|ul|;;; (4, v)=c} the infimum is attained at u = cv||v|| > and is equal to c|v|~".
Therefore the problem (4.4) has a unique solution v™(+) = cg(x, - )(J;- g%(x, y) dy) ™'
and the minimum value is ¢*||v™(-)|| "> The statement of the theorem now follows easily.
Example 4.6. Let A,=(d?/dx*), D(A;)= Wy(0,1)N W30, 1), €= Co(0, 1) the
space of continuous functions vanishing at 0 and 1, U’'=0 and

D ={ze &;|z(x)|<a,xe[0,1]}.

+

PrOPOSITION 4.7. For the above example r~ =r" =7 =4a” and the exit set consists

of exactly two functions =%

A(t)_{(a/z)t if 1e[0,4]
SV @/-1) ifteli 1]

Proof. The proof follows from Theorem 4.4 and elementary calculations.
Example 4.8. Here we take A,=—Aj] where A, is the same as in Example 4.6.
Note that then D(—A,)"/*=D(A,) and

1 2 2
d°z
—A,)'? =J [— x ] dx.
A2 = | | gE )
The set & is the same as that in Example 4.6.
ProposITION 4.9. For the above example r™ =r
of exactly two functions %

A(t)_{at(3——4t2) if te[0,3]
2T a(1-0G-4(1-0%) ifre[l1].

Remark 4.10. Ttis clear that a similar result is true for the operator A, = (—1)""'A}.
We could also start from the operator A, = (d?/dx?) on L*(0, 1; R?) of square integrable
vector functions. € = C(0, 1; R?) and the set & could be of more general character

P ={z;z(s)e T(s),s€[0, 1]}

where T is a multifunction with values in R%. Some additional subtleties arise here.

Remark 4.11. It would be interesting to consider in detail the case A,=A on
L*(T"), T bounded in R", D(A,)= Wy(I') N W*(T') and A,, =(-1)"""A". Under well-
known conditions, D(A,,) < ¢(I') and the exit problem, as formulated in Problems 1
and 2 can be posed correctly. Some related comments can be found in [5].

* = F=48a? and the exit set consists
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