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Abstract: Let G be a graph of order n. If the maximal connected subgraph of G has no cut vertex
then it is called a block. If each block of graph G is a clique then G is called clique tree. The distance
energy Ep(G) of graph G is the sum of the absolute values of the eigenvalues of the distance matrix
D(G). In this paper, we study the properties on the eigencomponents corresponding to the distance
spectral radius of some special class of clique trees. Using this result we characterize a graph which
gives the maximum distance spectral radius among all clique trees of order n with k cliques. From
this result, we confirm a conjecture on the maximum distance energy, which was given in Lin et al.
Linear Algebra Appl 467(2015) 29-39.
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1. Introduction

Let G be a connected graph with V(G) = {vy, vy,..., v, } and edge set E(G), where
|V(G)| = n. For v;, v; € V(G), d;; denotes the distance between vertices v; and v;. In
particular, d; ; = 0 for any v; € V(G). Let D(G) = (d;,j)nxn be the distance matrix of graph
G. Let A; (1 < i < n) denote the eigenvalues of D(G) with non-increasing order. Also
let A (= Aqp) be the distance spectral radius of a graph G. When more than one graph is
under consideration, then we write A;(G) instead of A;. By the Perron-Frobenius theorem,
a unique unit eigenvector x corresponding to the largest distance eigenvalue of G has all
positive eigencomponents, which is called the Perron vector of D(G). Several studies on
this topic have been conducted, see [1-7] and the survey [8].

The energy of a graph G, often denoted by £(G), is defined to be the sum of the
absolute value of the eigenvalues of its adjacency matrix of a graph. The energy of a
graph was first defined by Ivan Gutman in 1978 [9]. However, the motivation for his
definition appeared much earlier, in the 1930’s, when Erich Hiickel proposed the famous
Hiickel Molecular Orbital Theory. Hiickel’s method allows chemists to approximate
energies associated with 7r-electron orbitals in a special class of molecules called conjugated
hydrocarbons. From the motivation of graph energy, Indulal et al. [10] proposed the
distance energy Ep(G) of G which is defined by

n
Ep =Ep(G) =) A
i=1

Since the trace of D(G) is zero, we have

Ep=Ep(G)=2) A=-2) A
)Ll'>0 )\,‘<0
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Extremal graph theory is one of the important topics in graph theory and combina-
torics. In extremal graph theory to find the extremal (maximal and/or minimal) graphs for
some graph invariant is the important and interesting problem. It is very difficult to find the
exact value of the distance energy of graphs. In this paper we are concentrating to obtain
the maximal distance energy for some special class of graphs. For the basic mathematical
properties of Ep(G), including various lower and upper bounds, see [8,11-14] and the
references therein.

If the maximal connected subgraph of G has no cut vertex then it is called a block. If
each block of graph G is a clique then G is called clique tree. Let Py 1 be a path graph of
order k + 1. A clique path, denoted by P, 1,,..., n,, is a graph which is obtained from Py, by
replacing each edge of Py by a clique Ky, (n; > 2) such that V(Ky,) N V(Ky,) = @ for j #
i—1l,i+land2<i<k—1Ifng g =ngp=---=nsy, weuselPy,
to denote Py, y,,..., n, for short.

Lin et al. [15] discussed several properties of clique trees and discovered that the
positive inertia and the negative inertia of the distance matrix of a clique tree with n
vertices are 1 and n — 1, respectively. Among all clique trees with order 7, the graph with
the minimum distance energy has been characterized in [15]. They also gave a conjecture
related to the maximum distance energy as follows:

Mg, Mgy 17t Mgy g9, e, Mg

Conjecture 1 ([15]). The graph ]P’[n,;;rﬁ 2.(k=2), | 1=kt3 | gives the maximum distance energy
among all clique trees with cliques Ky, ..., Ky, and order n.

Due to the fact that any clique tree has exactly one positive distance eigenvalue, then
Conjecture 1 is equivalent to the following:

Conjecture 2. The graph P(Hz‘*s] 2.(k-2), | k83 gives the maximum largest distance eigenvalue
among all clique trees with cliques Ky, ..., Ky, and order n.

Please note that Conjecture 2 has been proved for k = 3 [4]. In the next section, we
will confirm that Conjecture 2 holds for the remaining cases and thus Conjecture 1 follows
immediately.

2. Proof of Conjecture 2

In [15], the authors revealed that the clique trees with the maximum spectral radius
belong to a special class of clique paths.

Lemma 1 ([15]). The graph P ».(x_y),; with respect to the restriction s +t = n — k + 3 gives the
maximum largest distance eigenvalue among all clique trees with cliques Ky, ..., Ky, and order n.

By Lemma 1, for proving Conjecture 2, we only need to find the maximum distance
spectral radius of Ps 5. (x_7), ¢, where s +t = n — k + 3. Please note that Conjecture 2 follows
directly if k = n —1. For k = n —2, we have s +{ = 5 and hence P3 5., _3) gives the
maximum distance spectral radius among all clique trees with cliques K;;,, ..., K;, and
order 1, which provide the Conjecture 2 is true. Therefore, hereafter we only consider
the cases with4 <k <n —3. Now let P(n, k, s, t) = P, 5 (x_z), withs +t =n—k+3,
whose vertex setis V(P(n, k, s, t)) = {v1, v2,..., vn} and edge setis E(P(n, k, s, t)) =
E;UE2UEs, where Ey = {vj0j|]1 <i < j<s}, B ={vvjn—t+1<i<j<n}and
Ez = {vjvj1q]s <i<n—t}. Letx! = (Xo,, X0, - .., Xu,) be the unit positive eigenvector
corresponding to spectral radius A of D(P(n, k, s, t)). By symmetry, one can see that
Xoy = Xg, =+ =Xy, and xy, , , = Xy, ,,5 =+ = Xy,. Thus, we may suppose that

x! = (X1, .00, X1, X2, X3, oo o) Xpy X1y - - s Xka1)-
N—— N———

s—1 t—1
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From D(P(n, k, s, t))x = Ax,

k
Axp=(s—2)x1+k(t—1)xq + ‘22 (j—1)xj,
]:
k
/\xi: (s—l)(i—l)x1+(k—i—0—1)(t—1)xk+1+ Z |]—z|x], i:2,3,...,k, (1)
i=2
i
k
Axppr =k (s = 1) x1 + (t = 2)xp1 + ,Zz(k_]‘*‘l)xj-
j=

First, we discuss the properties of Perron vector of D(P(n, k, s, t)).

Lemma2. Let G 2 P(n, k, s, t) withk = 2p — 2 (p is an integer, p > 3) and s > t + 2. Let
x! = (X1,.00, X1, X2, X3, oo o) Xpy Xty -+ s Xkg1)
s—1 t—1
be the Perron vector of D(G). Then x,1; > x,_; for 1 <i < p — 2. Moreover, if p > 4, then
Xpyi—Xp—i > Xpyi1—Xp_jp1 for2<i<p-—2.

Proof. Since k = 2p — 2, from (1), we obtain

p—2
Mxgp1—x1) = (ks —k—s+2)x; — (tk —k —t +2)xp 1 +2 Z J(xp—j = xpij),
j=1

p—2
Axpp1 —xp-1) =2 ((S = 1Dxy — (t=1)xgp1 + Zi (xp-j — xp+j)>r
o

and if p > 4,
p—2 i—1
Axpii = xp—i) =20 (s —1)x1 — (t—1)xgp—1 + Z (xp—j = xp4j) | +2 Z j(xXp—j = Xp1),
j=i j=1

wherei =2,3,..., p—2.Setting x,,; — x,_; = Y (1 <i<p-—1)inthe above, we get

p—2
Aypr=(ks—k—s+2)x; — (tk—k—t+2)xpp_1—2 ) jyj, )
j=1
p—2
Ay :2<(s—1)x1 —(t—=T1)xgp 1 — Z y,-), (©)
j=1
and if p > 4,
p—2 i—1
)\yl—21((5—1)X1-(t-1)3€2p_1— Z]h) —22]]/], (4)
= =1

wherei =2, 3,..., p — 2. Combining (2) and setting i = p — 2 in (4) with k = 2p — 2, we
have

)‘]/pfl _/\]/p—Z
— (ks—k—s+2)x — (tk—k—t+2)xy 1 —2(p—2) ((s —1)xy — (t— 1)x2p,l)

= sx1 —txg-1,
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that is,
)Lyp_z = ()\ + t)pr,1 — ()\ + S)X1 (5)

as yp—l = xzp_l — X1.

Using (3), from (4),

p—2
Ayi—Ayiog = 2((5 —Dx; — (t—1)xgp1— Z yj)
j=i

p—2 i—1
= 2((5—1)9(1 — (t—l)X2p,1 — 2 y]> +2 z Yj
=1 =1

i1
= Ayp+2) v
=1
that is,
5 il
Vyi=hty Y yi+vyi,i=23,...,p-2 (6)
i=1

From (6), we conclude that if y; is positive (zero or negative) then ally; (i =2, 3,...,
p — 2) are positive (zero or negative, respectively).

Claim 1. y; > 0.

Proof of Claim 1. We suppose that y; < 0. This implies thaty; <0 (i =2,3,..., p—2),
thus

p—2
2 ¥ <0
=1

Using yp—2 < 0in (5), we obtain that

X1 > sz 1
/\ +s '
It iIIlplieS tI at

(s—t)(A+1)

(s=1Dx1 = (t=1)xgp1 2 s

x2p71 > O/
ass >t,A > 0and xp, 1 > 0. Combining the last inequality with (3), we conclude that

y1 > 0, which is a contradiction. We finish the proof of Claim 1.

Using Claim 1, we conclude that y; > 0, i.e., Xpyi > Xp—j for1 <i < p—2. From (6), we
obtain y; > y;_1, i.e., Xpti = Xp—i > Xpti-1 — Xp—it1 fori=2,3,...,p—2. 0O

By the same method as the above, we also obtain the similar result for odd k.
Lemma 3. Let G = P(n, k, s, t) withk = 2p — 1 (p is an integer, p > 3) and s > t + 2. Let
xI = (X1, +v) X1, X2, X3, o) Xpy Xpi1se v s Xpi1)

s—1 t—1

denote the Perron vector of D(G). Then X1 — Xpi1-i > Xp_14i — Xpy2—i > 0for2 < i
<p-1

Combining Lemmas 2 and 3, the next theorem follows immediately.
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Theorem 1. Let G = P(n, k, s, t) withs+t=n—k+3ands > t+2. Let

T
X' = (X100, X1, X2, X3, <o) Xy Xpi1s ooy Xpi1)

s—1 t—1

be Perron vector of D(G). Ifk = 4, then x; — xp > 0; otherwise, Xy 1_; — Xj11 > Xg_;j — Xj1p >0
fort <i< K52,

Theorem 2. For any pair of integers s and t withs > t +2 > 4,
M (P 5. (k—2),1) < M(Ps_1,2.(k—2), 141)-
Proof. For convenience, let G = P, 5 (4_5) ; and let G ~ Ps_1,2.(k—2),141- Let
xI = (X1,-.0) X1, X2, X3, oo o) Xpy X1y -+ s Xkg1)
T \—t;l_/

be the Perron vector corresponding to spectral radius A of D(G). Then

MG =A(G)

%

xT(D(G/) - D(c))x

~

L5

Angl

Il
—_

= 2x ((k D (s=2)x1 —(k=1) (t = D)xgyr + ), (k—20)(xi1 — xk—i+1)) -

1

Now let F = (k—1)(s —2)x; — (k—1)(t — 1)xx 1 + F1, where

o~

SN

gt

Il
—

F = (k —2i) (X1 — Xg—it1)-

To prove A(G') > A(G), we have to prove that F > 0. From D(G)x = Ax,

/\(ka — X]) = (kS —k—s+ Z)Xl - (ki’ —k—t+ Z)ka + F] (7)
and
Mg —x2) = (k=2)((s = 1)x1 — (t = 1)xps1) + A
Combining the above two equations with s > ¢, we get
Ay —x1) — A(xp — x2) =s5x7 — FXppq > H(X] — Xgs1),
that is,

L s — 1), ®)

By Theorem 1 with (8), xx1 > x1. We can rewrite (7) as

X — X2 <

A(xgp1 —x1) =2F — Fy + (kt —k — t)x 1 — (ks — 3k — s +2)x;.

Using Theorem 1 with s > ¢ + 2 and (8), from the above equation, we obtain
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AMxpp1 —x1) < 2F — Fy + (kt —k —#) (x5 11 — x1)

-~

55t

< 2F 4 (xp — x2) (k —2i) 4 (kt —k — t) (x5 — x1)

gy

I
—

=~

A+t Lz

< 2F + T(xk+1 —x1)

gy

Il
—

(k—2i) + (kt —k — t) (X1 — x1),

that is,
A+t
2F > (A—l—k—Ff—ki’— + F2>(xk+1—x1), (9)
where 5
155 ] (k;” if k is odd,
FE = k—2i) =
2 ; ( ) e
if k is even.
4
Claim2. A > F+ (k—1)(t—1)+s—1.
Proof of Claim 2. Let .
ri = Z di,j-
j=1,j#i

Recall that G 2 P, 5 (x_p) ¢ Withs > t+2>4. For1 <i<s—1,r,=(s—2)+k(t—1) +
@.Forn—t—i—Zgign,ri: (t—2)+k(s—1)—|—sz*k.Forsgign—t—l—l,
n—t+1
ri=(—Di-s+)+(t-1(k+s—i—1)+ Y dij>s—1+(k-1)(t-1)+F
j=s,j#i

ass > tand

=
_

Sl

-
2 Y j-51 ifkisodd,
n—t+1 j=1
L i 2
j=s/j#i 'z’ L
2 Y g if k is even
j=1
= b
Please note thatry =1y = -+ =751 < ry_t42 = ry_t43 = - - - = ry. Combining the

above results, we obtain

miin{r,}Zmin{rl,s—1+(k—1)(t—1)+F2}:s—1+(k—1)(t—1)+F2.

It is well-known that A > min{r;}. Thus, we get the result in Claim 2.
1
By Claim 2,



Mathematics 2021, 9, 360 70f7

Ark+t—ki—2TEp
> Fz—i-(k—l)(t—l)—l—s—l—i—k—l—t—kt—)\+th
t
= s——F
S )\2

> s—t>0 asA>6hands >t

By combining this result with (9), F > 0. Hence we get the required result. [

Remark 1. By Theorem 2, we immediately confirm that Conjecture 2 is true. Hence, the
Conjecture 1 is confirmed to be true as well.
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