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ABSTRACT: Numerous Bayesian Network (BN) structure learning algorithms have been proposed in the
literature over the past few decades. Each publication makes an empirical or theoretical case for the algorithm
proposed in that publication and results across studies are often inconsistent in their claims about which algorithm
is ‘best’. This is partly because there is no agreed evaluation approach to determine their effectiveness. Moreover,
each algorithm is based on a set of assumptions, such as complete data and causal sufficiency, and tend to be
evaluated with data that conforms to these assumptions, however unrealistic these assumptions may be in the real
world. As a result, it is widely accepted that synthetic performance overestimates real performance, although to
what degree this may happen remains unknown. This paper investigates the performance of 15 state-of-the-art,
well-established, or recent promising structure learning algorithms. We propose a methodology that applies the
algorithms to data that incorporates synthetic noise, in an effort to better understand the performance of structure
learning algorithms when applied to real data. Each algorithm is tested over multiple case studies, sample sizes,
types of noise, and assessed with multiple evaluation criteria. This work involved learning approximately 10,000
graphs with a total structure learning runtime of seven months. In investigating the impact of data noise, we
provide the first large scale empirical comparison of BN structure learning algorithms under different assumptions
of data noise. The results suggest that traditional synthetic performance may overestimate real-world performance
by anywhere between 10% and more than 50%. They also show that while score-based learning is generally
superior to constraint-based learning, a higher fitting score does not necessarily imply a more accurate causal
graph. The comparisons extend to other outcomes of interest, such as runtime, reliability, and resilience to noise,
assessed over both small and large networks, and with both limited and big data. To facilitate comparisons with
future studies, we have made all data, raw results, graphs and BN models freely available online.

Keywords: ancestral graphs, causal discovery, causal insufficiency, data noise, directed acyclic graphs,
measurement error, probabilistic graphical models, ranking algorithms.

1. Introduction

A Bayesian Network (BN) graph has two different interpretations. If we assume that the edges
between variables represent causation, the BN is viewed as a unique Directed Acyclic Graph
(DAG) with conditional distributions, also referred to as a Causal Bayesian Network (CBN).
If, however, we assume that the edges between variables can represent some dependency that
is not necessarily causal, then the BN is viewed as a dependence graph that can be represented
by a Complete Partial Directed Acyclic Graph (CPDAG), where undirected edges indicate
relationships that produce identical posterior distributions irrespective of the direction of the
edge. Specifically, a CPDAG represents a set of Markov equivalent DAGs.

One of the reasons CBNs have become popular in real-world applications is because
they enable decision makers to reason with causal assumptions under uncertainty, which in
turn enable them to simulate the effect of interventions and extend them to counterfactual
reasoning [1] [2]. As a result, this paper focuses on assessing the various structure learning
algorithms in terms of reconstructing the ground truth DAG, rather than in terms of
reconstructing a Markov equivalence class that contains the true graph.
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In the literature, there are two main classes of algorithms for BN structure learning,
known as constraint-based and score-based learning. The constraint-based algorithms use
conditional independence tests to construct a graph, whereas the score-based algorithms view
the BN structure learning process as a classic machine learning problem where algorithms
search the space of possible graphs and return the graph that maximises some score.

The constraint-based algorithms are often referred to as causal discovery algorithms
[3], although with some attendant controversy [4] [5] [6] [7] [8] [9], and return a CPDAG where
directed edges represent causation and undirected edges represent dependency in which the
direction of causation cannot be determined by observational data. In addition to these two
main classes of algorithms, there exists a class of hybrid learning which adopts strategies from
both constraint-based and score-based learning, and such algorithms may occasionally return
a CPDAG, although they will generally return a DAG.

The PC algorithm is one of the first and more popular constraint-based algorithms [10].
Several variants of this algorithm have been published that address different issues. Well-
established variants include PC-Stable that resolves the issue of PC with regards to its
dependency on the order of the variables as they appear in the data [11], FCI which extends PC
to account for the possibility of latent variables [12], and H2PC that uses rules of PC to
construct a skeleton with score-based learning determining the final output [13].

Score-based learning provides both exact and approximate solutions. Exact solutions
guarantee to return the graph that maximises an objective function subject to limiting the
maximum in-degree. Algorithms such as those based on integer linear programming
approaches offer exact solutions assuming infinite runtime [14, 15]. However, because
structure learning is NP-hard where the difficulty grows with the number of the variables in
the data, exact solutions are generally restricted to smaller networks. In general, BN structure
learning provides exact solutions to low dimensionality problems, and approximate solutions
that scale up to hundreds or thousands of variables.

Various score-based approaches have been proposed for approximate learning. Some
of the more widely adopted strategies are based on the Greedy Equivalence Search (GES)
algorithm proposed by Meek [16], which explores the space of graphs across Markov
equivalence classes rather than unique DAGs. Numerous variants of GES have been proposed
[17], including the optimised GES (also called FGES) variant by Chickering [18]. Classic
search heuristics are also popular such as Hill-Climbing and Tabu search that form part in
various score-based and hybrid learning algorithms [13, 19, 20, 21, 22]. Approaches that rely
on bounded treewidth that represent a low or a minimum width over all tree decompositions of
a graph [23, 24], and order-based approaches that either search through the space of different
node orderings or are given the temporal order as an input, and have the potential to reduce the
search space of possible graphs from super-exponential to exponential [25], reduce the
complexity of the inferences and enable structure learning to scale up to thousands of variables.
Lastly, Ant Colony [26] and Bee Colony [27] are examples of swarm intelligence approaches
to DAG structure learning [28] that are in many ways similar to classic heuristic approaches,
such as hill-climbing, although they include an element of randomness.

While structure learning algorithms demonstrate good performance in synthetic
experiments, it is widely acknowledged that this level of performance tends not to extend to
real applications. However, the level of difference in performance between synthetic and real
experiments remains uncertain. One of the reasons it is difficult to measure the ‘real’
performance of algorithms is because in the real world we normally have no knowledge of the
ground truth causal graph on which the real-world dataset is based, and which is required to
validate these algorithms in terms of their ability to reconstruct the true graph. This paper is
motivated by this problem and investigates the impact of data noise on structure learning
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performance, with the results extended to ranking structure learning algorithms over different
assumptions of data noise.

A recent relevant study by Scutari et al [29] examined the difference in accuracy and
speed of the various structure learning algorithms implemented in the bnlearn R package [30],
and a previous study investigated the performance of PC, GOBNILP and K2 methods in terms
of learning gene networks [31]. In this paper, we test a larger set of algorithms available in
several structure learning packages, where the focus is to better approximate the real-world
performance of these algorithms by incorporating different types and levels of noise in the data.
We investigate the performance of algorithms in all three classes of learning, with and without
data noise, and summarise the impact different types of data noise have on structure learning
performance across all algorithms. The paper is structured as follows: Section 2 discusses the
case studies, Section 3 describes the process of generating synthetic and noisy data, Section 4
discusses the selected algorithms, Section 5 describes the evaluation process, Section 6 presents
the results, and we provide our concluding remarks in Section 7.

2. Case studies

Six discrete BN case studies are used to generate data. The first three of them represent well-
established examples from the BN structure learning literature, whereas the other three
represent new cases and are based on recent BN real-world applications. Specifically,

i.  Asia: A small toy network for diagnosing patients at a clinic [32];

ii.  Alarm: A medium-sized network based on an alarm message system for patient
monitoring [33];

iii.  Pathfinder: A very large network that was designed to assist surgical pathologists with
the diagnosis of lymph-node diseases [34];

Iv.  Sports: A small BN that combines football team ratings with various team performance
statistics to predict a series of match outcomes [35];

v. ForMed: A large BN that captures the risk of violent reoffending of mentally ill
prisoners, along with multiple interventions for managing this risk [36];

vi.  Property: A medium BN that assesses investment decisions in the UK property market
[37].

The case studies are restricted to problems of up to 100s of variables due to time constraints?.
While 100s of variables are more than sufficient to model causal relationships in most real-
world areas, the results presented in this paper may not apply to bioinformatics where biology
datasets often include 1,000s of variables. The properties of the six case studies are detailed in
Table 1.

1 The current tests have led to more than ten thousand graphs and required months of runtime to complete all
categories of data noise.
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Table 1. The properties of the six case studies.

Case Average Max Free
study Nodes Arcs in-degree in-degree parameters
Asia 8 8 2.00 2 18

Alarm 37 46 2.49 4 509
Pathfinder 109 195 3.58 5 71890
Sports 9 15 3.33 2 1049
ForMed 88 138 3.14 6 912
Property 27 31 2.30 3 3056

Still, the selected case studies offer a good range of old and new, as well as simple and
complex, BNs that come from different application domains. Moreover, the three traditional
networks of Asia, Alarm and Pathfinder are based on knowledge-based priors, whereas the
parameters of the Sports and ForMed networks are determined by real data, and the Property
network is based on parameters determined by clearly defined rules and regulating protocols?.
It is also worth mentioning that the Sports network is the only case study in which all data
variables are ordinal.

The case studies provide a good range of model dimensionality that results from varied
max in-degree, number of nodes and arcs. In BNs, a good measure of dimensionality is the
number of free parameters p (also known as independent parameters) that each network
incorporates. In this paper, V represents the set of the variables v; in graph G, and |V| is the
size of set V. The number of free parameters p is:

4l |72y, |
p= Z(n—l)nq,-
i j

where ; is the number of states of v;, 7, is the parent set of v;, |m,,| is the size of set m,,,, and
q; is the number of states of v; in parent set 7r,,,. For example, while both Asia and Sports are

small BNs that incorporate eight and nine nodes respectively, they differ considerably in model
dimensionality since there are 18 free parameters in Asia while there are 1,049 free parameters
in Sports. A similar comparison applies to ForMed and Pathfinder which incorporate 88 and
109 nodes respectively, yet there are just 912 free parameters in ForMed and 71,890 free
parameters in Pathfinder.

All case studies represent discrete BNs and incorporate different numbers of states. For
example, while in Asia all variables are Boolean, the number of states per variable in Sports
ranges from five to eight, which also explains the large difference in model dimensionality
between the two. Moreover, Pathfinder represents an interesting challenge since, in addition to
incorporating the highest number of nodes and arcs, it includes a variable that has 63 states,
which also partly explains the high dimensionality of this network.

2 Due to human-made policies. For example, mortgage payments are determined by the interest rate in conjunction
with the mount borrowed, and tax payments are based on specific thresholds associated to different levels of
income.
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3. Methodology: Data noise

Each of the BN case studies presented in Section 2 is used to generate synthetic data under
various assumptions of data noise, so that multiple datasets are produced for each case study.
The methodology involves producing multiple datasets that fall under different categories of
synthetic data, with and without data noise. We briefly describe each of the synthetic data
categories below, and further details on how each of these datasets are generated or modified
with noise, are provided in Appendix A. The categories are:

I.  No noise (N): this represents the traditional approach used throughout the literature
where data are generated as determined by the CPTs of each BN.

Each N dataset is then manipulated to incorporate noise. The following types of data noise are
used:

ii.  Missing values (M): where each data value has 5% or 10% risk® (both percentages
tested) to be replaced with a new value called ‘missing’. Most algorithms do not accept
datasets that incorporate empty cells, which is why we introduced a new state called
‘missing’. This assumption aims to approximate the performance of the algorithms
when applied to real datasets that incorporate missing values, although only covers the
situation where values are Missing Completely At Random (MCAR).

iii.  Incorrect values (I): where each data value has 5% or 10% risk (both percentages
tested) to be replaced with one of the other possible values for the variable. For
example, a value of a for a variable with states {a, b, ¢} could be, modified into either
b or ¢ at random. This assumption aims to approximate the performance of the
algorithms when applied to real datasets that incorporate some inaccurate data values.

iv.  Merged states (S): where approximately 5% or 10% of the variables (both cases tested)
have two of their states merged into one. For example, a variable with states {a, b, c}
would have two random states, such as a and b, both modified into a new state ab. This
assumption aims to approximate the performance of the algorithms when applied to real
datasets where some of the data variables have had their number of states decreased in
an effort to reduce the dimensionality of the model.

v. Latent variables (L): where approximately 5% or 10% of the variables (both cases
tested) are randomly removed from the data. This assumption aims to approximate the
performance of the algorithms when applied to datasets that incorporate latent
variables.

vi.  Combo (C): this category represents all dual combinations of the noisy categories above
(i.e., M, I, S, and L), plus the combination of all four noisy categories. Because these
experiments incorporate multiple types of noise, we chose the rate of 5% as the default
rate of noise for each type of noise incorporated into a dataset; although for some
datasets we had to go with the rate of 10% for reasons we explain below.

3 We give each data value a fixed chance to become noisy, rather than uniformly sampling a percentage from the
dataset.
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The above categories have led to the 16 different experiments, per case study per sample size,
shown in Table 2, where the experiment code consists of a) letters that correspond to the type
of noise and b) integers that correspond to the rate of noise. Moreover, experiment codes that
start with letter ‘c’ represent category ‘Combo’, followed by the letters that indicate the types
of noise used in that particular experiment.

Table 2. The 16 experiments E (i.e., synthetic datasets) where X indicates the type of noise used.
Experiment code N is no noise, M is missing values, I is incorrect values, S is merged states, L is latent
variables, and ¢ is Combo, as defined in Section 2. The integers in the experiment code correspond to
the rate of noise.

Missing | Incorrect | Merged Latent
values values states variables

E E code|No noise|[5%] [10%]|[5%] [10%]|[5%] [10%]|[5%] [10%]

1 N X

2 M5 X

3 MI10 X

4 15 X

5 110 X

6 S5 X

7 S10 X

8 L5 X

9 LI10 X

10 cMlI X X

11 cMS X X

12 cML X X

13 clS X X

14 clIL X X

15 c¢SL X X

16 cMISL X X X

Table Al shows which types of noise were not performed for reasons we clarify in
Appendix A. For example, experiment S could not have been applied to Boolean BNs, such as
the Asia BN, because the states of binary variables cannot be reduced further. Moreover, the
Asia and Sports BNs incorporate eight and nine nodes respectively, which means experiments
S and L, which involve manipulation of variables rather than data values, could be performed
only at 10% level of randomisation; i.e., manipulating just one variable corresponds to a rate
of manipulation just above 10% in both cases. For further details, see Appendix A.

Each experiment enumerated in Table 2 is tested with five different sample sizes. These
are 0.1k, 1k, 10k, 100k, and 1000k samples. The different sample sizes are subsets of the first
rows of the largest dataset. This makes the potential* number of possible experiments per case
study per algorithm 80 (i.e., 16 experiments over five sample sizes), and the potential number
of possible experiments per algorithm 480 (i.e., 80 experiments over six case studies). This
information is displayed in Table 3. Appendix A provides additional supplementary
information.

4 This number is a potential maximum because, as previously discussed, not all types of noise could have been
applied to all case studies (refer to Appendix A).
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Table 3. The number of experiments carried out per algorithm per case study, given five different sample
sizes for each experiment.

Experiments per case  Experiments

Experiment study per algorithm  per algorithm
No noise 5 30
Missing values 10 60
Incorrect values 10 60
Merging values 10 60
Latent variables 10 60
Combo 35 210
TOTAL 80 480

4. Methodology: Algorithms

The selected algorithms represent state-of-the-art and/or well-established implementations,
including some recent algorithms. Because we investigate the impact of data noise on structure
learning in general, we considered a varied selection of algorithms spanning all three classes
of learning; constraint-based, score-based, and hybrid learning algorithms. A total of 15
algorithms have been evaluated. These are:

PC-Stable: a modified version of the classic constraint-based algorithm called PC [10]
[11]. PC-Stable solves the issue on the order dependency of the variables in the data by
changing the order of edge deletion and combining the process with the CPC algorithm
[38]. The PC-Stable algorithm is commonly used when benchmarking constraint-based
learning algorithms.

FGES: an efficient version of the score-based algorithm proposed by Chickering [18]
that was based on GES algorithm proposed by Meek [16]. Instead of searching in the
DAG space which grows super-exponentially with the number of variables, FGES
searches in the space of equivalence classes of DAGs [17]. While FGES adds and
removes a polynomial number of edges, the space of equivalence classes is likely to
also be super-exponential according to Gillispie and Perlman [39]. FGES is commonly
used as a state-of-the-art algorithm when benchmarking score-based learning
algorithms.

FCI: Fast Causal Inference (FCI) is a constraint-based algorithm that can be viewed as
an extended version of the PC algorithm that accounts for the possibility of latent
variables in the data [12]. It performs a two-phase learning process that produces the
skeleton of the graph (i.e., an undirected graph) followed by conditional independence
tests that orientate some of those edges. FCI is commonly used when benchmarking
algorithms under assumptions of causal insufficiency.

GFCI: The Greedy FCI (GFCI) is a hybrid algorithm that combines the score-based
FGES and the constraint-based FCI algorithms and hence, also accounts for the
possibility of latent variables in the data [20]. Specifically, it obtains the skeleton of the
graph using the first phase of FGES, although it does not preserve all of the edges of
FGES, and then uses FCI-based orientation rules to identify the direction of some of
the edges in the skeleton graph.
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Vi.

Vii.

viil.

Xi.

Xii.

RFCI-BSC: is another FCl-based hybrid learning version of the constraint-based
algorithm called RFCI [40], which in turn is a faster version of FCI. RFCI-BSC
produces multiple probable models and selects the graph with the highest probability
as the preferred graph [41]. Its process involves bootstrap sampling (re-sample with
replacement) that generates multiple datasets and performs RFCI-based conditional
independence tests on each of those datasets. This approach makes the algorithm non-
deterministic. Because of this, we had to run RFCI-BSC 10 times on each experiment
and record the average of the results. Therefore, this algorithm was executed 10 times
more than the other algorithms used in this paper.

Inter-1AMB: uses the concept of Markov Blanket to reduce the number of conditional
independence tests. The Markov Blanket of a particular variable is defined as the
conditioning set of variables which ensure that the particular node is conditionally
independent of all other variables in the graph. Specifically, in BNs the Markov Blanket
of a node consists of its parents, its children, and the parents of its children. Inter-lAMB
is an improved version of IAMB that both minimises and improves the accuracy of the
Markov Blanket candidate set for each node [42]. A smaller Markov Blanket set would
yield a more precise ClI test result.

MMHC: The Max-Min Hill-Climbing (MMHC) algorithm first constructs the skeleton
of the BN using a constraint-based algorithm know as Max-Min Parents and Children
(MMPC) and then performs a greedy hill-climbing score-based learning search to
orientate the edges [21]. It is one of the most popular BN structure learning algorithms
applicable to high-dimensional problems, and is often used as a state-of-the-art
algorithm when benchmarking structure learning algorithms.

GS: Grow-Shrink (GS) was the first constraint-based algorithm to use the concept of
Markov Blanket to reduce the number of conditional independence tests [43].
Specifically, GS first finds the Markov-Blanket of each variable and then identifies
direct neighbours in the Markov Blanket, thus determining the graph’s undirected
skeleton, before orientating as many edges as possible to produce a CPDAG.

HC: Hill Climbing (HC) is a score-based greedy algorithm which searches the space of
DAGs [44]. The algorithm starts with an empty graph and iteratively performs local
moves — arc additions, deletions or reversals - which most improves the graph’s score.
It terminates when the score cannot be improved, and this generally means at a local
maximum.

TABU: is an adaptation of the HC algorithm described above which attempts to escape
from local maxima by allowing some lower-scoring local moves. TABU also avoids
revisiting DAGs encountered before, encouraging the algorithm to explore new regions
of the DAG space [44].

H2PC: a hybrid algorithm that combines HPC and HC [13]. HPC is an ensemble
constraint-based algorithm which comprises three weak parents and children set
learners (PC learner) in an attempt to produce a stronger PC learner.

SaiyanH: a hybrid learning algorithm that incorporates restrictions in the search space
of DAGs that force the algorithm to return a graph that enables full propagation of
evidence, under the controversial assumption that the data variables are dependent [22];
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i.e., every variable is dependent on at least one other variable in the data. It involves
three learning phases: a) determining the skeleton of the initial graph using local
learning, b) orientating the edges of the skeleton graph using constraint-based learning,
and c) further modifying the graph using score-based learning.

xiii.  ILP: an integer linear programming score-based algorithm that separates structure
learning into two phases. The first phase computes the scores of candidate parent sets,
whereas the second phase involves the optimal assignment of parents to each node [45].
ILP guarantees to return the graph that maximises a scoring function (i.e., it is an exact
learning approach). However, this guarantee assumes unlimited runtime and no
restriction on the maximum in-degree. In practise, exact learning can only be achieved
for graphs that consist of up to approximately 30 nodes; although computational speed
is also dependent on the sample size of the data. In this study, ILP is applied with
runtime restrictions. Therefore, an exact result can only be guaranteed when the
algorithm completes learning within a specified runtime limit, which we later discuss
in Section 6.

xiv.  WINASOBS: is similar to ILP in the sense that it relies on the same two learning
phases; i.e., identification of a list of candidate parent sets for each node followed by
an optimal assignment of the parent set of each node [25]. The difference from ILP is
that it uses a simplified Bayesian Information Criterion (BIC) score that is easier to
compute, referred to as BIC* (although in principle it can work with any scoring
criterion like all other score-based algorithms), during the pre-processing phase to
decide which local scores to compute and uses more aggressive pruning on the search
space of possible DAGs that does not guarantee to return the graph that maximises
BIC*. Asaresult, WINASOBS is an approximate, rather than exact, learning algorithm,
but one which is scalable to thousands of nodes.

xv. NOTEARS: a score-based algorithm that converts the traditional score-based
combinatorial optimisation problem (i.e., searching over possible graphs) into an
equality-constrained problem that uses an equation composed by the weight matrix of
the graph for optimisation [46]. This algorithm was originally designed for continuous
data but has now been applied to ordinal discrete data.

The R package r-causal v1.1.1, which makes use of the Tetrad freeware implementation [47],
was used to test algorithms i to v. The bnlearn R package version 4.5 [30] was used to test
algorithms vi to xi. Lastly, SaiyanH was tested using the Bayesys v1.4 software [48], ILP was
tested using the GOBNILP software [45], WINASOBS was tested using BLIP [49], and
NOTEARS was tested using its original Python source code [46].

Structure learning algorithms enable users to modify some of their hyperparameters,
such as the maximum node in-degree, the p-value threshold used in conditional independence
tests, and the scoring metric used in search — typically either the BIC [50] or Bayesian Dirichlet
equivalent uniform (BDeu) [51]. Modifying these hyperparameters may decrease or increase
the learning performance of an algorithm in a particular experiment. However, in order to
control for data noise and avoid biasing the impact that data noise has on the performance of
the algorithms, this requires that the hyperparameters of the algorithms remain unchanged
throughout this investigation. As a result, we have tested all algorithms with their default
hyperparameter settings as implemented in each software, on the basis that is how most users
would use them. These hyperparameter defaults are listed in Table 4.
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Table 4. The default hyperparameters for each algorithm, where a is the dependency threshold [with
dependency score], MID is the max in-degree, iss is the imaginary sample size (also known as equivalent
sample size) for BDeu, and |V| is the size of variable set V. Moreover, learning classes C, S and H
represent constraint-based, score-based, and hybrid-based learning.

Learning
Algorithm class Software Default hyperparameters
PC-Stable C Tetrad a = 0.01[G?]
FGES S) Tetrad MID = 4, Greedy search, score BDeu with iss = 1
FCI o Tetrad a = 0.01[Chi?]

GFCI H Tetrad a = 0.01[Chi?], Greedy search, score BDeu with iss = 1
RFCI-BSC H Tetrad a = 0.01[Chi?], sepset a = 0.5, bootstrap 50, lower/upper bounds 0.3/0.7, models search 10
Inter-IAMB C bnlean a = 0.05[MI]

MMHC H bnlean a = 0.05[MI], search HC, score BIC
GS C bnlean a = 0.05[MI], MID = inf
HC S bnlean random restarts 0 and iterations inf, MID = inf, score BIC
TABU S bnlean Tabu list 10, escapes 10 and iterations inf, MID = inf, score BIC
H2PC H bnlean a = 0.05[MI], search HC, score BDeu with iss = 1
SaiyanH H Bayesys a = 0.05[MMD], indep. threshold 50%, Tabu escapes |V|(|V| — 1), score BIC
ILP S GOBNILP MID = 3, score BDeu with iss = 1.
NOTEARS S Source code loss function = [2, regularisation = [1
WINASOBS S BLIP MID = 6, score BIC*, runtime search limit = 10s.

5. Methodology: Evaluation

The algorithms are evaluated in terms of how well their learned graphs predict the true graphs,
rather than how well the fitted distributions agree with the empirical distributions. This means
that the evaluation is fully orientated towards graphical discovery rather than inference (e.g.,
we judge the learned graphs rather than the learned distributions). This is the preferred method
in this paper since the aim is to assess structure learning in terms of discovering the ground
truth causal graph which is needed for intervention and decision making in the real world.

The scoring metrics used for this purpose are covered in subsection 5.1, whereas
subsection 5.2 describes the approach we followed to assess the accuracy of learned graphs
when based on data that incorporate latent variables; also known as structure learning under
causal insufficiency. Lastly, subsection 5.3 describes the approach we followed to assess the
time complexity of the algorithms.

5.1. The scoring metrics

Three different scoring metrics are considered to assess the accuracy of a learned graph with
respect to the true graph. These are:

i.  the F1 score which represents the harmonic mean of Recall and Precision, which are
themselves the most used metrics in this field of research. F1 is defined as:

rp
r+p

F1=2

where r is Recall and p is Precision. The F1 score ranges from 0 to 1, where 1
represents the highest score (with perfect Precision and Recall) and 0 the lowest.

10
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the Structural Hamming Distance (SHD) metric that penalises each change required to
transform the learned graph into the ground truth graph [21]. The SHD score has
become well-established in this field of research, partly due to its simplicity. However,
it is important to highlight that the SHD score represents classic classification accuracy,
which is often considered misleading. For example, consider a true graph with 1%
dependencies (e.g., 100 edges) and 99% independencies (e.g., 9,900 independencies).
An algorithm that returns an empty graph would be judged as being 99% accurate by
SHD (i.e., an error of 100 out of possible 10,000 errors), despite the empty graph being
useless in practice. Tsamardinos et al. [21], who proposed the SHD, acknowledged that
it is biased towards the sensitivity of identifying edges versus specificity.

the Balanced Scoring Function (BSF), which is a recent metric that addresses the bias
in the SHD score. It eliminates this bias by taking into consideration all of the confusion
matrix parameters (i.e., TP, TN, FP, and FN) to balance the score between dependencies
and independencies [52]. Specifically,

TP TN FP FN
BSF = 0.5 (— + — - —)
a l l a

where a is the numbers of edges and i is the number of independencies in the true

graph, where i can be calculated as = viavi=1 _ a where |V| is the size of variable

set V. The BSF score ranges from -1 to 1, where -1 corresponds to the worst possible
graph, 1 to the graph that matches the true graph, whereas a score of O corresponds to
an empty or a fully connected graph. This means that, in the example used above to
highlight the bias in SHD, the empty graph would have returned a BSF score of 0,
which BSF assumes as the baseline.

The above three metrics are interesting in their own way, and their differences are reflected in
the results presented in Section 6; although F1 and BSF scores are largely in agreement.

Table 5 presents the penalty weights used to compute all the three scoring metrics. Note

that rule #2 implies a minor change in the original definition of SHD. For example, in [21] a
score of 10 indicates that the learned graph requires 10 changes — deletions, additions, or
reversals - before it matches the true graph. In this paper, however, reversing an arc carries half
the penalty of removing or adding an arc, under the assumption that the dependency has been
correctly discovered, although with the wrong orientation, and this assumption is consistent
with other SHD variants [53].

Table 5. The penalty weights used by the three scoring metrics, where 0-0 and 0— represent edges
produced by structure learning algorithms designed for causally insufficient systems (see Section 5.2)
and which indicate that the orientation is uncertain.

Rule  True graph Learned graph Penalty Reasoning
1 A- B A- B,Ao—B 0 Complete match
2 A- B Ao B,A—B,A0—0B, A< B, A—0B 0.5 Partial match
3 A- B ALlB 1 No match
4 Ao B Any edge/arc 0 Latent confounder
5 ALlB ALlB 0 Complete match
6 ALB Any edge/arc 1 Incorrect dependency discovered
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5.2. Predicting the true causal graph, under causal sufficiency and causal insufficiency

What the structure learning algorithms can and cannot discover is heavily debated in the
literature [4] [5] [6] [7]. Further to what has been discussed in Introduction, most of the score-
based and hybrid algorithms are implemented with score-equivalent functions such as BIC and
BDeu. Score-equivalent functions cannot differentiate between two Markov equivalent DAGs.
Thus, score-based algorithms such as HC, TABU and ILP that produce a DAG are in effect
returning an arbitrary example from the Markov Equivalent Class to which the DAG belongs.
The DAG returned is arbitrary because these algorithms are sensitive to the order in which the
variables appear in the data or the typographical ordering of their names. This means a DAG-
based assessment increases the uncertainty of the evaluation for algorithms that are sensitive
to the order of the variables as they appear in the data.

It can be argued that it would be more appropriate to compare these algorithms in terms
of their CPDAG score, which requires that we convert the learned DAG into the corresponding
CPDAG and perform the evaluation with respect to the ground truth CPDAG, rather than the
ground truth DAG. However, an evaluation that compares the CPDAGSs, rather than the actual
DAGs, suffers from what we consider to be more a serious issue in that it leads to an
overestimation of the ability of the algorithms to recover the true causal DAG. This is because
discovering a DAG that is part of the Markov equivalence class of the true DAG would return
a perfect evaluation score even if the example DAG returned is not the same as the true DAG;
thus, the CPDAG evaluation is likely to overestimate the ability of the algorithms in terms of
recovering the true causal DAG needed for decision making and intervention. Since this paper
investigates the usefulness of these algorithms in real-world settings where we tend to require
CBNs, the assessment is driven by how well the algorithms achieve this objective (i.e., their
ability to recover the true causal DAG), rather than driven by what some of the algorithms, or
implementations of the algorithms, can and cannot do.

When it comes to causally insufficient experiments (i.e., those which incorporate latent
variables), the learned graphs are assessed with respect to the ground truth Maximal Ancestral
Graph (MAG). A MAG is an extension of a DAG that represents a set of observed variables in
a DAG, where variables which are not part of that set are assumed to be latent. A MAG includes
both directed and bi-directed (i.e., <) edges, where a bi-directed edge indicates a latent
confounder between connected nodes, whereas a directed edge represents direct or ancestral
relationships. While a bi-directed arc entails more information than a directed arc, we assume
that if A & B is in the true MAG then both A - B and A < B are acceptable as arcs in the
CBN (refer to rule #4 in Table 5).

Moreover, a Partial Ancestral Graph (PAG) represents a set of Markov equivalent
MAGSs under causal insufficiency, in the same way a CPDAG represents a set of Markov
equivalent DAGs under causal sufficiency. Some latent variable algorithms produce a PAG in
the same way that some algorithms that do not account for latent variables produce a CPDAG.
The scoring system specified in Table 5 allows us to compare the learned graphs (DAG,
CPDAG, MAGs, or PAG) with either the true DAG or the true MAG. Moreover, Table 6
indicates which experiments are based on the true DAGs and which experiments are based on
specific MAGs. Appendix B provides an example of a DAG being converted into a MAG,
where Fig B1 shows the true DAG of Alarm, with its corresponding MAG5 depicted in Fig
B2, and where approximately 5% of the variables in Fig B1 are missing in Fig B2 (i.e., they
are latent).
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Table 6. The ground truth graphs used in each experiment, where DAG is the true graph, MAGS is the
true graph with 5% latent variables, and MAG10 is the true graph with 10% latent variables. Experiments
not performed are indicated as ‘n/a’ (refer to Table Al).

Case study
Experiment Experiment code| Asia  Alarm Pathfinder Formed Sports Property
1 N DAG DAG DAG DAG DAG DAG
2 M5 DAG DAG DAG DAG DAG DAG
3 M10 DAG DAG DAG DAG DAG DAG
4 15 DAG DAG DAG DAG DAG DAG
5 110 DAG DAG DAG DAG DAG DAG
6 S5 n/a DAG DAG DAG n/a DAG
7 S10 n/a DAG DAG DAG DAG DAG
8 L5 n/a MAG5 MAG5 MAGS n/a MAG5
9 L10 MAG10 MAG10 MAG10 MAG10 MAG10 MAG10
10 cMlI DAG DAG DAG DAG DAG DAG
11 cMS n/a DAG DAG DAG DAG DAG
12 cML MAG10 MAG5 MAG5 MAG5 MAG10 MAG5
13 clS n/a DAG DAG DAG DAG DAG
14 clL MAG10 MAG5 MAG5 MAG5 MAG10 MAG5
15 cSL n/a MAG5 MAG5 MAG5 DAG MAGS
16 cMISL MAG10 MAG5 MAG5 MAG5 MAG10 MAG5

5.3. Measuring time complexity

Time complexity is measured by means of elapsed time (runtime). Due to the scale of the
experiments, this study involved different members of the research team running the structure
learning algorithms on different machines over multiple months. Since some machines are
faster than others, we had to adjust structure learning runtimes for CPU speed.

We have selected the CPU with the highest market share as the baseline CPU to which
all runtimes are adjusted. As of 31% of January 2020, the CPU?® with the highest market share
of 3.4% is the AMD Ryzen 5 3600 [54]. Table 7 lists all the machines used by the research
team along with the adjusted runtime against the baseline CPU, where the adjustment is
determined by the difference in single-core performance scores published by UserBenchmark
[55]. Our tests showed that the algorithms were using only one of the available CPU cores,
which is why runtime is adjusted relative to the single-core performance difference between
CPUs. Therefore, our runtime results approximate elapsed time for structure learning on the
AMD Ryzen 5 3600 Desktop CPU.

Table 7. Structure learning runtime adjusted for the baseline Desktop CPU AMD Ryzen 5 3600. The
runtime adjustments are based on single-core CPU benchmarks retrieved from UserBenchmark [55].
RAM and the algorithms tested on each computing platform are also shown.

CPU Single-core Runtime Algorithm/s
CPU class RAM benchmark score adjustment tested

Intel Core i9 9900K Desktop 32GB 144 110.77% SaiyanH
AMD Ryzen 53600 Desktop n/a 130 100% n/a
Intel Core i7 8750H Mobile 16GB 110 84.62% ILP, WINASOBS

Intel Core i7 6700 Desktop 32GB 108 83.08% SaiyanH

Intel i7 4770S Desktop 16GB 103 79.23% H2PC, Inter-IAMB

Intel Core i5 7360U Mobile 8GB 99.1 76.23%  FCI, GFCI, MMHC, RFCI-BSC
Intel Core i7 8550U Mobile 16GB 98.5 75.77% SaiyanH
Intel Core i58250U Mobile 8GB 924 71.08%  FCI, GFCIl, MMHC, RFCI-BSC
Intel Core i7 6500U Mobile 8GB 80.2 61.69% HC, TABU, GS
Intel Core i55350U Mobile 8GB 75.8 58.31% PC-Stable

® The baseline CPU was not used in our experiments.
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6. Results and discussion

Because the results are based on almost 10,000 individual runs, we had to restrict the learning
time per run to six hours. Algorithms that fail to return a result within the 6-hour limit are
assigned the lowest rank for that graph. For example, if five out of the 15 algorithms fail to
return a graph in a test, then all those five algorithms will receive rank 11 for that particular
test. The ILP algorithm represents a ‘relaxed’ exception to this rule, and this is because it
provides the option for the user to stop the learning process at any point in time and retrieve
the ‘best’ graph discovered up to that point. We have taken advantage of this feature in ILP,
which is not offered by other implementations, and this can be argued as an unfair advantage
for ILP. Furthermore, algorithms that fail to generate a graph due to a known or unknown error
are also assigned the lowest rank for that graph. Detailed information on structure learning
failures is provided in Appendix C for all algorithms and over all the experiments. Lastly, the
results for NOTEARS are restricted to the Sports case study. This is because NOTEARS works
only with binomial data (ordinal scale distributions), something which only the Sports case
study conforms to in this paper.

In order to measure the impact of data noise, the results are separated into those with
no synthetic noise (i.e., experiment N) which represent the typical approach to synthetic data
used in this field of research, and those with different types of synthetic noise (i.e., all other
experiments) which represent the new approach used in this study in an effort to better
approximate real-world performance. This also enabled us to extend the results to ranking the
algorithms under different data and evaluation settings, with and without data noise. The
subsections 6.1 and 6.2 cover these two approaches in turn. Lastly, we used the overall results,
both with and without data noise, to summarise the strengths and weaknesses of the algorithms
in subsection 6.3.

6.1. Results with noise-free data

We start by presenting the overall performance of the algorithms across all case studies and
sample sizes associated with experiment N (i.e., no noise). Table 8 reports the average rank
achieved by each algorithm, as determined by each of the three scoring metrics, averaged over
all case studies and sample sizes in N. The reason we report the overall ranks rather than the
overall scores is because not all algorithms produce a result in every single experiment.
Averaging across scores that include missing scores would have biased the difference between
scores, whereas assigning ranks (as indicated at the start of Section 6) avoids this bias.

Still, actual scores are needed to understand the difference in performance between two
ranks and hence, we provide all scores generated by each algorithm for each experiment in
Tables D1, D2, and D3, according to metrics F1, SHD and BSF respectively. Additionally, we
provide the Precision and Recall scores, which are used to compute the F1 score, in Tables D4
and D5 respectively. These tables illustrate that the F1 and BSF metrics show similar patterns
of results across all experiments, whereas SHD shows a much more homogeneous pattern
within each case study. Because SHD captures the error between two graphs, it unsurprisingly
shows relatively good performance for all algorithms across all sample sizes for small graphs
(e.g., Asia and Sports) and relatively poor performance for the largest graphs (e.g., Formed and
Pathfinder). F1 and BSF show more dependence on sample size within each case study — it
being generally the case that performance improves with sample size. Across all three metrics,
all algorithms and case studies it is usually the case that the best performance is found with
either 100K or 1000K samples. It is also clear that all metrics and all algorithms show
considerably worse performance on the Pathfinder case study than the other case studies. This
can be partly explained by a variable in Pathfinder which consists of 63 states and serves as the
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parent for multiple other nodes, and this disproportionately increases the dimensionality of the
model.

The results in Table 8 show that metrics F1 and BSF are generally in agreement in
ranking the algorithms in terms of overall performance, since the discrepancy in ranking
between these two metrics is never greater than one. In contrast, the ranking produced by SHD
is often different. For example, SHD ranks MMHC 6™ while F1 and BSF rank it 10" and 11%"
respectively. Another major discrepancy between metrics involves the SaiyanH algorithm,
which SHD ranks 11" whereas both F1 and BSF rank 4%

Table 8. Average and overall ranked performance of the algorithms over all case studies and sample
sizes in experiment N (i.e., no noise), as determined by each of the three metrics, where Rank STD is the
population standard deviation over all ranks achieved per algorithm.

Fi SHD BSF
Average Rank Overall | Average Rank Overall | Average Rank Overall
Algorithm rank STD rank rank STD rank rank STD rank
FCI 7.7 3.92 oth 6.57  3.96 7t 7.67  3.45 oth
FGES 7.5 2.38 gth 783 284 10" 7.1 2.62 gth
GFCI 6.87 2.28 7t 6.87 2.50 oth 6.97 2.30 6t
GS 11.87 203 14" 1043 336 13" 11.9 204 14"
H2PC 6.13 379 50 51 400 3¢ 697 3.80 6"
HC 3.63 372 2nd 477  4.06 2nd 317 283 2nd
ILP 4.8 3.40 31 6.43 455 i 413  3.48 31
Inter-IAMB 10 294 12t 8.6 331 12 1043 270 12"
MMHC 7.77 2.74 10 6.47 2.86 6t 8.6 251 11
NOTEARS 12 400 15" 13 200 150 12 400 15"
PC-Stable 8.1 383 11 6.83  4.06 gth 8 335 10"
RFCI-BSC 11.5 2.73 e 10.9 3.56 AL 1147 2.80 Rl
SaiyanH 533 226 4 8 350 11t 4.77 2.80 4t
TABU 3.27 3.07 18 4.43 3.55 1 3.1 2.77 1
WINASOBS 6.3 3.85 6t 587 358 4t 6.17 354 i

Fig 1 demonstrates how rankings fluctuate when the experiments are ordered on the
nl/p scale, where n is the number of samples over p free parameters, and provides an indication
of the risk of model overfitting. For example, the experiment with the highest risk of overfitting
is Pathfinder with sample size 0.1k (the leftmost point in each chart in Fig 1), whereas the
experiment with the lowest risk of overfitting is Asia with sample size 1,000k (the rightmost
point in each chart in Fig 1). In the former, the n/p score is 0.0 since there are 100 samples
divided by 71,890 free parameters, whereas in the latter the n/p score is 55,556 since there are
1,000,000 samples divided by 18 free parameters.

The oscillatory behaviour observed in the graphs of Fig 1 suggests that the risk of
overfitting of an experiment is not a strong predictor of the relative performance between
algorithms. Fig D1 reorders the results of Fig 1 by the number of nodes, followed by sample
size. Some weak patterns emerge under this ordering, such as a) the relative performance of
MMHC increases with the number of nodes, b) the relative performance of H2PC improves
with sample size within each case study, and c) the relative performance of ILP decreases with
the number of nodes since higher nodes make the task of exact learning progressively harder,
which needs to end at the 6-hour limit. However, Fig D1 continues to suggest that it is difficult
to deduce a pattern that explains the changes in the relative performance between algorithms
across the different experiments with confidence. Note that even TABU, which is ranked 1%
overall by all three metrics, often shows significant drops in relative performance for some
experiments. Furthermore, the graphs in Fig 1 continue to support the notion that F1 and BSF
are largely in agreement, whereas SHD often deviates from F1 and BSF rankings. Noticeable
examples include GS (and to some extent MMHC) whose results are ranked highly by SHD
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(left side of the graph), something which strongly contradicts the F1 and BSF rankings, and
vice versa for SaiyanH and ILP.

Fig 2, on the other hand, plots the number of edges learned® with respect to the true
number of edges, per algorithm per case study per sample size. It is noticeable how each of the
charts in Fig 2 shows a broadly upwards trend in the number of edges as n/p increases, which
IS a reasonable outcome given that a higher n/p score decreases the risk of overfitting and
enables the algorithms to draw edges with higher confidence. In contrast, a very low n/p score
increases the risk of underfitting for some algorithms. The contradictions between metrics
previously observed in Fig 1 can be partly explained by the results in Fig 2. For example, in
the case of GS, the number of edges generated is extremely low with respect to the true number
of edges, especially on the low n/p scores, something which SHD is known to favour since it
tends to be biased in favour of empty/underfitted graphs, but which F1 and BSF rank poorly.
In contrast, SaiyanH and ILP are the only algorithms that produce a relatively high number of
edges for the low n/p scores and, although they do much better than other algorithms in
approximating the true number of edges, SHD penalises them heavily which, once more, highly
contradicts the F1 and BSF rankings.

Moreover, Fig 2 shows that RFCI-BSC failed to generate a graph on all high n/p score
experiments, and this is likely due to the higher sample size datasets’. The results also suggest
that GS and MMHC, and to a lesser extent, Inter-IAMB and H2PC, greatly underestimate the
number of true edges and, while the underestimation improves with higher n/p scores, these
algorithms always underfit the learned graph. In contrast, TABU, HC, ILP, SaiyanH, and
WINASOBS, which are the top five algorithms according to the F1 and BSF metrics, are the
only algorithms that produce slightly more edges than the number of true edges.

6 Fig 2 excludes failed attempts by the algorithms to generate a graph (refer to Appendix C).
" The likely cause of this may be the bootstrap sampling RFCI-BSC performs for model averaging.
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Fig 1. Overall ranking of the algorithms (as defined in Table 8) ordered on the n/p scale of n samples over p parameters. These results are based on experiment N (i.e., no data
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Fig 2. The number of learned edges with respect to the number of true edges, for each algorithm, ordered on the n/p scale of n samples over p parameters. These results are
based on experiment N (i.e., no data noise). Failed attempts by the algorithms to generate a graph (refer to Appendix C) are excluded and indicated with missing information
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Fig 3 presents the cumulative runtime for each algorithm over all runs in the N
experiments. Note that the information presented in this figure has already been adjusted for
the different processing powers of the computers used as indicated in Table 7. Moreover, each
experiment that did not complete within the 6-hour limit, including failures to produce a graph
for other reasons (refer to Appendix C), is assigned the 6-hour limit as runtime for that
particular experiment. This means that Fig 3 (as well as Fig 5 shown later) underestimates
runtime when an algorithm does not produce a graph within the 6-hour limit, and
underestimates or overestimates runtime when an algorithm returns an out-of-memory or an
unknown error during the structure learning process. Still, we consider these results to be
reasonably accurate. However, one estimate we would like to highlight as being highly
uncertain is that of RFCI-BSC (and to a lower extent FCI after adding noise to the data), and
this is because this algorithm produced a very high number of failures (refer to Appendix C),
each of which is penalised with the 6-hour runtime limit. Lastly, it is worth highlighting the
efficiency of the algorithms implemented in the bnlearn R package [30]. Specifically, GS, HC,
Inter-IAMB, MMHC and TABU, all of which have been tested using bnlearn, proved to be
considerably faster than other algorithms and never failed to produce a graph; although this
observation can also be partly explained by the algorithms themselves.
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Fig 3. The cumulative runtime of the algorithms over all experiments in N. The runtime is adjusted as
indicated in Table 7. Failed attempts by the algorithms to generate a graph (refer to Appendix C) are
assigned the 6-hour runtime limit. Note that the results exclude NOTEARS since it was applied only to
the Sports case study, on which its runtime ranked 13" out of the 15 algorithms.

6.2. Results with data noise

Table 9 repeats the analysis of Table 8 on the 15 noisy experiments, which are directly
compared to the results shown in Table 8 (i.e., the N experiment). Specifically, the analysis
highlights how the relative performance of the algorithms has changed after incorporating noise
in the data, as determined by each of the metrics.

The results reveal numerous interesting observations. TABU, whose previous overall
performance topped all three rankings, has lost significant ground against other algorithms and
now ranks 2" overall by the F1 and BSF metrics, and 4™ overall by SHD. In contrast, the HC
algorithm, which all metrics previously ranked 2", is now ranked 1% by F1 and BSF, and 2"
by SHD. This is an interesting observation because TABU is an improved search version of
HC that escapes some of the suboptimal search regions in which HC has the tendency to get
stuck in. This result can only suggest that data noise has misled TABU into performing escapes
from a local maximum into regions that further deviate from the true graph. However, this
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observation does not extend to SaiyanH whose score-based learning phase also makes use of
tabu search; although the tabu search in SaiyanH plays a less significant role compared to the
tabu search in TABU.

The ILP algorithm, which is the only exact learning algorithm tested in this study, has
lost some ground in relative performance but not enough to alter its ranking. This result is
consistent with that of TABU on the basis that data noise appears to distort model fitting which
in turn has a negative effect on algorithms that maximise exploration on curve fitting. This
observation provides empirical evidence that while exact learning is expected to work best in
theory, which assumes no data noise, it does not work best in practise.

Interestingly, MMHC is the only algorithm with significant gains in performance across
all the three metrics. Specifically, it now ranks 6%, 1%, and 9" by F1, SHD, and BSF metrics
respectively, up from 10", 6, and 11" under no data noise. While MMHC claimed the top spot
in terms of SHD under data noise, this result can be largely explained by the low number of
edges (i.e., underfitting) the algorithm tends to produce with respect to the number of true edges
(refer to Fig 2), which also explains the contradiction with the F1 and BSF rankings. On the
other hand, FCI is the algorithm with the highest loss in relative performance. Another
interesting contradiction between metrics can be observed in the results of PC-Stable, where
F1 and BSF suggest that PC-Stable has improved its performance under data noise, and relative
to the other algorithms, whereas the SHD metric suggests otherwise; and this is a good example
that demonstrates how classic classification accuracy (i.e., SHD) and balanced accuracy (i.e.,
BSF and partly F1) can lead to very different conclusions.

Fig 4 presents the increase or decrease in relative ranking between algorithms, for each
of the 15 noisy experiments and with respect to experiment N. These results reveal further
inconsistencies between metrics, some of which are highly contradictory. For example, the F1
and BSF results on GFCI, HC, and PC-Stable, are in direct disagreement with SHD.
Interestingly, the algorithms designed to account for latent variables during structure learning,
such as the FCI, GFCI and RFCI-BSC, did not improve their performance relative to other
algorithms under experiments which involve the reconstruction of the true MAG (experiments
which incorporate code ‘L’).
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Table 9. Average and overall ranked performance for each algorithm over all case studies and sample sizes, and over all the 15 noisy-based experiments, as determined
by each of the three metrics, where A is the relative difference in performance with respect to the noise-free N experiments. Green and red text indicate increased and
decreased relative ranked performance respectively. Detailed performance for each of the 15 noisy experiments is provided in Appendix E.

F1 SHD BSF
Average A average Overall A overall | Average A average Overall A overall | Average A average Overall A overall
Algorithm rank rank rank rank rank rank rank rank rank rank rank rank
FCI 8.67 -0.97 11t -2 8.67 -2.11 12t -5 8.23 -0.56 11t -2
FGES 7.15 +0.35 gh 0 7.12 +0.71 gh +2 7.37 -0.27 gh 0
GFCI 7.26 -0.39 gt -2 6.91 -0.04 7th +2 7.60 -0.63 10" -4
GS 11.74 +0.12 1581 -1 9.54 +0.89 13" 0 11.68 +0.22 14t 0
H2PC 5.66 +0.47 5t 0 4.96 +0.14 3rd 0 6.26 +0.71 5t 1
HC 3.60 +0.03 1 +1 4.92 -0.15 2nd 0 3.03 +0.13 8 1
ILP 5.17 -0.37 3rd 0 6.72 -0.28 6t -1 4.35 -0.22 31 0
Inter-IAMB 9.79 +0.21 200 0 7.82 +0.78 gt +3 9.98 +0.45 17 0
MMHC 6.51 +1.26 Bt +4 4.66 +1.81 1 e 7.59 +1.01 gt 2
NOTEARS 11.65 +0.35 14t +1 12.83 +0.17 5 0 12,51 -0.51 15t 0
PC-Stable 7.59 +0.51 10t +1 7.87 -1.03 10t -2 7.15 +0.85 7t )
RFCI-BSC 11.50 0.00 134 0 11.05 -0.15 14t 0 11.54 -0.07 13t 0
SaiyanH 5.27 +0.06 4t 0 7.87 +0.13 11t 0 5.16 -0.40 4t 0
TABU 3.62 -0.35 2nd -1 4.99 -0.56 4t -3 3.13 -0.03 2nd -1
WINASOBS 6.54 -0.24 7t -1 5.49 +0.38 5t -1 6.77 -0.61 6" -1
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Fig 5. The cumulative runtime of the algorithms over all 15 noisy-based experiments. The runtime is adjusted as indicated in Table 7. Failed attempts by the algorithms
to generate a graph (refer to Appendix C) are assigned the 6-hour runtime limit. Note that the results exclude NOTEARS since it was applied only to the Sports case
study, on which its runtime ranked 9" out of the 15 algorithms.
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Fig 5 illustrates the cumulative runtime of the algorithms over all 15 noisy experiments. While
the results are largely consistent with those in Fig 3, they suggest that some algorithms can be
considerably slower under data noise, such as FCI and H2PC, while others can be faster, such
as ILP, relative to the other algorithms considered in this study. More importantly, however,
Fig 6 illustrates that runtime is dependent on the type as well as on the rate of noise. As
expected, experiments that involve latent variables (i.e., experiments L) reduce runtime since
removing variables from the data greatly reduces the search space of graphs, but also because
this is the only experiment that involves removing, rather than replacing, data. On the other
hand, a rather unexpected result involves the experiments S which show an increased runtime
despite the merged states reducing the dimensionality of the data. This is an interesting finding
that suggests dimensionality reduction, which is often pursued in machine learning, may not
always reduce runtime. Another interesting finding involves experiments M and I, where the
latter show higher runtime than the former despite experiments M involving increasing the
dimensionality of the data to represent ‘missing’ data; essentially suggesting that incorrect data
have larger negative impact on runtime relative to missing data.

M5 11.62%
M10 25.97%
15 29.61%
110 41.93%
s5 10.42%

£ S0 17.00%

E 15| 770%

g Lo F13.70%
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2 cMs 33.58%
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clS 46.26%
clL 14.92%
cSL | -10.47%

cMISL 25.78%

-15% -5% 5% 15% 25% 35% 45%
Runtime relative to experiment N

Fig 6. Relative runtime between noisy experiments and noise-free experiment N.

Lastly, Fig 7 presents the overall decrease in accuracy, across all algorithms, for each
noisy experiment and with respect to the experiment N (i.e., no data noise). The inconsistency
in the conclusions between the F1 and BSF metrics, and with respect to the SHD, is also present
in Fig 7, where the imbalance in the SHD score leads to the counterintuitive conclusion that
experiments 15, 110, MI, and IL, have decreased structure learning performance more than
experiment MISL which incorporates all types of noise and a higher total rate of data noise. On
the other hand, the F1 and BSF metrics identify that MISL has had the largest negative impact
on structure learning performance, as might be expected. Note that another counterintuitive
conclusion, and one which applies to all metrics, is that I5 decreases overall performance larger
than IS. However, this conclusion is uncertain and subject to bias because the minor difference
between these two results could be explained by the IS experiments not including the Asia case
study, unlike the I5 experiments (refer to Table Al).
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Fig 7. The overall decrease in accuracy (F1 and BSF), and increase in error (SHD), over all algorithms
and for each type of noise added to the data.

According to the F1 and BSF metrics, the overall results suggest that data noise of types
S and L have had a relatively minor impact on structure learning performance. However, it
should be noted that the results from experiments that incorporate L are based on the
reconstruction of the true MAGs which incorporate a lower number of variables compared to
the true DAGs used in experiments that do not incorporate L, and the difference in the number
of variables in the data can influence the result generated by some metrics. Specifically, the
SHD error increases with the number of variables and this biases the comparisons between
SHD scores that are based on true graphs with different number of variables. On the other hand,
data noise of types M and I have had a much stronger impact on decreasing the performance of
the algorithms, although this could be because noise of type M and I influence variable values
across all variables, whereas noise of type S and L influences only some (up to 10%) of the
variables and at the same time reduce model dimensionality. Combining all types of noise in a
single dataset (i.e., experiment MISL), which is reasonable to assume better approximates real
data, has led to a decrease in structure learning accuracy in the range of 30% to 37%; or an
overestimation of real performance in the range of® 43% to 59%.

6.3. Summary of results with and without data noise

This subsection firstly discusses how the results obtained from noisy experiments compare to
experiments that do not incorporate data noise, and then presents detailed performance of the
algorithms that takes into consideration all of the experiments, both with and without data
noise. Lastly, we summarise the strengths and weaknesses of the algorithms at the end of this
subsection.

Focusing on the performance of each algorithm, the results reveal that score-based
algorithms are superior to constraint-based algorithms, and this observation is in agreement
with [29]. Specifically, the score-based HC and TABU algorithms claimed the top two spots
for overall performance, both with and without data noise (although TABU ranked 4th in SHD
under data noise). Interestingly, while TABU topped the traditional synthetic tests that did not
incorporate data noise, HC was the algorithm that topped the noisy experiments. Both HC and
TABU are based on the same implementation and differ only in search strategy, where TABU

8 If data noise reduces accuracy by roughly % such as from 75% to 50%, then data with no noise increases accuracy
by 50% (i.e., from 50% to 75%).
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represents a theoretical improvement in search strategy over HC, by escaping some of the
suboptimal graphs which HC fails to do so. However, empirical evidence suggest that data
noise has misled TABU into escaping towards less accurate regions despite producing better
fit compared to HC (at least in terms of BIC score). Equally interesting is the observation that
the HC algorithm, which is the simplest and fastest structure learning algorithm, has
outperformed all other, and indeed more sophisticated, algorithms under data noise. These
results provide empirical evidence that a higher fitting score does not imply a more accurate
causal graph, and support Pearl’s view in that curve fitting alone is insufficient for causal
discovery [2, 9].

ILP follows at 3rd position (although ranked 5th to 6th by SHD), both with and without
data noise. It is important to reiterate that ILP is the only exact learning algorithm investigated
in this study and, relative to other approximate algorithms, it requires extensive time to
complete its search. As stated in Section 6, while structure learning time was restricted to six
hours per run, we took advantage of GOBNILP’s option to retrieve the best graph discovered
at the end of the 6-hour time limit. This is not an option offered by other implementations and
hence, an argument can be made that this decision provided an unfair advantage to ILP.
However, since this paper focuses on assessing the usefulness of these algorithms in real-world
settings, we considered GOBNILP’s feature to be useful in the real world and have taken
advantage of it in the experiments. This is a feature that, in theory, can be applied to any score-
based method; in contrast to constraint-based methods that are generally (with exceptions [56])
unable to work in anytime fashion. Regardless, it is worth highlighting that even in cases where
ILP completes exact learning before the time limit is reached, and specifically on networks
with max in-degree 3 (its default hyperparameter) or lower, such as Asia, Sports, and Property,
the highest scoring graph is only occasionally the most accurate graph across the algorithms
tested. This is because while exact learning guarantees that the algorithm will find a DAG that
maximises a score-equivalence function, there is no formal guarantee the learned DAG will be
the DAG that maximises the F1, SHD or BSF metrics. Moreover, because we ran ILP with
BDeu score and HC and TABU with BIC, some of the differences may be due to the scoring
functions rather than the algorithms.

SaiyanH® follows at 4th position, both with and without data noise (although ranked
11th by SHD) and claims the top hybrid learning spot according to the F1 and BSF metrics.
H2PC and WINASOBS follow with overall ranking ranging between 5th to 6th and 5th to 7th
respectively, with and without data noise (although ranked 3rd to 4th and 4th to 5th respectively
by SHD). FGES and MMHC, both which are often assumed to be the top structure learning
algorithms in this field of research, ranked 8th and 6th to 11th respectively, with and without
data noise (although 8th to 10th and 1st to 6th by SHD). While MMHC gained impressive
ground against all other algorithms under the noisy experiments, its performance proved to be
the most unstable over all algorithms. Overall, our results on MMHC are not in agreement with
the results in [21] and support the results in [29].

GFCI and FCI, which are often considered as the best algorithms for causally
insufficient systems, ranked 6th to 7th and 11th respectively with noise-free data, and 6th to
7th and 9th respectively with data noise. While these algorithms have been specifically
designed for causal structure learning with latent variables, our results provide no evidence that
GFCI and FCI gain advantage over other algorithms under these conditions. On the other hand,
FCI is the top constraint-based algorithm in this study, with PC-Stable closely behind. Lastly,
Inter-IAMB, GS, RFCI-BSC and NOTEARS have produced disappointing results.

® The SaiyanH results presented in this paper are based on Bayesys v1.4. As of Bayesys v2, bug and code revisions
have improved its learning accuracy by 0.44%, 5.46% and 2.34% in terms of BSF, SHD, and F1 scores
respectively, and its learning speed by 2.38 times, determined by re-applying the algorithm on the noise-free
experiments N [48].
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In the previous subsections 6.1 and 6.2, the decision to rank the algorithms in Tables 8
and 9 by their average rank achieved across experiments represents an imperfect approach that
hides the actual difference in scoring performance between ranks. The reason we followed this
approach, as opposed to ranking the algorithms based on their average metric score, is because
the scores incorporate missing information due to failure by some algorithms to produce a
graph in all the experiments (refer to Appendix C). Averaging across experiments that
incorporate missing values will inevitably bias the scores, especially because failures are not
random; i.e., they tend to occur in experiments that involve higher data sample sizes and which
tend to produce more accurate scores.

To minimise the uncertainty caused by missing data and ranking, we provide detailed
information on the discrepancy in scores between algorithms in Tables 10 and 11. Specifically,
Table 10 presents the averaged minimum and maximum performance scores achieved by an
algorithm for each case study and sample size combination, as determined by each of the three
metrics, and over all algorithms and experiments (both with and without data noise), and Table
11 presents the overall performance of the algorithms for each case study and sample size
combination relative to the minimum and maximum scores depicted in Table 10. For example,
the minimum averaged F1 score is 0.23 for Asia under sample size 0.1k, because the lowest
averaged score across all 15 algorithms averaged across all 16 experiments was 0.23 (in this
case, by the GS algorithm). Note that in Table 11, F represents “at least one failure” (or at least
one missing data point) which can bias the average and hence, the average is not reported for
those cases. Similarly, the minimums and maximums in Table 10 are restricted to cases that do
not incorporate missing data. These two tables are repeated for cases restricted to noise-free
experiments N (refer to Tables D6 and D7), and all the other 15 noisy experiments (refer to
Tables E6 and E7).
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Table 10. The averaged minimum and maximum scores for each case study and sample size n combination, as determined by each of the three metrics over all 15
algorithms, and averaged across all 16 experiments (both with and without data noise). Note that a higher SHD score indicates lower performance. The minimums and
maximums are based on all the experiments shown in Table 11 that do not include a failure F.

Min/Max F1 SHD BSF
performance | n | Asia Spor Prop Alar Form Path | Asia Spor Prop Alar Form Path | Asia Spor Prop Alar Form Path
Min| 0.1k |0.23 0.00 0.12 0.13 0.12 0.03| 7.2 157 358 50.0 1943 344.0|0.12 -0.03 0.07 0.08 0.07 0.01
1k | 0.43 019 025 0.26 0.24 0.03| 5.7 13.2 26.2 40.6 1204 272.0(/0.30 0.10 0.16 0.17 0.15 0.01
10k | 0.54 034 031 035 036 0.07| 57 132 253 394 1072 2839|044 013 020 025 025 0.03
100k | 0.51 0.34 041 042 035 0.10| 7.0 13.2 233 41.0 1250 312.2|0.37 0.13 0.30 0.33 0.25 0.06
1000k | 0.48 0.34 048 047 038 0.13] 92 136 285 442 1519 200.8|0.29 0.13 0.38 0.39 0.28 0.07
Max | 0.1k |055 032 054 043 032 0.18| 46 113 193 375 1201 2105|040 021 042 041 024 011
1k|0.70 0.72 0.73 0.73 057 0.22| 3.6 63 120 198 882 2056|058 056 0.63 068 048 0.17
10k | 0.79 0.75 085 0.78 069 033| 30 56 82 178 733 187.7(/0.73 061 082 079 067 0.27
100k | 0.80 099 0.81 076 0.71 060| 3.2 01 94 229 725 1323|075 099 0.82 0.82 0.77 047
1000k | 0.81 0.97 081 080 0.75 069]| 24 09 92 214 658 1073|079 095 0.84 086 0.82 0.60

Table 11. Relative overall performance of the algorithms for each case study and sample size n combination, as determined by each of the three metrics, and over all
16 experiments (both with and without data noise). The performance is measured relative to the min/max values depicted in Table 10. An F represents at least one
failed attempt by the algorithm to produce a graph for the particular case study and sample size combination (refer to Appendix C).

F1 SHD BSF
Algorithm n |Asia  Spor Prop Alar Form Path |Asia Spor Prop Alar Form Path |Asia Spor Prop Alar Form Path
FClI| 0.1k | 1% 100% 34% 66% 55% 26% | 13% 100% 54% 82% 91% 83% | 0% 100% 31% 45% 47% 22%
1k | 1% | 56% 56% 74% 53% 12% 64% 39% 65% 55% 10% 63% 60% 70% 49%
10k | 0% @ 57% 72% T77% 48% 0% 75% 46% 56%  33% 2% 78% 84% 83% 50%
100k | 5% @ 50% 61% 6% @ 36% 0% 11% 43% 7%
1000k | 9% @ 31% 6% 0% 11% 11%
FGES| 0.1k | 41% 36% 32% 63% 45% 50% | 54% 53% 53% 76% | 94% 86% | 43% 41% 29% 46% 38% 49%
1k | 38% 48% 57% 70% 56% 66% | 52% 54% 46% 64% 65% 35% | 49% 52% 60% 69% 52% 56%
10k | 34% 29% 68% 76% 74% 43% | 58% 52% 50% 71% 70% | 0% | 41% 48% 66% 74% T70% 42%
100k | 42% 25% 70% 82% 84% 62% 28% 38% 91% 76% 53% 27% 81% T77% 71%
1000k | 38% 37% 57% | 88% 52% 29% 41% 92% 47% 30% T74% T71%
GFCl| 0.1k | 41% 36% 32% 58% 45% 52% | 54% 53% 53% 77% | 95% 87% | 43% 41% 29% 42% 38% 51%
1k | 39% 48% 57% 71% 54% 64% | 57% 54% 46% 67% 62% 36% | 51% 52% 60% 68% 50% 54%
10k | 35% 29% 66% 77% 72% 42% | 62% 52% 50% 74% 73% | 1% | 44% 48% 65% T74% 66% 41%
100k | 44% 25% 68% 86% 80% 15% | 64% 28% 40% 100% 75% | 0% | 55% 27% 77% 78% 68%  18%
1000k | 36% 38% 57% . 92% 51% 31% 44% | 100% 45% 33% T71% 7%
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33%

n/a
n/a
n/a
n/a
n/a

Algorithm | n Prop Alar Form Path
GS| 0.1k
1k
10k
100k
1000k
H2PC | 0.1k
1k
10k
100k
1000k
HC | 0.1k 54% | 90%
1k 74% 76%
10k 61% 74%
100k 51% = 85%
1000k 36% 75%
ILP| 0.1k 72%
1k | 82% 89%
10k | 81% 70%
100k 88% 76% 80%
1000k 84% 58% 52%
Inter-IAMB | 0.1k 18% 24%
1k 40% 19% 34% 33%
10k 43% 41% 52% 38%
100k 42% 42% 58% 59%
1000k 41% 50% 73% 68%
MMHC | 0.1k | 66% 34% 18% 46% 75%
1k | 87% - 52% 56% 77% 54%
10k | 89% 52% 62% 81% 28%
100k | 82% 76% 60% 58% 77%
1000k | 71% ' 91% 67% 63%
NOTEARS | 0.1k | n/a n/a n/a n/a
k| nfa  27% nla n/a n/a
10k | n/a n/a n/a n/a
100k | n/a n/a n/a n/a
1000k | n/a n/a n/a n/a

Form Path

Asia

63%

24%

74%
64%
52%

53%
35%
37%
69%
69%

42%

35%

SHD
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19% 52% 40% 45% 80%

18%
39%
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F B F
F F F

64% Wlla 72%
le% 76% |G 71%

29%

58% 35% 49%

40% 41% 70%

34% 62% 74%

73% 52% 56% 79%
90% 91% 47% 54%
85% | 99% 46% 62%
69% 70% 61% 74%
48% 88% 75% 90%
na  33% nla n/a
n/a n/a n/a
n/a n/a n/a
n/a n/a n/a
n/a n/a n/a
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80%

49%
89%
67%

34%

84%
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87%
34%  90%
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61%
67%

39%
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69%
88%
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90%
88%

48%
75%
69%
80%
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80%

39%
58%
41%
36%
39%

17%
37%
42%
56%

65%
73%
79%

29%
46%
55%
68%
26%

29%
36%
51%
56%
58%

85% 81% 90% 43% 43% 61% 37%
84% 81% | 99% 42% 51% 65% 18%
68% 84% | 77% 69% 54% 43% 57%
68%  87% 65% 37%
na  41% nla n/a n/a n/a
n/a n/a n/a n/a n/a
n/a n/a n/a n/a n/a
n/a n/a n/a n/a n/a
n/a n/a n/a n/a n/a
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18%
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Algorithm | n Form Path

PC-Stable | 0.1k
1k
10k
100k
1000k
RFCI-BSC 0.1k
1k
10k
100k
1000k
SaiyanH | 0.1k
1k | 40% 74% 62% 63% 70% | 100%
10k | 50% 80% 82% 73%

45% | 0% 82% 72%

44% T71% T73% 68% 78% [100%

56% 81% 83% 79% 70% 77%

100k | 74% 74% [100% 87% 95% 74% 100% 89% 100% 84%  74% 67%

1000k | 100% | 72%  100% 93% 100% 78% 100% 84% 100% 76%

TABU| 0.1k| 89% 34% 55% 85% 93% 98% | 87% 52% 61% | 94% 75% 91% | 87% 39% 48% 62% = 95%  98%
1k | 82% 93% 75% 74%  100% 96% | 79% 94% 65% 68% | 98% 43% | 86% 93% 75% 72% 100% 85%
10k | 92% 81% 66% 74% 100% 99% | 92% 84% 50% 60% | 100% 59% | 93% 84% 72% 79% | 100% 99%
100k | 75% 94% 56% | 100% 100% 100% 66%  96% 7% 96% 72%  100% | 77% 96% 84% 100% 100% 100%

1000k | 66% 91% 70% 78% 100% 99% @ 45% 92% 35% 24% 9% 99% | 64% 92% 100% 97% 100% 100%

WINASOBS | 0.1k | 23% | 0% 26% 48% 52% 83% | 48% 32% 47% 71% 91% 99% | 29% | 14% 21% 31% 44% 84%
1k | 14% 67% 62% 62% 52% 75% | 38% 71% 54% 59% 57% 61% | 21% 69% 62% 55% 47% 62%
10k | 69% 85% 76% | 93% 60% 80% |100% 91% 74% [400% 59% 65% | 69%  90% 73% 84% 57% 73%

100k | 88% 88% 74% 73% 74% 83% |100% 90% 53% 75% 63% | 99% | 89% 89% 92% 75% 67% 73%

1000k | 61%  93% 45% 24% 62% | 96% 69% 43% 66% | 95% 53% 29%

31% 43%
70% 20% 34% 28% | 0% |
49% 78% T74% 54% 71% 25%
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Fig 8. The impact different types of data noise (x-axis) have on the combined average score @ (y-axis) of

the algorithms across all sample sizes and case studies. Because some of the average scores depicted in these
graphs contain missing scores due to failures by some algorithms to produce a graph (refer to Appendix C), these
graphs are only useful for determining the relative performance across data noise experiments, and not between
algorithms.

Fig 8 summarises the scoring performance of the algorithms in terms of the combined
average F1 and BSF scores across all results for each experiment. To minimise bias resulting
from failed structure learning that leads to missing scores, we impute missing noisy scores with
their corresponding noise-free N score. These instances primarily refer to missing data
produced due to experiments that could not have been carried out, as indicated in Table Al.
While this approach may lead to an underestimation in the impact of data noise, it is preferable
to assuming a score of 0 or entirely ignoring missing results that would produce other biases
across experiments. Note that when the N score is also missing, no comparison is made. For
example, RFCI-BSC never produced a result for datasets with sample size 100k or larger,
which means the comparison between noisy and noisy-free data is restricted to lower sample
size datasets for this algorithm. Therefore, the results presented in Fig 8 are useful only for
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comparing how the performance of an algorithm varies across noisy experiments and not how
the scores vary between algorithms for the same experiment; unless the algorithms being
compared have never failed to produce a graph (refer to Appendix C).

Overall, the results show a clear drop in performance in the presence of noise in the
data, with some types of noise having a stronger impact than others; i.e., incorrect data
(experiment I) appears to have the strongest impact when compared on the same levels of noise.
Interestingly, having multiple kinds of noise does not always have a cumulative effect on
learning accuracy. Moreover, some algorithms are more resilient to data noise than others. For
example, H2PC and MMHC appear to be the most resilient learners to noise, whereas
algorithms that deal with causal insufficiency (i.e., FCl, GFCI, and RFCI-BSC) have done well
under experiments L5 and L10, as expected, but not well — and worse compared to most other
algorithms - under other types of data noise. These observations explain why the overall
ranking of MMHC increases relative to the other algorithms (refer to Table 9), whereas FCI’s
decreases, in the presence of data noise. Still, these results should be interpreted with care since
algorithms with poor performance on noise-free data naturally have less scoring ground to lose
in the presence of data noise, relative to algorithms with higher performance on noise-free data.
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Fig 9. The impact different types of data noise (x-axis) have on the average number of edges produced by the
algorithms across all sample sizes and case studies.
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Fig 9 repeats the analysis (as in Fig 8) for the average number of edges. The results
suggest a minor tendency for most noisy experiments to generate a higher number of edges
relative to the noise-free experiments N. Interestingly, while the average number of edges
produced across all noisy experiments is approximately 1.8% higher relative to the number of
edges produced in noise-free experiments N, the number of edges produced in experiments
cMISL, which are the only experiments that incorporate all four types of noise simultaneously
in the data, is approximately 11.4% lower relative to N. Yet, according to Fig 6, the runtime of
cMISL experiments was approximately 26% higher compared to the corresponding noise-free
experiments N, despite experiments cMISL producing less dense graphs.

Table 12 summarises the strengths and weaknesses of each algorithm over different
categories. Assessments under category Performance are based on all three scoring metrics.
All comparisons are scaled between 0% and 100%, where 0% represents the worst performance
in that category and 100% the best performance. The categories are:

i.  Ranking (Performance): determined by the rankings presented in Tables 8 and 9.
Because the results in Table 8 are based on a just one of the 16 experiments (i.e.,
experiment N) and the results in Table 9 on 15 experiments (i.e., all noisy experiments),
the results in Table 9 are 15 times more important than the results in Table 8 in
determining the scores of this category.

ii. ~ Small networks (Performance): determined by the results presented in Table 11, but
restricted to networks Asia, Sports and Property.

iii.  Large networks (Performance): determined by the results presented in Table 11, but
restricted to networks Alarm, ForMed and Pathfinder.

iv.  Limited data (Performance): determined by the results presented in Table 11, but
restricted to sample sizes 0.1k and 1k over all case studies, and to sample size 10k for
the larger networks of Alarm, ForMed and Pathfinder.

v. Big data (Performance): determined by the results presented in Table 11, but restricted
to sample sizes 100k and 1000k over all case studies, and to sample size 10k for the
smaller networks of Asia, Sports and Property.

vi.  Variance (Performance): determined by the variance in the results presented in Table
11. Note that while we consider consistency in the results to be a positive feature, this
outcome should be interpreted with care. This is because algorithms such as GS and
Inter-IAMB that rank highly in consistency do so because the scores they produce are
consistently very poor.

vii.  Resilience to noise: determined by the cMISL results (i.e., learning performance when
all types of noise are included in the data) in relation to the noise-free N results
presented in Fig 8.

viii.  Under/Over-fitting: determined by the average discrepancy between learned and true
edges for each case study. A better measure would have been the discrepancy between
the number of learned free parameters relative to the number of free parameters in the
true graph. However, because some algorithms produce undirected and bidirected edges
which complicate the estimation of these parameters, we chose to simplify the measure
by relying on the number of edges (refer to Fig 2 for examples).
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ix.  Computational speed: determined by the total elapsed time over both Fig 3 and Fig 5.

X.  Reliability: determined by the total number of failures with fail code F2 and F3, as
shown in Tables C1 and C2. Note that fail code F1 is not considered here because it
already contributes in determining Computational speed above.

Table 12. The strengths and weaknesses of the algorithms for each of the categories, based on the
empirical results presented in this study, where 0% and 100% represent the weakest and strongest
performance for each category.

Performance
Smaller Larger Limited Big Resilience [Under/Over-|Computational

Algorithm | Ranking networks networks  data data Variance to noise fitting speed Reliability
FCI 46% 35% 61% 55% 33% 0% 50% 31% 52% 99%
FGES 60% 52% 71% 58% 67% 96% 9% 64% 84% 87%
GFCI 60% 52% 66% 58% 63% 83% 0% 62% 86% 93%
GS 16% 1% 0% 0% 16% 75% 47% 0% 100% 100%
H2PC 79% 100% 81% 74% 99% 97% 100% 36% 74% 81%
HC 100% 100% 99% 100%  95% 55% 51% 49% 100% 100%
ILP 82% 98% 81% 93% 83% 43% 39% 62% 63% 7%
Inter-IAMB | 37% 26% 41% 31% 45% 29% 60% 29% 100% 100%
MMHC 71% 84% 60% 68% 75% 64% 92% 25% 99% 100%
NOTEARS 0% 0% 0% 29% 0% 100% 28% 100% 100% 100%
PC-Stable 56% 42% 73% 63% 39% 18% 73% 29% 55% 95%
RFCI-BSC | 11% 18% 52% 35% 0% 99% 74% 11% 0% 0%
SaiyanH 74% 81% 76% 58% [100%  36% 48% 94% 77% 100%
TABU 99% 93% 100% 95% 95% 78% 43% 51% 100% 100%
WINASOBS| 72% 76% 73% 60% 88% 64% 28% 48% 97% 97%

7. Concluding remarks

Every BN structure learning algorithm is based on a set of assumptions, such as whether the
data is complete or not, or the variables are causally sufficient or not, and tend to be evaluated
with synthetic data that conforms to these assumptions, however unrealistic these assumptions
may be in the real world. The decision to assess these algorithms under ideal conditions means
that it is often the case the algorithms would underperform when applied to real data. This is
because real data almost never satisfy the ideal conditions assumed in synthetic experiments.
In order to better approximate the real-world performance of BN structure learning
algorithms, this paper investigated a new assessment methodology that estimates the difference
in structure learning performance between noise-free synthetic data and noisy synthetic data
that incorporates different types and levels of noise, under the assumption that similar types
and rates of noise may exist in real data. We applied the methodology to 15 BN structure
learning algorithms spanning different classes of learning, and to networks of varied
complexity with data varied in sample size, as well as in terms of the type and level of noise.
Because real-world applications of BNs are typically used to model cause-and-effect
relationships for intervention and decision making, the performance of the algorithms was
assessed in terms of reconstructing the true causal DAG (CBN), or the MAG when data noise
involved latent variables. The concluding remarks are derived from thousands of graphs that
required approximately seven months of total structure learning runtime to produce.
Nevertheless, this study comes with some limitations. Firstly, part of the analysis is
based on different assumptions about the types and levels of synthetic noise that cannot hold
for all real datasets. The methodology presented in this paper aims to approximate real
performance under those, or similar, conditions. Secondly, because the paper aims to measure
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the impact of data noise on structure learning performance, this required that the
hyperparameters for each algorithm remain static across experiments, while the noise varies in
the data. We chose to test the algorithms based on their hyperparameter defaults as
implemented in each software. However, the performance of some algorithms may be more
sensitive to their hyperparameters than others, and this was not investigated in this paper as it
would have been impractical to repeat the experiments over different hyperparameters (i.e.,
every change in the hyperparameters of the algorithms would require additional seven months
of structure learning runtime). All the datasets used in this study, including the raw results,
graphs and BN models, are freely available online [58].

The results are based on three scoring criteria; the F1, SHD, and BSF metrics. Our
results show that the F1 and BSF metrics are largely in agreement, whereas the SHD often
deviates considerably from them and. When this happens, the SHD tends to lead to conflicting
and counterintuitive conclusions; an observation consistent with what has been reported in [52].
This is because the SHD score represents pure classification accuracy (i.e., summation of false
positives and false negatives), whereas the F1 and BSF metrics represent partly and fully
balanced scores respectively. While classification accuracy is widely considered to be
misleading in other machine learning fields, the SHD metric remains popular in the field of BN
structure learning. The results below are discussed across all the three metrics, but emphasis is
given to the F1 and BSF metrics in deriving conclusions.

The results extend to ranking the algorithms in terms of their ability to reconstruct the
ground truth causal graph under different assumptions of data noise. More importantly, the
wide range of the experiments enabled us to summarise the strengths and weaknesses of the
algorithms in terms of accuracy over small and large networks, small or big data, as well as in
terms of computational speed, reliability, resilience to noise, amongst others (refer to Table
12). Therefore, while the aim of the paper was to investigate the impact data noise has on
structure learning performance, the results extend to summarising the performance of the
algorithms with and without data noise (refer to subsection 6.3). It is worth highlighting that
the results suggest score-based methods which are not designed to find causal structures on the
basis they represent a score-fitting exercise, are found to be better at discovering causal
structures than constraint-based methods which were designed for causal discovery on the basis
of conditional independence tests. This is an observation that requires further investigation.

The results presented in Fig 7 suggest that data noise can have a considerable impact
on the accuracy of the learned graph. Specifically, latent variables (experiments L) and the
merging of states (experiments S) have had relatively minor impact on structure learning
accuracy. This is not necessarily a surprising result since both these manipulations reduce the
dimensionality of the input data with the residual data values not being subject to noise. On the
other hand, missing and incorrect data values (experiments M and I respectively) have had a
major impact on the accuracy of the learned graphs. Specifically, the reduction in structure
learning accuracy occurring due to 5% or 10% missing data values ranged between 13% and
18% (i.e., accuracy increases by 15% to 21% without data noise), whereas the reduction in
accuracy due to 5% or 10% incorrect data values ranged between 18% to 28% (i.e., accuracy
increases by 23% to 39% without data noise). When both these types on noise are combined in
a single dataset, the decrease in accuracy ranges between 26% and 30% (i.e., accuracy increases
by 34% to 44% without data noise). Incorporating all four types of noise in a single dataset
decreases accuracy in the range of 30% to 37% (i.e., accuracy increases by 43% to 59% without
data noise). These results have major implications since they suggest that BN structure learning
accuracy presented in the literature, on the basis of traditional synthetic data, overestimates
real-world performance to higher degree than maybe was previously assumed. Still, traditional
noise-free synthetic experiments remain important in evaluating BN structure learning
algorithms under various hypothetical assumptions
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Moreover, the results suggest that dimensionality reduction may not always reduce
runtime or the complexity of learning. For example, experiments S (i.e., merged states) which
reduce the dimensionality of the data, tend to produce learned graphs that incorporate more
edges and which require longer learning time, compared to the graphs produced by the
corresponding noise-free experiments N (i.e., without dimensionality reduction). Runtime
analysis also suggests that incorrect data (i.e., experiments 1) have larger negative
repercussions on computational complexity relative to missing data (i.e., experiments M),
suggesting that it is possible for an imputation approach to worsen the structure learning
performance, relative to learning with missing data, depending on the level of accuracy in
imputing those missing values. Lastly, while data noise increases the risk of spurious
correlations that in turn may lead to a higher number of edges when learning BNs [57], our
results show that while data noise would often lead to denser learned graphs compared to noise-
free experiments, combining different types of noise in a single dataset produces the reverse
effect and leads to less denser graphs (refer to Fig 9).

It is also worth noting that some algorithms are less sensitive, and sometimes react
differently, to a given type of noise than others. One of our initial hypotheses was that non-
exact or simple learners would be more resilient to data noise compared to exact or more
sophisticated non-exact learners. Some results support this hypothesis while others do not. For
example, there are indications in our results (refer to Table 9) that less sophisticated non-exact
learners such as HC perform better in the presence of data noise compared to more
sophisticated non-exact learners such as TABU which, in theory, is an improved search
technique over HC. On the other hand, the results also show that the impact of data noise on
exact learner ILP was similar to the impact on other non-exact learners. While data noise had
relatively minor impact on the overall rankings of the algorithms, notable observations include
H2PC and MMHC which appeared to be less sensitive to data noise compared to other
algorithms. Algorithms designed to account for causal insufficiency such as FCI, GFCI and
RFCI-BSC which, while they performed well under noisy experiments that involved latent
variables (i.e., experiments L) they did not perform as well as other algorithms under other
types of data noise.

Lastly, we have not explored the option to incorporate knowledge-based constraints
into the structure learning process of the algorithms. While we initially considered the
possibility of exploring such constraints, not all algorithms support knowledge, nor do all
algorithms which support knowledge support the same types of constraint, and this caused
difficulties in setting up the experiments in a fair manner. On the other hand, disregarding
knowledge-based constraints enabled us to increase the number of experiments under data
noise and to provide a broader picture on its impact on the accuracy of the learned graphs. Still,
knowledge-based constraints represent a desired feature when applying these algorithms to
real-world problems, and it is an area for future investigation.
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Appendix A: Synthetic data details

Table Al indicates which experiments were not possible to be performed. Specifically, in the
case of Asia, experiments S (i.e., merging states) could not be performed because all variables
in Asia are Boolean. In the cases of Asia and Sports, experiment L5 (i.e., 5% latent variables)
could not be performed because both Asia and Sports consist of less than 10 nodes; i.e., a single
latent variable corresponds to a rate of approximately 10% (i.e., L10) and hence, L5 becomes
redundant.

Table Al. Experiments not performed indicated with an X.

Experiment
Case study [N M5 M10 15 110 S5 S10 L5 L10 cMI cMS cML clIS cIL cSL cMISL

Alarm
Asia X X X X X X
Property
ForMed
Sports X X
Pathfinder

Supplementary details:

All noisy experiments were performed by manipulating the initially generated dataset
N (i.e. no noise), for each case study. For example, experiment M5 is dataset N with
approximately 5% missing data values.

Lower sample size datasets are sub-datasets of the 1000k dataset. For example, the
dataset N with 100k samples corresponds to the first 100k samples of the dataset N with
1000k samples.

In experiments M (i.e., missing values) and I (i.e., incorrect states), each data value has
a chance of being randomised (i.e., 5% or 10%). This means that some variability is
expected between datasets over the total rate of noise, and the variability increases with
lower sample size and fewer variables. The most extreme example involves experiment
M10 in Asia, where the rates of missing values are 6.63%, 9.54%, 9.91%, 9.98%, and
10.02% for sample sizes 0.1k, 1k, 10k, 100k, and 1000k respectively.

Experiments S (i.e., merged states) and L (i.e., latent variable) involve manipulation of
variables rather than data values. In these experiments, approximately 5% and 10% of
the variables are manipulated. Since experiment S cannot be performed on Boolean
variables, the manipulation is restricted to multinomial variables. Table A2 presents the
number of variables manipulated under each S and L experiments.
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Table A2. The number of variables manipulated under each S and L experiments. Experiments that could
not be performed are indicated as ‘n/a’ (refer to Table Al).

Experiment
Case study | S5 S10 L5 L10 cMS cML clS clL cSL  cMISL
Alarm| 2/37 4137 2/37 4/37 2/37 2/37 2/37 2137 2/37 2/37
[5.4%] [10.8%] [5.4%] [10.8%] [5.4%] [5.4%] [5.4%] [5.4%] [5.4%] [5.4%]
Asia n/a n/a n/a 1/8 n/a 1/8 n/a 1/8 n/a 1/8
[12.5%)] [12.5%] [12.5%)] [12.5%]
Property | 1/27 3271 1727 3/27 1/27 1/27 1/27 1/27 1/27 1/27
[3.7%] [11.1%] [3.7%] [11.1%] [3.7%] [3.7%] [3.7%] [3.7%] [3.7%] [3.7%]
ForMed| 4/88 9/88  4/88 9/88 4/88 4/88 4/88 4/88 4/88 4/88
[4.5%] [10.2%)] [4.5%] [10.2%] [4.5%] [4.5%] [4.5%] [4.5%] [4.5%] [4.5%]
Sports n/a 1/9 n/a 1/9 1/9 1/9 1/9 1/9 1/9 1/9
[11.1%] [11.1%] [11.1%] [11.1%)] [11.1%] [11.1%] [11.1%)] [11.1%]
Pathfinder| 5/109 11/109 5/109 11/109 5/109 5/109 5/109 5/109 5/109  5/109
[4.6%] [10.1%] [4.6%] [10.1%] [4.6%] [4.6%] [4.6%] [4.6%] [4.6%] [4.6%]

v.  Datasets that involve more than one type of noise have had each type of noise simulated
in the following order: L - S — I = M. For example, the experiment cMS is dataset N
is first manipulated with S and then with M.

vi.  Experiment cMISL incorporates all types on noise at their default rate of 5%. However,
for case Asia, cMISL does not include experiment S (refer to Table A1). Moreover, for
cases Asia and Sports, cMISL includes experiments L10 instead of L5 (refer to Table
Al)
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Appendix B: Maximal Ancestral Graphs (MAGSs) — Alarm example
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Fig B1. The true graph of ALARM (generated using Bayesys). Total variables: 37. Total edges: 46.
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Fig B2. The true MAG-5 of ALARM (generated using Bayesys). Total variables: 35. Total edges: 46. Latent
variables: LVFAILURE, SHUNT. Blue and red edges represent arcs and bi-directed edges in MAG, respectively,
that are not present in the ground truth DAG.
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Appendix C: Structure learning failed occurrences

Table C1. Failure information for the first eight experiments (from experiment N to L5), where F1 is represents
fail event “Algorithm does not complete within 6 hours”, F2 represents fail event “Algorithm runtime error for
unknown reason”, and F3 represents fail event “Algorithm runtime error: Out of memory”. Higher fail
occurrences are represented with a darker red backcolour.
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Table C2. Failure information for the last eight experiments (from experiment L10 to cMISL), where F1 is
represents fail event “Algorithm does not complete within 6 hours”, F2 represents fail event “Algorithm runtime
error for unknown reason”, and F3 represents fail event “Algorithm runtime error: Out of memory”. Higher fail
occurrences are represented with a darker red backcolour.

L10 cMI cMS cML clS clL cSL cMISL

Algorithm |F1 F2 F3|F1 F2 F3|F1 F2 F3|F1 F2 F3|F1 F2 F3|F1 F2 F3|F1 F2 F3|F1 F2 F3
FCI 5 0 0|8 0 0|8 0 0|6 0 0|8 0 0|8 0 0|5 0 0|9 0 O
FGES o 0 20 0 20 0 2|0 0 2|0 0 2|0 0 2|0 0 2|1 0 1
GFCI 1 0120 12 0112 0 12f2 0 1j1 0 11 0 1|1 0 1
GS 0 0 0j]0O O O|O O O0O|0 O O|O0 O0OO0|0 OO0 O0O0O0O©O00Q0
H2PC 0 2 0|1 3 0|{0 2 0|2 2 02 40|16 1/0 2 0j0 3 1
HC 0 0 0j]0O O O|O O O|0 OO|O0 O0O0|0 O0O0|0O0O0OC0O0CTOQO
ILP 0 50({0 2 0|0 4 0|0 3 0|0 4 0|0 3 0|0 5 0|0 2 0
Inter-lIAMB (O O OO O OO O OfO O OO O OfO O 0|0 O O|O O O
MMHC 0o 0o 00 0 O|0O O O|O O O|O0O O O|O O O|jO O O|O 0 O
NOTEARS |O 0 0|0 O O|O O OO O O|O O O|O0O O O|O0O O O|O0O O O
PC-Stable |4 0 1|9 0 0(4 0 1(4 0 0O|/5 0 1/4 0 1|4 0 1|9 0 O
RFCI-BSC |0 15 0|5 13 0|0 16 0 | 016 OO 16 0|0 14 0|0 (13 O (0 15 O
SaiyanH |2 0 0(2 0 0|3 0 0|3 0 0|3 0 0|3 0 02 0 0|2 0 O
TABU 0o 0o 00O 0 O|0O O O|O O O|O0O O O|O O O|jO O O|O0O 0 O
WINASOBS|0O 1 0/O O OJjO O OJO 1 0O)jO O OJO 1 0]O0 2 0]J0O0 1 O
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Appendix D:

Supplementary results with noise-free data

Table D1. F1 scores of the algorithms over all experiments N, where F represents a failed attempt by the algorithm to produce a graph (refer to Appendix C). The
results are presented per case study per sample size, where the sample size of 0.1 corresponds to 0.1k data samples and so forth. Darker green backcolour corresponds
to higher accuracy whereas darker red backcolour corresponds to lower accuracy.

ALARM ASIA PATHFINDER PROPERTY SPORTS FORMED
Algorithm [0.1 1 10 100 1000/0.1 1 10 100 1000/0.1 1 10 100 1000/0.1 1 10 100 1000/0.1 1 10 100 1000/0.1 1 10 100 1000
FCI  [0.450.78 0.87 0.89 0.95 0.27 0.43 0.57 0.57 0.67 0.08 0.33 0.48 0.76 0.84 0.84 0.35 0.46 0.57 0.83 0.57 0.32 0.49 0.58 0.57
FGES |0.410.690.79 0.82 0.82 0.58 0.80 0.81 0.81 0.81 0.17 0.19 0.18 0.16 0.30 0.56 0.72 0.75 0.66 0.24 0.46 0.44 0.48 0.67 0.30 0.60 0.68 0.71
GFCI  {0.380.710.83 0.86 0.86 0.58 0.80 0.81 0.81 0.81 0.17 0.21 0.17 0.16 0.30 0.56 0.72 0.79 0.71 0.24 0.46 0.44 0.48 0.69 0.30 0.60 0.68 0.72
GS  |0.16 0.30 0.45 0.60 0.61 0.27 0.58 0.58 0.62 0.64 0.04 0.04 0.08 0.13 0.17 0.14 0.26 0.29 0.49 0.59 0.12 0.16 0.52 0.63 0.68 0.17 0.27 0.40 0.35 0.41
H2PC  |0.36 0.59 0.83 0.89 0.92 0.55 0.67 0.67 0.77 0.86 0.13 0.15 0.32 0.67 0.76 0.22 0.52 0.66 0.73 0.81 0.24 0.57 0.75/1.00 1.00 M=l 0.74 0.78 0.82
HC  |0.520.700.73 0.84 0.82 0.790.93'1.00 1.00 1.00 0.24 0.27 0.38 0.56 0.67 0.38 0.66 0.61 0.64 0.62 0.18 0.75 0.75/2.00 1.00 0.42 0.71 0.79 0.78 0.79
ILP  |0.540.860.95 0.96 0.80 0.35 0.88 0.88 0.88 0.88 0.17 0.27 S 0.59 0.8810.98 0.95 0.84 0.24 0.67 0.64 0.93 0.93 0.31 0.64 0.68 0.52 0.59
Inter-IAMB |0.24 0.47 0.74 0.83 0.87 0.27 0.58 0.54 0.62 0.64 0.07 0.07 0.08 0.16 0.21 0.18 0.35 0.56 0.65 0.70 0.35 0.38 0.46 0.59 0.68 0.21 0.37 0.52 0.64 0.64
MMHC [0.36 0.63 0.70 0.73 0.72 0.46 0.77 0.86 0.86 0.80 0.11 0.14 0.14 0.19 0.26 0.22 0.51 0.57 0.65 0.76 0.18 0.70 0.75 0.75 0.89 0.33 0.57 0.71 0.68 0.64
NOTEARS [n/fa nfa nfa nfa n/a n/a nfa nfa nla n/a nfa nfa nla nla nla nfa nla nfa nfa nfa 0.330.320.350.35 0.35 n/a n/a n/a n/a nla
PC-Stable [0.43 0.78 0.78 0.90 0.93 0.27 0.43 0.64 0.57 0.60 0.34 0.47 0.72 0.84 0.84 0.35 0.56 0.57 0.57 0.57 0.32 0.56 0.62 0.63
RFCI-BSC 0.42 0.69 S 0.36 0.58 0.71 0.09 0.26 0.43 0.56 = 0.24 0.33 SN 0.30 0.43
SaiyanH |0.43 0.73 0.75 0.88 0.78 0.53 0.69 0.88 0.88 0.88 0.18 0.25 0.32 0.38 0.39 0.58 0.81 0.81 0.79 0.22 0.56 0.77 0.90 0.90 0.32 0.53 0.73 0.75
TABU [0.520.700.73/0.96 0.85 0.43/0.93 1.00 1.00 1.00 0.24 0.27 0.37 0.56 0.67 0.38 0.66 0.64 0.68 0.85 0.18 0.75 0.68/1.00 1.00 0.38 0.71 0.79 0.80 0.80
WINASOBS|0.39 0.70 0.88 0.86 0.59 0.50 0.57 0.87 0.94 0.94 0.08 0.25 0.33 0.49 0.57 0.31 0.57 0.74 0.62 0.66 /0.00 0.75 0.751.00 1.00 0.30 0.50 0.66 0.78 0.51
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Table D2. SHD scores of the algorithms over all experiments N, where F represents a failed attempt by the algorithm to produce a graph (refer to Appendix C). The
results are presented per case study per sample size, where the sample size of 0.1 corresponds to 0.1k data samples and so forth. Darker green backcolour corresponds
to higher accuracy whereas darker red backcolour corresponds to lower accuracy.

ALARM ASIA PATHFINDER PROPERTY SPORTS FORMED
Algorithm 0.1 1 10 100 1000/0.1 1 10 100 1000/0.1 1 10 100 1000/0.1 1 10 100 1000]/0.1 1 10 100 1000/0.1 1 10 100 1000
FCI 3215 8 7 3 7 5 4 4 4 199 24 20 11 7 7 12 10 7 3 7 111 87 72 86
FGES |39 21 16 15 15 5 2 2 2 2 211 246 292 318 26 21 14 15 21 13 1011 11 8 116 72 71 68
GFCI 37 19 13 11 11 5 2 2 2 2 208 240 288 317 26 21 14 12 16 13 10 11 11 7 116 73 68 62
GS 43 39 33 25 26 7 5 5 4 4 191 191 188 181 176 29 26 26 21 17 14 15 9 8 7 130 117 100 108 102
H2PC |37 26 11 7 4 5 4 4 3 2 189187 167 101 75 27 20 15 11 8 13 9 6 0 0O 53 48 42
HC 32 2120 13 14 '3 1 0 0 O 209 233 214 156 115 26 17 21 20 22 14 6 6 0 0 130 65 47 55 55
ILP 48 12°5 3 15 9 1 1 1 1 3820 0 71 2 9 13 7 8 1 1 205 81 77 133 94
Inter-IAMB |40 29 17 10 7 7 5 6 4 4 197 192 190 179 171 28 24 19 14 12 12 11 10 8 7 122 104 85 69 78
MMHC |37 23 19 18 18 6 3 2 2 3 191 185 183 176 166 27 20 18 15 11 14 7 6 6 3 112 80 60 66 75
NOTEARS |n/a nfa nfa nfa n/fa n/a nfanfa na nfa nla nla nla na nfa nfanfanfana na 14 15 14 14 14 n/a n/a nfa nla nla
PC-Stable |32 14 13 6 4 7 5 4 4 5 24 21 13 7 7 12 8 7 7 71 112 80 68 77
RFCI-BSC (35 VI 7 5 3 207 26 21 17 GG 13 12 I3 114 95
SaiyanH |40 21 20 10 20 6 5 1 1 1 271 277 219 225 35 23 10 10 10 17 10 7 2 2 146 9
TABU |32 21 20/8 12 6 14 0 0 O 209 233 218 156 116 26 16 19 18 8 14 6 8/ 0 0 139 64
WINASOBS|38 20 9 11 30 5 4 2 1 1 218 215203 160 128 27 19 12 20 15 15 6 6 0 0 122 90
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Table D3. BSF scores of the algorithms over all experiments N, where F represents a failed attempt by the algorithm to produce a graph (refer to Appendix C). The
results are presented per case study per sample size, where the sample size of 0.1 corresponds to 0.1k data samples and so forth. Darker green backcolour corresponds
to higher accuracy whereas darker red backcolour corresponds to lower accuracy.

SPORTS
01 1 10 100 1000

FORMED
01 1 10 100 1000

0.23 0.37 0.57 0.83 0.57 0.21 0.37 0.49 0.52
0.13 0.37 0.32 0.34 0.52 0.19 0.48 0.63 0.68
0.13 0.37 0.32 0.34 0.57 0.19 0.48 0.62 0.68

0.07 0.05/0.40 0.52 0.59 0.10 0.18 0.28 0.25 0.30
0.13 0.40 0.60/1:001.00 zN=M 0.62 0.68 0.76
0.10 0.60 0.60/1.00 1.00 0.34 0.64 0.79 0.83 0.87
0.13 0.53 0.49/0.93 0.93 0.32 0.59 0.70 0.61 0.61
0.23 0.27 0.35 0.49 0.59 0.13 0.27 0.42 0.55 0.60
0.10 0.53 0.60 0.60 0.80 0.21 0.42 0.58 0.55 0.52

0.16 0.11 0.14 0.14 0.14

n/fa nfa nfa n/a nla

ALARM ASIA PATHFINDER PROPERTY
Algorithm |0.1 1 10 100 1000{0.1 1 10 100 1000/0.1 1 10 100 1000(0.1 1 10 100 1000
FCI  |0.320.69 0.83 0.88 0.95 0.19 0.38 0.50 0.50 0.58 0.04 0.230.380.70 0.77 0.77
FGES |0.320.66 0.76 0.83 0.83 0.44 0.750.81 0.81 0.81 0.11 0.14 0.14 0.13 0.22 0.48 0.67 0.75 0.66
GFCI  |0.29 0.650.79 0.83 0.83 0.44 0.750.81 0.81 0.81 0.11 0.15 0.14 0.14 0.22 0.48 0.67 0.76 0.69
GS  |0.100.200.34 0.47 0.51 0.19 0.44 0.44 0.50 0.56 0.02 0.02 0.04 0.07 0.10 0.08 0.16 0.19 0.37 0.48
H2PC  [0.23 0.47 0.76 0.85 0.92 0.38 0.50 0.50 0.63 0.75 0.07 0.08 0.20 0.52 0.65 0.13 0.37 0.56 0.65 0.74
HC  |0.430.68 0.750.87 0.90 0.69 0.88/2.00 1.00 1.00 0.16 0.21 0.33 0.51 0.62 0.28 0.58 0.61 0.68 0.67
ILP  |0.610.87 0.94 0.95 0.88 0.18 0.88 0.88 0.88 0.88 0.14 0.25 [N 0.49 0.790.97 0.94 0.81
Inter-IAMB |0.15 0.37 0.64 0.78 0.85 0.19 0.44 0.39 0.50 0.56 (0.04 0.04 0.05 0.09 0.13 0.11 0.24 0.46 0.55 0.61
MMHC |0.23 0.50 0.59 0.62 0.62 0.31 0.63 0.75 0.75 0.70 0.06 0.08 0.08 0.11 0.15 0.13 0.37 0.45 0.53 0.66
NOTEARS [n/a n/fa n/a nfa nfa nfa nfa nla nfa nfa nfa nla nla nla n/a n/a nfa nfa nla nla
PC-Stable [0.30 0.70 0.750.89 0.92 0.19 0.38 0.56 0.50 0.51 0.24 0.38 0.66 0.77 0.77 0.23 0.47 0.57 0.57 0.57 0.21 0.42 0.52 0.58
RFCI-BSC |0.33 0.62 = 0.23 0.49 0.68 0.05 0.17 0.33 0.48 [N 0.13 0.21 I 0.19 0.32
SaiyanH |0.36 0.70 0.80 0.90 0.84 0.40 0.59 0.88 0.88 0.88 0.14 0.22 0.26 0.36 0.34 0.55 0.79 0.81 0.78 -0.02 0.37 0.62 0.90 0.90 0.26 0.46 0.66 0.68
TABU [0.430.680.750.95 0.91 0.33 0.88 1.00 1.00 1.00 0.16 0.21 0.32 0.51 0.62 0.28 0.57 0.64 0.71 0.83 0.10 0.60 0.52/2.00 1.00 0.31 0.65 0.79 0.85 0.88
WINASOBS|0.28 0.62 0.84 0.85 0.61 0.38 0.50 0.81 0.94 0.94 0.04 0.18 0.26 0.41 0.44 0.20 0.49 0.69 0.65 0.65 '0.00 0.60 0.60/2.00 1.00 0.20 0.40 0.60 0.75 0.41
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Table D4. Precision scores of the algorithms over all experiments N, where F represents a failed attempt by the algorithm to produce a graph (refer to Appendix C).
The results are presented per case study per sample size, where the sample size of 0.1 corresponds to 0.1k data samples and so forth. Darker green backcolour
corresponds to higher accuracy whereas darker red backcolour corresponds to lower accuracy.

Algorithm

ALARM
01 1 10 100 1000

01 1

ASIA
10 100 1000

PATHFINDER
0.1 1 10 100 1000

FCI
FGES
GFCI

GS
H2PC

HC

ILP

Inter-IAMB
MMHC
NOTEARS
PC-Stable
RFCI-BSC
SaiyanH
TABU
WINASOBS

PROPERTY
01 1 10 100 1000

01 1

SPORTS
10 100 1000

FORMED
01 1 10 100 1000

0.58 0.63 0.82 0.92 0.92 0.70 0.61 0.57 0.83 0.57 0.67 0.71 0.73 0.62
0.520.730.81 0.80 0.80 0.88 0.86 0.81 0.81 0.81 0.31 0.25 0.19 0.16 0.47 0.65 0.78 0.73 0.63 1.00 0.61 0.55 0.54 0.67 0.60 0.81 0.72 0.73

0.54 0.77 0.87 0.88 0.88 0.88 0.86 0.81 0.81 0.81 0.32 0.28 0.19 0.17 0.47 0.65 0.78 0.80 0.71 1.00 0.61 0.55 0.54 0.71 0.60 0.81 0.75 0.76

0.45 0.53 0.64 0.83 0.76 0.50 0.88 0.88 0.80 0.75 |0.50 0.50 0.47 0.58 0.56 0.50 0.63 0.55 0.72 0.75 /0.50 0.38 0.75 0.71 0.73 0.47 0.56 0.66 0.61 0.65
0.81 0.80 0.92 0.93 0.92 1.00 1.00 1.00 1.00 1.00 0.64 0.67 0.75 0.91 0.91 0.67 0.89 0.80 0.83 0.89 1.00 1.00 1.00/1.00 1.00 == 0.92 0.91 0.90
0.650.720.70 0.79 0.75 0.92 1.0011.00 1.00 1.00 0.41 0.34 0.43 0.60 0.72 0.56 0.74 0.57 0.58 0.55 0.75 1.00 1.00/2.00 1.00 0.52 0.78 0.79 0.73 0.72
0.460.84 0.95 0.97 0.73 0.33 0.88 0.88 0.88 0.88 0.17 0.27 == 0.71 0.98/1.00 0.97 0.85 1.00 0.89 0.80/0.93 0.93 0.28 0.68 0.65 0.44 0.56
0.54 0.65 0.87 0.88 0.89 0.50 0.88 0.70 0.80 0.75 /0.31 0.40 0.41 0.60 0.58 0.50 0.63 0.69 0.81 0.83 0.70 0.67 0.55 0.67 0.73 0.53 0.59 0.67 0.76 0.68
0.81 0.85 0.87 0.89 0.86 0.83 1.00 1.00 1.00 0.86 0.60 0.75 0.83 0.93 0.97 0.67 0.82 0.78 0.83 0.89 0.75 1.00 1.00 1.00 1.00 0.76 0.89 0.89 0.88 0.83
nfa nfa nfa nfa nla nfa nfa nfa nla nla nfa nfa nfa nla nla nfa nfa nfa nfa n/a 0.380.350.36 0.36 0.36 n/a n/a nfa n/a n/a

0.74 0.89 0.82/0.91°0.94 0.50 0.50 0.75 0.67 0.64 0.58 0.60 0.79 0.92 0.92 0.70 0.70 0.57 0.57 0.57 0.70 0.80 0.77 0.69
0.58 0.78 ISz 0.53 0.66 0.75 0.26 0.49 0.62 0.68 [N 1.00 0.73 IZEEN 0.64 0.68
0.49 0.730.69 0.84 0.71 0.57 0.69 0.88 0.88 0.88 0.21 0.26 0.39 0.39 0.39 0.58 0.81 0.80 0.79 (0.81 0.70 0.77 0.90 0.90 0.39 0.62 0.82 0.83

0.65 0.72 0.70 0.97 0.79 0.50 1.001.00 1.00 1.00 0.41 0.34 0.41 0.60 0.71 0.56 0.75 0.62 0.62 0.87 0.75 1.00 0.85/1.00 1.00 0.46 0.78 0.78 0.74 0.72
0.62 0.79.0.92 0.86 0.56 0.75 0.67 0.93 0.94 0.94 0.22 0.38 0.44 0.61 0.80 0.59 0.67 0.80 0.57 0.66 0.00 1.00 1.00/1.00 1.00 0.55 0.67 0.73 0.80 0.66

0.71 0.89 0.93 0.90 0.95 0.50 0.50 0.67 0.67 0.71 |0.31
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Table D5. Recall scores of the algorithms over all experiments N, where F represents a failed attempt by the algorithm to produce a graph (refer to Appendix C). The
results are presented per case study per sample size, where the sample size of 0.1 corresponds to 0.1k data samples and so forth. Darker green backcolour corresponds
to higher accuracy whereas darker red backcolour corresponds to lower accuracy.

Algorithm

ALARM
01 1 10 100 1000

01 1

ASIA
10 100 1000

PATHFINDER
0.1 1 10 100 1000

FCI
FGES
GFCI

GS
H2PC

HC

ILP

Inter-IAMB
MMHC
NOTEARS
PC-Stable
RFCI-BSC
SaiyanH
TABU
WINASOBS

PROPERTY
01 1 10 100 1000

01 1

SPORTS
10 100 1000

FORMED
01 1 10 100 1000

0.230.39 0.71 0.77 0.77 0.23 0.37 0.57 0.83 0.57 0.21 0.37 0.49 0.53
0.34 0.66 0.77 0.84 0.84 0.44 0.750.81 0.81 0.81 0.11 0.15 0.17 0.16 0.23 0.50 0.68 0.77 0.69 0.13 0.37 0.37 0.43 0.67 0.20 0.48 0.64 0.69

0.29 0.65 0.79 0.84 0.84 0.44 0.75 0.81 0.81 0.81 0.12 0.17 0.16 0.16 0.23 0.50 0.68 0.77 0.71 0.13 0.37 0.37 0.43 0.67 0.20 0.48 0.62 0.68

0.10 0.21 0.35 0.47 0.51 0.19 0.44 0.44 0.50 0.56 |0.02 0.02 0.04 0.07 0.10 0.08 0.16 0.19 0.37 0.48 /0.07 0.10 0.40 0.57 0.63 0.11 0.18 0.28 0.25 0.30
0.23 0.47 0.76 0.85 0.92 0.38 0.50 0.50 0.63 0.75 0.07 0.08 0.20 0.53 0.65 0.13 0.37 0.57 0.65 0.74 0.13 0.40 0.60/1.00 1.00 =M 0.62 0.68 0.76
0.44 0.69 0.76 0.88 0.91 0.69 0.88'1.00 1.00 1.00 0.17 0.22 0.34 0.52 0.63 0.29 0.60 0.65 0.71 0.71 0.10 0.60 0.60/1.00 1.00 0.35 0.65 0.79 0.84 0.88
0.660.88 0.95 0.95 0.89 0.38 0.88 0.88 0.88 0.88 0.17 0.27 S 0.50 0.79/0.97 0.94 0.82 0.13 0.53 0.53/0.93 0.93 0.36 0.60 0.71 0.63 0.62
0.15 0.37 0.64 0.78 0.85 0.19 0.44 0.44 0.50 0.56 /0.04 0.04 0.05 0.09 0.13 0.11 0.24 0.47 0.55 0.61 0.23 0.27 0.40 0.53 0.63 0.13 0.27 0.42 0.55 0.60
0.23 0.50 0.59 0.62 0.62 0.31 0.63 0.75 0.75 0.75 (0.06 0.08 0.08 0.11 0.15 0.13 0.37 0.45 0.53 0.66 0.10 0.53 0.60 0.60 0.80 0.21 0.42 0.58 0.55 0.52
nfa nfa nfa nfa nla nfa nfa nfa nla nla nfa nfa nfa nla nla nfa nfa nfa nfa n/a 0.300.300.330.33 0.33 n/a n/fa nfa n/a n/a

0.30 0.70 0.75'0.89'0.92'0.19 0.38 0.56 0.50 0.56 0.24 0.39 0.66 0.77 0.77 0.23 0.47 0.57 0.57 0.57 0.21 0.42 0.52 0.58
0.33 0.63 IS 0.27 0.53 0.68 0.05 0.17 0.33 0.48 [N 0.13 0.21 I 0.20 0.32
0.38 0.720.82 0.91 0.86 0.50 0.69 0.88 0.88 0.88 0.16 0.24 0.27 0.37 0.39 0.58 0.81 0.82 0.79 0.17 0.47 0.77 0.90 0.90 0.28 0.47 0.66 0.68

0.44 0.69 0.76 0.95 0.92 0.38 0.88 1.00 1.00 1.00 0.17 0.22 0.33 0.52 0.63 0.29 0.58 0.66 0.74 0.84 0.10 0.60 0.57/1.00 1.00 0.33 0.65 0.79 0.86 0.89
0.28 0.62 0.84 0.86 0.63 0.38 0.50 0.81 0.94 0.94 0.050.19 0.27 0.41 0.44 0.21 0.50 0.69 0.68 0.66 0.00 0.60 0.601.00 1.00 0.20 0.40 0.60 0.76 0.41

0.33 0.70 0.83 0.88 0.95 0.19 0.38 0.50 0.50 0.63 |0.05
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Table D6. The minimum and maximum scores for each case study and sample size n combination, as determined by each of the three metrics over all 15 algorithms
for the N experiments (without data noise). Note that a higher SHD score indicates lower performance. The minimums and maximums are based on all the experiments
shown in Table 11 that do not include a failure F.

Min/Max F1 SHD BSF
performance | n | Asia Spor Prop Alar Form Path | Asia Spor Prop Alar Form Path | Asia Spor Prop Alar Form Path
Min| 0.1k |0.27 0.00 0.14 0.16 0.17 004| 9 165 35 475 205 3175|0.18 -0.02 0.08 0.10 0.10 0.02
1k | 0.43 0.16 0.26 030 027 0.04| 5 145 26 385 117 2795|038 0.05 0.16 020 0.18 0.02
10k | 0.54 035 029 045 040 0.08| 55 14 26 33 100 2915|0.39 0.14 0.19 034 0.28 0.04
100k | 0.57 035 0.49 060 0.35 0.13]| 4 14 205 245 1325 3175|050 0.14 0.37 047 0.25 0.07
1000k | 0.60 0.35 059 059 041 0417|45 14 22 30 102 176 |051 0.14 0.48 051 0.30 0.10
Max | 0.1k |[0.79 035 059 054 042 024| 25 115 185 32 111 189 |0.69 0.23 0.49 0.61 0.34 0.16
1k | 093 0.75 0.88 0.86 0.71 0.27| 1 6 65 115 64 18 (088 0.60 0.79 0.87 065 0.25
10k | 1.00 0.77 098 095 0.79 038| O 6 1 45 47 167 | 1.00 0.62 0.97 094 0.79 0.33
100k | 1.00 1.00 0.95 096 0.80 0.67| O 0 2 25 465 1005|1.00 1.00 094 095 0.85 0.52
1000k | 1.00 1.00 0.85 095 0.82 0.76| 0 0 7 25 415 745|100 100 0.83 0.95 0.88 0.65

Table D7. Relative overall performance of the algorithms for each case study and sample size n combination, as determined by each of the three metrics over the N
experiments (without data noise). The performance is measured relative to the min/max values depicted in Table 10. An F represents at least one failed attempt by the
algorithm to produce a graph for the particular case study and sample size combination (refer to Appendix C).

F1 SHD BSF
Algorithm n |Asia Spor Prop Alar Form Path |Asia Spor Prop Alar Form Path |Asia Spor Prop Alar Form Path
FCI| 0.1k | 0% 100% 42% 76% 61% 19% | 38% 100% 67% |100% 100% 92% | 3% 100% 35% 44% 46% _15%
1k | 0% @ 51% 36% 85% 49% 0%  59% 31% 87% 58% 0% 57% 35% 74% 41%
10k | 7% 53% 68% 85% 48% 27% 94% 60% 88% 54% 18% 88% 66% 81% 41%
100k | 0% @ 75% 76% 82% 49% 0% 82% 73% 82% 55% 0% 81% 72% 86% 46%
1000k | 17% 34% | 96% 100% 11% 54% 100% 100% 13% 49% 84%  100%
FGES| 0.1k| 60% 67% 37% 65% 50% 63% | 69% 70% 55% 58% | 95% 83% | 51% 61% 34% 44% 39% 61%
1k| 74% 51% 50% 70% 75% 65% | 75% 59% 28% 67% 85% 36% | 75% 57% 51% 68% 64% 51%
10k | 60%  23% 63% 68% 71% 34% | 73% 44% 48% 61% 55% | 0% | 69% 37% 61% 70% 69% 36%
100k | 56% | 21% 56% 62% 80% | 7% | 63% | 25% 30% 45% 76% 0%  63% 23% 67% 75% 72% _ 14%
1000k | 53% 49% 28% 64% 67% 43%  10% @ 56% 62% 44% 51% 73%
GFCI| 0.1k| 60% 67% 37% 58% 50% 67% | 69% 70% 55% 71%  95% 85% | 51% 61% 34% 37% 39% 65%
1k| 74% 51% 50% 72% T74% T4% | 75% 59% 28% T72% 84% 42% | 75% 57% 51% 66% 63% 59%
10k | 60%  23% 63% 77% 72% 31% | 73% 44% 48% T72% 60% | 3% | 69% 37% 61% 74% 67% 33%
100k | 56% | 21% 65% 72% 83% | 7% | 63% | 25% 46% 64% 82% 0%  63% 23% 69% 76% 72% _ 14%
1000k | 53% 53% 46% 75% 67% 50% 40% 71% 62% 50% 59% 74%
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F1 SHD BSF
Asia  Spor Prop Alar

Algorithm | n Prop  Alar Prop  Alar

GS| 0.1k 39% 32%
1k
10k
100k
1000k
H2PC | 0.1k
1k
10k
100k
1000k
HC| 0.1k
1k
10k
100k
1000k
ILP | 0.1k

39% 61%
25% 64%

61%

1k 88%

10k 80% 71%
75% 61%

100k
1000k 74% 84% 54%

Inter-IAMB | 0.1k
1k 41%

10k 50%
100k 43%

1000k 22%  54%

MMHC | 0.1k | 35% 54% 60%
1k | 67% 41% 59% 69% 43% | 50%  88% 33% 57% 71% 50% | 88%
10k | 69% 41% 51% 79% 21% | 64% [100% 32% 49% 76% 87% | 59%  95% 33% 41% 59%

100k | 67% 62% 34% 37% 74% 50% 57% 32% 32% 78% 65% | 50% 53% 29% 32% 51%

1000k | 50% 83% 65% 37% 55% 33% T9% T77% 45% 45% [10% | 38% T7% 52% 26%  38%

NOTEARS| 0.1k| n/a [ 95% nfa nfa nla nla | na 60% nla nla nla nla | na 70% nla nla nla nla

27% 48% 45% 27%
33% 44% 52% @ 24%

1k | nla = 28% n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a
10k | n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a
100k | n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a
1000k | n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a
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Path

21%

72%
92%
80%
47%

80%
84%

Fi
Algorithm | n Prop Alar Form
PC-Stable | 0.1k 45% 71% 60%
1k 35% 85% 64%
10k 62% 67% 57%
100k 76% 85% 64%
1000k
RFCI-BSC | 0.1k | 16% 67% = 26% 69% 52%
1k | 31% 29% 28% 70% 36%
10k | 38% 40%
100k
1000k
SaiyanH | 0.1k | 51% 62% 56% 70% 62%
1k | 51% 68% 53% 76% 59%
10k | 73% [100% | 74% 60%  85%
100k | 71% 85% 69% 77% 89%
1000k | 69% 85% 77% 52%
TABU | 0.1k | 30% 50% 55% | 94% 86%
1k 64% 71%
10k 79% 51% 56%
100k 40%
1000k 73%  93%
WINASOBS | 0.1k | 44% 38% 60% 51%
1k | 28% 51% 70% 52%
10k | 71% 65%  86% 67%
100k | 86% 28% 73%
1000k | 85% 28% 24%

19%
92%
84%
68%
67%

SHD
Asia Spor Prop Alar Form Path
38% 70%
76% 26% 91% 71%
36% 94% 54% T72% 61%
54% 73% 84% 65%
54%
38% 70% 52% @ 82% 86%
13% 32% 25% 74% A41%
52% 34%
46% 52% 63% 36%
18% 53%  15% 65% 41% | 8%
82% 94% 64% 47% 89% 59%
75% 89% 59% 66% | 94% 43%
78% 89% 83% 38%
46% 60% 55% 70%  85%
51% 67% 49%
81% 30% 46% 59%
14% 94%  75%
93% 67% 80% 60%
62% 30% 52% 61% | 88% 78%
25% 69%
73% 71%
88% 73%
89% 48%
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39% 40% 44%
76% 35% 74% 52%
29% 88% 60% 68% 47%
49% 72% 88% 55%
49%  84%
12% 61% 22% 45% 39%
23% 29% 27% 63% 29%
AT% 37%
44% | 0% | 62% 52% 68%
42% 58% 62% 75% 60%
80% 100% 78% 76% 74%
75% 88% 78% 91% 72%
74% 88% 86% 75%
29% 48% 48% 64%  90%
65% 71%
78% 57% 67%
60%
92%
39% 30% 35% 41%
25% 52% 62% 47%
69% 64% 82% 62%
88% 49% 80% 85%
87% 48% 23% 20%
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86%
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63%
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15%
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Appendix E: Supplementary results with data noise

Table E1. Average (A) and overall (O) ranked performance for each algorithm (highlighted in yellow backcolour), over all case studies and sample sizes in noisy-
based experiments M5, M10, 15, 110, and S5, as determined by each of the three metrics.

M5 M10 15 110 S5
F1 SHD BSF F1 SHD BSF F1 SHD BSF F1 SHD BSF F1 SHD BSF

Algoritrmm | A. O| A OJ/A O/ A OlA OJA OJlA OJA OJlA OJA OJA OJ]A OJA OJ]A O]J]A O©
FCI 90 11 95 12 83 11|91 11 93 12 83 11| 10 12 104 13 95 11|95 12 87 12 92 12|79 10 68 7 81 10
FGES 65 6 65 8 66 6|68 8 67 7 72 7|72 8 63 5 75 8|79 8 68 6 87 10/72 8 84 12 69 6
GFCI 65 7 63 7 68 7|70 9 67 6 74 9|74 9 64 6 79 10/83 10 7 8 89 11|72 8 79 9 77 9
GS 12.0 15 99 13 119 13|116 13 94 13 115 13|116 14 86 11 115 14|11.1 14 8.6 11 11.1 14|12.2 14 10.2 13 12.2 14
H2PC 53 4 46 3 62 5|53 4 47 3 59 5|46 3 47 3 52 4|60 6 65 4 62 7|59 5 40 1 70 7
HC 36 1 41 1 32 1|30 1 36 1 28 137 1 55 4 29 1|34 1 59 3 24 1|44 2 66 6 36 2
ILP 39 2 58 6 34 3|53 3 71 8 42 3|58 7 71 8 44 3|60 6 75 10 54 4|54 4 68 8 46 4
Inter-IAMB |10.8 12 84 9 10.8 12|10.8 12 84 10 10.8 12|98 11 76 10 101 12|83 11 69 7 86 9|102 12 82 10 105 12
MMHC 71 9 52 4 81 1066 6 49 4 77 10/ 5 5 35 1 64 7|42 3 34 1 57 5|83 11 57 3 90 11
NOTEARS [11.4 13 134 15 13.6 15|11.6 13 12.0 15 12.2 15|11.2 13 10.8 14 10.8 13| 11 13 10 14 9.6 13| nfa n/a n/a n/a nfa nfa
PC-Stable |81 10 86 10 72 9|77 10 87 11 74 8|84 10 92 12 78 9|82 9 89 13 8 8|69 7 59 4 70 7
RFCI-BSC |11.7 14 11.7 14 119 14|11.8 15 119 14 119 14| 12 15 11 15 12 15|115 15 10.8 15 114 15(11.4 13 10.2 14 114 13
SaiyanH |59 5 89 11 61 4|53 4 82 9 52 4|49 4 72 9 54 5|5 4 71 9 47 3|49 3 82 10 41 3
TABU 40 3 44 2 33 2|33 2 39 2 31 2|42 2 64 6 35 2|42 2 66 5 35 2|33 1 52 2 28 1
WINASOBS| 68 8 55 5 71 8|66 6 50 5 69 6|56 6 46 2 61 6|52 5 37 2 57 6|59 5 60 5 56 5
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Table E2. Average (A) and overall (O) ranked performance for each algorithm, over all case studies and sample sizes in noisy-based experiments S10, L5, L10, cMl,
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and cMS, as determined by each of the three metrics.

S10 LS L10 cMlI cMS
F1 SHD BSF F1 SHD BSF F1 SHD BSF F1 SHD BSF F1 SHD BSF

Algorithrmm | A O/l A OJ]A O/J/A OJA O/JA O/A OlA OJA OJA OJA OJA OJA OJA O]A O
FCI 83 11 72 8 83 11|69 8 58 4 771 7|77 10 67 8 74 10|89 11 10.7 13 80 10|89 11 94 12 81 10
FGES 76 10 82 12 75 8|72 10 84 11 72 8|69 7 73 10 71 8|77 8 63 6 78 9|68 6 73 8 72 7
GFCI 74 9 74 9 76 9|67 7 73 9 70 6(69 8 70 9 69 7|79 9 65 7 81 11|70 8 72 7 76 9
GS 12.0 13 10.2 13 12.0 13|12.2 14 104 14 122 14|119 14 10.8 14 12.0 14|11.4 13 9.3 11 11.2 13|120 15 95 13 118 14
H2PC 58 5 46 2 65 5|63 6 54 3 76 1064 5 52 3 68 6|47 3 42 3 52 4|58 4 45 3 66 6
HC 41 2 59 5 33 1|44 2 60 5 35 2|36 2 50 2 31 2|33 1 41 2 30 1|33 2 38 2 30 2
ILP 51 4 68 6 44 4|49 3 64 6 42 3|46 3 57 4 40 3|51 5 66 8 45 3|53 3 72 6 41 3
Inter-IAMB | 9.7 12 81 11 99 12(100 12 79 10 104 12|10.1 12 87 12 101 12( 96 12 79 10 9.8 12|102 12 7.8 9 104 12
MMHC 69 7 44 1 82 10|87 11 68 7 95 11|78 11 62 5 81 11|53 6 34 1 66 6|71 9 49 4 84 11
NOTEARS [12.2 15 14.2 15 13.8 15| nfa n/a n/a n/a nfa n/a|12.2 15 14.2 15 140 15|11.4 14 12.6 15 12.4 15|11.6 13 13.0 15 12.0 15
PC-Stable {68 6 52 3 72 7|62 5 53 2 67 5|74 9 63 6 72 9|80 10 96 12 70 7|74 10 85 10 63 5
RFCI-BSC |12.0 13 11.5 14 120 13|109 13 10.1 13 11.0 13 |11.1 13 10.6 13 11.3 13|11.6 15 11.7 14 11.8 14|11.7 14 114 14 115 13
SaiyanH |47 3 76 10 39 3|59 4 85 12 46 4|53 4 74 11 52 4|49 4 73 9 52 563 5 91 11 61 4
TABU 39 1 56 4 33 1|33 1 49 1 27 1|32 1 46 1 30 1|39 2 48 4 34 2|28 1 35 1 28 1
WINASOBS|70 8 68 7 69 6|72 9 69 8 72 8|68 6 64 7 66 5|72 7 53 5 75 8|68 7 57 5 75 8
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Table E3. Average (A) and overall (O) ranked performance for each algorithm, over all case studies and sample sizes in noisy-based experiments cML, clS, clL, cSL,
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and cMISL, as determined by each of the three metrics.

cML clS clL cSL cMISL

F1 SHD BSF F1 SHD BSF F1 SHD BSF F1 SHD BSF F1 SHD BSF

Algoritm | A O| A O/l A Ol A O/lA O/ A OlA O/lA OlA O|lA OlA O|lA OJlA OJA O|]A O
FCI 88 11 94 12 80 11|94 11 100 13 85 11|94 12 98 13 87 11|70 8 62 6 7.2 8|93 12 104 13 89 11
FGES 60 5 65 8 65 6|66 8 60 6 72 7|72 8 64 7 78 9|81 11 86 12 76 9|76 8 72 8 7.8 8
GFCI 62 7 64 7 67 7|71 9 62 7 77 1074 9 60 4 78 9|78 10 79 10 76 9|81 9 75 10 83 10
GS 12.0 15 9.8 13 11.9 14|12.0 15 9.0 12 12.0 15114 13 8.8 12 11.2 13|11.8 14 104 14 12.0 14/11.0 14 84 11 109 14
H2PC 62 6 51 4 65 5|59 6 58 5 66 6|59 7 60 4 61 5|56 5 48 1 63 5|51 5 43 3 53 5
HC 34 1 37 1 33 1|36 2 54 3 26 233 1 50 3 26 1(39 2 50 3 35 2|30 1 42 2 28 1
ILP 42 3 57 6 35 3|62 7 81 10 51 3|58 6 74 10 49 3|50 3 63 7 42 3|49 4 63 6 42 3
Inter-IAMB (10.0 12 75 9 100 12|94 12 73 8 100 12193 11 73 9 94 12|97 12 83 11 101 12|90 11 70 7 91 12
MMHC 73 9 49 3 79 10|54 3 37 1 73 9|50 4 32 1 61 5|75 9 60 5 83 11|56 6 34 1 65 6
NOTEARS (11.2 13 13.2 15 13.2 15|11.4 13 12.0 15 11.4 13|11.8 14 13.0 15 12.8 15(12.4 15 14.6 15 14.4 15|12.0 15 13.8 15 124 15
PC-Stable |79 10 92 11 75 9|80 10 89 11 72 8|78 10 88 11 68 8|67 6 53 4 65 6|84 10 97 12 7.7 7
RFCI-BSC (115 14 11.7 14 116 13|11.8 14 11.1 14 11.7 14|11.8 15 11.2 14 11.7 14|11.1 13 10.2 13 11.1 13|10.7 13 10.8 14 10.7 13
SaiyanH 58 4 87 10 58 4|55 4 76 9 58 4|47 3 71 8 56 4|54 4 78 9 49 4|46 3 72 8 49 4
TABU 34 1 40 2 33 1|35 1 54 3 25 1|43 2 62 6 34 2|36 1 48 1 32 1|34 2 47 4 33 2
WINASOBS|7.2 8 56 5 72 8|56 5 46 2 60 5|57 5 41 2 65 7|70 7 68 8 70 7|75 7 54 5 80 9
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Table E4. Performance of the algorithms on each noisy experiment relative to the noise-free experiment N. The results are presented per case study per sample size
(where the sample size of 0.1 corresponds to 0.1k data samples and so forth.), per scoring metric S and per experiment E. The table values represent relative percentage
change with respect to the results of experiment N (i.e., after adding each type of data noise in the data). Note that in the case of SHD, a decrease in performance
corresponds to an increase in the SHD score (which can increase by more than 100%), and vice versa.

ALARM ASIA PATHFINDER PROPERTY SPORTS FORMED

E S |01 1 10 100 1000/0.1 1 10 100 1000[0.1 1 10 1001000/0.1 1 10 100 1000/0.1 10 100 1000(0.1 1 10 100 1000
F1|-20-18 -14 -22 -24|-8 -19 -5 -10 -19|-25 -8 -3 -3 -7 |-19 -5 -3 -14 -16 |-44 -5 -3 -51|23-21-11 -4 -8

M5 SHD|-8 -32 -53 -173 -178| -6 -46 -53 -102 -219|-1 6 -1 3 -10|-6 -2 -6 -52 -88 |-8 -3 -13 -40 |1 -20-23 -12 -30
BSF|-27 -22 -14 -15 -14|-14-26 -8 -10 -23 |-32-17 -2 -5 -1 |-25 -7 -3 -6 -3 |-56 -5 -5 -11]-31-29-14 -2 -2
F1|-30-18 -17 -26 -26 |-29-35 -6 -13 -21|-22 -3 -3 -3 -18 |-19 -7 -11 -17 -16 |-36 -2 -5 -4 |-32-23-13 -6 -10

M10 SHD|-15-36 -67 -218 -178|-20 -91 -57 -140 -242|1 8 -2 2 -18|-4 -5 -29-74 -80 |-7 -1 -24 48 |0 -21-26 -16 -42
BSF|-39 -24 -15 -17 -18 |-42-47 -9 -14 -26 |-29-12 -2 -4 -14|-25 -8 -9 -8 -5 |-44 -2 -9 -13|-42-31-16 -4 -2
F1 |-26 -24 -27 -37 -35|-23-26 -14 -28 -34 (-37-28 3 -2 -17 |-19 -9 -14 -15 -18 |-16 1 -7 -11|-30-17-13 -14 -25

I5 SHD|-18 -60 -130 -369 -282|-28 -81 -135 -294 -415|-7 -2 -2 2 -25|-8 -12-42 -79 -98 |-3 -2 -47 -89 |-15 -24 -43 -61 -107
BSF|-33 -27 -20 -23 -22 |-40-35 -18 -39 -50 |-43-35 4 -1 -9 |-25-10-10 -4 -5 |-21 -2 -17 -251-33-19 -7 -1 -5
F1 |-49-34 -34 -40 -41 |-35-36 -29 -30 -38 [-9 -24-13 -25 -35 |-26 -19 -16 -21 -23 |-32 1 -7 -151|-43-34-21 -17 -27

110 SHD|-28 -80 -170 -412 -328|-29 -97 -221 -308 -452|-1 15 7 9 -13 |-10-19 -48 -88 -129| -6 -1 -49 -130|-19 -42 -59 -67 -110
BSF|-58 -39 -29 -28 -29 |-50-50 -42 -42 -63 |-9 -32 -14 -27 -30 |-34 -20 -13 -12 -10 |-38 -1 -17 -37 |-48-38-17 -5 -7

P NOODDOXIWNEFEINEFE O

N

F1|-3 2 -3 -4 -6 nfanfanfa na nal2 -10-2 -2 -1|0 -1 0 1 1 |nlanfanfanfa nla|-2 -2 -1 -2 -1
S5 SHD|-4 -5 -15 -34 -36 |nflanfanfa na na|1 1 -1 -1 -1|-1 0 1 5 2 |nfanfanfanfa nfa|-1 -2 -1 -1 -2
BSF|-4 0 -1 -1 -3 |nfanfanfanna na|l-14-3 -3 -1|1 -1 0 2 2 |nfanfanfanfa nla|-2 -3 -1 4 -1
F1|-4 6 4 -6 -5 |nfanfanfa na nnall-16-7 4 0|5 3 1 0 1|6 0 -1 3 6|7 -2-10 -1
S10 SHD|-5 -17 -20 -42 -33 |nfanfa nfa nfa na|l1l -1 -2 2 -1|7 6 6 4 4|1 0 -3 8 -28(-4 -5 -7 -2 -4
BSF|-5 -7 -3 -5 -4 |nfanfanannamnna|l-2-9 -6 -1|/6 3 1 -1 1|6 0 -3 4 9|6 0 1 2 -1
F1|0 4 -4 -4 -2 |nfanfanfa nla nla|-15-24-12 9 -16 |2 4 2 5 6 |nlanfanfanfa na|-8 6 -4 -2 0
L5 SHD|3 -6 -8 -19 -7 |nfan/a nfa n/fa n/a|-14-14-16-10 -28 |-1 4 3 13 18 |[nflanfanfan/a nfa|-4 -6 -8 -4 1
BSF|-2 -7 -5 -5 -2 |nfanfa nfa nfa nfa|-22-34-20-18 -22|0 3 1 5 7 |nfanfanfan/a nfal|-11 -8 -6 -4 -2

F1|-14-13 -13 -9 5 (17 3 1 0O O |-29-28-23-23 -28 (1312 8 11 13|5 -1 0 1 O |-10 -6 -7 -5 -7
L10 SHD|-23-49 -68 -81 -44 |32 34 30 28 35 |-43-39-44-45 -73 |21 29 32 44 50 (14 13 14 14 15 |-4 -9 -16 -11 -11
BSF|-23-23 -23 -16 -13|21 6 2 1 2 |-41-43-37-37 -39 |15 15 12 16 18 |-1 -3 0 -1 O |-15-11-12 -10 -13
F1 |-49 -31 -24 -39 -38 (-45-25 -27 -20 -26 |-38 -42 -12 -18 -23 |-31-21 -12 -17 -20 |-56 -7 -4 -8 -15|-42-36-22 -16 -19
cMIl SHD|-21 -61 -96 -328 -260(-29 -59 -124 -208 -306| 2 6 2 -1 -20 (-8 -20-29 -57 -95 |-11 -4 -5 -46 -107|-4 -35-45 -42 -68
BSF|-59 -40 -23 -30 -29 |-61-35 -33 -28 -39 |-46 -52 -16 -23 -21 |-39-24-12 -12 -9 |-72 -8 -6 -17 -32 |-51-44-26 -15 -8
F1 |-27-22 -15 -24 -24 |nfanf/a nla nfa nla|-24-12 -8 6 -7 |9 -4 -4 -13 -15(-19 1 -3 -3 -6 |-30-22-12 6 -8
cMS SHD|-13 -44 -59 -182 -169|n/fan/a n/fa n/fa nfa|-2 7 0 1 -10|-1 -1 -10-50 -79 |-4 3 -1 -15 -51|-2 -24-26 -16 -30
BSF|-35-28 -15 -17 -15|nfanfa nfa nfa n/a|-30-22-10 -8 -1 |-14 -5 -4 -4 -2 |-26 4 -3 -6 -14|-38-29-15 -5 0
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E

S

ALARM
01 1 10 100 1000

ASIA
01 1 10 100 1000

PATHFINDER
0.1 1 10 1001000

PROPERTY
0.1 1 10 100 1000

SPORTS
0.1 1 10 1001000

FORMED
0.1 1 10 1001000

F1

cML SHD

BSF

-23-19 -17 -24 -23
-6 -32 -57 -169 -153
-31-27 -19 -19 -16

14 -3 -4 -14 19
15 13 -8 -77 -127
25 -7 -5 -15 -22

-33-22 -19 -16 -34
-16 -9 -17 -15 -47
-43 -35 -26 -25 -37

32 -7 -3 -7 -14
-14 -6 -10 -34 -77
41-11 -6 2 -5

13 -7 8 -7 9
8 6 6 -11 -33
-41-14 -11 -13 -20

-26 -27 -17 -7 -9
-1 -27-33 -17 -21
-35-35-22 -9 -8

clS

F1
SHD
BSF

-28 -19 -27 -36 -38
-18 -48 -132 -364 -301
-33-21 -21 -23 -26

n/a n/a nfa n/a nla
n/a nfa nfa nfa nla
n/a nfa nfa nfa nla

-30-24 2 5 -21
5 -1 0 0 -27
-36-31 2 5 -14

-5 -11 -8 -19 -21
-1 -13-28 -98 -112
-10-11 -4 -7 -9

-2 -5 -1 -6 -11
-2 -8 -6 -38 -93
-10-12 -6 -13 -27

-25 -15 -13 -15 -21
-11 -21 -44 -64 -90
28-17 -7 2 -3

clL

F1
SHD
BSF

-30-18 -24 -35 -31
-15 -41 -111 -313 -247
-38-22 -20 -25 -20

-25-24 -22 -28 -29
14 -37 -101 -172 -244
-34-30 -29 -39 -41

-40-35 -9 -13 -31
-21 -16 -18 -13 -51
-50 -46 -14 -20 -28

26 -4 -7 -15 -17
14 -7 -26 -83 -95
346 5 6 -9

-19 -7 0 -1 -10
10 9 14 -4 -45
-32-10 -1 -8 -25

-35-21-17 -16 -23
-16 -27 -51 -64 -92
-39-25-15 -7 -8

cSL

F1
SHD
BSF

3 2 3 4 -1
5 2 -6 -22 1
35 5 5 2

n/a nfa nfa nfa nla
n/a n/a nfa n/a n/a
n/fa nfa nfa nfa nla

-15-23 -12 -14 -17
-15 -14 -16 -17 -30
-21 -33 -20 -22 -22

3 4 2 4 4
0 4 2 9 13
3 3 1 4 4

10 3 1 3 5
15 16 13 24 3
7 3 -2 4 -6

-10 6 -6 -7 -1
-5 -9 -15 -17 -11
-12 -8 -8 8 1

F1

cMISL SHD

BSF

-63 -39 -26 -35 -35
-25 -68 -98 -283 -219
-72-48 -27 -30 -29

-48 -40 -32 -29 -33
-2 -46 -115 -158 -223
-66 -53 -42 -39 -49

-50 -51 -24 -23 -34
-15 -9 -13 -16 -47
-60 -62 -35 -33 -37

-36-18 -11 -16 -21
-13 -18 -35 -57 -105
-46 -24 -14 -14_-15

44-11 1 -11 -14
6 5 10 -31 -77
-60 -17 -5 -23 -38

-42 -43 -28 -20 -19
-5 -43-59 -49 -58
-52 -52 -34 -22 -13
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Table E5. Precision (P), Recall (R), F1, SHD and BSF scores of the algorithms over all experiments cMISL, where F
represents a failed attempt by the algorithm to produce a graph (refer to Appendix C). The results are presented per case
study per sample size n.

Algorithm Data n P R Fl1 SHD BSF IAIgorithm Data n P R F1 SHD BSF
FCI Alarm 0.1k 0.32 0.12 0.18 485 0.11 @ Inter-IAMB Alarm 0.1k 0.33 0.07 0.11 45 0.06
FCI Alarm 1k 0.50 0.42 0.46 37  0.40 M Inter-IAMB Alarm 1k 0.55 0.26 0.35 36.5 0.25
FCI Alarm 10k  0.45 0.61 0.52 415 0.57 @ Inter-IAMB Alarm 10k 0.69 0.48 0.57 29.5 0.47
FCI Alarm 100k 0.35 0.66 0.45 62.5 0.57 W Inter-IAMB Alarm 100k 0.54 0.54 0.54 35,5 0.52
FCI Alarm 1000k F F F F F Inter-IAMB  Alarm 1000k 0.40 0.51 0.45 49 0.46
FCI Asia 0.1k 0.25 0.08 0.13 6.5 0.02 M Inter-IAMB Asia 0.1k 0.33 0.17 0.22 6 0.10
FCI Asia 1k 0.38 0.25 0.30 55 0.18 M Inter-IAMB Asia 1k 0.38 0.25 0.30 55 0.18
FCI Asia 10k 0.39 0.58 0.47 6.5 0.32 W Inter-IAMB Asia 10k 0.44 0.58 0.50 55 0.38
FCI Asia 100k 0.39 0.58 0.47 6.5 0.32 W Inter-IAMB Asia 100k 0.44 0.67 0.53 6 0.40
FCI Asia 1000k 0.31 0.67 0.42 9 0.20 W Inter-IAMB Asia 1000k 0.33 0.67 0.44 9 0.20
FCI Formed 0.1k 0.41 0.13 0.19 138.5 0.12 W Inter-IAMB Formed 0.1k 0.46 0.08 0.14 130.5 0.08
FCI Formed 1k 0.54 0.24 0.33 119.5 0.24 M Inter-IAMB Formed 1k 0.62 0.21 0.31 1155 0.21
FCI Formed 10k 0.47 0.40 0.43 121.5 0.39 W Inter-IAMB Formed 10k 0.55 0.33 0.41 111 0.32
FCI Formed 100k F F F F F Inter-IAMB Formed 100k 0.52 0.42 0.47 115 0.41
FCI Formed 1000k F F F F F Inter-IAMB Formed 1000k 0.48 0.50 0.49 122.5 0.48
FCI Pathfinder 0.1k 0.09 0.02 0.04 274.5 0.01 W Inter-IAMB Pathfinder 0.1k 0.25 0.02 0.03 233.5 0.01
FCI Pathfinder 1k F F F F F Inter-IAMB  Pathfinder 1k 0.32 0.04 0.07 237.5 0.04
FCI Pathfinder 10k F F F F F Inter-IAMB  Pathfinder 10k  0.53 0.05 0.08 221.5 0.05
FCI Pathfinder 100k F F F F F Inter-IAMB  Pathfinder 100k 0.48 0.07 0.12 221 0.06
FCI Pathfinder 1000k F F F F F Inter-IAMB  Pathfinder 1000k 0.43 0.09 0.14 221 0.09
FCI Property 0.1k 0.29 0.11 0.16 33.5 0.09 W Inter-IAMB Property 0.1k 0.50 0.09 0.16 29  0.09
FCI Property 1k 0.65 0.47 0.55 20  0.46 M Inter-IAMB Property 1k 0.63 0.23 0.34 245 0.23
FCI Property 10k 0.48 0.70 0.57 30.5 0.63 W Inter-IAMB Property 10k 0.61 0.34 0.44 23  0.34
FCI Property 100k F F F F F Inter-IAMB  Property 100k 0.61 0.42 0.50 21.5 0.41
FCI Property 1000k F F F F F Inter-IAMB  Property 1000k 0.50 0.41 0.45 24  0.39
FCI Sports 0.1k 0.75 0.23 0.35 10  0.23 W Inter-IAMB Sports 0.1k 0.50 0.12 0.19 115 0.12
FCI Sports 1k 0.71 0.39 0.50 8 0.39 J Inter-IAMB Sports 1k 0.80 0.31 0.44 9 0.31
FCI Sports 10k 050 0.58 0.54 9.5 0.31 W Inter-IAMB Sports 10k 0.70 0.54 0.61 7 0.47
FCI Sports 100k 0.42 0.62 0.50 11 0.22 W Inter-IAMB Sports 100k 0.61 0.65 0.63 7.5 0.45
FCI Sports 1000k 0.32 0.62 0.42 17 -0.19 | Inter-IAMB  Sports 1000k 0.50 0.65 0.57 10.5 0.25

FGES Alarm 0.1k 0.27 0.07 0.11 47 0.06 @ MMHC Alarm 0.1k 0.75 0.07 0.12 43 0.07
FGES Alarm 1k 0.42 0.23 0.30 39.5 0.22 @ MMHC Alarm 1k 0.78 0.28 0.41 335 0.28
FGES Alarm 10k 0.61 0.57 0.59 28,5 0.55 @ MMHC Alarm 10k  0.67 0.49 0.56 29 0.48
FGES Alarm 100k 0.59 0.66 0.62 31.5 0.63 @ MMHC Alarm 100k 0.59 0.50 0.54 34.5 0.48
FGES Alarm 1000k 0.56 0.67 0.61 33  0.63 @ MMHC Alarm 1000k 0.57 0.48 0.52 36.5 0.45

FGES Asia 0.1k 0.25 0.08 0.13 6.5 0.02 @ MMHC Asia 0.1k 1.00 0.33 0.50 4 0.33
FGES Asia 1k 0.38 0.25 0.30 55 0.18 @ MMHC Asia 1k 1.00 0.50 0.67 3 0.50
FGES Asia 10k 0.36 0.42 0.39 55 0.28 @ MMHC Asia 10k  0.57 0.67 0.62 4 0.53
FGES Asia 100k 0.50 0.67 0.57 5 0.47 @ MMHC Asia 100k 0.56 0.75 0.64 45 0.55
FGES Asia 1000k 0.44 0.67 0.53 6 0.40 @ MMHC Asia 1000k 0.56 0.83 0.67 5 0.57

FGES Formed 0.1k 0.46 0.08 0.13 131.5 0.07 @ MMHC Formed 0.1k 0.92 0.13 0.22 1225 0.13
FGES Formed 1k 0.43 0.15 0.23 128.5 0.15 | MMHC Formed 1k 0.81 0.24 0.37 110 0.24
FGES Formed 10k 0.59 0.41 0.48 102 0.40 @ MMHC Formed 10k 0.70 0.40 0.51 98.5 0.39
FGES Formed 100k 0.65 0.57 0.61 88 0.56 @ MMHC Formed 100k 0.63 0.46 0.53 105 0.45
FGES Formed 1000k F F F F F MMHC Formed 1000k 0.66 0.53 0.59 98  0.52
FGES Pathfinder 0.1k 0.29 0.05 0.08 239.5 0.04 @ MMHC Pathfinder 0.1k 0.67 0.02 0.03 228 0.02
FGES Pathfinder 1k 0.20 0.05 0.08 254 0.04 @ MMHC Pathfinder 1k 0.39 0.04 0.08 236 0.04
FGES Pathfinder 10k  0.28 0.13 0.17 269 0.11 @ MMHC Pathfinder 10k  0.88 0.06 0.11 218 0.06
FGES Pathfinder 100k 0.19 0.12 0.14 311 0.10 § MMHC Pathfinder 100k 0.73 0.08 0.14 217.5 0.08
FGES Pathfinder 1000k F F F F F MMHC Pathfinder 1000k 0.73 0.08 0.15 218 0.08
FGES Property 0.1k 0.50 0.13 0.20 28  0.13 § MMHC Property 0.1k 1.00 0.09 0.17 29  0.09
FGES Property 1k 0.44 0.23 0.31 26,5 0.23 @ MMHC Property 1k 0.83 0.31 0.46 22 0.31
FGES Property 10k 0.72 0.56 0.63 19  0.55 @ MMHC Property 10k  0.76 0.45 0.57 19.5 0.45
FGES Property 100k 0.65 0.63 0.64 20  0.60 @ MMHC Property 100k 0.67 0.55 0.60 19.5 0.53
FGES Property 1000k 0.61 0.69 0.65 22  0.65 j MMHC Property 1000k 0.69 0.58 0.63 18.5 0.56
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Algorithm Data n P R F1 SHD BSF Algorithm Data n P R F1 SHD BSF
FGES Sports 0.1k 0.00 0.00 0.00 13  0.00 @ MMHC Sports 0.1k 0.00 0.00 0.00 13  0.00
FGES Sports 1k 0.75 0.23 0.35 10  0.23 @ MMHC Sports 1k 1.00 0.46 0.63 7 0.46
FGES Sports 10k  0.63 0.39 0.48 8 0.39 @ MMHC Sports 10k 1.00 0.62 0.76 5 0.62
FGES Sports 100k 0.55 0.42 0.48 9.5 0.29 § MMHC Sports 100k 0.95 0.73 0.83 3.5 0.73
FGES Sports 1000k 0.50 0.54 0.52 11  0.21 g MMHC Sports 1000k 1.00 0.92 0.96 1 0.92
GFCI Alarm 0.1k 0.27 0.07 0.11 47 0.06 @ NOTEARS Sports 0.1k 0.35 0.27 0.30 13.5 0.00
GFCI Alarm 1k 0.42 0.23 0.30 39.5 0.22 @ NOTEARS Sports 1k 0.36 0.31 0.33 12 0.11
GFCI Alarm 10k 0.57 0.53 0.55 30 0.52 @ NOTEARS Sports 10k 031 031 031 14  -0.03
GFCI Alarm 100k 0.57 0.63 0.60 32.5 0.60 @ NOTEARS Sports 100k 0.31 0.31 0.31 14  -0.03
GFCI Alarm 1000k 0.54 0.64 0.59 34  0.61 @ NOTEARS Sports 1000k 0.31 0.31 0.31 14  -0.03
GFCI Asia 0.1k 0.25 0.08 0.13 6.5 0.02 @PC-Stable  Alarm 0.1k 0.28 0.10 0.15 48,5 0.09
GFCI Asia 1k 0.38 0.25 0.30 55 0.18 @PC-Stable  Alarm 1k 0.61 0.54 0.58 315 0.52
GFCI Asia 10k 0.36 0.42 0.39 55 0.28 @ PC-Stable  Alarm 10k  0.50 0.68 0.58 38.5 0.63
GFCI Asia 100k 0.50 0.67 0.57 5 0.47 @ PC-Stable  Alarm 100k 0.38 0.72 0.50 59.5 0.64
GFCI Asia 1000k 0.39 0.58 0.47 6.5 0.32 @ PC-Stable  Alarm 1000k F F F F F

GFCI Formed 0.1k 0.46 0.08 0.13 131.5 0.07 @ PC-Stable  Asia 0.1k 0.25 0.08 0.13 6.5 0.02
GFCI Formed 1k 0.43 0.15 0.23 128.5 0.15 @ PC-Stable  Asia 1k 0.38 0.25 0.30 55 0.18
GFCI Formed 10k 0.59 0.41 0.48 102 0.40 @ PC-Stable  Asia 10k 0.39 0.58 0.47 65 0.32
GFCI Formed 100k 0.65 0.57 0.61 88.5 0.56 W PC-Stable  Asia 100k 0.39 0.58 0.47 6.5 0.32
GFCI Formed 1000k F F F F F PC-Stable  Asia 1000k 0.31 0.67 0.42 9 0.20
GFCI Pathfinder 0.1k 0.29 0.05 0.08 239.5 0.04 W PC-Stable = Formed 0.1k 0.41 0.13 0.20 139.5 0.13
GFCI Pathfinder 1k 0.20 0.05 0.08 254 0.04 @PC-Stable  Formed 1k 0.58 0.25 0.35 118.5 0.25
GFCI Pathfinder 10k  0.28 0.13 0.17 269 0.11 @ PC-Stable  Formed 10k 0.58 0.49 0.53 109.5 0.48
GFCI Pathfinder 100k 0.18 0.11 0.14 312 0.09 @ PC-Stable @ Formed 100k F F F F F

GFCI Pathfinder 1000k F F F F F PC-Stable ~ Formed 1000k F F F F F

GFCI Property 0.1k 0.50 0.13 0.20 28 0.13 W PC-Stable  Pathfinder 0.1k 0.12 0.03 0.05 271.5 0.02
GFCI Property 1k 0.44 0.23 0.31 26.5 0.23 @ PC-Stable  Pathfinder 1k F F F F F

GFCI Property 10k 0.72 0.52 0.60 185 0.51 W PC-Stable  Pathfinder 10k F F F F F

GFCI Property 100k 0.63 0.61 0.62 20.5 0.58 W PC-Stable  Pathfinder 100k F F F F F

GFCI Property 1000k 0.60 0.67 0.63 22.5 0.63 W PC-Stable  Pathfinder 1000k F F F F F

GFCI Sports 0.1k 0.00 0.00 0.00 13  0.00 @PC-Stable  Property 0.1k 0.36 0.13 0.19 31  0.12
GFCI Sports 1k 0.75 0.23 0.35 10  0.23 @ PC-Stable  Property 1k 0.67 0.50 0.57 20 0.49
GFCI Sports 10k  0.63 0.39 0.48 8 0.39 @ PC-Stable  Property 10k 0.49 0.70 0.58 29.5 0.64
GFCI Sports 100k 0.55 0.42 0.48 9.5 0.29 W PC-Stable Property 100k F F F F F

GFCI Sports 1000k 0.50 0.54 0.52 11  0.21 @ PC-Stable  Property 1000k F F F F F

GS Alarm 0.1k 0.36 0.06 0.10 44.5 0.05 W PC-Stable  Sports 0.1k 0.75 0.23 0.35 10  0.23
GS Alarm 1k 0.60 0.13 0.22 40 0.13 @ PC-Stable  Sports 1k 0.71 0.39 0.50 8 0.39
GS Alarm 10k 0.60 0.20 0.30 39  0.20 @ PC-Stable  Sports 10k  0.53 0.62 0.57 9 0.35
GS Alarm 100k 0.42 0.24 0.31 45  0.22 @PC-Stable  Sports 100k 0.48 0.73 0.58 10.5 0.26
GS Alarm 1000k 0.41 0.30 0.35 45,5 0.28 @ PC-Stable  Sports 1000k 0.34 0.65 0.45 16.5 -0.15
GS Asia 0.1k 0.33 0.17 0.22 6 0.10 @ RFCI-BSC Alarm 0.1k 0.35 0.10 0.16 45.7 0.09
GS Asia 1k 0.38 0.25 0.30 55 0.18 @ RFCI-BSC Alarm 1k 0.53 0.23 0.32 38.2 0.23
GS Asia 10k 0.44 0.58 050 55 0.38 § RFCI-BSC Alarm 10k 0,51 0.50 0.50 35.1 0.48
GS Asia 100k 0.44 0.67 0.53 6 0.40 @ RFCI-BSC Alarm 100k F F F F F

GS Asia 1000k 0.32 0.58 0.41 85 0.18 §RFCI-BSC Alarm 1000k F F F F F

GS Formed 0.1k 0.42 0.07 0.12 134 0.07 @ RFCI-BSC Asia 0.1k 0.33 0.17 0.22 6 0.10
GS Formed 1k 0.53 0.11 0.18 126.5 0.11 @ RFCI-BSC Asia 1k 0.38 0.25 0.30 55 0.18
GS Formed 10k 0.63 0.21 0.32 112.5 0.21 @ RFCI-BSC Asia 10k 051 0.52 0.52 48 0.40
GS Formed 100k 0.59 0.25 0.35 112 0.25 @ RFCI-BSC Asia 100k F F F F F

GS Formed 1000k 0.59 0.28 0.38 109.5 0.28 W RFCI-BSC Asia 1000k F F F F F

GS Pathfinder 0.1k 0.20 0.01 0.02 234 0.01 @ RFCI-BSC Formed 0.1k 0.42 0.08 0.13 133.8 0.08
GS Pathfinder 1k 0.50 0.01 0.01 228.5 0.01 @RFCI-BSC Formed 1k 0.59 0.18 0.28 122 0.18
GS Pathfinder 10k  0.54 0.03 0.06 224 0.03 § RFCI-BSC Formed 10k F F F F F

GS Pathfinder 100k 0.66 0.05 0.09 220.5 0.05 W RFCI-BSC Formed 100k F F F F F

GS Pathfinder 1000k 0.46 0.05 0.09 222 0.05 WRFCI-BSC Formed 1000k F F F F F

GS Property 0.1k 0.38 0.05 0.08 31.5 0.04 W RFCI-BSC Pathfinder 0.1k 0.23 0.03 0.06 245.3 0.03
GS Property 1k 0.79 0.17 0.28 26.5 0.17 @ RFCI-BSC Pathfinder 1k 0.30 0.06 0.10 242.6 0.06
GS Property 10k 0.60 0.19 0.29 26  0.19 W RFCI-BSC Pathfinder 10k F F F F F

GS Property 100k 0.63 0.23 0.34 26.5 0.23 | RFCI-BSC Pathfinder 100k F F F F F
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Algorithm Data n P R F1 SHD BSF Algorithm Data n P R F1 SHD BSF
GS Property 1000k 0.47 0.28 0.35 28  0.26 @ RFCI-BSC Pathfinder 1000k F F F F F

GS Sports 0.1k 0.50 0.04 0.07 125 0.04 @RFCI-BSC Property 0.1k 0.52 0.14 0.22 284 0.13
GS Sports 1k 0.50 0.15 0.24 11  0.15 @ RFCI-BSC Property 1k 0.55 0.16 0.25 27.3 0.16
GS Sports 10k 0.81 0.50 0.62 6.5 0.50 @ RFCI-BSC Property 10k 0.55 0.34 0.42 24.8 0.33
GS Sports 100k 0.44 0.31 0.36 10 0.24 §RFCI-BSC Property 100k F F F F F

GS Sports 1000k 0.54 0.58 0.56 9.5 0.31 W RFCI-BSC Property 1000k F F F F F

H2PC Alarm 0.1k 0.67 0.09 0.16 43  0.09 @ RFCI-BSC Sports 0.k F F F F F

H2PC Alarm 1k 0.74 0.28 0.40 34.5 0.27 @ RFCI-BSC Sports 1k 0.77 0.22 0.34 10.2 0.22
H2PC Alarm 10k F F F F F RFCI-BSC  Sports 10k 0.72 0.26 0.38 9.7 0.26
H2PC Alarm 100k 0.60 0.71 0.65 30 0.68 @ RFCI-BSC Sports 100k F F F F F

H2PC Alarm 1000k 0.51 0.83 0.63 40.5 0.77 @ RFCI-BSC Sports 1000k F F F F F

H2PC Asia 0.1k 0.25 0.08 0.13 6.5 0.02 W SaiyanH Alarm 0.1k 0.29 0.22 0.25 56  0.18
H2PC Asia 1k 0.75 0.50 0.60 4 0.43 @ SaiyanH Alarm 1k 0.47 0.36 0.41 39 0.34
H2PC Asia 10k  0.57 0.67 0.62 4 0.53 W SaiyanH Alarm 10k 0.62 0.57 0.59 31.5 0.55
H2PC Asia 100k 0.56 0.75 0.64 45 0.55 | SaiyanH Alarm 100k 0.58 0.62 0.60 33  0.59
H2PC Asia 1000k 0.56 0.83 0.67 5 0.57 W SaiyanH Alarm 1000k 0.47 0.67 0.55 43  0.62
H2PC Formed 0.1k 0.90 0.12 0.21 124 0.12 @ SaiyanH Asia 0.1k 0.33 0.33 0.33 7 0.13
H2PC Formed 1k F F F F F SaiyanH Asia 1k 0.42 0.42 0.42 55 0.28
H2PC Formed 10k 0.66 0.42 0.52 100 0.42 W SaiyanH Asia 10k 0.36 0.42 0.39 6.5 0.22
H2PC Formed 100k 0.62 0.57 0.59 96  0.56 W SaiyanH Asia 100k 0.57 0.67 0.62 4 0.53
H2PC Formed 1000k 0.59 0.72 0.65 101.5 0.70 W SaiyanH Asia 1000k 0.57 0.67 0.62 4 0.53
H2PC Pathfinder 0.1k 0.63 0.02 0.04 228 0.02 M SaiyanH Formed 0.1k 0.29 0.17 0.22 172 0.16
H2PC Pathfinder 1k 0.53 0.05 0.08 228.5 0.04 W SaiyanH Formed 1k 0.49 0.30 0.38 125.5 0.30
H2PC Pathfinder 10k F F F F F SaiyanH Formed 10k 0.60 0.41 0.49 103 0.41
H2PC Pathfinder 100k 0.71 0.36 0.48 177.5 0.36 W SaiyanH Formed 100k 0.63 0.44 0.52 100 0.44
H2PC Pathfinder 1000k F F F F F SaiyanH Formed 1000k F F F F F

H2PC Property 0.1k 1.00 0.09 0.17 29  0.09 M SaiyanH Pathfinder 0.1k 0.11 0.05 0.07 308 0.03
H2PC Property 1k 0.81 0.33 0.47 21.5 0.33 W SaiyanH Pathfinder 1k 0.34 0.16 0.22 2425 0.15
H2PC Property 10k 0.79 0.52 0.62 17.5 0.51 § SaiyanH Pathfinder 10k  0.32 0.15 0.20 248 0.14
H2PC Property 100k 0.69 0.73 0.71 14.5 0.71 § SaiyanH Pathfinder 100k 0.33 0.16 0.21 246 0.15
H2PC Property 1000k 0.57 0.81 0.67 21 0.76 W SaiyanH Pathfinder 1000k F F F F F

H2PC Sports 0.1k 0.00 0.00 0.00 13  0.00 @ SaiyanH Property 0.1k 0.28 0.22 0.25 41 0.16
H2PC Sports 1k 1.00 0.39 0.56 8 0.39 W SaiyanH Property 1k 0.60 0.47 0.53 24  0.45
H2PC Sports 10k  1.00 0.62 0.76 5 0.62 W SaiyanH Property 10k 0.83 0.67 0.74 135 0.66
H2PC Sports 100k 0.96 0.89 0.92 1.5 0.89 W SaiyanH Property 100k 0.96 0.78 0.86 7 0.78
H2PC Sports 1000k 0.93 1.00 0.96 1 0.93 W SaiyanH Property 1000k 0.98 0.83 0.90 55 0.83
HC Alarm 0.1k 0.50 0.09 0.15 45 0.08 W SaiyanH Sports 0.1k 0.36 0.19 0.25 145 -0.07
HC Alarm 1k 0.68 0.38 0.49 32  0.37 | SaiyanH Sports 1k 1.00 0.54 0.70 6 0.54
HC Alarm 10k 0.66 0.64 0.65 24  0.63 W SaiyanH Sports 10k  1.00 0.62 0.76 5 0.62
HC Alarm 100k 0.57 0.77 0.65 33.5 0.73 | SaiyanH Sports 100k 0.90 0.69 0.78 4 0.69
HC Alarm 1000k 0.43 0.80 0.56 51 0.72 @ SaiyanH Sports 1000k 0.70 0.54 0.61 7 0.47
HC Asia 0.1k 1.00 0.33 0.50 4 0.33 § TABU Alarm 0.1k 0.50 0.09 0.15 45 0.08
HC Asia 1k 1.00 0.50 0.67 3 0.50 § TABU Alarm 1k 0.68 0.38 0.49 32 0.37
HC Asia 10k  0.57 0.67 0.62 4 0.53 § TABU Alarm 10k 0.63 0.63 0.63 25,5 0.62
HC Asia 100k 0.50 0.75 0.60 5.5 0.48 @ TABU Alarm 100k 0.54 0.74 0.63 35,5 0.70
HC Asia 1000k 0.56 0.83 0.67 5 0.57 @ TABU Alarm 1000k 0.43 0.80 0.56 51  0.72
HC Formed 0.1k 0.84 0.15 0.26 121 0.15 @ TABU Asia 0.1k 1.00 0.33 0.50 4 0.33
HC Formed 1k 0.64 0.24 0.35 120 0.24 § TABU Asia 1k 1.00 0.50 0.67 3 0.50
HC Formed 10k 0.62 0.46 0.53 102.5 0.45 @ TABU Asia 10k  0.57 0.67 0.62 4 0.53
HC Formed 100k 0.56 0.64 0.60 107 0.62 @ TABU Asia 100k 0.50 0.75 0.60 5.5 0.48
HC Formed 1000k 0.49 0.75 0.59 134.5 0.72 @ TABU Asia 1000k 0.50 0.75 0.60 5.5 0.48
HC Pathfinder 0.1k 0.65 0.09 0.15 220.5 0.08 @ TABU Formed 0.1k 0.84 0.15 0.26 121 0.15
HC Pathfinder 1k 0.27 0.06 0.10 252.5 0.06 @ TABU Formed 1k 0.66 0.26 0.37 118.5 0.26
HC Pathfinder 10k  0.41 0.20 0.27 248 0.19 @ TABU Formed 10k 0.62 0.46 0.53 102.5 0.45
HC Pathfinder 100k 0.65 0.39 0.49 184.5 0.38 @ TABU Formed 100k 0.58 0.65 0.61 104.5 0.64
HC Pathfinder 1000k 0.66 0.51 0.58 167 0.50 @ TABU Formed 1000k 0.49 0.76 0.60 132 0.73
HC Property 0.1k 0.86 0.19 0.31 26  0.19 @ TABU Pathfinder 0.1k 0.65 0.09 0.15 220.5 0.08
HC Property 1k 0.79 0.47 0.59 18 0.47 @ TABU Pathfinder 1k 0.27 0.06 0.10 253.5 0.06
HC Property 10k 0.65 0.61 0.63 18.5 0.59 § TABU Pathfinder 10k  0.41 0.20 0.27 248 0.19
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HC Property 100k 0.47 0.67 0.55 28.5 0.61 @ TABU Pathfinder 100k 0.65 0.39 0.49 184.5 0.38
HC Property 1000k 0.35 0.70 0.47 44,5 0.58 @ TABU Pathfinder 1000k 0.66 0.52 0.58 164.5 0.51
HC Sports 0.1k 0.00 0.00 0.00 13  0.00 § TABU Property 0.1k 0.86 0.19 0.31 26  0.19
HC Sports 1k 1.00 0.46 0.63 7 0.46 @ TABU Property 1k 0.79 0.47 0.59 18 0.47
HC Sports 10k 1.00 0.62 0.76 5 0.62 @ TABU Property 10k 0.73 0.64 0.68 155 0.63
HC Sports 100k 0.96 0.96 0.96 0.5 0.96 @ TABU Property 100k 0.47 0.70 0.56 28.5 0.64
HC Sports 1000k 0.93 1.00 0.96 1 0.93 § TABU Property 1000k 0.37 0.73 0.49 43.5 0.62
ILP Alarm 0.1k 0.40 0.18 0.25 47 0.16 § TABU Sports 0.1k 0.00 0.00 0.00 13  0.00
ILP Alarm 1k 0.67 0.39 0.49 30.5 0.38 @ TABU Sports 1k 0.75 0.35 0.47 85 0.35
ILP Alarm 10k 0.72 0.72 0.72 205 0.71 @ TABU Sports 10k 0.88 0.54 0.67 6 0.54
ILP Alarm 100k 0.43 0.64 0.52 45 0.59 @ TABU Sports 100k 0.85 0.85 0.85 2 0.85
ILP Alarm 1000k 0.34 0.63 0.45 59.5 0.56 @ TABU Sports 1000k 0.79 0.85 0.82 3 0.78
ILP Asia 0.1k 0.25 0.08 0.13 6.5 0.02 @ WINASOBS Alarm 0.1k 0.50 0.04 0.08 44 0.04
ILP Asia 1k 0.50 0.33 0.40 5 0.27 W WINASOBS Alarm 1k 0.65 0.34 0.45 335 0.34
ILP Asia 10k 0.64 0.75 0.69 3.5 0.62 @ WINASOBS Alarm 10k 0.74 0.59 0.65 23.5 0.58
ILP Asia 100k 0.50 0.67 0.57 5 0.47 W WINASOBS Alarm 100k 0.48 0.59 0.53 37.5 0.55
ILP Asia 1000k 0.50 0.75 0.60 5.5 0.48 @ WINASOBS Alarm 1000k 0.69 0.48 0.57 27.5 0.47
ILP Formed 0.1k 0.34 0.14 0.20 150.5 0.13 @ WINASOBS Asia 0.1k 0.00 0.00 0.00 6 0.00
ILP Formed 1k 0.60 0.25 0.35 117.5 0.24 B WINASOBS Asia 1k 0.50 0.17 0.25 5 0.17
ILP Formed 10k  0.55 0.41 0.47 109 0.41 B WINASOBS Asia 10k 0.58 0.58 0.58 45 0.45
ILP Formed 100k 0.46 0.54 0.49 132.5 0.52 @ WINASOBS Asia 100k 0.50 0.58 0.54 45 0.45
ILP Formed 1000k F F F F F WINASOBS Asia 1000k 0.44 0.67 0.53 6 0.40
ILP Pathfinder 0.1k 0.16 0.08 0.11 305.5 0.06 W WINASOBS Formed 0.1k 0.72 0.05 0.09 133.5 0.05
ILP Pathfinder 1k 0.26 0.07 0.12 256 0.07 @ WINASOBS Formed 1k 0.56 0.18 0.27 122 0.18
ILP Pathfinder 10k  0.36 0.17 0.23 256.5 0.16 W WINASOBS Formed 10k 0.57 0.35 0.44 105.5 0.35
ILP Pathfinder 100k 0.36 0.18 0.24 259.5 0.17 @ WINASOBS Formed 100k 0.54 0.44 0.49 109 0.43
ILP Pathfinder 1000k F F F F F WINASOBS Formed 1000k 0.54 0.32 0.40 106.5 0.32
ILP Property 0.1k 0.81 0.20 0.33 25.5 0.20 @ WINASOBS Pathfinder 0.1k 0.36 0.03 0.06 234.5 0.03
ILP Property 1k 0.74 0.39 0.51 21.5 0.38 @ WINASOBS Pathfinder 1k 0.25 0.05 0.08 250.5 0.04
ILP Property 10k 0.85 0.69 0.76 12  0.68 W WINASOBS Pathfinder 10k  0.38 0.15 0.22 249 0.14
ILP Property 100k 0.53 0.73 0.62 24.5 0.68 @ WINASOBS Pathfinder 100k 0.75 0.29 0.42 182.5 0.29
ILP Property 1000k 0.44 0.78 0.56 35 0.69 B WINASOBS Pathfinder 1000k F F F F F
ILP Sports 0.1k 1.00 0.15 0.27 11  0.15 @ WINASOBS Property 0.1k 0.50 0.03 0.06 31  0.03
ILP Sports 1k 1.00 0.39 0.56 8 0.39 @ WINASOBS Property 1k 0.62 0.33 0.43 235 0.32
ILP Sports 10k  1.00 0.62 0.76 5 0.62 @ WINASOBS Property 10k 0.91 0.63 0.74 12  0.63
ILP Sports 100k 0.88 0.81 0.84 2.5 0.81 W WINASOBS Property 100k 0.71 0.75 0.73 15 0.73
ILP Sports 1000k 0.82 0.89 0.85 2.5 0.82 @ WINASOBS Property 1000k 0.74 0.58 0.65 13.5 0.58
WINASOBS Sports 0.1k 0.00 0.00 0.00 13  0.00
WINASOBS Sports 1k 0.70 0.27 0.39 95 0.27
WINASOBS Sports 10k 0.88 0.54 0.67 6 0.54
WINASOBS Sports 100k 0.83 0.77 0.80 3 0.77
WINASOBS Sports 1000k 0.86 0.92 0.89 2 0.86
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Table E6. The averaged minimum and maximum scores for each case study and sample size n combination, as determined by each of the three metrics over all 15
algorithms, and averaged across the 15 noisy experiments. Note that a higher SHD score indicates lower performance. The minimums and maximums are based on all
the experiments shown in Table 11 that do not include a failure F.

BSF
Prop Alar
0.07 0.08
0.16 0.17
0.20 0.24
0.29 0.32
0.37 0.38
0.42 0.40
0.62 0.67
0.81 0.78
0.78 0.81
0.80 0.81

Min/Max
performance | n
Min | 0.1k
1k
10k
100k
1000k
0.1k
1k
10k
100k
1000k

F1
Alar
0.13
0.26
0.34
0.41
0.46
0.42
0.72
0.77
0.75
0.70

SHD
Asia Spor Prop Alar
7.3 157 358 501
58 13.1 26.2 40.7
58 132 252 39.9
7.3 132 236 433
9.8 142 289 46.2
48 113 194 379
35 6.3 124 203
32 56 87 185
34 02 94 2438
25 09 91 273

Asia
0.11
0.29
0.44
0.36
0.26
0.37
0.55
0.70
0.72
0.78

Path
0.01
0.01
0.03
0.06
0.07
0.11
0.16
0.26
0.45
0.57

Asia
0.22
0.41
0.53
0.50
0.47
0.53
0.69
0.77
0.78
0.80

Path
0.03
0.03
0.06
0.10
0.12
0.18
0.22
0.33
0.52
0.61

Path
345.8
271.6
283.4
311.9
115.3 202.4
120.6 211.5
89.8 207.0
75.1 199.8
73.9 1754
103.6 153.5

Form
0.07
0.15
0.25
0.25
0.28
0.23
0.47
0.66
0.77
0.81

Form
193.6
120.7
107.7
110.2

Form
0.12
0.24
0.36
0.35
0.38
0.32
0.56
0.68
0.70
0.66

Spor
0.00
0.20
0.34
0.34
0.34
0.32
0.72
0.75
0.99
0.97

Prop
0.12
0.25
0.31
0.40
0.47
0.54
0.72
0.84
0.81
0.82

Spor
-0.03
0.10
0.13
0.13
0.12
0.21
0.56
0.61
0.99
0.95

Max

Table E7. Relative overall performance of the algorithms for each case study and sample size n combination, as determined by each of the three metrics, and over the
15 noisy experiments. The performance is measured relative to the min/max values depicted in Table E6. An F represents at least one failed attempt by the algorithm
to produce a graph for the particular case study and sample size combination (refer to Appendix C).

F1 SHD BSF
Algorithm n |Asia  Spor Prop Alar Form Path |Asia Spor Prop Alar Form Path |Asia Spor Prop Alar Form Path
FClI| 0.1k | 1% 100% 34% 65% 55% 26% | 18% 100% 53% 81% 90% 82% | 0% 100% 31% 45% 47% 23%
1k | 7% @ 57% 58% 73% 54% 15% 65% 40% 63% 55% 62% 70% 50%
10k | 0% @ 57% 72% T7% 48% 0% 73% 44% 53% 31% 85% 83% 51%
100k | 8% @ 48% 60% 7% @ 32% 0% 76%
1000k | 9% @ 30% % 0%
FGES| 0.1k | 37% 33% 31% 62% 44% 49% | 56% 52% 53% 78% | 94% 86% | 42% 39% 29% 46% 38% 48%
1k | 32% 48% 58% 70% 54% 66% | 41% 53% 48% 64% 62% 35% | 43% 51% 60% 69% 51% 56%
10k | 29% 29% 68% 77% 74% 43% | 54% 53% 51% 71% 72% | 0% | 36% 49% 67% 75% 70% 43%
100k | 41% 26% 70% 84% 84% 61% 28% 37% 93% 76% 52% 27% 81% 78% 71%
1000k | 35% 36% 58% | 90% 51% 31% 42% 93% 45% 29% 75% T77%
GFCl| 0.1k | 37% 33% 31% 58% 44% 51% | 56% 52% 53% 78% | 94% 87% | 42% 39% 29% 42% 38% 49%
1k | 33% 48% 58% 71% 52% 62% | 46% 53% 48% 67% 59% 36% | 46% 51% 60% 68% 48% 53%
10k | 31% 29% 66% 77% 72% 43% | 58% 53% 50% 73% 74% | 1% | 39% 49% 65% T74% 66% 42%
100k | 43% 26% 67% 87% 80% 15% | 63% 28% 38% 100% 75% | 0% | 54% 27% 77% 78% 67% 18%
1000k | 33% 37% 56% . 94% IS S 50% 33% 44% | 100% 43% 31% T72% 7%
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F1 SHD BSF
Algorithm | n Prop Alar Form Path | Asia Spor Prop Alar Form Path | Asia Spor Prop Alar Form Path
GS| 0.1k 24% 53% 40% 47% 80%
1k 24%
10k 52% 50%
100k 34% 24% 32%
1000k 39% 35% 44% 53% 35%
H2PC | 0.1k 69% 69% 51% 61% = F F
1k 69% 67% F 48% F F
10k 81% 81% F F F F
100k 67% 79% S 79% IS
1000k 52% 2% F F
HC| 0.1k 54% | 90% 39% 48% 65%
1k 74% 76% 76% 73%
10k 62% 75% 70% 80%
100k 51% @ 87% 81%
1000k 37% 75% 81%
ILP | 0.1k 73%
1k | 77% 89%
10k | 83% 70%
100k 88% 72% 79%
1000k 84% 56% 51%
Inter-IAMB | 0.1k 17% 24%
1k 40% 20% 34% 34% 42% 33% 35% 90% 39% 18% 29% 30% 19%
10k 44% 41% 51% 39% 59% 36% 48% 32%  93% | 58% 38% 45% 36%
100k 43% 42% 58% 59% 40% 40% 70% 41% 81% 41% 42% 54% 51%
1000k 41% 50% 72% 69% 35% 61% 72% 35% 57% 67% 57%
MMHC | 0.k | 72% 33% 18% 45% 76% 32% | 82% 52% 56% 80% 69% 39% 26% 60% @ 27%
1k M 53% 56% 77% 54% | 85% - 48% 54%  87% 86% 90% 44% 43% 62% 38%
10k 53% 63% 81% 29% | 85% 47% 85% 87% 99% 43% 51% 66% 19%
100k | 85% 77% 61% 60% 78% 70% 71% 61% 68% 83% | 81% 70% 55% 44% 57%
1000k | 71% 66% 65% 49%  89% 75% 69% 88% 65% 38%
NOTEARS | 0.1k | n/a n/a n/a n/a n/a na  31% n/a na 39% nla n/a n/a n/a
k| nfa  27% nla n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a
10k | n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a
100k | n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a
1000k | n/a n/a n/a n/a n/a n/a n/a n/a n/a n/a | n/a n/a n/a n/a n/a
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F1 SHD BSF
Algorithm | n Asia Spor Prop Alar Form Path | Asia Spor Prop Alar Form Path | Asia Spor Prop Alar Form Path
PC-Stable | 0.1k | 1% 98% 37% 68% 59% 31% | 18% 90% 56%  87% 91% 87% 89% 34% 47% 51% 28%
1k | 16% 68% 60% 81% 65% 22% T72% 43% T71% 65% 23% T0% 65% T7% 59%
10k | 34% 60% 76% 76% 68% 25% 73% 48% 52% 56% 35% T77% 89% 82% 66%
100k | 25%  38% 70% 19% 25% 11% 29%  32% 85%
1000k | 15%  29% 10% 17% 7%
RFCI-BSC | 0.1k | 13% 28% 60% 46% 27% | 28% 51% 75% 92% 87% | 13% 24% 43% 39% 24%
1k | 19% 22% 56% 37% 26% 17% 49% 36% 25% 22% 54% 32%
10k | 21% 32% 41% 18% 23% 31%
100k
1000k
SaiyanH | 0.1k | 61% 74% 52% 82% 71% 64% 29% 41% 46% | 46% | 0% | 58% 69% 83% 70%
1k | 39% 74% 63% 62% 71% [100% 2% 21% 32% 27% 0% | 45% T72% 4% 67% 80% | 100%
10k | 46% 78% 83% T74% T75% 74% | 42% T7% 76% 54% 69% 21% | 52% 80% 84% 80% 70% 78%
100k | 75% 73% | 100% 87% 87% 96% 73% 100% 89% 100% 85% T72% ' 100% 86% 66%
1000k [100% 71% [100% 96% 100% 78% 100% 87% 100% 75% 96% 87%
TABU| 0.1k |100% 33% 55% 85% 94% 98% |100% 52% 62% . 94% 75% 91% [100% 39% 48% 62% | 95% 98%
1k | 74% 92% 75% 74% 100% 95% | 63%  94% 66% 68% | 98% 42% | 81% 93% 76% 72% 100% 85%
10k | 90% 81% 67% 75% 100% 99% | 85% 85% 52% 61%  100% 58% | 91% 84% 73% 80%  100% 100%
100k | 71%  94% 56% |[100% 100% 100% | 61% | 96% 6% 93% 69% '100% 74% 95% 85%  100% 100% 100%
1000k | 59% 90% 68% 78% 100% 99% | 41% 92% 31% 23% 7% 99%  59% 92% 100% 97% 100% 100%
WINASOBS | 0.1k | 19% | 0% 25% 47% 52%  88% | 51% 32% 46% 71%  91% 100% | 27% 14% 20% 30% 45% = 90%
1k | 16% 65% 63% 62% 52% 73% | 37% 68% 55% 58% 57% 60% | 21% 66% 63% 55% 47% 60%
10k | 69% 84% 77% 93% 59% 80% |100% 90% 75% [400% 59% 64% | 69%  89% T74% 84% 56% 73%
100k | 89% 87% 76% 73% 72% 83% |100% 89% 56% 75% 58% | 99% | 89% 89% 93% 74% 66% 73%
1000k | 56%  92% 46% 27% 60% | 95% 69% 49% 63% | 94% 54% 30%
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