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1. Introduction

A central issue in all higher-dimensional theories is compactification. Various mecha-

nisms have been proposed and the general idea is to construct vacuum spacetimes of

M4×X geometry, where M4 is 4D Minkowski spacetime and X is a compact internal

space. In string theory for example, one way of constructing appropriate vacua is

to look for classical supergravity solutions. As supergravity is the low-energy limit

of string theory, supergravity solutions describe accordingly low-energy string vacua.

There will be α′–corrections as well as string-loop corrections to these solutions but,

nevertheless, these solutions will still be valid in some appropriate limits. These

– 1 –



vacua are constructed by solving the classical field equations with appropriate fields

turned on. Usually such fields are antisymmetric p–forms as well as various scalars

like the dilaton, axion etc., which appear in almost all supergravity theories. The

four-dimensional Plank mass MP is proportional to the volume V (X) of X

M2
P = M8

s V (X) , (1.1)

where M2
s ∼ 1/α′ is the string-mass scale. Propagating gravity therefore exists in

four dimensions if the volume of X is finite. This is always the case for a smooth

compact space X.

It should be stressed, however, that non-compact spaces may also be employed.

Such spaces have been considered in the Kaluza-Klein programme [1],[2],[3]. Adopt-

ing the proposal of a non-compact internal space, we are facing a new problem. A

smooth non-compact space has infinite volume so that the four-dimensional Planck

mass M2
P will be infinite. As a result, gravitational interactions will be actually

higher-dimensional and not four-dimensional as we want. The solution here is to

assume that the non-compact space has finite volume. In this case we expect singu-

larities and several pathologies like continuous spectra, violation of conservation laws

for energy, momentum, angular momentum etc. caused by possible leakage from the

singular points. Thus, in order for our proposal to be viable, all these pathologies

should be avoided.

This is the case, for example, in the tear-drop solution [1],[2]. In this solution,

the scalars of the type IIB supergravity are non-vanishing and the 10D spacetime

is compactified to a space diffeomorphic to the SU(1,1)
U(1)

scalar manifold. This com-

pactification is triggered by a non-trivial scalar field configuration. The spacetime

develops a naked singularity which, however, is harmless and does not lead to any

physically unacceptable situation as all physical quantities, like energy, momentum

and angular momentum are conserved. It should be noted that a similar solution

is also the stringy cosmic string where, in addition, the non-perturbative SL(2,Z)

symmetry of type IIB is employed for the compactification [4].

Here, we will show that tear-drop-like solutions are actually quite generic, using

D = 9, 8, 7 minimal supergravities as a concrete example. The supergravities un-

der consideration contain numerous scalar fields, combinations of which may trigger

compactifications of the sort described in the preceding paragraph. Adopting a con-

venient parameterization of the scalar sector of these theories in terms of solvable

Lie algebras, we can write the scalar Lagrangian and the equations of motion of

the theory in a compact form. We can then identify solutions of the equations of

motion, in which the non-vanishing scalars form SL(2,R)
U(1)

submanifolds of the original

scalar manifold, inducing tear-drop-like compactifications. To be specific, there are

singular and non-singular solutions. The former are like the tear-drop [1],[2], while

the latter are like the stringy cosmic string [4]. Moreover, in the case of D = 8 su-

pergravity, there is also a compactification to 4D, achieved by two vector multiplets
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coupled to the supergravity multiplet. The compactifications found preserve half the

supersymmetries of the original theory in all cases.

In the following section 2, in order to set up our notation, we introduce an

appropriate parametrization for the M spaces. In section 3, we briefly review the

D = 9, 8, 7 minimal supergravities and, after deriving the field equations with scalar

fields turned on, we present their solutions. In section 4, we discuss the supersym-

metric properties of the solutions. Finally, in section 5, we comment on our findings.

2. Scalar Coset Manifolds in Minimal Supergravities

The scalar fields of minimal supergravities coupled to matter inD = 9, 8, 7, 5, 4 (apart

from the dilaton contained in the supergravity multiplet), parameterize non-compact

coset manifolds of SO(10−D,n)
SO(10−D)×SO(n)

type1. To see how these manifolds arise, we first

note that in these theories the supergravity multiplet contains 10 − D vector fields

while the vector multiplet contains 10−D scalars. These two types of fields carry in-

dices of the R-symmetry group of the supersymmetry algebra which, for the specific

dimensions, is isomorphic to SO(10 −D). By combining the supergravity multiplet

with n vector multiplets, the total 10−D+n vectors fall into the defining represen-

tation of SO(10 −D, n), so that the latter is identified as a global symmetry group

of the theory. On the other hand, the theory describing the n(10 − D) real scalars

from the vector multiplets is invariant under SO(n) rotations between the scalars

of the same R-symmetry index in different multiplets as well as under SO(10 − D)

R-symmetry rotations within each vector multiplet. Therefore, the scalar manifold,

i.e. the space of inequivalent points parameterized by the scalars, is the coset space

M = SO(10−D,n)
SO(10−D)×SO(n)

. The scalar isometry group SO(10 − D, n) is a non-compact

real form of Dℓ (for 10 −D + n = 2ℓ) or of Bℓ (for 10 −D + n = 2ℓ+ 1).

Here, we will first review the parameterizations of scalar cosets in both the coset-

manifold and the group-manifold approaches. Using the second approach, we will

then give the general form of the scalar Lagrangian. Finally, we will specialize to the
SO(10−D,n)

SO(10−D)×SO(n)
coset spaces for the dimensions D = 9, 8, 7 and we will discuss the

further simplifications that occur in the structure of the scalar Lagrangian.

2.1 The coset and the group manifold approaches

Consider a general non-compact coset manifold M = G/H , where G is some group

associated with a non-compact real form gnc of a complex Lie algebra g and H is its

subgroup associated with the maximal compact subalgebra h of gnc. Such a manifold

admits two different descriptions, which we will outline below.

The first is the usual coset-manifold description, based on the Cartan decomposi-

tion gnc = h⊕k, where k is the non-compact complementary subspace of h within gnc;

1In the special case D = 5, there are actually more possibilities for the scalar manifold.
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this subspace is not an algebra. In this description, a coset representative is defined

as LK = Exp(k) with k ∈ k. Since k is not an algebra, LK is not a group element but,

in general, includes an H–valued part. This description is the usual one employed

in the construction of supergravity theories. In particular, the decomposition of the

Maurer-Cartan form of a coset representative into an h–valued and a k–valued part

gives the composite connections and the composite coset vielbeins respectively in a

form that may be directly used in the supersymmetry transformation laws. However,

the explicit form of the scalar Lagrangian in this description is quite complicated.

The second description is the group-manifold description, which is based on

solvable Lie algebras[5, 6]. This description is based on the Iwasawa decomposition[6]

which ensures that, for any non-compact real form gnc of g, there exists a solvable

Lie algebra Solv(gnc) such that gnc may be decomposed as the direct sum gnc =

h⊕ Solv(gnc). The solvable Lie algebra is constructed as follows. We first consider a

Cartan-Weyl basis for the generators of g, denoting the ℓ generators of the Cartan

subalgebra a by {HI} and the positive-root generators by {EA}; the set of the positive

roots is denoted as Φ+. The solvable Lie algebra is then given by the direct sum

Solv(gnc) = anc ⊕ n. (2.1)

Here anc is the non-compact part of the Cartan subalgebra a of g,

anc = a ∩ k, (2.2)

generated by an appropriate subset {Hi} of the Cartan generators and n is the algebra

which is constructed from the set {Eα} of the positive-root generators of g that do

not commute with all Hi’s according to the relation

n = (
∑

α∈∆+

Eα) ∩ gnc, (2.3)

where ∆+ is the subset of Φ+ containing the positive roots associated with {Eα}.
The intersection symbol in (2.3) denotes that the {Eα} should be arranged in suitable

linear combinations that belong to the non-compact real form gnc. We note that,

in the special case where G is a split group (i.e. where M = G/H is maximally

non-compact), the solvable Lie algebra of gnc coincides with its Borel subalgebra

generated by all HI ’s and all EA’s; in the case of G = SO(10 −D, n), this happens

only when n = 10 − D or n = 10 − D ± 1. In the group-manifold description, a

coset representative is defined as LS = Exp(s) with s ∈ Solv(gnc) and, unlike the

case in the coset-manifold description, it is an element of Solv(gnc), since the latter

is an algebra (for a given point P ∈ M, the representatives LS(P ) and LK(P ) are

equivalent up to a right-multiplication by an element of H). Specifically, the Iwasawa

decomposition implies that a general element g ∈ G can be uniquely decomposed as

g = Exp(h) Exp(a) Exp(n); h ∈ h, a ∈ anc, n ∈ n. (2.4)
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As a result, g can be written as the product of elements obtained by exponentiation

of the maximal compact subalgebra h, the non-compact Cartan subalgebra anc and

the subalgebra n associated with the positive roots in ∆+. According to this decom-

position, a coset representative is obtained from (2.4) by discarding the H–valued

factor and is thus given by

LS = Exp(a) Exp(n); a ∈ anc, n ∈ n. (2.5)

The advantage of the group-manifold description of the scalar coset in supergravity

theories is that, unlike the coset-manifold description, it leads to a natural one-to-one

correspondence between the scalar fields of the theory with the generators {Hi} and

{Eα} which form an algebra. For that reason, the explicit form of the scalar coset

Lagrangian simplifies considerably through the use of group-theoretical methods.

The application of solvable Lie algebras in supergravity has been extensively studied

in [7],[8],[9],[10],[11].

2.2 The scalar Lagrangian

Here, we will review the construction of scalar coset sigma-model Lagrangians us-

ing the group-manifold approach; the detailed procedure can be found e.g. in

[12],[13],[14],[15]. According to the remarks of the previous paragraph, one may

use the Iwasawa decomposition (2.5) to parameterize a coset representative. In the

context of a sigma model, the Lie-algebra-valued quantities a ∈ anc and n ∈ n are

taken to be functions of the spacetime coordinates xM . They can be expressed in

terms of the fields {φi(x)} (dilatons, corresponding to {Hi}) and {χα(x)} (axions,

corresponding to {Eα}) as follows

a(x) =
1

2
φi(x)Hi, n(x) = χα(x)Eα. (2.6)

So, the Iwasawa decomposition reads

L = e
1
2
φiHieχαEα. (2.7)

We stress again that the root-space generators {Eα} are in fact restricted to enter

(2.6) and (2.7) only through the appropriate linear combinations that belong to the

chosen real form of the isometry algebra. This does not alter at all the discussion

that follows.

The Lagrangian of the sigma model coupled to gravity is expressed in terms of

L by

e−1 Ls = −1

4
Tr
[
(∂MLL

−1)(∂MLL−1)# + (∂MLL
−1)(∂MLL−1)

]
, (2.8)

where, “#” denotes the generalized transpose, defined as the transformation induced

by the Cartan involution on the group elements. It is easily shown [12] that the
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Maurer-Cartan form appearing in (2.8) has the explicit form

∂MLL
−1 =

1

2
∂Mφ

iHi + e
1
2
αiφi

F α
MEα, (2.9)

with αi the i-the component of the root α. Also, F α
M is the field strength associated

with χα, given by [14]

F α
M = ∂Mχ

α +
1

2!
(χγCα

γβ)∂Mχ
β +

1

3!
(χγCα

γε)(χ
δCε

δβ)∂Mχ
β + . . . (2.10)

where Cγ
αβ are the structure constants in [Eα, Eβ ] = Cγ

αβEγ , i.e Cγ
αβ = Nα,β if α+β =

γ and zero otherwise. Using the parameterization (2.9), one can show that the scalar

Lagrangian takes the simple form

e−1 Ls = −1

4

∑

i

(∂Mφ
i)2 − 1

2

∑

α

eαiφi

(F α
M)2, (2.11)

where we employed a normalization with TrHiHj = 2δij and TrEαE−α = 2.

2.3 The
SO(10−D,n)

SO(10−D)×SO(n)
scalar coset

After this general discussion, let us specialize to the SO(10−D,n)
SO(10−D)×SO(n)

case of interest;

here we will always assume that n > 10−D. To construct the Dℓ or Bℓ root vectors

associated with SO(10 −D, n), we define ǫi as the ℓ–dimensional vector whose i–th

element is unity with all other elements zero. Then, the positive roots of Dℓ or Bℓ

are given by

ǫi ± ǫj ; i < j = 1, . . . ℓ,

ǫi ; i = 1, . . . ℓ (only for Bℓ). (2.12)

and so the associated generators are Eǫi±ǫj
and Eǫi

.

To construct the solvable Lie algebra, we choose our conventions so that the non-

compact Cartan generators {Hi} of anc are given by {Hǫi
}, i = 1, . . . , 10 −D. The

generators of the nilpotent subalgebra n are then found by considering the subset

of the generators {Eǫi±ǫj
, Eǫi

} that do not commute with all of the Hi’s and taking

appropriate linear combinations that belong to the non-compact real form of Dℓ or

Bℓ appropriate for the space of interest. Explicit constructions will be shown below.

In what follows, we will further specialize to the cases of interest, namely D =

9, 8, 7. In particular, we will apply the above procedure to construct the solvable

Lie algebra and then, examining its structure, we will see how the scalar Lagrangian

simplifies.

• D = 9. In the D = 9 case, corresponding to SO(1,n)
SO(n)

, there is only one non-

compact Cartan generator which, in our conventions is taken to be

Hǫ1. (2.13)
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The generators of the solvable algebra are then given by the positive-root gen-

erators [11], which already belong to the so(1, n) real form

Eǫ1+ǫi
, Eǫ1−ǫi

; i = 2, . . . ℓ

Eǫ1, (only for Bℓ), (2.14)

In this case, the structure of the scalar Lagrangian is very simple. Indeed, all

structure constants associated with positive-root generators vanish,

Cα
βγ = 0, (2.15)

and so the field strengths (2.10) are simply F α
M = ∂Mχ

α.

• D = 8. In the D = 8 case, the scalar coset manifold is SO(2,n)
SO(2)×SO(n)

, with n > 2.

There are two non-compact Cartan generators which can be chosen as

Hǫ1, Hǫ2. (2.16)

The generators of the solvable algebra are then given by the positive-root gen-

erators

Eǫ1+ǫ2, Eǫ1−ǫ2,

Eǫ1 , Eǫ2, (only for Bℓ), (2.17)

that are already in the so(2, n) real form, plus the linear combinations [10],[11]

1√
2
(Eǫ1+ǫi

+ Eǫ1−ǫi
), − i√

2
(Eǫ1+ǫi

− Eǫ1−ǫi
); i = 3, . . . ℓ,

1√
2
(Eǫ2+ǫi

+ Eǫ2−ǫi
), − i√

2
(Eǫ2+ǫi

− Eǫ2−ǫi
); i = 3, . . . ℓ. (2.18)

To see the simplifications that occur regarding the coset Lagrangian, we are

finding that the only nonzero structure constants Cα
βγ(2.10) are given by

Cǫ1±ǫi

ǫ1−ǫ2,ǫ2±ǫi
, Cǫ1+ǫ2

ǫ1±ǫi,ǫ2∓ǫi

Cǫ1+ǫ2
ǫ1,ǫ2

, Cǫ1
ǫ1−ǫ2,ǫ2 (only for Bℓ). (2.19)

It follows then that the only nonzero terms of Eq. (2.10) quadratic in the

structure constants involve the combinations

Cǫ1+ǫ2
ǫ2±ǫi,ǫ1∓ǫi

Cǫ1∓ǫi

ǫ1−ǫ2,ǫ2∓ǫi
, Cǫ1+ǫ2

ǫ2∓ǫi,ǫ1±ǫi
Cǫ1±ǫi

ǫ2±ǫi,ǫ1−ǫ2,

Cǫ1+ǫ2
ǫ2,ǫ1

Cǫ1
ǫ1−ǫ2,ǫ2, Cǫ1+ǫ2

ǫ2,ǫ1
Cǫ1

ǫ2,ǫ1−ǫ2 (only for Bℓ), (2.20)

and that terms of cubic or higher order vanish since there are no available

indices to contract; this implies that, in this case, Eq. (2.10) actually contains

no further terms. The important fact that we will need later on is that there

are no nonzero structure constants with ǫ1 + ǫ2 as a lower index.
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• D = 7. In the D = 7 case, the scalar coset manifold is SO(3,n)
SO(3)×SO(n)

, with n > 3.

There are three non-compact Cartan generators which can be chosen as

Hǫ1, Hǫ2, Hǫ3. (2.21)

In a similar manner as before, the solvable generators are given by the positive-

root generators

Eǫ1+ǫ2, Eǫ1−ǫ2, Eǫ1+ǫ3, Eǫ1−ǫ3 , Eǫ2+ǫ3, Eǫ2−ǫ3,

Eǫ1, Eǫ2, Eǫ3 , (only for Bℓ), (2.22)

and the combinations [11]

1√
2
(Eǫ1+ǫi

+ Eǫ1−ǫi
), − i√

2
(Eǫ1+ǫi

− Eǫ1−ǫi
); i = 4, . . . ℓ,

1√
2
(Eǫ2+ǫi

+ Eǫ2−ǫi
), − i√

2
(Eǫ2+ǫi

− Eǫ2−ǫi
); i = 4, . . . ℓ,

1√
2
(Eǫ3+ǫi

+ Eǫ3−ǫi
), − i√

2
(Eǫ3+ǫi

− Eǫ3−ǫi
); i = 4, . . . ℓ. (2.23)

In this case, the structure of the Lagrangian is more complicated since there

exist structure-constant combinations of cubic and quartic (in the Dℓ case)

order. As in the previous case, no nonzero structure constants with an ǫ1 + ǫ2
lower index arise.

3. Scalar-induced compactifications in D = 9, 8, 7 minimal su-

pergravities

As stated in the intruduction, the mechanism of scalar-induced compactification

admits generalizations to supergravities of diverse dimensions. In this section, we

demonstrate the existence of such solutions for the case of the minimal supergravities

in D = 9, 8, 7. We start by discussing the basic aspects of these minimal supergrav-

ities. Next, we use the parameterization of the previous section to write down the

field equations for a vacuum configuration containing only gravity and scalars. Fi-

nally, we show that these equations are consistent with a particular ansatz for the

scalars and we present the resulting solutions. Having described the basic aspects of

the scalar coset manifolds, w will describe next the general aspects of the D = 9, 8, 7

supergravities of interest.

3.1 Minimal supergravities in D = 9, 8, 7

3.1.1 D = 9 supergravity

The field content of the massless representations of the D = 9, N = 2 supersymmetry

algebra consists of the following multiplets

Supergravity multiplet : (gMN , BMN , AM , σ, ψM , χ),

Vector multiplet : (AM , ϕ, λ). (3.1)
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where all spinors are pseudoMajorana. A general D = 9, N = 2 supergravity theory

is constructed by combining the supergravity multiplet with n vector multiplets.

This leads to the reducible multiplet

(gMN , BMN , A
I
M , ϕ

ᾱ, σ, ψM , χ, λ
ā). (3.2)

where ᾱ = 1, . . . , n labels the scalars, ā = 1, . . . , n labels the gauginos and I =

1, . . . , n + 1 labels the vectors (here, we employ barred indices, e.g. ᾱ, in order to

avoid confusion with the indices appearing in section 2).

As mentioned before, the n scalars ϕᾱ parameterize the non-compact coset man-

ifold SO(1,n)
SO(n)

(more precisely, they parameterize the space Hn = SO0(1,n)
SO(n)

, which is

the upper sheet of a hyperboloid). To parameterize the scalar coset, one introduces

a coset representative L = {L A
I } given by (n + 1) × (n + 1) matrix in the vector

representation2 (here, A is the curved index analog to I). The inverse matrix, given

by L−1 = {L I
A }, satisfies

L I
A L B

I = δ B
A . (3.3)

The elements of L and its inverse can be decomposed as

L A
I =

(
LI , L

ā
I

)
, L I

A =
(
LI , L I

ā

)
. (3.4)

Also, L satisfies the SO(1, n) orthogonality condition

ηABL
A

I L B
J = ηIJ , (3.5)

where ηAB = ηIJ = diag(−1,+1, . . . ,+1) is the SO(1, n) invariant tensor. A quantity

of interest constructed out of L is the tensor

aIJ = LILJ + L ā
I L

ā
J , (3.6)

which contracts I and J so as to yield a ghost-free kinetic term for the vectors.

To construct scalar kinetic terms and covariant derivatives in the coset-manifold

approach, one considers the Maurer-Cartan form3 of L, given by ∂MLL
−1. This

matrix-valued one-form decomposes into the coset vielbein P ā
M and the SO(n)

composite connection Q b̄
Mā . In the standard vector representation of SO(1, n), this

decomposition has the form

∂MLL
−1 =

(
0 P ā

M

PMā Q
b̄

Mā

)
, (3.7)

2In the coset-manifold approach, the usual choice is to combine the n scalars into a column

vector Φ and define L = exp

(
0 Φ

ΦT 0

)
.

3Note that, due to the particular parameterization of the coset, we have to use right-invariant

Maurer-Cartan forms instead of the left-invariant ones usually employed in the supergravity liter-

ature.
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The Lagrangian of the theory was first constructed in [17]. Its bosonic part is

given by

e−1L =
1

2
R− 1

12
e2σG2

MNP − 1

4
eσaIJF

I
MNF

JMN − 7

16
(∂Mσ)2 − 1

4
P ā

M PM
ā (3.8)

where the field strengths GMNP and F I
MN are defined as

GMNP = 3
(
∂[MBNP ] + ηIJF

I
[MNA

J
P ]

)
, F I

MN = 2∂[MA
I
N ]. (3.9)

3.1.2 D = 8 supergravity

The massless representations of the D = 8, N = 1 supersymmetry algebra form the

following multiplets

Supergravity multiplet : (gMN , BMN , A
ī
M , σ, ψM , χ),

Vector multiplet : (AM , ϕ
ī, λ). (3.10)

where all spinors are pseudoMajorana and the index ī = 1, 2 refers to the SO(2)

R-symmetry group. A general D = 8, N = 1 supergravity theory is constructed

by combining the supergravity multiplet with n vector multiplets. This leads to the

reducible multiplet

(gMN , BMN , A
I
M , ϕ

ᾱ, σ, ψM , χ, λ
ā). (3.11)

where ᾱ = 1, . . . , 2n labels the scalars, ā = 1, . . . , n labels the gauginos and I =

1, . . . , n+ 2 labels the vectors.

The 2n scalars ϕᾱ parameterize the non-compact coset manifold SO(2,n)
SO(2)×SO(n)

.

The coset representative L and its inverse, now given by (n+ 2) × (n+ 2) matrices,

are defined in a similar manner as before, they can be decomposed as

L A
I =

(
L ī

I , L
ā

I

)
, L I

A =
(
L I

ī , L
I

ā

)
. (3.12)

They satisfy the orthogonality condition

ηABL
A

I L B
J = ηIJ , (3.13)

where ηAB = ηIJ = diag(−1,−1,+1, . . . ,+1) is the SO(2, n) invariant tensor. The

tensor needed for the contraction of I and J in the vector kinetic term is now

aIJ = L ī
I L

ī
J + L ā

I L
ā

J (3.14)

To proceed, we consider the Maurer-Cartan form of L, which contains the coset

vielbein P ā
Mī and the SO(2) and SO(n) composite connections Q j̄

Mī
and Q b̄

Mā . In

the vector representation, the decomposition has the form

∂MLL
−1 =

(
Q j̄

Mī
P ā

M ī

P ī
Mā Q b̄

Mā

)
, (3.15)
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For later convenience, it is also useful to define the quantities

P̂Mā ≡ P 1
Mā + iγ(9)P

2
Mā , QM ≡ Q 2

M1 . (3.16)

The Lagrangian of the theory was first constructed in [18]. Its bosonic part is

given by

e−1 L =
1

2
R− 1

12
e2σG2

MNP − 1

4
eσaIJF

I
MNF

JMN − 3

8
(∂Mσ)2 − 1

2
P ā

M īP
M ī

ā , (3.17)

with the field strengths GMNP and F I
MN defined as in (3.9).

3.1.3 D = 7 supergravity

The field content of the massless representations of the D = 7, N = 2 supersymmetry

algebra consists of the following multiplets

Supergravity multiplet : (gMN , BMN , A
ī

M j̄, σ, ψ
ī
M , χ

ī),

Vector multiplet : (AM , ϕ
ī
j̄ , λ

ī). (3.18)

where all spinors are symplectic Majorana and the index ī = 1, 2 labels the funda-

mental representation of the Sp(1) ∼= SU(2) ∼= SO(3) R-symmetry group. A general

D = 7, N = 2 supergravity theory is constructed by combining the supergravity

multiplet with n vector multiplets. This leads to the reducible multiplet

(gMN , BMN , A
I
M , ϕ

ᾱ, σ, ψī
µ, χ

ī, λāī), (3.19)

where ᾱ = 1, . . . , 3n labels the scalars, ā = 1, . . . , n labels the gauginos, and I =

1, . . . , n + 3 labels the vectors resulting from the combination of A ī
µ j̄

and Aā
µ. Our

notation and conventions are as in [19],[20].

The 3n scalars ϕᾱ parameterize the non-compact coset space SO(3,n)
SO(3)×SO(n)

. Its

representative L and its inverse are (n+ 3)× (n+ 3) matrices, they are decomposed

as

L A
I =

(
L ī

I j̄ , L
ā

I

)
, L I

A =
(
L j̄I

ī
, L I

ā

)
, (3.20)

and they satisfy

ηABL
A

I L B
J = ηIJ , (3.21)

with ηAB = ηIJ = diag(−1,−1,−1,+1, . . . ,+1).

The Maurer-Cartan form of L contains the coset vielbein P j̄
Māī

and the SO(3)

and SO(n) composite connections Q j̄
Mī

and Q b̄
Mā . The decomposition is as follows

∂MLL
−1 =

(
Q j̄

Mī
P ā̄i

M j̄

P j̄
Mā̄i

Q b̄
Mā

)
. (3.22)

We note that here we have followed the usual conventions by replacing the SO(3)

vector index X̄ = 1, 2, 3 naturally appearing in the vector representation, by a pair
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of symmetric SO(3) spinor (or Sp(1) fundamental) indices īj̄. The transformation

between the two types of notation will be shown and utilized in §4.3.

The bosonic Lagrangian of the theory [21] is given by

e−1L =
1

2
R − 1

12
e2σG2

MNP − 1

4
eσaIJF

I
MNF

JMN − 5

8
(∂Mσ)2 − 1

2
P āī

M j̄P
M j̄

ā ī
. (3.23)

3.2 Field equations

Our next task is to derive and solve the field equations, which follow from the

D = 9, 8, 7 dimensional Lagrangians (3.8,3.17,3.23), respectively. We will assume

a configuration where the only nonzero fields besides gravity are the scalars ϕᾱ. Em-

ploying the decomposition ϕᾱ = (φi, χα) of section 2, and appropriately writing the

scalar Lagrangian as

e−1 Ls = −1

8

ℓ∑

i=1

(∂Mφ
i)2 − 1

4

∑

α

eαiφ
i

(F α
M)2, (3.24)

one easily sees that the non-trivial equations of motion, inD = 9, 8, 7 are the Einstein

equation

RMN =
1

4

ℓ∑

i=1

∂Mφ
i∂Nφ

i +
1

2

∑

α

eαiφ
i

F α
MF

α
N , (3.25)

the scalar equations for φi,

2φi =
∑

α

αie
αiφ

i

(F α
M)2, (3.26)

and the scalar equations for χα,

∇M(eαiφi

F αM) =
∑

β−γ=−α

Nβ,−γe
γiφi

F β
MF

γM . (3.27)

Next, we will proceed with finding an appropriate embedding of an SL(2,R)
U(1)

sub-

manifold in the scalar cosets. The embedding proceeds by finding a subset (h, e+)

of the solvable Lie algebra generators (or suitable linear combinations) so that the

closed set (h, e+, e−), with e− being the negative-root generator corresponding to e+,

is normalized so as to satisfy the sl(2,R) algebra. For the SO(2, n) and SO(3, n)

cases, it is known that such a set is given by (α ·H,Eα) where α can be any of the

long roots; for the SO(1, n) case, this requires a minor modification. The SL(2,R)
U(1)

sub-

manifold will then be parameterized by the two fields that correspond to h and e+.

For the three cases under consideration, the explicit embeddings are shown below.

• D = 9. In the D = 9 case, the desired embedding in SO(1, n)/SO(n) is found

by observing that the generators

h = 2Hǫ1, e± = E±(ǫ1+ǫ2) + E±(ǫ1−ǫ2), (3.28)
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satisfy the sl(2,R) algebra

[h,e±] = ±2e±, [e+, e−] = h. (3.29)

The fields φ and χ parameterizing the SL(2,R)
U(1)

submanifold are the fields along

h and e+ respectively, namely φ ≡ 1
2
φ1 and χ ≡ 1

2
(χǫ1+ǫ2 + χǫ1−ǫ2). In this

case, it is readily shown that the scalar field equations are consistent with the

configuration

φi = 0 except φ(x) =
1

2
φ1(x)

χα = 0 except χ(x) =
1

2

(
χǫ1+ǫ2(x) + χǫ1−ǫ2(x)

)
, (3.30)

i.e., with a configuration where all fields except φ and χ are zero. This can

be seen by recalling that, in this particular case, all structure constants Cα
βγ

vanish. It follows that (i) all axion field strengths are simply F α
M = ∂Mχ

α and

(ii) there are no nonzero Nβ,−γ’s on the RHS of (3.27) since that would require

that α + β = γ i.e. that there exists a nonzero Cγ
αβ for some γ. So, the RHS

of (3.27) is identically zero for all α and thus one is allowed to set any axion

fields to zero.

• D = 8. In this case, the desired embedding in SO(2,n)
SO(2)×SO(n)

is identified by

noticing that the generators

h = Hǫ1 +Hǫ2 = Hǫ1+ǫ2, e± = E±(ǫ1+ǫ2), (3.31)

satisfy the sl(2,R) algebra. The fields parameterizing the SL(2,R)
U(1)

subspace are

accordingly given by φ ≡ 1
2
(φ1 +φ2) and χ ≡ χǫ1+ǫ2; the field strength of χ will

be denoted as FM . Similarly to the D = 9 case, to show that the configuration

φi = 0 except φ(x) =
1

2

(
φ1(x) + φ2(x)

)

χα = 0 except χ(x) = χǫ1+ǫ2(x) (3.32)

where only φ and χ are nonzero is consistent with the equations of motion,

we proceed as follows. Recalling that there are no no nonzero structure con-

stants with lower index ǫ1 + ǫ2, we immediately see that the only field strength

containing χ is FM and has the form

FM = ∂Mχ + . . . (3.33)

where the omitted terms are independent of χ. It follows that, for our con-

figuration, we have FM = ∂Mχ and F α6=ǫ1+ǫ2 = 0. Using these facts, we first
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consider the equation of motion (3.26) for the second dilaton φ′ = 1
2
(φ1 − φ2).

It is easily seen that the RHS of this equation vanishes,

1

2

∑

α

(α1 − α2)e
αiφi

(F α
M)2 =

1

2
[(ǫ1 + ǫ2)1 − (ǫ1 + ǫ2)2]e

2φ(FM)2 = 0, (3.34)

and so this equation is consistent with φ′ = 0. Second, we consider the equation

of motion (3.27) for the axions χα6=ǫ1+ǫ2. For our configuration, the LHS of

this equation equals zero. The only possible case in which the RHS would be

nonzero is the case where β = γ = ǫ1 + ǫ2 so that the combination (FM)2 would

appear; however, this would require that α = −(β − γ) = 0 which cannot be

satisfied. Therefore, the configuration under consideration satisfies the scalar

equations of motion.

• D = 7. In this last case, the embedding of SL(2,R)
U(1)

in SO(3,n)
SO(3)×SO(n)

is again given

by the generators h and e± of (3.31) and it is parametrized by the associated

fields φ ≡ 1
2
(φ1 + φ2) and χ ≡ χǫ1+ǫ2.

Again, the configuration (3.32) is consistent with the equations of motion. For

φ′ and χα6=ǫ1+ǫ2, the proof proceeds exactly as before. As for the extra dilaton

φ3 present in this case, the same reasoning leading to Eq. (3.35) implies that

the RHS of the corresponding equation of motion is given by

∑

α

α3e
αiφi

(F α
M )2 = (ǫ1 + ǫ2)3e

2φ(FM)2 = 0, (3.35)

and so it is again consistent to set φ3 = 0.

3.3 The solution

As we have seen, the configurations (3.30),(3.32) in D = 9 and D = 8, 7, respectively

are consistent with the scalar field equations. It remains now to solve the Einstein

equations (3.25), as well as the equations (3.26,3.27) for the remaining scalars φ, χ.

By assembling φ and χ into the complex combination

τ = τ1 + i τ2 = χ+ i e−φ, (3.36)

the Einstein and scalar field equations may be written as

RMN =
1

4τ 2
2

(∂Mτ∂N τ̄ + ∂M τ̄ ∂Nτ) (3.37)

and

∇2τ − 2∂Mτ∂
Mτ

τ̄ − τ
= 0, (3.38)

respectively. To solve these equations, we split the spacetime coordinates as (xµ, ym)

where xµ, µ = 0, . . . , D−3 parametrize a (D−2)–dimensional spacetime and ym, m =
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1, 2 parametrize a two-dimensional surface. Writing the internal coordinates ym in

the complex basis (z, z̄), we use the ansatz

ds2
D = gµνdx

µdxν + e2Ω(z,z̄)dzdz̄, τ = τ(z, z̄) (3.39)

where the scalars depend only on the internal coordinates. The scalar equation (3.38)

for this ansatz is written as

∂∂̄τ − 2∂τ∂̄τ

τ − τ̄
= 0, (3.40)

and is thus solved for any holomorphic (antiholomorphic) τ = τ(z)
(
τ(z̄)

)
. Passing

to the Einstein equation, its (µν) components are given by

Rµν = 0, (3.41)

which implies that we may take the (D−2)–dimensional spacetime to be Minkowski

spacetime. As for the (mn) components of the Einstein equation, they lead, for

holomorphic τ , to the equation

−2∂∂̄Ω =
∂τ∂̄τ̄

4τ 2
2

, (3.42)

which is solved by

Ω =
1

2
ln τ2 + f(z) + f̄(z̄), (3.43)

where f(z) can be any holomorphic function. Thus, the solution for the metric and

the scalars reads

ds2
D = ηµνdx

µdxν + dσ2 , dσ2 = τ2(z, z̄)|F (z)|2dzdz̄, τ = τ(z), (3.44)

where F (z) = exp
(
f(z)

)
. Note that, for any holomorphic τ = τ(z), there exists a

corresponding 2D metric dσ2 (3.44), which may be singular or non-singular.

3.3.1 Singular solutions

A homomorphic τ , which leads to a singular solution is [22]

τ = i
Rb + izb

Rb − izb
. (3.45)

This field gives rise to the 2D metric

dσ2 =

(
1 −

∣∣∣
z

R

∣∣∣
2b
)
dzdz̄ (3.46)

after choosing F (z) = 1 for the metric to be regular around z = 0. This solution,

for b = 1, reduces to the tear-drop [1],[2] and it is singular at |z| = R where it

has a naked singularity. However, the singularity is harmless since it does not lead

to any physically unacceptable situation. It can be proven for example that energy,

momentum and angular momentum are conserved [1],[2], whereas, it may be relevant

for the solution of the cosmological constant problem [22]. Moreover, the volume of

the singular transverse space is finite, which leads to finite 4D Planck constant and

thus to conventional 4D gravitational interactions.
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3.3.2 Non-singular solutions

There are also non-singular solutions to the equations (3.40,3.42). For the construc-

tion of these solutions, we recall that the field equations (3.37,3.38) are invariant

under the SL(2,R) transformation

τ → aτ + b

cτ + d
, ad− cb = 1 , (3.47)

for real a, b, c, d. In fact, the symmetry is reduced to the modular group SL(2,Z),

when non-perturbative effects are taken into account. To proceed, we note that the

energy per unit (D−2)–volume is

E = − i

2

∫
d2z∂∂̄ ln τ2 . (3.48)

In order to find finite energy solutions one has to restrict τ to the fundamental

domain of SL(2,Z) [4]. Then, τ has discontinuous jumps done by the SL(2,Z)

transformations τ → τ + 1 as we go around the singularities at z = zi. These

jumps and the requirement of holomorphicity imply that, near the location of the

singularities, we must have

τ ≃ 1

2π i
ln(z − zi) . (3.49)

The energy in this case is indeed finite and it turns out to be proportional to the

volume of the fundamental domain F1,

E =
π

6
n , (3.50)

where n is the number of times the z-plane covers F1.

Since the fundamental domain of SL(2,Z) is mapped to the complex sphere in

the j–plane through the modular j–function, we may express the solution for τ as

the pull-back of j(τ). Thus we may write

j(τ) =
P (z)

Q(z)
, (3.51)

where P (z), Q(z) are polynomials of degree p and q, respectively. If p ≤ q, j ap-

proaches a constant value as |z| → ∞ and n = q in this case. There exist q points

at which Q(z) has zeroes and these points are singular. As has been shown in [23],

there are singularities at the zeroes of P (z) as well, which an be avoided however,

by choosing P (z) = const..

Recalling now that SL(2,Z) is generated by

τ → −1

τ
, τ → τ + 1 , (3.52)
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the metric (3.44) is clearly not modular invariant. However, we may use the freedom

to choose the holomorphic function F (z) to make the metric non-degenerate as well

as modular invariant. These two conditions specify F (z) to be

F (z) = η(τ)2
n∏

i=1

(z − zi)
−1/12 , (3.53)

where η(τ) = q1/24
∏

r>0(1 − qr) is Dedekind’s η–function (q = e2πiτ ). Then, the

metric turns out to be

ds2
D = ηµνdx

µdxν + τ2η(τ)
2η̄(τ̄)

∣∣∣
n∏

i=1

(z − zi)
−1/12

∣∣∣
2

dzdz̄ . (3.54)

The asymptotic form of (3.54) is

ds2
D ∼ ηµνdx

µdxν + (zz̄)−n/12dzdz̄ , (3.55)

and one recognizes a deficit angle δ = πn/6. With n = 12 strings the deficit angle

becomes δ = 2π and the transverse space is asymptotically a cylinder while n = 24

strings produce a deficit angle δ = 4π and the transverse space is a compact S2. As

a result, the τ–field configurations defined implicitly by

j(τ(z)) =

24∏

i=1

1

z − zi
(3.56)

compactifies the D-dimensional space-time toMD−2×S2 with metric given in eq.(3.54)

for n = 24.

We should mention here that there are some special cases which may further

compactify MD. For example, one may consider two vector multiplets coupled to

the gravity multiplet in D = 8 supergravity. In this case, the scalar manifold is
SO(2,2)

SO(2)×SO(2)
, which is actually SL(2,R)

U(1)
× SL(2,R)

U(1)
. Then, in this case, compactification

to four dimensions may be achieved and theD = 8 vacuum is of the formM4×S2×S2

with metric

ds2
D = ηµνdx

µdxν (3.57)

+τ2η(τ)
2η̄(τ̄ )

∣∣∣
n∏

i=1

(z − zi)
−1/12

∣∣∣
2

dzdz̄ + σ2η(σ)2η̄(σ̄)
∣∣∣

n∏

i=1

(w − wi)
−1/12

∣∣∣
2

dwdw̄ .

where τ, σ parametrize the two SL(2,R)
U(1)

factors of the scalar manifold and z, ware the

complex coordinates on the transverse 4D space.

4. Supersymmetry

The last issue we intend to address is how many of the supersymmetries of the original

theories are preserved in our scalar-induced compactifications. In what follows, we
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will show that the compactification of the D = 9, 8, 7 theories preserve one half of

the initial supersymmetries, leading to effective theories with D = 7, N = 2, D = 6,

N = 1 and D = 5, N = 2 supersymmetry respectively.

4.1 D = 9

In the D = 9 case, all we need to do is consider the gravitino variation which, in a

background where all fields except gravity and τ are zero, is given by

δψM = ∇Mǫ = (∂M + ωM)ǫ, (4.1)

where4 ωM ≡ 1
4
ωMABγ

AB. Due to the specific form of the metric in (3.44), the only

non-trivial spin-connection terms are ωm. Using conformal flatness of the internal

metric, we find

ωm =
1

2
γ n

m ∂nΩ , (4.2)

and, thus, for

γ78ǫ = − i ǫ (4.3)

we get for the gravitino shifts

δψz =

(
∂ +

1

2
∂Ω

)
ǫ, δψz̄ =

(
∂̄ − 1

2
∂̄Ω

)
ǫ. (4.4)

It easy to see that the vanishing of the gravitino shift δψz̄ specify ǫ+ to be

ǫ+ = e
1
2
Ωǫ0 (4.5)

where ǫ0 is a constant spinor. Then, δψz is then non-vanishing and the solution pre-

serves half of the supersymmetries. It can easily be checked that δψz is normalizable

as it should.

4.2 D = 8

To check supersymmetry of our compactification in the D = 8 case, we have to con-

sider the non-trivial supersymmetry variations of the fields. These are the variation

of the gravitino, which now has the form

δψM = DMǫ =

(
∂M + ωM − i

2
QM

)
ǫ, (4.6)

and the variation of the gauginos, given by

δλā = − i

2
ΓM P̂Māǫ, (4.7)

4Here and in what follows, the flat-space gamma matrices are denoted as γA and the curved-space

gamma matrices are denoted as ΓM = eM

A
γA.
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where QM and P̂Mā are given in (3.16). To check whether the above equations

are satisfied in our background, we have to compute ωm, Qm and P̂ma (since all µ

components vanish). Regarding the spin connection, we find

ωz =
i

2
γ67∂Ω, ωz̄ = − i

2
γ67∂̄Ω. (4.8)

Regarding Qm and P̂mā, they may be read off from the Maurer-Cartan form in the

standard SO(2, n) basis according to (3.15). To this end, we take for definiteness the

two non-compact Cartan generators of SO(2, n) as Hǫ1 = T13 and Hǫ2 = T24, where

(TIJ)KL ≡ δIKδJL + δILδJK . In this basis, the generators Hǫ1+ǫ2 and Eǫ1+ǫ2 are given

by [6],[10]

Hǫ1+ǫ2 =




0 0 1 0 · · ·
0 0 0 1 · · ·
1 0 0 0 · · ·
0 1 0 0 · · ·
...

...
...

...
. . .



, Eǫ1+ǫ2 =

1

2




0 −1 0 1 · · ·
1 0 −1 0 · · ·
0 −1 0 1 · · ·
1 0 −1 0 · · ·
...

...
...

...
. . .



. (4.9)

Inserting the above expressions into (2.9), now given by ∂MLL
−1 = 1

2
∂MφHǫ1+ǫ2 +

eφ∂MχEǫ1+ǫ2, we find the Maurer-Cartan form

∂MLL
−1 =

1

2




0 −eφ∂Mχ ∂Mφ eφ∂Mχ 0 · · ·
eφ∂Mχ 0 −eφ∂Mχ ∂Mφ 0 · · ·
∂Mφ −eφ∂Mχ 0 eφ∂Mχ 0 · · ·
eφ∂Mχ ∂Mφ −eφ∂Mχ 0 0 · · ·

0 0 0 0 0 · · ·
...

...
...

...
...

. . .




. (4.10)

From this expression, we read off the SO(2) connection

Qm = −1

2
eφ∂mχ = −∂mτ1

2τ2
, (4.11)

and the vielbein

P̂m1 = − i

2τ2
(γ(9)∂mτ1 − i ∂mτ2) , P̂m2 =

1

2τ2
(∂mτ1 − i γ(9)∂mτ2). (4.12)

Using the above expressions, we can determine the supersymmetry of the back-

ground. Starting from the gravitino variation (4.6), we write its z and z̄ components

as

δψz =

(
∂+

i

4

∂τ1 + γ67∂τ2
τ2

+
i

2
γ67∂f

)
ǫ, δψz̄ =

(
∂̄+

i

4

∂̄τ1−γ67∂̄τ2
τ2

− i

2
γ67∂̄f̄

)
ǫ(4.13)
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Unlike the previous case, both components of the gravitino variation can be made

to vanish for nontrivial ǫ. Indeed, we immediately see that, if ǫ is subject to the

condition

γ67ǫ = − i ǫ, (4.14)

then the SO(2) connection cancels the τ2–dependent part of the spin connection for

holomorphic τ . Then, the variation (4.13) vanishes if ǫ is given by

ǫ = e− i f2(z,z̄)ǫ0, (4.15)

where ǫ0 is a constant spinor subject to (4.14) and f2(z, z̄) = Im f(z). Turning to

the gaugino variation (4.7), we note that the supersymmetry spinor ǫ satisfies

γ(9)ǫ = ǫ. (4.16)

Then, noticing that (4.14) implies that (γ6 − i γ7)ǫ = 0, we easily find that the

gaugino variation vanishes as well,

δλ1̄ = − 1

4τ2
Γm∂mτ̄ ǫ = 0, δλ2̄ = − i

4τ2
Γm∂mτ̄ ǫ = 0. (4.17)

The constraint imposed by (4.14) on the spinor ǫ projects out half its components

and amounts to a chirality projection. To see this, we note that the 8D and 6D

chirality operators γ(9) and γ(7) are related by

γ(9) = − i γ(7)γ
67, (4.18)

so that Eq. (4.16) is equivalent to a chirality projection in 6D,

γ(7)ǫ = −ǫ. (4.19)

Therefore, the background (3.44) preserves half the supersymmetries of the original

theory, leading to a chiral 6D effective theory with N = 1 supersymmetry.

4.3 D = 7

Let us finally check the supersymmetry of our compactification in the D = 7 case.

Here, the non-trivial supersymmetry variations of the fields are given by the gravitino

variation

δψMī = DM ǭi = (∂M + ωM)ǭi +
1

2
Q j̄

Mī
ǫj̄ , (4.20)

and the gaugino variation

δλāī = i
√

2ΓMP j̄
Māī

ǫj̄. (4.21)
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Proceeding as before, we find the spin connection ωz = i
2
γ56∂Ω. Passing employing

a basis where Hǫ1 = T24 and Hǫ2 = T35, we find the Maurer-Cartan form

∂MLL
−1 =

1

2




0 0 0 0 0 0 · · ·
0 0 −eφ∂Mχ ∂Mφ eφ∂Mχ 0 · · ·
0 eφ∂Mχ 0 −eφ∂Mχ ∂Mφ 0 · · ·
0 ∂Mφ −eφ∂Mχ 0 eφ∂Mχ 0 · · ·
0 eφ∂Mχ ∂Mφ −eφ∂Mχ 0 0 · · ·
0 0 0 0 0 0 · · ·
...

...
...

...
...

...
. . .




. (4.22)

From this, we can immediately read off the SO(3) connection and the vielbein in the

forms Q̃ Ȳ
mX̄

and P̃ X̄
mā that involve the triplet index X̄ = 1, 2, 3 for SO(3) (the use

of this index is emphasized by the tildes). We find

Q̃ 3̄
m2̄ = −Q̃ 2̄

m3̄ = −∂mτ1
2τ2

(4.23)

and

P̃ 2̄
m1̄ = P̃ 3̄

m2̄ = −∂mτ2
2τ2

, P̃ 3̄
m1̄ = −P̃ 2̄

m2̄ = −∂mτ1
2τ2

(4.24)

To insert these expressions in the supersymmetry transformations (4.20) and (4.21),

we have to switch from the triplet notation to the doublet notation. For this, we use

the transformations

Q j̄
mī

=
i

2
ǫX̄Ȳ Z̄(σX̄) j̄

ī
Q̃ Ȳ Z̄

m , P j̄
māī

=
1√
2
P̃ X̄

mā (σX̄) j̄
ī
, (4.25)

which yield

Q 2̄
m1̄ = Q 1̄

m2̄ = i
∂mτ1
2τ2

, (4.26)

and

P 1̄
m1̄1̄ = −P 2̄

m1̄2̄ = − ∂mτ1

2
√

2τ2
, P 2̄

m1̄1̄ = −P 1̄
m1̄2̄ = i

∂mτ2

2
√

2τ2
,

P 1̄
m2̄1̄ = −P 2̄

m2̄2̄ = − ∂mτ2

2
√

2τ2
, P 2̄

m2̄1̄ = −P 1̄
m2̄2̄ = − i

∂mτ1

2
√

2τ2
. (4.27)

Using the above expressions, we can determine the supersymmetry of the back-

ground. Indeed, considering the gravitino shifts (4.20) we find that, δψMī = 0 if the

spinors ǫ1̄ and ǫ2̄ are subject to the condition

γ56ǫ1̄ = − i ǫ2̄. (4.28)

Then the SO(3) connection cancels the τ2–dependent part of the spin connection

for holomorphic τ . The resulting equations form a system of coupled differential

equations whose solution is concisely written as

ǫ1̄ = eγ56f2(z,z̄)ǫ0,1̄, ǫ2̄ = eγ56f2(z,z̄)ǫ0,2̄, (4.29)
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where ǫ0,1̄ and ǫ0,2̄ are constant spinors satisfying (4.28). Then, it can easily be shown

that the gaugino shifts vanish as well. Noting that the condition (4.28) implies that

γ6ǫ1̄,2̄ = − i γ5ǫ2̄,1̄ and using holomorphicity of τ , one sees that this variation vanishes

as well. For example, for δλ1̄1̄, we find

δλ1̄1̄ = − i

2τ
3/2
2

[
γ5(∂5τ1ǫ1̄ − i ∂5τ2ǫ2̄) + γ6(∂6τ1ǫ1̄ − i ∂6τ2ǫ2̄)

]

= − i

2τ
3/2
2

γ5 [(∂5τ1 − ∂6τ2)ǫ1̄ − i(∂6τ1 + ∂5τ2)ǫ2̄]

= − i

2τ
3/2
2

γ5
[
(∂̄τ + ∂τ̄ )ǫ1̄ − (∂̄τ − ∂τ̄ )ǫ2̄

]
= 0, (4.30)

and similarly for the other gauginos.

The condition (4.28), correlating the two symplectic-Majorana 7D supersym-

metry spinors, again halves their degrees of freedom. So, the background (3.44)

preserves half the supersymmetries of the original theory, leading to a 5D effective

theory with N = 2 supersymmetry.

5. Conclusions

In this work, we have shown how scalars may trigger compactification of D = 9, 8

and D = 7 supergravities. This has previously be shown to work for the tear-drop

solution [1],[2] in 10D type IIB supegravity. In this case, the complex scalar of

type IIB theory, which parametrize SL(2,R)
U(1)

is used to curl up two of the space-time

coordinates leading to an internal space diffeomorphic to the scalar manifold. There

is a naked singularity in this construction, which however is harmless as it does not

lead to any violation of conservation laws. In other words, although the presence of

the singularity is annoying, there is no any leakage of energy, momentum, or angular

momentum through it. Moreover, the volume of the transverse external space is finite

leading to a finite 4D Planck mass and, consequently, to conventional 4D gravity.

Here, we studied a similar possible mechanism for the case of higher-dimensional

supergravities. The compactification mechanism we were after is triggered by the

many scalars which exist in higher-dimensional supergravities. We have consid-

ered D = 9, 8, 7 minimal supergravities coupled to vector multiplets. The vector

multiplets contain scalars which, together with the scalars of the gravity multiplet,

form scalar manifolds of the general form SO(10−D,n)
SO(10−D)×SO(n)

in the presence of n vec-

tor multiplets. We have shown here that there are solutions to the supergravity

field equations where all but two of the scalars are non zero. These two non-trivial

scalars parametrize the SL(2,R)
U(1)

coset. We then presented solutions which are either

singular, like the tear-drop prototype [1],[2], or non-singular like the stringy-cosmic

string [4]. The latter compactify spacetime into MD−2 ×S2, where for the particular
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case of D = 8 with two vector multiplets, compactification to M4 × S2 × S2 may be

achieved. Finally, we have shown that these compactifications are supersymmetric.
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