View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

arXiv:hep-th/0507010v1 1 Jul 2005

provided by DSpace at NTUA

Preprint typeset in JHEP style - HYPER VERSION hep-th/0507010|

Scalar-Induced Compactifications in Higher
Dimensional Supergravities

Alex Kehagias and Constantina Mattheopoulou

Department of Physics, National Technical University of Athens,
GR-15773 Zografou, Athens, Greece

ABSTRACT: We discuss compactifications of higher dimensional supergravities which
are induced by scalars. In particular, we consider vector multiplets coupled to the
supergravity multiplet in the case of D = 9,8 and D = 7 minimal supergravities.
These vector multiplets contain scalars, which parametrize coset spaces of the general
form SO(10—D,n)/SO(10—D)x.SO(n), where n is the number of vector multiplets.
We discuss the compactification of the supergravity theory to D—2 dimensons, which
is induced by non-trivial vacuum scalar field configurations. There are singular and
non-singular solutions, which preserve half of the supersymmetries.
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1. Introduction

A central issue in all higher-dimensional theories is compactification. Various mecha-
nisms have been proposed and the general idea is to construct vacuum spacetimes of
M*x X geometry, where M* is 4D Minkowski spacetime and X is a compact internal
space. In string theory for example, one way of constructing appropriate vacua is
to look for classical supergravity solutions. As supergravity is the low-energy limit
of string theory, supergravity solutions describe accordingly low-energy string vacua.
There will be o/—corrections as well as string-loop corrections to these solutions but,
nevertheless, these solutions will still be valid in some appropriate limits. These



vacua are constructed by solving the classical field equations with appropriate fields
turned on. Usually such fields are antisymmetric p—forms as well as various scalars
like the dilaton, axion etc., which appear in almost all supergravity theories. The
four-dimensional Plank mass Mp is proportional to the volume V(X)) of X

M3 =MV(X), (1.1)

where M2 ~ 1/a’ is the string-mass scale. Propagating gravity therefore exists in
four dimensions if the volume of X is finite. This is always the case for a smooth
compact space X.

It should be stressed, however, that non-compact spaces may also be employed.
Such spaces have been considered in the Kaluza-Klein programme [[],[B],B]. Adopt-
ing the proposal of a non-compact internal space, we are facing a new problem. A
smooth non-compact space has infinite volume so that the four-dimensional Planck
mass M2 will be infinite. As a result, gravitational interactions will be actually
higher-dimensional and not four-dimensional as we want. The solution here is to
assume that the non-compact space has finite volume. In this case we expect singu-
larities and several pathologies like continuous spectra, violation of conservation laws
for energy, momentum, angular momentum etc. caused by possible leakage from the
singular points. Thus, in order for our proposal to be viable, all these pathologies
should be avoided.

This is the case, for example, in the tear-drop solution [I],[l]. In this solution,
the scalars of the type IIB supergravity are non-vanishing and the 10D spacetime
is compactified to a space diffeomorphic to the % scalar manifold. This com-
pactification is triggered by a non-trivial scalar field configuration. The spacetime
develops a naked singularity which, however, is harmless and does not lead to any
physically unacceptable situation as all physical quantities, like energy, momentum
and angular momentum are conserved. It should be noted that a similar solution
is also the stringy cosmic string where, in addition, the non-perturbative SL(2,7Z)
symmetry of type IIB is employed for the compactification [H].

Here, we will show that tear-drop-like solutions are actually quite generic, using
D = 9,8,7 minimal supergravities as a concrete example. The supergravities un-
der consideration contain numerous scalar fields, combinations of which may trigger
compactifications of the sort described in the preceding paragraph. Adopting a con-
venient parameterization of the scalar sector of these theories in terms of solvable
Lie algebras, we can write the scalar Lagrangian and the equations of motion of
the theory in a compact form. We can then identify solutions of the equations of
motion, in which the non-vanishing scalars form % submanifolds of the original
scalar manifold, inducing tear-drop-like compactifications. To be specific, there are
singular and non-singular solutions. The former are like the tear-drop [[l,[ll], while
the latter are like the stringy cosmic string [[]. Moreover, in the case of D = 8 su-

pergravity, there is also a compactification to 4D, achieved by two vector multiplets



coupled to the supergravity multiplet. The compactifications found preserve half the
supersymmetries of the original theory in all cases.

In the following section 2, in order to set up our notation, we introduce an
appropriate parametrization for the M spaces. In section 3, we briefly review the
D = 9,8,7 minimal supergravities and, after deriving the field equations with scalar
fields turned on, we present their solutions. In section 4, we discuss the supersym-
metric properties of the solutions. Finally, in section 5, we comment on our findings.

2. Scalar Coset Manifolds in Minimal Supergravities

The scalar fields of minimal supergravities coupled to matter in D = 9,8,7,5, 4 (apart

from the dilaton contained in the supergravity multiplet), parameterize non-compact
SO(10—D,n)

SO(10—D)x S0 (n)

note that in these theories the supergravity multiplet contains 10 — D vector fields

coset manifolds of type!. To see how these manifolds arise, we first
while the vector multiplet contains 10 — D scalars. These two types of fields carry in-
dices of the R-symmetry group of the supersymmetry algebra which, for the specific
dimensions, is isomorphic to SO(10 — D). By combining the supergravity multiplet
with n vector multiplets, the total 10 — D + n vectors fall into the defining represen-
tation of SO(10 — D, n), so that the latter is identified as a global symmetry group
of the theory. On the other hand, the theory describing the n(10 — D) real scalars
from the vector multiplets is invariant under SO(n) rotations between the scalars
of the same R-symmetry index in different multiplets as well as under SO(10 — D)
R-symmetry rotations within each vector multiplet. Therefore, the scalar manifold,
i.e. the space of inequivalent points parameterized by the scalars, is the coset space
M = %. The scalar isometry group SO(10 — D, n) is a non-compact
real form of D, (for 10 — D +n = 2¢) or of By (for 10 — D +n =2+ 1).

Here, we will first review the parameterizations of scalar cosets in both the coset-
manifold and the group-manifold approaches. Using the second approach, we will
then give the general form of the scalar Lagrangian. Finally, we will specialize to the
% coset spaces for the dimensions D = 9,8,7 and we will discuss the
further simplifications that occur in the structure of the scalar Lagrangian.

2.1 The coset and the group manifold approaches

Consider a general non-compact coset manifold M = G/H, where G is some group
associated with a non-compact real form g, of a complex Lie algebra g and H is its
subgroup associated with the maximal compact subalgebra b of g,.. Such a manifold
admits two different descriptions, which we will outline below.

The first is the usual coset-manifold description, based on the Cartan decomposi-
tion g,. = h@E, where £ is the non-compact complementary subspace of h within g,,.;

In the special case D = 5, there are actually more possibilities for the scalar manifold.



this subspace is not an algebra. In this description, a coset representative is defined
as Lx = Exp(k) with k& € . Since £ is not an algebra, Lk is not a group element but,
in general, includes an H—valued part. This description is the usual one employed
in the construction of supergravity theories. In particular, the decomposition of the
Maurer-Cartan form of a coset representative into an h—valued and a t—valued part
gives the composite connections and the composite coset vielbeins respectively in a
form that may be directly used in the supersymmetry transformation laws. However,
the explicit form of the scalar Lagrangian in this description is quite complicated.
The second description is the group-manifold description, which is based on
solvable Lie algebras[f], ff]. This description is based on the Iwasawa decomposition|[f]
which ensures that, for any non-compact real form g,. of g, there exists a solvable
Lie algebra Solv(g,.) such that g,. may be decomposed as the direct sum g,. =
h @ Solv(g,e). The solvable Lie algebra is constructed as follows. We first consider a
Cartan-Weyl basis for the generators of g, denoting the ¢ generators of the Cartan
subalgebra a by { H;} and the positive-root generators by { E4 }; the set of the positive
roots is denoted as ®*. The solvable Lie algebra is then given by the direct sum

Solv(gne) = tpe @ n. (2.1)
Here a,,. is the non-compact part of the Cartan subalgebra a of g,
ape = aln E, (22)

generated by an appropriate subset { H;} of the Cartan generators and n is the algebra
which is constructed from the set {E,} of the positive-root generators of g that do
not commute with all H;’s according to the relation

n=( Z E,) N gne, (2.3)

acAt

where AT is the subset of ®* containing the positive roots associated with {E,}.
The intersection symbol in (B.3) denotes that the { E,} should be arranged in suitable
linear combinations that belong to the non-compact real form g,.. We note that,
in the special case where G is a split group (i.e. where M = G/H is maximally
non-compact), the solvable Lie algebra of g,. coincides with its Borel subalgebra
generated by all H;’s and all E4’s; in the case of G = SO(10 — D, n), this happens
only when n = 10 — D or n = 10 — D £ 1. In the group-manifold description, a
coset representative is defined as Lg = Exp(s) with s € Solv(g,.) and, unlike the
case in the coset-manifold description, it is an element of Solv(g,.), since the latter
is an algebra (for a given point P € M, the representatives Lg(P) and Lg(P) are
equivalent up to a right-multiplication by an element of H). Specifically, the Iwasawa
decomposition implies that a general element g € G can be uniquely decomposed as

g = Exp(h) Exp(a) Exp(n); hebh,a€a,nen. (2.4)



As a result, g can be written as the product of elements obtained by exponentiation
of the maximal compact subalgebra b, the non-compact Cartan subalgebra a,. and
the subalgebra n associated with the positive roots in A*. According to this decom-
position, a coset representative is obtained from (P.4)) by discarding the H—valued
factor and is thus given by

Ls = Exp(a) Exp(n); a € Upe,n €N (2.5)

The advantage of the group-manifold description of the scalar coset in supergravity
theories is that, unlike the coset-manifold description, it leads to a natural one-to-one
correspondence between the scalar fields of the theory with the generators { H;} and
{E,} which form an algebra. For that reason, the explicit form of the scalar coset
Lagrangian simplifies considerably through the use of group-theoretical methods.
The application of solvable Lie algebras in supergravity has been extensively studied

i [[], 8, (A, [T, [T
2.2 The scalar Lagrangian

Here, we will review the construction of scalar coset sigma-model Lagrangians us-
ing the group-manifold approach; the detailed procedure can be found e.g. in
[2],[L3],[14],[L5]. According to the remarks of the previous paragraph, one may
use the Iwasawa decomposition (R.J) to parameterize a coset representative. In the
context of a sigma model, the Lie-algebra-valued quantities a € a,. and n € n are
taken to be functions of the spacetime coordinates . They can be expressed in
terms of the fields {¢‘(x)} (dilatons, corresponding to {H;}) and {x*(z)} (axions,
corresponding to {E,}) as follows

1 .
a(z) = 5¢'(2)Hi,  n(x) = x"(2)Ea. (2.6)
So, the Iwasawa decomposition reads
L = 29 Higx"Fa, (2.7)

We stress again that the root-space generators {E,} are in fact restricted to enter
(R.6) and (R.7) only through the appropriate linear combinations that belong to the
chosen real form of the isometry algebra. This does not alter at all the discussion
that follows.

The Lagrangian of the sigma model coupled to gravity is expressed in terms of

L by

et L, = —% Tr [(OpLL™ ") (OMLL™Y)* + (Op LL)(OMLL™Y)], (2.8)

where, “#” denotes the generalized transpose, defined as the transformation induced
by the Cartan involution on the group elements. It is easily shown [[J that the



Maurer-Cartan form appearing in (B.§) has the explicit form

I »
OnLL™ = S0ud' Hi + 2% O F,. (2.9)

with «; the i-the component of the root . Also, F; is the field strength associated
with x¢, given by [[4]

(o3 (0% 1 (o3 1 e €
Fyp = 0ux“ + E(XV ﬁfﬁ)@MXﬁ + a(chwe)(x‘st)@MXﬁ +... (2.10)

where C] ; are the structure constants in [E,, Eg] = CJ3E,,ie Cls = Nopgif a+ 3 =
7 and zero otherwise. Using the parameterization (.9), one can show that the scalar
Lagrangian takes the simple form

1 : 1 ;
-1 _ - AV Pt [ o\ 2
L= (0w 5 e B (211)
where we employed a normalization with Tr H; H; = 26;; and Tr E, E_, = 2.
2.3 The So(lo—_D’")) scalar coset

SO(10—D)xSO(n

SO(10—D,n)
SO(10—D)xSO0(n)
here we will always assume that n > 10 — D. To construct the D, or By root vectors

associated with SO(10 — D, n), we define ¢; as the (~dimensional vector whose i—th
element is unity with all other elements zero. Then, the positive roots of D, or By

After this general discussion, let us specialize to the case of interest;

are given by

Ei:tEj; 1<g=1,...¢,
€ ; i=1,...¢ (ounly for By). (2.12)

and so the associated generators are E. i, and E,.

To construct the solvable Lie algebra, we choose our conventions so that the non-
compact Cartan generators {H;} of a,. are given by {H,}, 7 =1,...,10 — D. The
generators of the nilpotent subalgebra n are then found by considering the subset
of the generators {Eeiiej, E.,} that do not commute with all of the H;’s and taking
appropriate linear combinations that belong to the non-compact real form of D, or
B, appropriate for the space of interest. Explicit constructions will be shown below.

In what follows, we will further specialize to the cases of interest, namely D =
9,8,7. In particular, we will apply the above procedure to construct the solvable
Lie algebra and then, examining its structure, we will see how the scalar Lagrangian
simplifies.

e D =29. Inthe D =9 case, corresponding to SSO&;Z)L), there is only one non-

compact Cartan generator which, in our conventions is taken to be

H.,. (2.13)



The generators of the solvable algebra are then given by the positive-root gen-
erators [[[I], which already belong to the so(1,n) real form

Buve, Eo-o:  i=2...4
E.,, (only for By), (2.14)

In this case, the structure of the scalar Lagrangian is very simple. Indeed, all
structure constants associated with positive-root generators vanish,

Cg, =0, (2.15)
and so the field strengths (B.I0) are simply F&; = Oarx®.

D = 8. In the D = 8 case, the scalar coset manifold is %, with n > 2.

There are two non-compact Cartan generators which can be chosen as
H,,, H,. (2.16)

The generators of the solvable algebra are then given by the positive-root gen-
erators

E51+52a EEl—Eza
E.,, E.,, (only for By), (2.17)

that are already in the so(2,n) real form, plus the linear combinations [[[Q],[LT]

(E51+Ei - Eel—ei); 1= 3, .. .E,
(Feyre; — Bey—ey);  0=3,...0. (2.18)

%(Efl'f‘fi + Efl—ei)> -
%(EGZ'FQ’ + E€2_€i)7 -

s S

To see the simplifications that occur regarding the coset Lagrangian, we are
finding that the only nonzero structure constants Cg. (B.10) are given by

e1te; €1+€2
051_52762:|:€i’ Celiei,szzpei
€1+e€ €1
C6117622’ Cﬂ—&z,ez (Only for BZ)- (2.19)

It follows then that the only nonzero terms of Eq. (PI0) quadratic in the
structure constants involve the combinations

€1+€2 €1F¢€; €1+€2 €1te€;
Cézi6i761$6i061—65,62¥6i’ Cészéuﬁl:l:éz'CEQ:tﬁz,él—éz’
€1+€2 YEL €1+€2 YEL
CateCl o, e COT2C8 (only for By), (2.20)

and that terms of cubic or higher order vanish since there are no available
indices to contract; this implies that, in this case, Eq. (B.I() actually contains
no further terms. The important fact that we will need later on is that there
are no nonzero structure constants with €; + €5 as a lower index.



e D =17. Inthe D =7 case, the scalar coset manifold is %, with n > 3.

There are three non-compact Cartan generators which can be chosen as
H, H,,, H,,. (2.21)

In a similar manner as before, the solvable generators are given by the positive-
root generators

Eetey FEo—e, PEeotes, Ee—esy Peytes, Pege,
E.,, FE.,, E., (only for By), (2.22)
and the combinations [[LT]
(Eeive, T Eei—e.), -
(Eete; T Eep—e.), -
(Eeste; + Eeg—e.), -

(E51+Ei - Eel—ei); 1= 4, o
(E62+5¢ - Eez—ei); 1= 4, b
(E63+Ei - Eeg—ei); 1= 4, 0

2

2

S el
e

. (2.23)

In this case, the structure of the Lagrangian is more complicated since there
exist structure-constant combinations of cubic and quartic (in the D, case)
order. As in the previous case, no nonzero structure constants with an e; + e
lower index arise.

3. Scalar-induced compactifications in D = 9,8, 7 minimal su-
pergravities

As stated in the intruduction, the mechanism of scalar-induced compactification
admits generalizations to supergravities of diverse dimensions. In this section, we
demonstrate the existence of such solutions for the case of the minimal supergravities
in D=29,8,7. We start by discussing the basic aspects of these minimal supergrav-
ities. Next, we use the parameterization of the previous section to write down the
field equations for a vacuum configuration containing only gravity and scalars. Fi-
nally, we show that these equations are consistent with a particular ansatz for the
scalars and we present the resulting solutions. Having described the basic aspects of
the scalar coset manifolds, w will describe next the general aspects of the D =9,8,7
supergravities of interest.

3.1 Minimal supergravities in D =9,8,7

3.1.1 D =9 supergravity

The field content of the massless representations of the D = 9, N' = 2 supersymmetry
algebra consists of the following multiplets

SupergraVity mlﬂtlplet : (gMN7 BMN7 AM7 g, ¢M7 X)v
Vector multiplet (A, 0, A). (3.1)



where all spinors are pseudoMajorana. A general D = 9, N/ = 2 supergravity theory
is constructed by combining the supergravity multiplet with n vector multiplets.
This leads to the reducible multiplet

(gMNvBMNuAgwu(pdvau wM7X7 )\Fz)' (32)
where a = 1,...,n labels the scalars, a = 1,...,n labels the gauginos and I =
1,...,n + 1 labels the vectors (here, we employ barred indices, e.g. @, in order to

avoid confusion with the indices appearing in section 2).

As mentioned before, the n scalars p® parameterize the non-compact coset man-
SO0o(1,n)
Sg(n)
the upper sheet of a hyperboloid). To parameterize the scalar coset, one introduces

a coset representative L = {L,} given by (n + 1) x (n + 1) matrix in the vector

ifold SSOO(%T’:)L) (more precisely, they parameterize the space H" = , which is

representation? (here, A is the curved index analog to I). The inverse matrix, given
by L™' = {L,'}, satisfies
L)L =4," (3.3)

The elements of L and its inverse can be decomposed as
LA = (L, L"), L, =(L"L,}). (3.4)
Also, L satisfies the SO(1,n) orthogonality condition
napl " Ly" = nr, (3.5)

where nap = 1y = diag(—1,+1,...,+1) is the SO(1,n) invariant tensor. A quantity
of interest constructed out of L is the tensor

which contracts I and J so as to yield a ghost-free kinetic term for the vectors.

To construct scalar kinetic terms and covariant derivatives in the coset-manifold
approach, one considers the Maurer-Cartan form® of L, given by dyLL~!'. This
matrix-valued one-form decomposes into the coset vielbein P,,* and the SO(n)
composite connection () M(_ll_’. In the standard vector representation of SO(1,n), this
decomposition has the form

O LL-! = (P?M gg_b) , (3.7)

°In the coset-manifold approach, the usual choice is to combine the n scalars into a column
0 @
vector ® and define L = exp <<I)T 0 >
3Note that, due to the particular parameterization of the coset, we have to use right-invariant

Maurer-Cartan forms instead of the left-invariant ones usually employed in the supergravity liter-
ature.



The Lagrangian of the theory was first constructed in [[7]. Its bosonic part is
given by
1 7 1

— 1 a 1 a a
(& 1£ = iR — 562 G?WNP — 16 CLIL]F]&NFJMN — E(0M0)2 — 1 M PM(—I (38)

where the field strengths Gy/nyp and F ]{/[ ~ are defined as
Gunp =3 (O Byp) + nisFlunAf) Fin = 20 Al (3.9)

3.1.2 D = 8 supergravity

The massless representations of the D = 8 A = 1 supersymmetry algebra form the
following multiplets

Supergravity multiplet (gMN,BMN,Agw,a,zﬂM,X),
Vector multiplet (A, @', ). (3.10)

where all spinors are pseudoMajorana and the index 7 = 1,2 refers to the SO(2)
R-symmetry group. A general D = 8, N = 1 supergravity theory is constructed
by combining the supergravity multiplet with n vector multiplets. This leads to the
reducible multiplet

(gMNaBMNaA{Ma()Oa>Ua¢M>X7 )\&). (311)

where a = 1,...,2n labels the scalars, a = 1,...,n labels the gauginos and I =
1,...,n+ 2 labels the vectors.

The 2n scalars ¢* parameterize the non-compact coset manifold %.
The coset representative L and its inverse, now given by (n + 2) x (n + 2) matrices,
are defined in a similar manner as before, they can be decomposed as

L= (L), L= (L) (3.12)
They satisfy the orthogonality condition
nasL L% =1y, (3.13)

where nap = ny; = diag(—1,—1,+1,...,41) is the SO(2,n) invariant tensor. The
tensor needed for the contraction of I and J in the vector kinetic term is now

ary =L L+ L L, (3.14)

To proceed, we consider the Maurer-Cartan form of L, which contains the coset

vielbein P, -* and the SO(2) and SO(n) composite connections @, " and Q- In

i

the vector representation, the decomposition has the form

j a
OuLL™' = <QM? Py b) , (3.15)

i
PMC‘L Ma

— 10 —



For later convenience, it is also useful to define the quantities

pM&EPMal+i7(9)PMa2a QMEQM12' (316)
The Lagrangian of the theory was first constructed in [I§]. Its bosonic part is
given by
—1 1 L 95 1, [ pJMN 3 o 1o anpmi

with the field strengths Gyvp and Fi;y defined as in (B.9).

3.1.3 D =7 supergravity

The field content of the massless representations of the D = 7, N' = 2 supersymmetry
algebra consists of the following multiplets

Supergravity multiplet — : (gMN,BMN,AM%,U,w%J,X"),
Vector multiplet : (AM,<pE3,)\z). (3.18)

where all spinors are symplectic Majorana and the index 7 = 1,2 labels the funda-
mental representation of the Sp(1) = SU(2) = SO(3) R-symmetry group. A general
D = 7, N = 2 supergravity theory is constructed by combining the supergravity
multiplet with n vector multiplets. This leads to the reducible multiplet

(gMNaBMN7A§4a()0a>Ua ,lvb;:aXi )\Tﬁ)’ (319)
where @ = 1,...,3n labels the scalars, a = 1,...,n labels the gauginos, and I =
1,...,n+ 3 labels the vectors resulting from the combination of Aulj and A/‘_j. Our

notation and conventions are as in [[[9],[Rd].

The 3n scalars p® parameterize the non-compact coset space %. Its
representative L and its inverse are (n + 3) X (n + 3) matrices, they are decomposed
as

LA= (lepLIa) ’ L' = (L;ﬁ, Laf) , (3.20)
and they satisfy
nasL L% =1y, (3.21)

with nap = nyy = diag(—1, =1, —1,+1,...,+1). )
The Maurer-Cartan form of L contains the coset vielbein P,, -’ and the SO(3)

and SO(n) composite connections @) ng and Q,,,*. The decomposition is as follows

J p ai
OuLL™! = ( @i P J’) : (3.22)

j b
PM(ﬁ] QM&

We note that here we have followed the usual conventions by replacing the SO(3)
vector index X = 1,2, 3 naturally appearing in the vector representation, by a pair

— 11 —



of symmetric SO(3) spinor (or Sp(1) fundamental) indices ij. The transformation
between the two types of notation will be shown and utilized in §f.3.
The bosonic Lagrangian of the theory [2] is given by
— 1 1 o 1 o ) 1 a pM j
e 'L = SR - E62 Ganp — 1€ arpgFa nFMY — g(aMo—)2 —5Pu"5P 5 (3.23)
3.2 Field equations

Our next task is to derive and solve the field equations, which follow from the
D = 9,8,7 dimensional Lagrangians (B.8B.17,8.23), respectively. We will assume
a configuration where the only nonzero fields besides gravity are the scalars ¢*. Em-
ploying the decomposition ¢® = (¢, x*) of section 2, and appropriately writing the
scalar Lagrangian as

e L= —

|~

V4
S (0w - % S et (122, (3.24)
i=1 a

one easily sees that the non-trivial equations of motion, in D = 9,8, 7 are the Einstein

equation
1 o1 1-
Ry = D 0u@'Ond' + 5 D e P FR, (3.25)
i=1 «
the scalar equations for ¢,
A9 = > i (Fp)*, (3.26)
and the scalar equations for x?,
V(e FeMy = N~ Ny_ @ Fy . (3.27)
B—y=-a
Next, we will proceed with finding an appropriate embedding of an SLRR) b

manifold in the scalar cosets. The embedding proceeds by finding a subs[é(tl)(h, ey)
of the solvable Lie algebra generators (or suitable linear combinations) so that the
closed set (h, ey, e_), with e_ being the negative-root generator corresponding to e,
is normalized so as to satisfy the sl[(2,R) algebra. For the SO(2,n) and SO(3,n)

cases, it is known that such a set is given by (« - H, E,) where a can be any of the

SL(2,R)
U(1)

manifold will then be parameterized by the two fields that correspond to h and e,.

long roots; for the SO(1,n) case, this requires a minor modification. The sub-

For the three cases under consideration, the explicit embeddings are shown below.

e D =9. In the D = 9 case, the desired embedding in SO(1,n)/SO(n) is found
by observing that the generators

h = 2He17 €+ = E:I:(el—l—ez) + E:I:(el—ez)a (328)

- 12 —



satisfy the s[(2,R) algebra

[hey] = +2ey, ey, e | = h. (3.29)
SL(2,R)
U()
h and ey respectively, namely ¢ = ¢! and x = $(x "2 + x“~). In this
case, it is readily shown that the scalar field equations are consistent with the

The fields ¢ and y parameterizing the submanifold are the fields along

configuration

=0 except o(x) = 50M(x)

X =0 except x(z)= %(X“J“Z () + x*17 (:E)), (3.30)
i.e., with a configuration where all fields except ¢ and x are zero. This can
be seen by recalling that, in this particular case, all structure constants Cf,
vanish. It follows that (i) all axion field strengths are simply F; = dpx® and
(ii) there are no nonzero Ng_,’s on the RHS of (B:27) since that would require
that o + 3 = ~ i.e. that there exists a nonzero C;Zﬁ for some 7. So, the RHS
of (B.27) is identically zero for all a and thus one is allowed to set any axion
fields to zero.

D = 8. In this case, the desired embedding in % is identified by

noticing that the generators

h = HEl + HEz = H61+62> €+ = E:t(€1+62)> (331)

satisfy the s[(2,R) algebra. The fields parameterizing the SLU((Ql’;R ) subspace are

accordingly given by ¢ = %(gbl +¢?) and x = x“79; the field strength of y will
be denoted as F}j;. Similarly to the D = 9 case, to show that the configuration

¢ =0 except ¢(r)= %((bl(x) + (;52(36))

X*=0 except x(z)=x""(z) (3.32)

where only ¢ and x are nonzero is consistent with the equations of motion,
we proceed as follows. Recalling that there are no no nonzero structure con-
stants with lower index €; + €5, we immediately see that the only field strength
containing x is F); and has the form

Fay=0ux + ... (3.33)

where the omitted terms are independent of x. It follows that, for our con-
figuration, we have Fj; = Oy and Fo79te = (. Using these facts, we first
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consider the equation of motion (B:20) for the second dilaton ¢ = (¢ — ¢2).
It is easily seen that the RHS of this equation vanishes,

%Z(al ~ ) (F2)2 — %[(61 bt — (e 4+ @) (Fa)? =0, (3.34)

and so this equation is consistent with ¢ = 0. Second, we consider the equation
of motion (B.27) for the axions x*7“1*¢2. For our configuration, the LHS of
this equation equals zero. The only possible case in which the RHS would be
nonzero is the case where 3 = v = €; + €, so that the combination (Fy;)? would
appear; however, this would require that & = —( — v) = 0 which cannot be
satisfied. Therefore, the configuration under consideration satisfies the scalar
equations of motion.

e D = 7. In this last case, the embedding of Sé((zl’;R ) in SO‘??SS’:O)(”) is again given

by the generators h and ey of (B.31]) and it is parametrized by the associated
fields ¢ = (o' + ¢?) and x = x“ .

Again, the configuration (B-332) is consistent with the equations of motion. For
¢ and Y71t the proof proceeds exactly as before. As for the extra dilaton

present in this case, the same reasoning leading to Eq. implies tha
@3 t in thi th ing leading to Eq. (B.35) implies that

the RHS of the corresponding equation of motion is given by

Za36ai¢i(Fﬁ1)2 = (61 + 62)362¢(FM)2 = 0, (335)

and so it is again consistent to set ¢* = 0.

3.3 The solution

As we have seen, the configurations (B.30),(B.-32) in D =9 and D = 8, 7, respectively
are consistent with the scalar field equations. It remains now to solve the Einstein
equations (B.27), as well as the equations (B.2G,8.27) for the remaining scalars ¢, x.
By assembling ¢ and x into the complex combination

T=m+in=x+ie?, (3.36)

the Einstein and scalar field equations may be written as

1
RMN = P@MT@N? + 0M?8N7-) (337)
2
and Y
Vi o ZMTO T (3.38)
T—T

respectively. To solve these equations, we split the spacetime coordinates as (z*, y™)
where z#, u =0, ..., D—3 parametrize a (D—2)-dimensional spacetime and y", m =
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1,2 parametrize a two-dimensional surface. Writing the internal coordinates y™ in
the complex basis (z, Z), we use the ansatz

dsp, = guda'de” + ¥ dzdz, 7 =7(2,2) (3.39)

where the scalars depend only on the internal coordinates. The scalar equation (B-33)
for this ansatz is written as

oor — 20797 _ (3.40)

T—T
and is thus solved for any holomorphic (antiholomorphic) 7 = 7(z) (7(2)). Passing
to the Einstein equation, its (ur) components are given by

R, =0, (3.41)

which implies that we may take the (D — 2)-dimensional spacetime to be Minkowski
spacetime. As for the (mn) components of the Einstein equation, they lead, for
holomorphic 7, to the equation

2090 = 79T, (3.42)
475
which is solved by
1 _
Q= 5 Inm + f(2) + f(2), (3.43)

where f(z) can be any holomorphic function. Thus, the solution for the metric and
the scalars reads

ds? = nda’da” + do®, do® = (2, 2)|F(2)|*dz2dz, T =1(2), (3.44)
where F(z) = exp (f(z)). Note that, for any holomorphic 7 = 7(z), there exists a
corresponding 2D metric do? (B.44), which may be singular or non-singular.

3.3.1 Singular solutions
A homomorphic 7, which leads to a singular solution is [P2]
Rb +i2°
=i " A4
T=ig (3.45)
This field gives rise to the 2D metric

do? = 1—‘3
- ( :

after choosing F'(z) = 1 for the metric to be regular around z = 0. This solution,

2b
) dzdz (3.46)

for b = 1, reduces to the tear-drop [[],[l] and it is singular at |z| = R where it
has a naked singularity. However, the singularity is harmless since it does not lead
to any physically unacceptable situation. It can be proven for example that energy,
momentum and angular momentum are conserved [[l],[B], whereas, it may be relevant
for the solution of the cosmological constant problem [23]. Moreover, the volume of
the singular transverse space is finite, which leads to finite 4D Planck constant and
thus to conventional 4D gravitational interactions.
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3.3.2 Non-singular solutions

There are also non-singular solutions to the equations (B.403.49). For the construc-
tion of these solutions, we recall that the field equations (B.37,B.3§) are invariant
under the SL(2,R) transformation

ar +b
et +d’

T — ad —cb=1, (3.47)
for real a,b,c,d. In fact, the symmetry is reduced to the modular group SL(2,7Z),
when non-perturbative effects are taken into account. To proceed, we note that the
energy per unit (D—2)—volume is

o _% /d2z88_ In. (3.48)

In order to find finite energy solutions one has to restrict 7 to the fundamental
domain of SL(2,Z) H]. Then, 7 has discontinuous jumps done by the SL(2,7Z)
transformations 7 — 7 + 1 as we go around the singularities at z = z;. These
jumps and the requirement of holomorphicity imply that, near the location of the
singularities, we must have

T~ i In(z — z). (3.49)

The energy in this case is indeed finite and it turns out to be proportional to the
volume of the fundamental domain F7,

E= %n (3.50)

where n is the number of times the z-plane covers Fj.

Since the fundamental domain of SL(2,Z) is mapped to the complex sphere in
the j—plane through the modular j—function, we may express the solution for 7 as
the pull-back of j(7). Thus we may write

P(z)
Q(z)’

where P(z),Q(z) are polynomials of degree p and ¢, respectively. If p < ¢, j ap-

i(r) =

(3.51)

proaches a constant value as |z| — oo and n = ¢ in this case. There exist g points
at which Q(z) has zeroes and these points are singular. As has been shown in [P3],
there are singularities at the zeroes of P(z) as well, which an be avoided however,
by choosing P(z) = const..

Recalling now that SL(2,Z) is generated by

1
T— —=

: T—oT+1, (3.52)
-
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the metric (B.44) is clearly not modular invariant. However, we may use the freedom
to choose the holomorphic function F(z) to make the metric non-degenerate as well
as modular invariant. These two conditions specify F(z) to be

n

F(z)=n(r)?*[J(z = =)7", (3.53)

=1

where n(7) = ¢"/*T],.,(1 — ¢") is Dedekind’s n—function (¢ = €*™7). Then, the
metric turns out to be

n 2
dsy = N, dr*dz” + 7'277(7')277(7")’ H(z — 2) V| dzdz . (3.54)
i=1
The asymptotic form of (B.59) is
ds?y ~ ndatde” + (22) " dzdz (3.55)

and one recognizes a deficit angle 6 = 7n/6. With n = 12 strings the deficit angle
becomes 6 = 27 and the transverse space is asymptotically a cylinder while n = 24
strings produce a deficit angle § = 47 and the transverse space is a compact S2. As
a result, the 7—field configurations defined implicitly by

24

jr(2)) = [ — (3.56)

Z— Z
i=1 v

compactifies the D-dimensional space-time to MP~2x 5% with metric given in eq.(B.54)
for n = 24.

We should mention here that there are some special cases which may further
compactify MP. For example, one may consider two vector multiplets coupled to

the gravity multiplet in D = 8 supergravity. In this case, the scalar manifold is
S0(2,2) SL2R) . SLRR

50(2)x50(2)’ U) 76

to four dimensions may be achieved and the D = 8 vacuum is of the form M*x 5% x S?

which is actually ). Then, in this case, compactification

with metric
dsy, = n,dz'dz” (3.57)

+ron(r)(7)| Tz =207/

i=1

2 i 2
dzdz + 027)(0)277(5')‘ H(w — w;) Y12 dwd .
i=1

Lf}i’f@ ) factors of the scalar manifold and z, ware the

complex coordinates on the transverse 4D space.

where 7, 0 parametrize the two

4. Supersymmetry

The last issue we intend to address is how many of the supersymmetries of the original
theories are preserved in our scalar-induced compactifications. In what follows, we

- 17 —



will show that the compactification of the D = 9,8, 7 theories preserve one half of
the initial supersymmetries, leading to effective theories with D =7, N' =2, D = 6,
N =1and D =5, N = 2 supersymmetry respectively.

4.1 D=9

In the D = 9 case, all we need to do is consider the gravitino variation which, in a
background where all fields except gravity and 7 are zero, is given by

5¢M = VME = (aM —|—(UM)€, (41)

where* wy = wamapy??. Due to the specific form of the metric in (B44), the only
non-trivial spin-connection terms are w,,. Using conformal flatness of the internal

metric, we find
1

Wi = §7m”8n(2, (4.2)
and, thus, for
Y= —ie (4.3)
we get for the gravitino shifts
1 _ 1=

It easy to see that the vanishing of the gravitino shift dv; specify e, to be
;. = e2%, (4.5)

where €, is a constant spinor. Then, d1), is then non-vanishing and the solution pre-
serves half of the supersymmetries. It can easily be checked that 01, is normalizable
as it should.

4.2 D =38

To check supersymmetry of our compactification in the D = 8 case, we have to con-
sider the non-trivial supersymmetry variations of the fields. These are the variation
of the gravitino, which now has the form

5¢M = DME = (8]\/1 + Wy — %QM) €, (46)
and the variation of the gauginos, given by

6)\@ = —%FMPM(IE, (47)

4Here and in what follows, the flat-space gamma matrices are denoted as v and the curved-space
gamma matrices are denoted as T'M = el yA.
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where Qu and Py, are given in (B-16). To check whether the above equations
are satisfied in our background, we have to compute w,,, @,, and P,,, (since all u
components vanish). Regarding the spin connection, we find

Wy = i76789, Wz = —i76759. (4.8)

2 2
Regarding Q,,, and P, they may be read off from the Maurer-Cartan form in the
standard SO(2,n) basis according to (B.15). To this end, we take for definiteness the
two non-compact Cartan generators of SO(2,n) as H., = T3 and H., = T54, where
(T1))kr = 01k0yr + 0100k In this basis, the generators H, ., and E. ., are given

by (B, [I0]

0010 0-101--
0001 oo

Hopoy = [ 1000 | Bg=o| 010 1o f (4.9)
0100 10 -10-

Inserting the above expressions into (B-9), now given by dyLL™" = 10y ¢H, 1, +
e®OrXFEe, te,, we find the Maurer-Cartan form

0 —e®Oux Oud €Oyx 0 ---
e?Oux 0 —e®Ox Oyd 0 ---

1| Omop —e?oux 0 e®Onx 0 ---
-1 _ *
WLL™ =31 ooy oyo —cfoux 0 0--- (4.10)
0 0 0 0O 0---
From this expression, we read off the SO(2) connection
1 OmT
— ey = — -] 4.11
Qm = —5€"Onx o7 (4.11)
and the vielbein
. i , - 1 :
P = —2—7_2(7(9)8,”7'1 —10,T2), Ppe= 2—7_2((9,”7'1 — 17(9)0mT2). (4.12)

Using the above expressions, we can determine the supersymmetry of the back-
ground. Starting from the gravitino variation ([.G)), we write its z and Z components
as

1 87'1 + ’}/6787'2

<8+ i 0 —~%0m,
4 T2

_ 1 67 o 1 ograz
0, = <8+ —1—27 8f)6, 0z 1 - 57 8f>4&13)
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Unlike the previous case, both components of the gravitino variation can be made
to vanish for nontrivial €. Indeed, we immediately see that, if € is subject to the
condition

75T = —ie, (4.14)

then the SO(2) connection cancels the ,—dependent part of the spin connection for
holomorphic 7. Then, the variation (J.IJ) vanishes if € is given by

€= e 2= (4.15)

where ¢, is a constant spinor subject to (.14) and f5(z,z) = Im f(2z). Turning to
the gaugino variation ([L.7), we note that the supersymmetry spinor e satisfies

Y(9)€ = €. (4.16)

Then, noticing that (.14) implies that (7% —i4y7)e = 0, we easily find that the
gaugino variation vanishes as well,

1 |
oA = ——T"0pTe =0,  GAg = — ", 7 = 0. (4.17)
T 47’2

The constraint imposed by (.14) on the spinor € projects out half its components
and amounts to a chirality projection. To see this, we note that the 8D and 6D
chirality operators 79y and 77 are related by

Y9 = =i, (4.18)
so that Eq. (fI@) is equivalent to a chirality projection in 6D,
V(7)€ = —€. (4.19)

Therefore, the background (B.44) preserves half the supersymmetries of the original
theory, leading to a chiral 6D effective theory with N' = 1 supersymmetry.

4.3 D=7

Let us finally check the supersymmetry of our compactification in the D = 7 case.
Here, the non-trivial supersymmetry variations of the fields are given by the gravitino
variation

1 -
0ni = Dyes = (O + wi )€ + §QM;J€3, (4.20)

and the gaugino variation
O =1V2IMP, e (4.21)
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Proceeding as before, we find the spin connection w, = %75689. Passing employing
a basis where H,, = T4 and H., = T}55, we find the Maurer-Cartan form

0 O 0 0 0O O0---
0 0 —e®Oux Ouod €®Oux0---
0 e?Onr 0 —eOux Omd 0 ---

OwLL~" = % 0 o —e®dux 0 ePdux0-- | (422)
0e?dyx Oud —e®Oux 0 0---
0 O 0 0 0O 0---

From this, we can immediately read off the SO(3) connection and the vielbein in the
forms Q¥ and P, .~ that involve the triplet index X = 1,2,3 for SO(3) (the use
of this index is emphasized by the tildes). We find

~ 3 ~ 2 am 1

3__0 22— _ 4.23
Qm2 Qm?) 27_2 ( )
and 9 P
ﬁ_i:ﬁ_éz_mTz ﬁ_?,:_ﬁ_i:_mﬁ 4.94
ml m2 27_2 ) ml m2 27_2 ( )

To insert these expressions in the supersymmetry transformations ([.20) and ({.27]),
we have to switch from the triplet notation to the doublet notation. For this, we use
the transformations

- i~ vy S BPCR
J= oy (c)IQ Y2 p =~ p XX 4.25
le 2 XYZ( )2 Qm mai \/5 ma ( )2 ( )
which yield
5 1 . 81’rL7—1
Qui’ = Qpz' =1 5 (4.26)
and
I 5 8 Bl 5 1 . 8 T2
Pfflz_ _2_ _ Ym ’ **2:—P**1:1 m :
mll ml12 2\/57_2 mll ml12 2\/57_2
; ; O 5 i . Oy
P ——1:—P ——2:— m 5 **2:—P **1:—1 m . 427
m21 m22 2\/57_2 m21 m22 2\/57_2 ( )

Using the above expressions, we can determine the supersymmetry of the back-
ground. Indeed, considering the gravitino shifts (.20) we find that, d¢;; = 0 if the
spinors €7 and €5 are subject to the condition

701 = —ies. (4.28)

Then the SO(3) connection cancels the T,—dependent part of the spin connection
for holomorphic 7. The resulting equations form a system of coupled differential
equations whose solution is concisely written as

€1 = eVSGfQ(Z’E)EOj, € = eVSGfQ(Z’Z)EO,Q, (4.29)
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where €, 1 and €, 5 are constant spinors satisfying (£.2§). Then, it can easily be shown
that the gaugino shifts vanish as well. Noting that the condition ([.2§) implies that
7P€i3 = —iv°€e; 1 and using holomorphicity of 7, one sees that this variation vanishes
as well. For example, for d A7, we find

i

o1 = e [V (057161 — 105T263) + 7% (OsTier — 10672€3)]
Ty
= —;3/275 [(057'1 — 067'2)61 — i(@ml + (957'2)62]
27,
1 = _ = _
= ——27_23/2 v [(O1 + 07 )er — (01 — 9T)e3] = 0, (4.30)

and similarly for the other gauginos.

The condition ({.2§), correlating the two symplectic-Majorana 7D supersym-
metry spinors, again halves their degrees of freedom. So, the background (B.44)
preserves half the supersymmetries of the original theory, leading to a 5D effective
theory with N' = 2 supersymmetry.

5. Conclusions

In this work, we have shown how scalars may trigger compactification of D = 9,8
and D = 7 supergravities. This has previously be shown to work for the tear-drop

solution [[I],[H] in 10D type IIB supegravity. In this case, the complex scalar of
SL(2,R)

U1)

coordinates leading to an internal space diffeomorphic to the scalar manifold. There

type IIB theory, which parametrize is used to curl up two of the space-time
is a naked singularity in this construction, which however is harmless as it does not
lead to any violation of conservation laws. In other words, although the presence of
the singularity is annoying, there is no any leakage of energy, momentum, or angular
momentum through it. Moreover, the volume of the transverse external space is finite
leading to a finite 4D Planck mass and, consequently, to conventional 4D gravity.
Here, we studied a similar possible mechanism for the case of higher-dimensional
supergravities. The compactification mechanism we were after is triggered by the
many scalars which exist in higher-dimensional supergravities. We have consid-
ered D = 9,8, 7 minimal supergravities coupled to vector multiplets. The vector

multiplets contain scalars which, together with the scalars of the gravity multiplet,
SO(10-D,n)

SO(10-D)xSO(n)

tor multiplets. We have shown here that there are solutions to the supergravity

form scalar manifolds of the general form in the presence of n vec-
field equations where all but two of the scalars are non zero. These two non-trivial
scalars parametrize the % coset. We then presented solutions which are either
singular, like the tear-drop prototype [[J],[F], or non-singular like the stringy-cosmic

string [fl]. The latter compactify spacetime into M2 x S2, where for the particular
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case of D = 8 with two vector multiplets, compactification to M* x S? x S? may be

achieved. Finally, we have shown that these compactifications are supersymmetric.
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