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Abstract: A systems approach to optimized, energy efficient, hydro-electric power 
plant operation via commitment of optimum number of generating units has been 
elaborated and tested in a case study. The application case study is a hydro-electric
plant comprising 4 generating units taken from the national power industry practice.
This paper presents an optimization technique developed for solving the problem of 
economic unit commitment dispatch for automated hydro-electric power plants 
operating under a given power demand. It is based on minimizing a cost function 
which exploits operational characteristics of water and power consumption. The 
technique derived is an iterative one with solutions at each iteration being obtained 
via analytical formulae. Copyright © 2004 IFAC
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1. INTRODUCTION

The system engineering approach to designing
optimized, energy efficient, hydro-electric power 
plant operation by using advanced system planning 
and control techniques is the main focus in here. At 
this point, let us recall the words of Professor H. H. 
Rosenbrock (1977, p. 390): "My own conclusion is 
that engineering is an art rather than a science, and 
by saying this I imply a higher, not a lower status". 
These words are particularly relevant in modern 
systems engineering projects for operating
automated plants where operation planning and
supervision play a crucial role. Hence, the systems 
philosophy framework adopted is the one in which 
original real-world systems and their conceptual
models and mathematical representations coexist
along the comprehension that dynamical processes 
in the real world (below the speed of light)
constitute a unique non-separable inter-play of the 
three fundamental natural quantities of energy,
matter and information. Moreover, energy and
matter are information carriers, but solely
information has the impact capacity as to modulate 
and direct energy and matter transformation with 
the unavoidable constraints. In this paper one such 

applications oriented technique for systems operation 
planning of unit commitment in hydro-electric power 
plants while retaining responsive spinning reserve,
which is aimed at controlling the future operation in 
an optimization way, is reported.

It is well-known (Miller and Malinowski, 1994; Wood 
and Wollenberg, 1996) that, for a given demand at 
hydro-power plants, the concept of optimum number 
of units committed in operation is important for
energy efficient operation (Dimirovski and co-
authors, 1995) as well as for modeling their water 
consumption and specific water consumption
characteris tics (Raabe, 1985; Warnick, 1984). These 
characteris tics are subsequently used for the purpose 
of determining optimum power schedule in complex 
electrical power systems composed of hydro and
thermal power plants (e.g., see Bobo and Mauzy,
1993; Chouwdry and Rahman, 1990; Lee and
Breipohl, 1993). Moreover, it is necessary for this
purpose that these characteristics be known at
different levels of electric power system consumption. 
Typically, each plant’s daily load diagram is divided 
into 24 time intervals and within each of them
electrical load being assumed constant when
determining these operating characteristics.
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The technique developed in this paper is based on 
the concept of water consumption characteris tics
for each hydro-unit (not taking into account self-
consumption of water and electric power for
running the unit) and the functional dependencies 
of own-consumptions of water and power as
functions of net-consumption of water and gross-
production by the hydro-unit, respectively (Wood 
and Wolenberg, 1996). This method also requires 
knowledge of the plant’s load diagram and the
engineering features of the generating units
(Arsenov, 2002). The proposed technique is an
iterative one, but at each of the iterations the actual 
solution computation is based on analytical
formulae, thus the required time for the final results 
is very short. 

The rest of the paper is written as follows. In 
Section 2, there are presented the formal statement 
of the problem and the derivation analysis of the
solution leading to the iterative algorithmic
procedure. Section 3 further illustrates this
technique via the application and results for a case 
study of typical medium size hydro-power plants 
75-145 MW comprising 3 generating units.
Conclusions and references are given thereafter. 

2. FORMAL STATEMENT OF THE PROBLEM 
AND SOLUTION DERIVATION 

We consider a typical multi-machine hydro-electric
plant close to reservoir damp (see Figures I and II)
and assume each of the generating units has own 
water inflow and outflow piping, hence penstocks 
may differ. As is the case in practice, it is assumed 
that the generating units have their own
consumptions covered in part by special small 
hydro-electric generators and in part from the
transformers for plant’s own local needs. Also, it is 
assumed that that hydro-electric plant is fully
automated and equipped with an industrial
computer process control system (e.g., see Fasol
and Pohl, 1990; Dimirovski and co-authors, 1995; 
Fasol, 1997) as well as that the respective power 
system dispatch centre is also fully automated.
Then the higher-level optimization tasks are
feasible to practical implementation and
exploitation (Miller and Malinowski, 1994; Wood 
and Wollenberg, 1996) in automatic generation 
operating the power plants.

Now, let consider the schematics of hydro-electric
plants above. It is readily noted that the local and 
pipe losses in each of the inflows are denoted as 

idh , (i=1,N), and in the respective outflows as 

ioh , (i=1,N). Of course, N denotes the number of 
generating units in the hydro-plant. Notice in
general, from the point of view of this technique, 
these may differ one from the other in general case, 
albeit this is seldom a practice.

Following the operational practice of power
industry (Miller and Malinowski, 1994; Raabe,

1985; Warnick, 1984), hydro-unit characteristics of
water consumption and the respective specific water 
consumptions can be approximated with high
accuracy by means of polynomial models of fifth and 
fourth degrees, respectively. It is therefore that we can 
write:
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In here, we have: niQ  and biP  are the net-flow and 

gross-power, respectively, of the i -th unit; pn  is the 

polynomial degree; and
pnaaa ,..., 10  se the

polynomial coefficients by means of which these
characteristics are tune fitted to approximate the real-
world ones. 

Fig. I. Conceptual model of the hydro-electrical plant 
in the considered optimal unit commitment
operation defining water and power consumptions 
penstocks heads (separate inflow and outflow of 
water)

Fig. II. Conceptual model of the hydro-electrical plant 
in the considered optimal unit commit ment
operation defining water and power consumptions 
penstocks heads (common inflow and outflow of 
water).

Further, it is also known (Raabe, 1985; Warnick,
1984) that the characteristics of own water,

)( niqi QfS  , and electrical power, )( bipi PfS  ,
consumptions of hydro-units may well be



approximated by second-degree polynomials.
Hence, we can write:

NicQbQaS qiniqiniqiqi ,1,2  ,   (2)

NicPbPaS pibipibipipi ,1,2  ,   (3)

where qiqiqi cba ,,  and pipipi cba ,,  are the
respective polynomial coefficients which are
experimentally determined for each given plant at 
the beginning of its life -cycle of operation (see 
Table 1 in Section 3).

It should be noted that the considered optimization 
problem can be formulated as a minimization
problem of Q  with respect to its variables under 
equality constraints as 
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The quantity Q  represents the total water
consumption of the hydro-electric plant for a given
demand load LP  of the plant. The minimum
extreme of problem (4) is equivalent to the
minimum of the following augmented function
(Luenberger, 1984) using Lagrangean multipliers: 
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Therefore, the solution sought has to satisfy
(Luenberger, 1984) the following conditions:
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These relations further yield
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and finally one can derive
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The system of equations (8) can be re-written in the 
following convenient form:
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Notice that the system of equations (9)-(10) is
inherently nonlinear. Hence, numerical iterative
computing methods such as Newton-Raphson
(Kreyszig, 1999) are the only methodological
approach to solve it. Upon the linearization of the
system (9)-(10), the following matrix equation is
obtained

     11 fPJ NbiN
N

N   (11)

where term  NN J  represents the system Jacobian of 

Eqs. (9)-(10), and term  1biN P  represents the
vector of increments of gross-powers for each of the 
generating units. 

However, should the following substitutions 
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have been introduced first, then for the Jacobian
elements one obtains the following expressions:
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Hence, due to the natural character of these term 
coefficients, a nontrivial solution exists for the
linearized matrix equation (11). And therefore Eq. 
(11) becomes analytically solvable. The solution of 
Eq. (11) in its analytical form, after a certain 
lengthy derivation, is found to be given by means
of the following formulae:
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Let us now address the engineering and physical 
background of the equations (16)-(17), which
determine the gross-power increments. Since these
equations have been derived under the presumption 
that gross-powers of the generating units were

NiPbi ,...,1,)0(  , they should be corrected in an 
iterative manner by using the equation
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where ,...2,1,0l  represents the iteration step 
number. Of course, the iterative evaluation goes
until the respective vector norm, e.g. square-root of 
the sum of the squares of power increments,
becomes smaller than a certain sufficiently small 
value chosen via observing the given engineering 
physical background of the problem. And this
completes the derivation of proposed technique. 

On the grounds of the presented algorithm a
program in VISUAL FORTRAN 6 has been
elaborated. This program was first validated on a
specific Known example and then applied to the 
case-study, which is presented next. However, the 
algorithm was found equally efficient for
hydropower plants with various schemes of water 
inflow and outflow to and from the hydropower 
plant, other than the one of the case study.

The mathematical model derived as well as the
associated algorithm and computing program are 
our original developments albeit based on known 
theories. These are useful for both: identifying of 
the optimum number of units to be engaged in one 
hydropower plant under a given load; and also for 

determining the equivalent power characteristics of
hydropower plants and their respective differential
characteristics of water consumption, which are
essential when determining the optimum distribution
of active and reactive powers in complex hydro –
thermal systems. The power characteristics can be
used further for identifying of the anticipated
electricity production in the case of separate
hydropower plants as well as in the case of
hydropower plants which are hydraulically
interconnected.

3. APPLICATION EXAMPLE AND
ILLUSTRATION OF THE PROPOSED 

TECHNIQUE

The proposed technique is illustrated by its
application to hydro-electric plants having up to four 
installed generating units (taken from Arsenov, 2002),
the operating characteristics of which )( bini PfQ  ,
i=1, 2,..., N (see Eq. (1)) are assumed to be
represented by 5th degree polynomials. In doing so, in 
order to highlight the influence of unit’s own
consumptions of water and power, it has been
assumed that all units have the same consumption 
characteristics but different characteristics of own 
operating needs, )( niqi QfS   and )( bipi PfS  .

The coefficients of the 5th degree polynomial have
been found elsewhere (Arsenov. 2002) and these are: 
3.72E-06; 0.054; -2.032; 39.481; -1.82E+02; -
241.702; notice the last one represents the
polynomial’s free term. The evaluation of the 2nd

degree polynomial approximations of the own
consumption characteristics, see Eqs. (2)-(3), has
given the results presented in Table 1.

Table 1 Coefficients of 2nd degree polynomials of the 
characteristics for plant’s own operating needs

The application of the proposed technique has given 
the results depicted in Figure 3 and presented in Table 
2. In Figure 3 there are depicted graphics showing the 
plant’s operating characteristics )( nb PfQ   in the
case of optimum number of units in operation for
different demand loads on the plant. For the case of 

3n  generating units in operation, the impact of the 
different ways of satisfying own consumption needs 
for water and electrical power can be inferred by 
examining the results in Table 2.



Table 2 – Part I Results for the consumer power 
demand loads 75-145 MW also showing the impact 

of own consumptions

It should be observed, given the results in Table 2, 
Parts I and II, the proposed optimization technique
has provided a solution with a rather balanced
distribution of load demand over the plant’s units .

Table 2 – Part II (completion)
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Fig. III. Operating characteristics )( nb PfQ  for
1, 2, 3, and 4 units in the optimized operation of 
the hydro-electric power plant depending on
demand loads.

4. CONCLUSION

The concept of optimum number of units
committed in operation is important for both
energy efficient operation as well as for modelling 
plant’s operating characteristics of water
consumption and specific water consumption
characteris tics. This paper presents one applications 
oriented technique for optimum system operation 
planning by means of unit commitments in hydro-
electric power plants while retaining responsive
spinning reserve. The mathematical model derived 
as well as the associated algorithm and computing 
program are our original developments albeit based 
on known theories. 

The technique derived is an iterative one with 
solutions at each of the iterations being obtained 
via analytical formulae. This technique enables to 
determine numerically the so-called operating
consumption characteristics of hydro-electric
power plants as well as to find out the impact of the 
variants of covering unit own needs of water and 
power, which in turn is to be observed determining 
the operating schedule of plants in the electrical 
power system.

The presented technique allows for units to have 
different specific characteristics of water and
electrical power consumption for own needs. It is 
aimed at controlling the future operation via an 
optimization strategy, which can be part of the
supervisory control level of the plant or the area 
computer control system. Future research is
envisaged in improving further the representation 
model so as to encompass some additional
technical specifications. 
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