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Controllability of Matrix Sylvester System
and Sylvester Integro-differential System

In the present article, Sylvester matrix first order differential system and matrix first order
integro-differential system are studied. A set of sufficient conditions for controllability and com-
plete controllability of the system is presented. As a necessary tool, a variation of parameter for-
mula is developed for the non-linear Sylvester system.

Uccnenoanbl quddepeHnanibHble 1 UHTETpo-AudepeHalbHbIe MATPUYHBIC CHCTEMBbI
CunbBecTpa nepBoro nopsjka. [IpeacraBiieH HaAOOP JOCTATOYHBIX YCIOBUI YIPABISIEMOCTH H
MOJIHO# yTIpaBisieMOoCTH cucTeM. Kak HeoOXOqUMbIi MHCTPYMEHT ISl HEJIMHEHHON CHCTEMbI
CuibBeCTpa MoTy4YeHa PA3HOBUAHOCTH APAMETPHUYCCKOI (HOPMYIIBI.
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1. Introduction. In this paper, we shall be concerned with the general first order
Sylvester system

T'()=A)T()+T () B(t)+C (t)U (¢) D (1), (1)

where A4, B are continuous (7 x n) matrices on J = [#, t;] and C is an (n x m) con-
tinuous matrix, U is an (m x m) continuous matrix on ./, and D is an (m x n) ma-
trix. The Sylvester system (1) arises in a number of areas of control engineering,
feedback systems, dynamical systems and its general form solution in terms of
solution of fundamental matrix is given by Murty, Howell and Sivasundaram in
1992 [1]. Most of the results presented on control systems are new and include
general first order vector system as a particular case. More specifically, the pa-
per is organized as follows.

Section 2, presents general solution of (1) in-terms of two fundamental ma-
trix solutions of 7" =A(¢) T and 7" =B (#) T and then present a set of sufficient
conditions for the controllability of (1).
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In section 3, we consider the general first order integro-differential equation
of the form

t
T'(t)y=A(t)T(t)+T(t)B (t)+J. [K,(t,5) T (s)+T (s)K,(t,s)]ds+F (1), )
ty
satisfying 7' (¢,) =T,, where K, (¢,s) and K,(¢,s) are continuous square matrices
ofthe order (n x n) and (¢, s)e R? and F € C [R, , R™"]. We first present the varia-
tion of parameters formula for (1) and then present sufficient conditions for the
controllability of the integro-differential system (2). Section 4 deals with nonlin-
ear control system. In this section, we consider the matrix integro-differential
system of the form

T'(t)=A(t,T(2),U(1)) T(t)+T(t)B(t,T(t),U(t))+J.Kl(t,s,T(s),U(s)) T(s)+

)

+Ty(5) K, (2,5,T(s5),U (5)) ds+C (¢, T(1),U () U (1) D" (¢,T(1),U (1)) (3)

and present a set of sufficient conditions for its controllability, and then present
sufficient conditions for complete controllability of (3). Note that the matrices

involved are of appropriate dimension and are all continuous (z x #) matrices in

their arguments. Here the nonlinear matrix 4 is such that the elements a,; =
=a;(8,T(2),V (1)) are scalars. Some remarks are applicable in respect of the
matrices B, K, K,, Cand D [2, 3].

In [1] the general solution of the homogeneous system 77(¢)=A(¢) T (¢)+
+T (1) B (1) is given by T (1) =Y (£) CZ" (1), where Y (¢) is a fundamental matrix
solution of 7'(¢) =A(¢) T () and Z (¢) is a fundamental matrix solution of 7'(¢) =
=B (t) T (¢). In this paper, we seek a particular solution of the nonhomogeneous

system.
T'(t)=A() T (t)+T (t) B(t)+F (1) 4)
in the form Y (¢) C(?) A (). It 1is easy to verify that

C (1) ='[Y’1(S)F(s) Z" () ds.
Thus a particular solution of (4) is given by
T,(1)= Y(t){ j Y W) F(s)Z () ds] Z (1),
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and any solution of (4) is of the form

T(z):Y(t)CZ*(z)JrY(t)[I Y U($)F(s)Z (s) ds] 7 (1).

)

Using this general solution, we can at once write the general solution of the con-
trol system (1) as

T(t)=Y(£)CZ (1)+Y(¢) [ j Y U()C(sU(s)D(s)Z ™ (s)ds] Z (b).

)

2. Controllability of the Sylvester system. In this section, we shall be con-
cerned with establishing a necessary and sufficient condition for the controll-
ability and observability of the nonhomogeneous system (1) under smooth con-
ditions. The Sylvester system (1) is said to be time invariant, if all the coefficient
matrices are constant, otherwise it is called time varying.

Definition1. The linear time varying system (1) is said to be controllable on
(7,1, ], if for any initial time #, and any initial state 7(¢,) =T, there exists a con-
tinuous input signal U(7) such that the corresponding solution of (1) satisfies
I(t))=T,.

The time varying system (1) is said to be completely controllable on [, ¢, ],
if it is controllable for all 7 € [#, ¢, ]. We use the following notation Y (¢) Y -l (ty) =

=D (1, ty)and Z(£) Z ' (t,) =P (¢, t,).

Theorem 1. The system (1) is completely controllable, if, and only if, the
(nxn) symmetric matrix

V(to,tl)zjlcD(zo,s)c(s)cT(s)an(tO,s)ds, ©)

to
where @ (¢, ¢,) is the fundamental matrix solution 7" =A4(¢)7T satisfying

® (t,,ty)=1 is non-singular, and that for some positive constant C, det
(UC (ty,t,)) = C. The control function U defined by

U(t)==CT (@ (1, )V " (b0, 1)) To=P (11, 1) T " (11, 13) [w" (8, 1) (6)

transfer 7 (¢y) = Ty into 7' (¢;) = T1.

Proof. First, we suppose that V' (#,,t, ) given by (5) is non-singular. Then
U (t) given by (6) is well defined. Further, any solution 7 (¢) of (1) satisfying
T (ty)=T, is given by

T()=® (1,40) Ty (45, 1) +
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O (1,1) | [ @ (16,5) C(HU () (tg.5) ds |y (£.1).

)
Substitute the general form of the control function U(¢) given by (6) in the above

equation, we get

T(1)=D (t;,1) Toy ™ (t5,1,) —P (tlafo)j D (ty,5)C () CT ()P (ty,5)x

fy
XV_I(thtl)[To —® (t;,1) Tw (1, 10)1dsy ™ (ty, 1)) =

=D (t,t0) Ty (tg, 1)~ @ (tg, 1)V (10, 1))V " (4, 1) X
XLTO —® (1,,10) Y (1, atO)J Y (2, 1)) =

=O (1, 1) TV (1o, 1) =D (1), 1o) To¥ ™ (20, 1)+ P (10, 1,) D (1, 1y) %
T, W (8, 1) W™ (2, 1) =D (2, 1) Y™ (2, 1,) =T,.

Thus, the control function U transforms 7'(¢,) =7, into 7' (¢, ) =7, and hence the
Sylvester system is controllable. This is true for all # € [¢, ¢, ], it follows that the
Sylvester system is completely controllable.

Conversely, suppose that the system (1) is completely controllable. Let o be
an arbitrary constant matrix of the order (nxn). Since V'is symmetric, we have

|
o' Va =j o D (15,5)C(s)C" () D" (15,5) L ds =0
)
Let0” =o @ (#,,5)C (s). Then
1 f
a*Va:je*(to, s)e(zo,s)ds=j 0|2 ds =0. (7)

Ty Ty

Hence V' (¢,,t,)1s positive semi-definite. Suppose that there exists ana # 0 such
that @’ V& =0. Then in view of (7),

t
Jla(to,s)zdSZO,

)
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which means 6 =0on [#y,¢,]- Since the system is completely controllable, there
exists a control V' such that 7 (¢,) =0if ' (¢,) =a.. Hence

gl
T =D (ty, 1)) &+I @ (19, $)C (s,u(5), ¥ (s,20)) ds | V" (14, 1,) =0,
Ly
which implies
1
a =—j D (1, 8) C (5,u(s), ¥* (s,1,)) ds,
ly
and consequently |&|* =& ¥ & =0, which is a contradiction. Since & # 0 implies
|G)* # 0. Hence the claim.
3. Integro-differential system. In this section we develop the method of
variation of parameters formula for integro-differential equations of the Volter-
ra type in terms of resolvent kernels and then offer sufficient conditions for the

controllability of the Sylvester matrix integro-differential system [2]. More spe-
cifically, we consider the matrix linear integro-differential equation of the form

T'(0) =AW T (1) +[K\(6,) T (s)ds+F (1), T(t) =T, (8)

)

where A4 (7), K,(¢,s) are (nxn) continuous matrices for te R, and (t,s)eRf
and FeC |_R +,R"X”J and T is a square matrix of the order n. We get for
tySS§<t<©

@ (1,5) =A(t)+IK1(t,r)dr,

Rl(t,s)=1+le(t,c)cD(c,s) do, 9)

where / is the identity matrix of the order n and K, (¢,5) =D (¢,5) =R, (¢,s) =0for
t, < t<s. We shall state the following result relative to the linear integro-differ-
ential equation (8).

Theorem 2. Assume that 4 (), K,(¢,s) are (nxn) continuous matrices for

teR,,(t,s)eR?and FeC |_R+, R™™ J Then the solution of (8) is given by

T(1)=Ry(t.10) Ty + [ Ry (1, )F(5) ds, T(19) =T,

)
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where R (¢, s) is the unique solution of the partial differential equation

aaRl(t,s)+R1(t,s)A(s)+IR1(t,G)Kl(cr,s) do =0 (10)
A

with R, (¢,1)=1.
P ro o f. Since @ is continuous, it follows that R; in (9) exists and subse-

8Rla(t’s) exists and satisfies (10). Let 7 () be a solution of (8) forz > ¢,,.
s

Then, if we set p(s)=R,(¢,5) T (s), we have
_OR,(1,5)
s

quently

p'(s) T(s)+R,(2,s) [A (T (s)+_|.K1 (s,u) T (u)du+F (s)} .
ly
Integrating in between the limits ¢, to ¢ yields,

P(D=p L) = [aRl(”)
os

ly

T(s)+R,(t,8)A(s)T (s)+R,(t,8) F (s)} ds +

+ j Rl(t,s)[jKl(s,u)T(u) du} ds.

to lo

Applying Fubini’s theorem [4], we get
t
OR (t,s
(=R (t,1) T, ZI {18(5*) +R(1,5) A(s)+

+J-R1(t,u)K1(s,u)du} T(s)ds+'|‘R1(t,s)F(s) ds.
Using (10), we get
p(t)=R1(t,t0)TO+IR1(t,s)F(s) ds.

ly

Since p(t)=R,(t,t) T (¢)and R,(¢,¢)=1, we have

T(0)=R,(t,1,)T, +jR1(t,s)F(s) ds.

Now, to prove that 7'is a solution of (8), let 7'(¢) be the solution of (10) satis-
fying 7(¢,) =T, existing for ¢, < t< oo. Then
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le(t,s) T'(s) ds=R1(t,t)T(t)—R1(t,t0)TO—j Mla(j"v)r(s) ds =

) )

:J.Rl(t,s)F(s)ds—J.aRla(St’S)T(s)ds.

) )

Using (10) and Fubini’s theorem, we get

J.Rl(t,s) T'(s)—A(s)T(S)—'S[Kl(s,u)T(u)du—F(s) ds =0.

) Ty

Since R, (1, s) is a non-zero continuous matrix for 7, < s <7< oo, we have

T'(s)—A(s)T(s)—jKl(s, u)T (u)du—F (s)=0.

)

Therefore, T is a solution of

T'(1)=A(1) T(z)+j1<1(s, u) F (u)du .
ly
Thus the proof of the theorem is complete.

Theorem 3. The matrix integro-differential system

T’(t)=A(t)T(t)+IK1(t,s)T(s)ds+C(t)U(t), ted, (11)

T (ty)=T,

is completely controllable, if, and only if, the controllability matrix
1
@ (19.1,)=[ Ry(1,1)C" () C () Ry (¢, 5)ds

ly
is non-singular, where R, (¢, s) is the resolvent matrix. The control function
U ()==C (D) Ry (to, N O (10, t)[Ty =R (19, 1)) T; ]
defined for 7, < t<t, transfers 7' (¢,) =T, to T'(¢,) =1T,.
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Proof Any solution 7 (¢) of (11) is given by
t
T(t)=R(t,tO)TO+J.R1 (t,0)C" (1)U (1) dr

lo

and hence
b

T(t)=R(1, to)!To+IR1 (anT)C* (‘c)U(r)dT:I=R1 (1), 15) %

to

x[To +[R (10, ) € (1)(-C (1) R (10, D)™ (10, 1)) Ty =Ry (19, 1)) Ty) dr] =

i
=Ry (1, 1)y =D (19, ) D™ (1, )Ty =R (1, 1) T))]=T;.

Converse is similar to the proof of Theorem 1.
Theorem 4. Assume that B (¢) and K,(¢,s) are continuous (nxn) matrices

forteR,,(t,s)e R> and FeC |_R+, R™ J Then the solution of

T'(t)=T(t)B(t)+IT(s)K2(t,s)ds+F(t), (12)
T (ty)=T,
is given by
T(1)=T,R, (1, t0)+jF(r)R§ (t,7)dr,

where R; (¢, s) is the resolvent kernel and is the unique solution of

§R§ (t,5)+B(s)R, (t,s)+j1<2(c,s) R, (t,6)do =0 (13)
A)

with R,(¢,t)=1.

P r o o f. The proof is similar to the proof of Theorem 2.

Theorem 5. The matrix integro-differential system (12) is completely con-
trollable, if, and only if, the controllability matrix

W (19, 1) = [ Ry(t9,7) D" (1) D (1) Ry (£, 7) dt
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is non-singular, where R,(¢, s) is the resolvent matrix. The control function
U (f) given by

U (1)==D(T) Ry (1900w (10, 0| Ty =Ry (10, 1) T} |

defined for 7, < t<t, transfers 7' (¢,) =T, to T'(¢,) =1T,.

P ro o f. The proof is similar to Theorem 1.

We shall now consider the superposition of these two systems and present a
set of sufficient conditions for the complete controllability of the Sylvester
integro-differential system

T'(0)=A() T()+T() B()+[ [K,(1,5) T(s)+
+T(s)K,(t,5)]ds+C ()U (£) D" (1), (14)
T(1,)=T,.

Theorem 6. The matrix Sylvester integro-differential system (14) satisfy-
ing 7' (¢,) =T, has a unique solution given by

T(0)=R, (t.1) TR, (1) + [R, (6,) C (U (1) D™ (1,1) Ry (1) d,

where R, and R, are the solutions of the partial differential equations (10) and
(13), respectively.

P r o o f. The proof is similar to Theorem 2.

Theorem 7. The matrix integro-differential system (13) is completely con-
trollable, if, and only if, the

® (19,1 = [R, (1,5)C" () C ()R} (tg,5)ds
and
W (tg:1,)=[R; (£9,5) D () D" () R, (£, 5) ds

are non-singular, where R;(z, s) and R,(t, s) are resolvent matrices. The control
function U () given by

U(1)==C ()R (19, )@ " (t,t))| Ty =R, (10, 1)) Ty Ry (11,1¢) |

Xy (to, 1) Ry (2, 1,) D (1)
is defined for ¢, < t< ¢, transfers T'(¢,) =T, to T (¢,)=T;.
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P ro o f. Any solution 7 of the matrix Sylvester integro-differential system
is given by

t
T(t)=R,(t,ty) TyR; (t,z0)+jR1(t,r)C(r)U(r)D*(r)RZ (t,0)dt.  (15)
fy
Substituting the general form of the control U (¢) in (15), we get
T(t)=R, (1, to)ToRz (1, 10) +
4}
+R, (11 10) [ R, (19, 1) C(ML=C (0) Ry (15, 1) (1,1))[Ty -

ty

—Ry(19,1)) TRy (1, 1)1 " (£9:,) Ry (£,1,) D (1) I D™ (x) R} (£.7) dt =
=R, (11, 10)TyR; (11,10) =Ry (11, 1) @ (0, 1) @ ' (20,1,)[T,
_Rl(t()a t1)T1R2(tla to)]\P(th tl)\P_l(th t1)R; (th t1)=
=R, (1, to)ToR; (41, 1) —R, (1, to)ToR; (tg, 1)+
+ Ry (11, 1) R (1, 1)) TR, (11, 1) Ry (10, 1)) =R, (11, ) TR, (11, 1,) =T,

Conversely, suppose the system (14) is completely controllable. Then it can
easily be proved as in Theorem 1, that® (¢, ¢, )and y (¢, ¢, ) are positive definite
matrices.

4. Nonlinear control system. Observe that the system (4) is nonlinear. We
aim at finding the existence of controllability conditions so that it be completely
controllable. For this purpose, let T (t)and U (¢)be two given nxn matrices con-
tinuous in z € J. The associated linear matrix integro-differential equation with
(4) is given by

T'(t)=At,T (1),U () T()+T () B(t,T (1),U (1)) +

+j1<1(t,s,f(s),17(s))T(s)+T(s) K, (t,5,T (5),U (5))ds+

+C(t,T (),U () U ()D (¢,T (1),U (1)), (16)
T(ty)=T,,

where T is a given (nxn) matrix. Note that (16) is similar to the system (13).
Since (16) is linear, Theorems 2 and 4 are applicable. Hence the resolvent matri-
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ces R,(t,s, 7(s),U (s)), Rz(t,s,T(s),ﬁ (s)) exist for ¢ € J and yield the solution
of the initial value problem (16) and is given by
t

T(0=R (1,10, T (.U () TRy (1,15, T (0,U (0)+[R, (1,5,T(5),U(5)) x

)

xC" (5,7 (), U(s))U (s)D" (t,5,T (5),U ()R, (t,5,T (5),U () ds. (17)

The representation of the solution given in (17) is a consequence of the su-
perposition of conclusions obtained in Theorems 2, 4 and 7. Hence we have the
following theorem.

Theorem 8. The matrix integro-differential system (17) is completely con-

trollable, if, and only if, the control matrices
g

© (0.1, T(1).0(1)) = [ R, (1.5.T (5).0 () %

xC* (5,7 (),U () C (5, (5),U (s)) Ry (24,5, T (5),U (5)) ds (18)

and
t

W (to.00, T (1).0 (1) = [Ry (19,5.T ()0 ()%

)

x D" (5,T(5),U () D" (5,T(5),U () R, (t0,5,T(5),U (s))ds  (19)
are non-singular. The control function U (¢) is given by
U(t)=—C (t,T (t),U () Ry (ty,t,T (),U () @ (25,1, T (1,), U (£,)) x
[Ty =R, (tg,t;,T (t,),U (1)), T,R; (1,519, T (1,),U (1;))]x
xy  (to. 1, T (1), U (1)) R; (4,4, T (t,),U (1)) D (¢, T (£,),U (¢)). (20)

Here the matrices ®@ and y as given in (18), (19) are assumed to be non-singular.
P r o o f. Substitute (20) in (17) and prove that 7' (¢;) = 7). Conversely, as-
sume that the Sylvester system (16) is completely controllable. Then by follow-
ing the proof of Theorem 1, we show that the control matrices ® and y are posi-
tively definite. The details are omitted.
We now turn our attention to the nonlinear system given in (4). Taking the
relations (17) and (20) in consideration, we let

F:Cnxn(J)XCnx11(J)_) Cnxn(J)anX}’l(J)
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such that
F(T(0),U (1) =(T(1),U (1)).

The operator F is continuous on C"'(J)xC"(J). Let there exist a closed
bounded, convex set Q in C™ (J)xC ™" (J)such that (T, U)=F (T ,U) for any
T.U in Q, then from the relations (17), (20), F (Q) is bounded. We apply
Schauder’s fixed point theorem and conclude that there exists at least one fixed
point of F. Hence, we have the Theorem 8.

We consider a more complicated system and using Kronecker product of
matrices, we obtain sufficient conditions for the system controllability.

T'(1) :A(t)T(t)B(t)+J.K1(t,s)T(s)Kz(t,s) ds+F(t)
is equivalent to

V(T'(1)=(A®B" )V (T(1)+

+[ K1 (1,9) ® K (1,)]V(T (s)) ds +(F(1) ®1,,), 1)

where V (T"(t)) is an n” x1 vector, (A®B" ) is an (n* xn* ) matrix and K, (t,5)®
®K ; (t,s) are(n* xn?) continuous matrices and ® denotes the Kronecker product.
The following theorem is a simple consequence of Theorem 1 in [5].

Theorem 9. Assume that (A®B" ) and K | ®K ; are continuous (n° xn?)
matrices for te R, and (¢,s) € Rf and F'(1)®I1, is an (n*xn?) continuous ma-
trix. Then the solution of (21) is given by

V(T(0))=R,(1,1)) T, +_fR1(f>S)(F(S)®1n)ds, T(ty) =T,

)

where R, (t,s) is the unique solution of

sRl(t,s)+R1 (,5)(A(s)®B" (s)) +
A)

+[Ri(1,0)(K, (0,5) ®K; (0,9))(F (5)®1,) do

R, being (n 2% nz) matrix and the symbol ® means Kronecker product.
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The other results like Theorem 3, 4 and 5 follow. We can consider more
general systems like

T'(t)=F(A(t))T(t)g(B(f))+I J (K (2,5) T (s) g (Ky(2,5)) ds+F (1),

which can be converted into a vector system by using Kroneker product of matri-
ces as

V(T'(0) =1/ (A1) ®g" (BN (T (1)) +

[ I (K (1,5) @2 (K6, (T(s))ds +(F () ®1,)

The results on controllability and observability criteria can be discussed for
the above system as in linear systems [5]. In order to avoid monotony, we even
omit starting those results.

JocmimxeHo nudepeHIiateHi Ta inTerpo-audepeHniaabai MaTpiyHi cucTeMu CHIbBecTpa Iep-
moro nopsiaky. HaBeseHo HaOip 1ocTaTHIX YMOB KEPOBAaHOCTI Ta MOBHOT KEPOBAHOCTI CHCTEM.
STk HEOOXiTHMI IHCTPYMEHT ISl HeliHiIHHOI cuctemu CHibBECTpa OTPUMAHO PI3HOBHJI Mapa-
METPUYHOI (hOPMYJIH.
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