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Conventional hidden Markov models generally consist of a Markov chain observed through a linear
map corrupted by additive Gaussian noise. A lesser known extension of this class of models, is
the so called Factorial Hidden Model (FHMM). FHMM’s also have numerous applications, nota-
bly in machine learning and speech recognition. In this article we consider FHMM’s with addi-
tive fractional Gaussian noise in the observed process.

OOLIeNPUHSATHIE MAPKOBCKUE MOJCIH CKPBITHS HHPOPMALIUK MPEACTABISIOT COO0H MapKOBC-
KYIO LeTIb, MOJTYYEHHYIO C TOMOIIBIO IMHEHHOTO Mpeodpa3oBaHus, HCKQKEHHOTO aTNTHBHBIM
rayccoBbIM IIYMOM. MeHee M3BECTHBIM PACHIMPEHHUEM ITOTO Kilacca MOJICINCH SBIISETCS Tak
HasbplBaeMasi (hakTopHuajbHas Mojeib cKpbiTus nHpopmaunn (FHMM), kotopas Takxke uMeeT
MHO)KECTBO MPUJIOKEHUH, B YACTHOCTH NMpPU OOYYEHHH MAllMH M paclo3HaBaHUM pedd. Pac-
cmorpensl FHMM ¢ aiituTHBHBIM IPOOHBIM I'ayCCOBBIM IIYMOM B HaOJIIOJaeMOM ITpoIiecce.
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1. Introduction. Hidden Markov models (HMM) have been heavily researched
and used for the past several decades in various areas of application including
bioinformatics, finance and engineering [ 1—3]. A standard HMM uses a hidden
state at time n to summarize all the information it had before » and thus the ob-
servation at time »n depends only on the hidden state at time n. Also the hidden
state sequence over time in an HMM is a finite state Markov chain.

The field of speech recognition has used the theory of HMM with great suc-
cess. At the same time there is now a wide perception in the speech research
community that new ideas are needed to continue improvements in performance.
There has recently been some interest in exploring possible extensions to HMM
in several directions. These include [4—11] among others.

The factorial HMM arises by forming a state model composed of several layers.
The observation process depends upon the current state in each of the layers.

In the first model discussed in the sections 2 and 3 the states of the system
are divided into layers with independent dynamics observed through a fractional
Gaussian noise. However, the probability of an observation at each time depends
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upon the current state of all the layers. In many applications, multiple sequences
are interacting with one another. Therefore, a more general model is proposed in
section 4 where some dependence between the layers is introduced.

2. Dynamics with fractional Gaussian noise. Let Z denote the set of inte-
gers, and Z* denote the set of non-negative integers. Following [ 6, 7] we define
a set of functions £ on Z* with values in R. We suppose that if i <0, then £'(i) =0.
These functions could be considered as infinite sequences: f(i)=f,;,i=0, 1, ....
Then we define.

If !, £ % are in £ the convolution product '« f? is defined by
S S =2 S =2 ST
i=0 i=0

In this set of functions, consider the function u, which is defined as u =(u, u, ,...) =
=(1,1,...). The convolution powers of u are:

u’ =(1,0,0,..),
u? =uxu =(1,2,3,..),
w=uxu =(1, 3,6, ..),
u =17 r(r+l) r(r+)(r+2)
I ﬁa 2' s 3' 5 see |

Note that forany £ in £, f *u® =u"* f = f and for any s, 7 in R, u"* u* =u**" . In
particular u”* " =u°. For more details and proofs see [6, 7].

Let (Q2, F, P) be a probability space upon which {w, }, n € N are independent
and identically distributed (i.i.d.) Gaussian random variables, having zero means
and variances 1 (N (0, 1)). Then [6, 7], the fractional Gaussian noise is defined as

n
wy E(u e w)(n) =Y ufw, .
i=0

Then, w" is a sequence of Gaussian random variables which have memory and
are correlated. Also,

n
Var(wi)=>"(u])?,
i=0
n-1
Cov (w, ,w,_ )= Z u,_uy i+l
i=0
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A system is considered whose state is described by a set of finite-state, ho-
mogeneous, discrete-time Markov chains X', m=1, .., M, ne N. We suppose
X, ={Xp, ... X" }is given, or its distribution known. If the state space of X",
m=1,..., M, has N" elements it can be identified without loss of generality, with
the set.S o = {el", ..., e]’ﬁ . }» where e are unit vectors in R N with unity as the i
element and zeros elsewhere.

Write £’ =c {X{" .., X", m=1, .., M}, for the o-field generated by X[, ...
v Xym=1, .., M, and {F, }for the complete filtration generated by the ]-"no; this
augments J’:no by including all subsets of events of probability zero. Here we
shall assume that

P(X 5 =€f|F, ) =P(X,} =€ 1X1).
Write a’; =P (X}, =e| X} =¢"), A" =(a’;). Define V=X, -A"X].
So that

X0 =A"X ) (1)

n+l — n+l»
"}, m=1,..,M, neN, are sequences of martingale increments. (See [1, 2] for
more details) . B
Let 0" =(c",..,c™,)eRY ", m=1,..,M and p=(p", ..,pp"). The state

N" .
processes X", m=1, ..., M, are not observed directly. We suppose that our obser-

vations have the form

yn=§:<X,T,cm>+w; =(p, X, )+w,, 2)

m=1
where X, ={X},.., X }is an N' +..+ N -dimensional vector of unit vec-
tors. Let z, =(u™"* y)(n). Therefore

2, = 5 (0, X))+, 2 (X g X, ) 4w, (3)

where w is now a sequence of i.i.d. N (0, 1).Write {Z, }, n € N for the complete
filtration generated by {z, z,, .., z, }. We shall write {G, } for the complete fil-

tration generated by X", m=1, .., M, and z.

Initially we suppose all processes are defined on an «ideal» probability
space (QQ, F, P); then under a new probability measure P, to be defined, the
model dynamics in (1) and (3) will hold.

Suppose that under P:

1) {X)'}, ne N' are Markov chains with semimartingale representations

given in (1).
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2){z,},neNisani.id. N (0, 1) sequence with density function

W(Z)Z\/%e_zz/z.
Let
o :\U(Zo _h(;(Xo)):\V(yo_ho(Xo))
v (zg) V(o)
and for /=1, 2, ...
iy =\|;(z[—h[’(X0,...,X,))_ 4)
v(z;)
Set
A= (5)
1=0

Define P on { Q2, F} by setting the restriction of the Radon-Nykodim deriva-
tive Z;}I; to G, to A,. It can be shown that on {Q, F}and under P, {w, }, n € N are

i.1.d. N (0, 1) sequences of random variables, where w, ézn = (X gsees X))
Recall that for a G-adapted sequence {9, },

E[A$,12,]

FloulZ, E[A,12,]

Write g, (Jy s Jpr K157 < N1 <ju S NY neN, for the unnormalized,
conditional probability distribution such that

E[Mﬁ(){ﬁ,ei}lzn}=qn(jl,.--,jM).

r=1

Nowz< ”, l>—1 S0
N! N o
Z an(flﬁ olm )= E|:A Z ZH< no /4> :|=E[An|zn]

Ju=l1 =l jy=l =l

Therefore the normalized conditional probability distribution

pn(jla"'ajM):E{ﬁ<Xf:e§/>|Zn}

l=1
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is given by

pn(jl""ij)I N1 qn(]l’ ’-]M)

z an(l 5* ’lM

it~ - iv -

We have the following result.

Theorem 1. The unnormalized, conditional probability distribution ¢, is
given by

Gnrs )= Z Z Z Z Hau =

[1,.‘., lM l] i l;r 2’ N ln 2 l;l 1’."’ ]’:/[1 /=1
o Y(zhe )iz -k e )
ol oy oy
iy (z,) v(zy)
\Ij(Zn —hr(el_o, --~, i 1> ]))

po(il, i3, ., i9).
v(z,)

Proof. Letusdenotee —(e , e%),eiﬁ(e;k,..., eiﬁf) and
1 M

In view of (4) and (5)

=|= —hy(Xg, o e
qi’l(.jl ""’jM)ZE |:An—l\|l(zn \;((fno)’ ’Xn )) H<Xﬂ’ei/>|zn:| =

n—1 —h"
| _ vz, —h,(Xg,r X, ,€;)) Y& ’
=E|\ M(Xg, X rr g || X, z, |=
|: Og[ l( ’ l) W(Zn) €:1< Jﬂ>|

| — ’1—17 _hr X .,,’X ’ '
:E|:7\’OH7\4/(X0,...,X[)W(Z’1 }'l( 0> n—1 ej)))(

v(z,)
M
I GRS (FERAIEA
[ —h(Xgy o€ 1s €
:E{%Hx,()(o,...,x,)\"(z” n(fv(zzn)el LN
g (CEE  (E2 )iz |
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Now recall that X, =4" X, +V}', and

M ¢
> TI(Xivey)=
ik, ik =1

Therefore

9,1 iu)=E {%sz(){o’ v X )

Wz, ~hy(Xg, v € in€))
X

v(z,)
M /
X z H< n-1-€ >Haj ”'|Z:|
ll_ 11'\',11 =1 =
[ o1 \|](Zn —h,:(X(),---,e.n—laej))
=E|{n 1IN (X,, . X —
{ OH 1(Xos s Xp) v(z,) X

M
% Z H<A Xn 2’ n 1>Haj'/,i771 |Zn:|=
/=1 o

nf in- 1
]

N z, —h'(Xy,..,€., ,e.
25{% x,(XO,...,X,)W( 0 Xo- e pr€))
=1 \V(Zn)
x 3 ﬁ<Afo e’ ﬁal > ﬁ Xt N2, |=
n2s €yl Joit! n=20 2 150 | =
il il el =l 2L i el ’
N I z, =l (Xg, € ,1,€;
=E{x0 KZ(XO,...,XI)W( (Ko, 1))
I=1 v(z,)

M , M ,
X z a:n—] n—2 Ha -1 Z H< n-2» n2>|Zn =
. ' i) VIRY
il (=1

ey

iy l'j(\)/[ i|1 ity AT il 1{171 iy = o
l{n 1 l/n 2 ]{ [Zl 1 W(Zo) \V(Zl)
\‘II(ZI’I _hr(el.09-",el»nfl ’ej)) '0
Po(ii' i3 iy ) -
v(z,)

Which finishes the proof.
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3. Approximate recursions. In this section, as in [6, 7] we give recursive
approximate estlmates of'the hldden states. The recursion is initialized by the as-
sumption that X, =5 0 ={X g, X" }is known, and for n > 1we define:

an(jl""’].M):E|:AnH<X}f7ei>|Zni|:
/=1

_ W (X yyn X, |, X)) M
=E|:A \V(Zn ( 0 n—1 )) <Xg €€>|Zn:|=

ns>%j
v(z,) /=1 '

=E[An1 Wz, ~h" (X gy X, 1€ )

M
W(Zn) i =

3 ﬁ@ﬁf1,e£>H<AZX,fl,ejﬁ£>|zn]:

preendy 051 t

—_

Z 2 TXoer)

v(z,) =l iy=l (=1 =1

y(z,—h"(Xg,... X, 1.€;))

= ! ZHJZin(ll” ).

v(z,)

| z —h'( Xy X y N M
:E{A,HW(" (X X,1€)) &

:j S

N

3
I_—I

Il

vy

Here p,'(i"") is the approximate marginal conditional distribution of X", and

N N
X —Ze’"P(Xk =e/"|Z,)= > el"pl (™).

i=1 im—1

To summarize we have.
Theorem 2. The approximate unnormalized conditional joint distribution at
time n of the unobserved Markov chains { X, , . , X M is given by the recursion:

~ \V(Zn _hr(‘}}’v():' A p— 1>e )) ~
Gyt )= Gy
v(z,) Z H g

s
4. A model with coupled layers. In this section we assume that the dynam-
ics of X' are not changed but form=2, ..., M

P(X) =e|F, ) =P(X) =€ X}, X)),

Write b7, =P(X} =e| X} = mXxr =el ), B” =(b7 ), so that

J» ih

X"=B"X" @XM 4y
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The observed process is as defined in (2) and (3) and P is defined on {Q, F}in
exactly the same manner as in the previous section.
Write 8, (Jseer fas h 15 ) < N', ., 1<j,, <N, neN, for the unnorma-

lized, conditional probability distribution such that
— — M ]
E AnH<Xzaef/>|Zn:| :8n(jl aa.]M)
=1

Theorem 3. The unnormalized, conditional probability distribution §,, is
given by

1
d (]17 ’]M)_ z 2 z z a.l o Aot w2l X
i, hoh iy

1 5 s lM 11 ey lM ’1 o I 2 n 1 — s
% ﬁb/ b, b’ W(Zo_h(eio))\v(zl_hr(eio,eil))
TRy (2) v(z))
V(z, =h(eq, e ,0.€))) p
vee : 0(11’ 12, , )‘
v(z,)

P ro o f. Again using (4), (5) and the same notation as in Theorem 1
6n(jla'"’jM ) =

B B z, —h (X gyes X)) 14
:E[xonx,(xo,...,)(,)“’( n = (X "))H<X,f,ef./>|2n =
(=1

=1 \V(Zn)

>

I(X0> 7X )

=E{k - Wz (X X1 e,)
/=1 W(Zn)

n-1-€

’:]s

X T (X))

-n—l, - in=1 1 V4

n \V(Zn _h;(XO’“"Xn—l?ej))x
/=1 W(Zn)

<B X' ®x! ”>|z}

||
[\e]
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M — _ r
X Hbfl .0.0 ...b{z—] .n—2.n—2bf; .n—1.n-1 \V(ZO h(eio ))\V(Zl h (eio ’eil ))...
= Lpsllyy A N L S| \V(Zo) \V(Zl)

W(Zn _hr(el.07 "'7el-n—13ej)) .0 -0 .0
Polls lys s by ),
v(z,)

which finishes the proof.

3arajabHOBIIOMI MApKOBCHKI MOJIEN IPUXOBYBAaHH iH(pOpMaLlil sIBISIIOTE cOOOLO JIaHIor Map-
KOBa, OTPHMAHHMH 32 JIOTTOMOTOI0 JIIHIHHOTO TIePETBOPEHHSI, BUKPHBJIEHOTO aIUTHBHUM I'ayCcCO-
BUM IIyMOM. MeHbIIIE BiTOMUM PO3IIMPEHHIM LEOTO KJIacy MOJesIeH € Tak 3BaHa (akTopianbHa
MoJienb npuxoByBaHHs iHpopmanii (FHMM), sika Takoxk MIMPOKO 3aCTOCOBYETHCS, HAIIPUKIIA],
MpY HABYaHHI MAIMH W po3Mi3HaBaHHI MOBH. Posrisayro FHMM 3 aguTtuBHEM JpOOOBHUM
rayCCOBHUM IIYMOM Y TIPOILIECI, IO CIIOCTEPIraeThCs.
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