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PWKCKMIA TeXHWYeCKUii yHUBepCuTeT, Pura, Jlateums

MpoaHanu3vpoBaHa TOYHOCTb OMNpeeneHns CBOCTB MaTepuanos a/1eMeHTOB KOHCTPYKUMiA (Mo-
OyNb YNpyrocTu, KoapduumeHT [yaccoHa, MAOTHOCTb U Ap.) MEeTOAOM W3MepeHUs 4acToT
CO6CTBEHHbIX KonebaHmiA. OLeHeHbl TOYHOCTb OMpPee/eH!st YacTOTbl MeT0A0M Pypbe 1 BANSHIE
€e Ha KOHeuHbIi pe3ynbTaT. C NoMOLLbl0 MeTOAa MeTaMOfeNei BbIBEfEHbI 3aBUCMMOCT W MEXK Y
OlIMBKaMM U3MepeHUs 4acTOT U OWMBKaMM MAEHTUPULMPYEMbIX MapameTpoB. MeTog npown-
NOCTPUPOBAH Ha NMpUMepe afeMeHTa O6LUMBKM C Pe6pOM »KECTKOCTU.

KnoueBble cnosa aHanMWs3 4YYyBCTBUTENbLHOCTMU, CTPYKTYDPHA as MmpaeHTn d nkKkaymsa,

cob6cTBeHHSbD €€ Y4acToTh , MeTaMoOjgensb.

Introduction. The method of eigenfrequencies of oscillations is w idely used
for estim ation of structural m aterial properties. The m ethodology of identification
is sim ilar to that described for com posite plates in [1-3] A ccording to this
m ethod, th e eigenfrequencies of structures are m easured (by th e resonance
m ethod and Fourier transform ation) and, atthe sam e tim e, a finite elem entm odel
(FEM ) is developed. The values of the identified param eters are obtained by
m inim izing the difference betw een the experim entally obtained frequencies and
those calculated using the FEM [1-3] In this process, crucial errors are m ade the
source of w hich being m easurements of oscillation eigenfrequencies, errors m ade
in the design of structures, as w ell as the discrepancy betw een the m athem atical
(FEM ) and physical m odels. The influence of those errors on the finite m odel is
usually evaluated using the sensitivity m atrix [3]. In practice, it is very im portant
to evaluate the accuracy of the final result and also to determ ine w ith w hat
accuracy the m easurem ents of eigenfrequencies should be m ade in order to obtain

a satisfactory accuracy of the final result.

1. Finite Elem ent M odel The curved plate (Fig. 1) was designed using
A N SY S program . The number of elements w ith oriented m eshes is 1160. A
solid-state elem ent (a com ponent w ith elastic chgaracleris\ics E =210 G P a,
Poisson’s ratio n = 0.3, and density P = 7800 kg/m corresponding to a carbon
steel) was chosen as a finite elem ent [2]. In calculations, dam ping w as not taken
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into consideration. T he elastic properties of the steel curved stiffened panel were
determ ined em ploying both eigenfrequencies and m ode shapes calculated by

A N SY S with fixed boundary conditions (w ith one fixed end)

Fig. 1 Shell element with checkpoints (0.4X0.25X0.002 m, s = 0.015 s).

2. M ethodology of Identification. To identify the m aterial properties,
three com ponents of the vectorX:{E,n,p},il is necessary to m inim ize the
functional: the total relative discrepancy betw een the experimentally measured
frequencies fiXp and num erically calculated frequencies f (x ) (i= 12 m) is

determ ined by

fixXP- fi(x)
exp 1
i=1 fi

w here M is the number of the frequencies em ployed.
Instead of the direct m inim ization of functional (1), it is proposed to use the
m etam odel technology T his technology em ploys th e so-called num erical

experim ents for obtaining approxim ating functions

Previous investigations [1] showed that the second order approxim ations

should be used to build the approxim ations f In this case, the relative error of
the approxim ation is less than 0.03% , w hich is m uch sm aller than the error of the
FEM

For com putations, a num erical experiment was planned using the criteria of
D -optim ality. U nlike the experimental designs of D -optim al natural experim ents,

w here repeated experiments were used, in this m ethod L atin hypercube-type plans

are em ployed. D -optim al plans for the second order approxim ations using three
factors, have to consist of 4-5/2= 10 experiments (experimental runs). U sually a
tw ice as large num ber of runs is used. In order to com pare the results obtained
w ith cubic approxim ation, it is necessary to have 4-5-6/6: 20 experim ental
runs. Since in this case the FEM calculations are not very tim e-consum ing, the
D -optim al L atin hypercube-type design [2] w ith N = 70 runs and K = 3 variables

has been selected (Fig. 2).
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Fig. 2. Points of experimental design in 3D space.

The dom ain of interest is chosen as follows: E & [195,230]./5\,5 [0.21, 0.37]1],
and P G [7700, 8800].

3. Short Analysis ofthe Source oflnaccuracy in D eterm ining Frequencies
by the Fourier M ethod. The firstthirty eigenfrequencies were determ ined by the
A N SY S at the first stage of calculation. This is a fragment of the range: 71.1;
141.2; 242.7;, 295.2,; 321.3; 559.8; 560.1; 572.1,; 738.8; 855.3; 864.2, 8629.5;

To disclose the frequencies existing in the plate, the tim e integration w as
carried out w ith a sm all step, namely, 0.0001 s. D uring m odeling it becam e clear
that it was necessary to apply an asymmetric im pulse load to the structure for
excitation of the greatest num ber of frequencies.

3.1 Spectral Analysis. To com plete the analysis of the facts established
during spectral analysis based on the data calculated using the A NSY S program ,
w e w oill carry out the synthesis of frequency-am plitude processes using the
Polyharm onic program created in the R T U M M D Laboratory. This program w as
created for the sim ulation of the eigenfrequency m easurem ent process using the
Fourier transform ation. The program can generate transitional frequency-am plitude
processes by the first 30 frequencies and add the effects of noise and energy
dissipation . T he process synthesized by th e Polyharm onic program and that
calculated using the A NSY S agree well with each other w hen the am plitudes of
the processes are inversely proportional to the sqgquared eigenfrequency.

V erification of the frequency spectra obtained from calculations by the
A N SY S and from the synthesizing by the Polyharm onic program show s that the
low est eigenfrequencies are obtained using the Polyharm onic w ith three-decim al
digit accuracy fl: 71.2 and f2: 141.27 H z. N evertheless, th e higher
frequencies (higher than the 15th frequency) attenuate quickly and it is im possible
to identify them in th e both program s. Perhaps, this is associated w ith the
num erical integration algorithm and the influence of the boundary conditions on

the results of identification of the eigenfrequency.

The frequency f3: 242.71 H z is not visible in the process given by the
A N SY S. However, in th e synthesized process this frequency is clearly seen
Hence, the above-mentioned frequency has not been excited in the current
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experiment, but it can be displayed if another loading m ode or load com bination

is added.

It has to be adm itted that if som e eigenfrequencies are closely situated during

processing by th e A N SY S, the peaks converge and w e shall see only one
frequency (Fig. 3). This phenomenon is intensified w ith an increase in the
frequency. However, in the synthesizing spectrum by the Polyharm onic program ,
the nearly situated eigenfrequencies are presented and clearly seen (Fig. 4).

No. 6 7 8 9 10 1 12

Frequency  559.80 560.19 572.17 738.88 855.30 864.29 869.55

1
I - A
d 1iigif5iffil KH -

500 520 540 560 580 60D 620 640 66D 6BO 700 720 740 760 780 8Q0 820 840 860 880 900

Ne
Fig. 3. Frequency spectrum in the range from 500 to 900 Hz obtained by ANSYS.

No. 6 7 8 9 10 n 12
Frequency  559.80 560.19 572.17 738.88 855.30 864.29 869.55

500 520 540 560 580 600 620 640 660 680 700 720 740 760 780 800 820 840 860 880 900

f, Hz
Fig. 4. Frequency spectrum in the range from 500 to 900 Hz obtained by Polyharmonic program.

In addition, the influence of the noise level, attenuation, the number and
quantity ofthe discretization steps ofthe Fourier transform ation on the frequency
calculation accuracy was analyzed. It was found that at a noise level of 20% ,
eigenfrequencies up to the 10\h num ber are calculated w ith exactness in second
num ber. It is possible to precisely determ ine the eigenfrequencies up to the 6\h-

8th frequencies w ith a sim ultaneous application o f the attenuation in the am ount

ofabout(l- 6)-10-6.
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A nalysis of the number and quantity of discretization steps of the Fourier
transform ation reveals that the decrease in the step num ber from 3000 to 2000
leads to a significant loss in the accuracy ofthe determ ination of eigenfrequencies
above the 10!h frequency.

4 . Sensitivity A nalysis of Identification. W hen the identification param eters
are obtained, it is im portant to estim ate how th e precision of the natural
eigenfrequency m easurem ent influences the accuracy of the identification results
and w hich sam ple ofthe m easured eigenfrequencies gives the highestprecision of
the identification results. Traditionally, the sensitivity coefficients are used as
partial derivatives ofa m odel  response w ith respectto a m odel param eter or in the
case ofm aterial identification [3]. B utin practice it is also im portantto clarify the
relative standard deviation of the frequency m easurem ent, so that the standard
deviation of the identified E value does not exceed, for exam ple, 1%

Since the m easurem entprecision for the highest frequencies is lower, scaled
values of the frequencies are used for identification, dividing them by the
respective value ofthe m easured frequencies. N orm alized frequencies are denoted
as gl |:12 .,oom.

Sensitivity analysis is m ade using linear m odels, and, accordingly, linear

approxim ations:

gi = Aix + Bi. i

12 e m (3)

or, the same e in the m atrix form

G =Ax + B, (4)

whereAislhematrix mX3 and Bislhe columnn vector of length m,which are
calculated using linear approxim ations.

To identify the m aterial properties x, functional (1) should be minim ized:

T he functional s quadratic, the m inim um can be found equating partial

derivatives to zero

m
— =2~ (Ax+Bt. 1ail- 0
axl 1=1

(Atx + Bi - Lai2- 0 6

m -
— =, +~ (AX+Bi- 1)ai3:- o

ax 3 i"ég.

This gives linear equations in the m atrix form

SX + B~ = o, (7)
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w here

Let’'s presum e that relative errors of the frequency m easurem ents Eg are

cross-uncorrelated, norm ally distributed random values w ith zero m eans and
standard deviations at (i= 12,..m).
Then the columnn vector £x error ofidentification errors EX(i: 1,2,3) is

10,

where C = (ATA) ].AT is the m atrix 3 X M.

Thus, the errors o f the identified param eters £x, i= 1,2, 3 are norm ally

distributed random values w ith zero m eans and standard deviations aX [41]

2AC0,. Q...

=1

(11

If all m easured frequencies have equal relative standard deviations at= an

(i=12 . w) then

o; = 2(Cj)20f‘ i=1,2,3 (12)
=1

The relative standard deviation of the identified param eters can be calculated

dividing absolute deviations by identified values of Xt

(13)

The relations betw een the standard deviation of the frequency m easurem ent

error and the param eter identification errors are linear, so we can divide o drel by
o f to obtain the sensitivity coefficient kt:
xrel
(o]
(14)
X
T his coefficient show s th at the percentage error of the ith param eter
identification is kt tim es larger than th e percentage error of the frequency

m easurem ent.
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5. R esults of Identification and Sensitivity A nalysis. For the purpose
verification, w e identify param eters of the m aterials w ith finite “m easured”
frequencies specified in Section 3. It s necessary to identify th e follow ing
param eters: E =210 6 pPa, u = 0.3, and p = 7800 kg/m 3

The identified m odel coincides precisely w ith the results of calculation in th

frequency range to the 20th frequency (f20: 1584.7 Hz) that was not used i
identification of param eters, w ith an accuracy of 0.01% (in Table 1 - a fragm en
of the range). Here the result of param eters identification is not as accurat
E = 210 G P a w ith an error of 3.9% , u = 0-3 w ith an error of 0.04% an
p= 7800 kg/m 3 w ith an error o f 4 % that differs significantly from th
“experimental” result in the A N SY S program

Table 1

Calculated Errors

Z
o

Experimental value (Hz) Calculated value (Hz) Error (%)
71.179 71.1749 0.0057
141.280 141.2800 0
242.710 242.7100 0
295.240 295.2400 0
321.390 321.3900 0
559.800 560.0280 -0.0410
560.190 560.0270 0.0291
572.170 572.1090 0.0107
738.880 738.8800 0
855.300 855.2900 0.0012
864.290 864.2900 0
869.550 869.5700 -0.0020
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T he analysis o f sensitivity perform ed according to the aforem entione
m ethodology proves that even in determ ination of the frequencies w ith a
accuracy of 0.1% th e error of param eters determ ination w ould be: E = 210
2612 .41 (1244% ), n = 0.3 +0.004029 (1.34% ), and P = 7800% 10141.1 (1300%
w hich attests to insensibility of E and P determ ination. The result presente
should have been expected, providing proportional dependence of the mass an
stiffness m atrix ratio on P and E,respeclively.lnthis case, the m ethod is unabl
to exactly identify the m oduli of elasticity E and density p sim ultaneously a
they com pensate each other w ith respect to frequencies. That is, in sim ultaneou

proportional change the values of E and p values of frequencies do not chang
H ence it can be seen that it is possible to identify Poisson’s ratio w ith an error o

+0.004 that would have been a rather good result.

Considering the aforem entioned proportionality, the assignm ent of identificatio
m ight be reduced to identification of tw o param eters E and n by assigning
constant value of m aterial density P = 7800 kg/m .Hence, by wusing the first
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frequencies w ith determ ination accuracy o f 1% th e result w ould have been
E=210.12GP310.8% and AN = 0.304 £ 12.9% , but w ith the first 12 frequencies
used - E:209.8 G Pa + 0.56% and /1= 0.302+ 10.8% . T hen, in identification
according to the first tw o frequencies, the error consequently will be 1.5% and
22.3% , but w ith the use of the 11th and 12th frequencies, the error will be 3.7%
and 108% . Since there is a linear correlation betw een the measurement and
identification errors, then in frequency m easurements w ith an error of 0.1%,!he
identification error shall be 10lim es lower, respectively.

Conclusions

1. The noise level and attenuation influence th e accuracy of frequency
determ ination insignificantly.
2. The num ber and quantity of the discretization steps of the Fourier

transform ation have a great influence on the accuracy of the determ ination of

frequencies higher than the 10lh one

3. The developed m ethod of sensitivity analysis allow s estim ation of the
identification error and, in principle, gives the possibility of identifying several
param eters (e.g., Poisson’s ratio or shear m odulus).

4. The errors of frequency determ inations caused by manufacturing errors
(dim ensions, density etc differ from their nom inal values) and m easurem ent
errors (caused, e.g., by discretization of the frequency band using fast Fourier
transform ation) can produce an unacceptable error of identification

, therefore all

param eters, not only frequencies, m ust be m easured w ith split-hair accuracy.

Pestome

M poaHanisoBaHo TOYHICTbL BM3HaAaYeHHs BnacTuMBoCTeld M aTepianiB enemeHTIiB KOH-

CTpPpyKLUIii (Mmoayne npyxXx HocTi, kKoed¢ iyienT M yaccoHa, W inbHICTL i iH.) MeTogO0M
BUMIipI BaHHA 4acToT BRNACHMUX KONUBAHL. O LUiHEHO TOYHICThL BUIHAUYEHHSN YacTo -
TN M eToOaOM ® yp’'e i Bnawne i Ha KIiHUeBMWI pesynbTat. 3a AONOMOTOW M eTOAY
MeTamopgenedh BMUBeAEHO 3anex HOCTIi MiX MNOMMUAKAMMU BUMIPI BaHHA 4YacToT Ta

nomMwunkamu ifeHTNnN G ikoBaHNWUX napameTpiB. M eTojg Nnpoinw cTpoBaHO Ha Nnpuknapgi

enemMmeHTa 06 W MBKM 3 pebpomM X opCcTKOCTI.
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