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B. ROYNETTE, P. VALLOIS, AND M. YOR

PENALISATIONS OF BROWNIAN MOTION WITH
ITS MAXIMUM AND MINIMUM PROCESSES AS
WEAK FORMS OF SKOROKHOD EMBEDDING

We develop a Brownian penalisation procedure related to weight processes (F}) of
the type: F := f(I¢,S¢) where f is a bounded function with compact support and
St (resp. It) is the one-sided maximum (resp. minimum) of the Brownian motion
up to time t. Two main cases are treated: either F} is the indicator function of
{I+ > a, St < B} or Fy is null when {S; — I+ > ¢} for some ¢ > 0. Then we apply
these results to some kind of asymptotic Skorokhod embedding problem.

1. INTRODUCTION

In a series of papers [18], [17], [16], [23], [24], [21], [22] (see also the surveys [19] and
[20] and the monograph [25] we have introduced a penalisation procedure of Brownian
paths and applied it to many settings. To present the aim of this paper, we first introduce
a few notations.

Let (Q =C(R4,R), (Xi)e>o0, (.7-}),520) be the canonical space, where (X;);>o denotes
the coordinate maps: X;(w) = w(t), for any ¢ > 0. Let (Py)zer be the family of Wiener
probability measures on 2 : under P,, (X;)¢>0 is a standard one-dimensional Brownian
motion started at x.

Next, we consider a stochastic process (Fy);>o which takes its values in [0, oo and

satisfies:
(1.1) 0< Ey(F) <oo Vt>0.
We shall say that the penalisation procedure (associated with the weight process (F}))
holds if:
Ey|la, F;
(1.2) QL (M) := lim Eolla. Bi] exists for any s >0 and A, € Fs.
t=oe  Eo[Fi]

We briefly recall (see Theorem 3.6 in [17], [16] and [23]) that the penalisation procedure
holds with F; = ¢(S;) where:

oo

1. ¢ [0,00[— [0, 00[ is a Borel function such that / p(x)dr = 1;
0
2. (S¢)¢>0 is the one-sided maximum process associated with (X;):>o:

(1.3) Sy i=max X, ; t>0.
u<t

According to Theorem 4.6 of [17], under QF, the r.v. S. is finite and admits ¢ as a
density function. Consequently, the procedure (1.2) forces Brownian motion to have a
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finite one-sided total maximum with the given probability density ¢. This result presents
some analogy with Skorokhod’s embedding problem.

1.1. On Skorokhod’s problem for linear Brownian motion. Let i be a probability
measure (p.m.) on R, such that:

(1.4) [ ntin <oo and [ yuian) =o.

A number of constructions of (finite) stopping times 7" such that (i) T is standard, i.e.
(Xsar ; s > 0) is a uniformly integrable martingale, and (ii) the distribution of Xy,
under Py is u, have been made by many authors, see e.g. Obldj’s thorough survey [11] of
the subject. We briefly recall the particular construction given by Azéma and Yor ([2],
[1]): there exists a non-decreasing function ¢,, : [0, +00[— R such that for :

(1.5) T, :=inf{t >0, X;<¢.(S)},

T, is standard and X7, ~ p (under Fp).
Precisely, ¢,, is the right-continuous inverse of 1, where

1
r) = —F/— d .
Yu(x) {7z, 0) /]m[y 1(y)
1.2. An asymptotic resolution of Skorokhod’s problem for diffusions. Similarly
to the Skorokhod embedding problem for Brownian motion, let us start with a target
p-m. g on R. For simplicity we suppose that g admits a density function pg which is
supposed to be positive and of class C} : p(dz) = po(z)dz.
Then, there exists a p.m. Qg on (9, Foo) such that :

1 pp(Xs)
1.6 Xt:Bt+—/ 0 ds, t>0
4o 2 Jy X0 ™
and (By)i>0 is a Qp-Brownian motion started at 0.
Moreover, under Qg, X; converges in distribution to u, as t — oco. In other words, we
have introduced a diffusion process, whose limit distribution is the given p.m. p, which
may be considered as an asymptotic kind of resolution of Skorokhod’s problem.

1.3. Solving Skorokhod’s problem for (S;, X;) . The solution of Skorokhod’s prob-
lem given by Azéma and Yor [2] suggested to consider the embedding problem for the
two-dimensional process (S, Xi)¢>0. A complete answer has been given by Rogers [13]
(see also [15]). Starting with a p.m. v on Ry x R, assumed to satisfy:

(L7) [ vy <oe, [ yide.dy) =0
]R+><]R ]R+><]R
(1.8) au([a,oo[x]R) = / liz>ay yv(da,dy), Va >0,
]R+><]R

it is shown that there exists a finite standard stopping time T' such that (Sp, X7) ~ v
(under Fp).
Note that (1.7) and (1.8) correspond to

(1.9) E“XTH < 00, E[XT] =0,
resp.

(1.10) aP(Sr > a) = E[X7|Sr >al, Ya>0.
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1.4. The (S, X;) asymptotic resolution of Skorokhod’s problem for diffusion
processes. Comparing Subsections 1.2 and 1.3, we may ask the following question : for
which class of p.m.’s v on R} x R, does there exist a p.m. Q7 on (£, Foo) under which:

t
(1.11) X: = B; +/ b(u, X.)du
0
where
(1.12) (Bt)t>0 is a Qp-standard Brownian motion with, By = 0,
(1.13) (b(t, X.))t>0 is an (F;)-adapted process,
(1.14) and the couple (S, X¢) converges in distribution towards v, as t — oo.

Our approach is based on a Brownian penalisation procedure. This method is well
fitted for our purpose since it permits to obtain Markov processes whose distributions
are locally equivalent to that of Brownian motion and enjoy new path properties (for
instance a finite total unilateral maximum, see the beginning of Introduction).

Unfortunately we have not been able to solve completely this question. In Section 6,
we only give a class of p.m.’s v verifying (1.11)-(1.14).

1.5. Organisation of the paper. Section 2 is a short survey of Brownian penalisa-
tions. To show that the penalisation procedure (see (1.2) or Section 2 for more details)
associated with a weight process (F;) holds, we need to be able to determine the rates
of decay of Ey[F;] and E[F}|F,| as t — oo. In this paper, we consider penalisations
with Fy = f(I;, St) where f :] — 00,0] X [0, 00[—]0, oo] is a Borel bounded function with
compact support and

I; :=inf X, (t>0).

u<t

To determine the rate of decay of ¢ — E[f(It,St)} as t — 0o, we have been led to
consider two classes of functions f. These developments are given in Section 3. With
these estimates at hand, we shall show in Section 4 that the associated penalisation
procedures hold. These schemes give rise to two families of p.m. on the canonical space
(2, F). In Section 5 we determine the law of the process (X;) under each of these
new p.m.’s. Finally, in Section 6 we apply our results to the question discussed above in
subsection 1.4.

2. A SURVEY OF BROWNIAN PENALISATIONS

We keep notations from the Introduction.

2.1. The goal. Penalisations provide a method to define Py(- |A) for A a negligible
event in Fo = t\>/0 Fi, ie. Py(A) =0.

This question arises naturally in probability theory and especially in the study of
stochastic processes. Let us give a few explicit examples :

(2.1) 1) A1 ={X, >0; Vt >0}
(2.2) 2) Ay = {sup X; <a}, (a>0)
>0
(2.3) 3) A3 = {inf X; >, sup X; <5} (a<0,3>0).
t>0 t>0

Conditioning by A; may be treated by h-Doob’s transforms (see for instance Section 4,
Chap. V in [4]). As for (2.2), it is proved in [9], [10] that for any 0 < t; < -+ < t,, the
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conditional distribution of the random vector (X,,---,X¢,) given {S; < a} converges
as t — oo.

The third case is the subject of our study. It is then demanded that (X;);>0 stays in
the strip [o, 0]

2.2. A solution via approximation. Given a decreasing family (A;):>o of events in
Fso such that Py(A;) >0,Vt >0, weset A= tgoAt'

As an example, the set As given by (2.3) satisfies : As = Qo Asy, with Agy := {I; >
t>

a, S, < B}, where (I;)>0 is the one-sided minimum process, i.e.

(2.4) I= inf X, 120,

Going back to the the general case of the family (A;);>0, we would like to define :
(2.5) PAA) = Jim Po(A|Ay),

for A € F,, such that the limit exists.
At this stage, three questions arise immediately :

(2.6) 1) for which A, does P'(A) exist ?
(2.7) 2) Can P! be extended to a p.m. on (Q, Fao) ?
(2.8) 3) How does P;' depend on the family (A;)¢>o ?

2.3. A penalisation procedure. It is actually easier to generalize the previous ap-
proach by replacing (A;):>0 by a stochastic process (F})>o which takes its values in
[0, o] and satisfies (1.1).

Our penalisation procedure is the following : the assumptions of the next theorem
have been shown to be satisfied for a large number of such weight processes (Ft) e

18], [17], [16], [23], [24] and [22].

>0 5¢

Theorem 2.1. Let (F})i>0 as above. Assume that:

Eo[F4|Fs]  as.

(2.9) A ME vs>0
and

(2.10) Ey(MFy=1 Vs>o.
Then:

1. (MF; s >0) is a non-negative Py-martingale.

s

2. For any s >0 and As € F; :

. Eo[la, Fi] F
lim ——=—— = Ag
A = TR Qo (As)

and
Qo (As) = Eo[la, M.
3. QF extends as a p.m. on (Q, Fs).

Note that if we choose for the weight process (Fi)¢>0 @ Fy = 14,, where (A¢)¢>0 satisfies
(7?7)-(77), then assuming that (2.9) and (2.10) hold in this framework, we get:

Qg(As) = tlig)lo PO(A5|At)



120 B. ROYNETTE, P. VALLOIS, AND M. YOR

Consequently Qf" agrees with Pg!, as tentatively defined by (2.5). Morever a solution to
the questions (2.6) and (2.7) has been given.

3. PRELIMINARY RESULTS

In subsection 7 below we shall study in a general framework the asymptotic behavior
of t — E[f(I,St)] as t — oo, where f :] — 00, 0] X [0,00[— [0, 00[ is a bounded function
with compact support. However, in order to obtain an explicit rate of convergence, we
will need to impose some restrictions on f, see subsection 3.2.

3.1. A general result. For any Borel function f : ] — 00,0] x [0,00[— [0, 00[ with
compact support, let us define :
(3.1) Ky =sup{f—a; f(a,3) >0}
This means that the support of f is included in the triangle with vertices (— Ky, 0), (0,0)
and (0, Ky).

Let us state the main result of this subsection.
Proposition 3.1. Let f : ] —00,0] x [0, co[— [0, 0], bounded with compact support, then
(3.2) E[f(I;,S)] = A(fa)) + tA(fal?) + 120 (faz) + Re(f) 5 £ > 1
where

1. Ay is the linear operator acting on functions g : ] — 00,0] x [0, co[— [0, 00] -

g(a, B) m?t
(3.3) A¢(g) ::/ = exp{ - 7} dadf3
' J—00,0] x [0,00[ (B — )8 2(8 — a)?

2. a(()t) and agt) are two continuous functions defined on | — 0o, 0] x [0, co[ satisfying:
(3.4) ja{?(0, B < C(L+ K}) i=0,1
and
(3.5) az(a, B) := 4 sin <B7r—5a) .

3. Ri(f) is a remainder term, which satisfies :

4 8t )

(3.6) [Re()) < O+ 1) (sup Sl 9)) exp { - 7?} 121

To prove Proposition 3.1, three Lemmas are required.

Lemma 3.2. For anyt >0, a <0 and 8 > 0, we have :

- 27T2
(3.7) Py(I; >, Sy < ) = % > 2k1—|— p Sin ((2?_10)4 ﬂ) eXP{ B %t}

k>0
Proof. According to ([3] section 11 of chap 2 ; [12], ex. 3.15, chap. III) we have:
PQ(It > «, St < ﬁ, X; € d.l?) =

(3.8) Lja,g)(x)dz x Y pi(x +2k(8 — ) — (28 — = + 2k(8 — a))
kEZ

where p;(z) is the density function of the Gaussian distribution with mean 0 and variance
t:

(3.9) - ep{ - 21
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Using the Poisson summation formula (see for instance [7], Chap. XIX, p. 630) we get :

Zpt(x +2k(B — a)) —pt(2[3 —x+2k(6 — a))

kEZ

~a 2 (558 o (5 e )

k>1
a+by . fa—0> .
) sin ( 5 ), we obtain:
(3.10) Py(I; > o, St < B, Xy € da) = 1{o p)(w)dx
2 . kapg N . kn(B—2x) k2m%t
Xﬁ—a ];Sm<ﬁ—oz)sm( 8-« )exp{ B 2(6—04)2}.
Integrating (3.10) over [«, §] we easily obtain the announced result. ]

Since cos a — cos b = —2sin (

Lemma 3.3. Let hy : [0,00[X] — 00, 0]%]0,00[— R be the function:

4 o) w2t
(311) hl(t,a,ﬁ) = ; sSin (ﬂ——a) exp{ — m}
Then
2h 2

312) gt 0) = (bt )+ bult e+l ) o { - 5
where bo(t,-) and by(t,-) are of C* class (in the variables o and ) except at 0, and:

C ;
(3.13) |bi(t, o, B)] < G—ar (1+(B—-a)!), i=0,1
and

473 ) jé]

(3.14) ba(a, B) == — @ _ﬂa)G sin (ﬁw_ a>

Proof. We first observe that hq (¢, a, 3) is the term which is obtained by taking k¥ = 0 in
the series (3.7).
We begin with the a-partial derivative of hy:

Oh1 4 71—5

awton =1 |52 (755) - 5re o (558 | e

Taking the S-partial derivative in the above expression, it is clear that (3.12) holds. Then
(3.14) and (3.13) follow after straightforward calculations and estimates. |

Lemma 3.4. Let ho be the function:

A k k 2.2
(3.15) ha(t, o, B) = p > 2I<:1+ 7 sin (W) eXp{ - %}
k>2

Then

0%hs
0adf
Proof. We proceed as in the proof of Lemma 3.3:

02hs 9 Y (2k +1)3 ox 2k +1)°x%
‘Mﬁ@,a,m‘gm (143 ”(27(@_@6 - Sar })

(3.16)

(t7a7ﬂ) S

C(1+(tﬁ—oz) ) exp{_ ( 872t }

k>2
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Since k > 2, we have :

(2k+1)> = (2k—3+4) > (2k —3)> + 16

As a result:
02%hy 9 4
Fagg LB SCPI+(8-a))
(2k +1)3 (2k — 3)%m%t 8wt
S exXpl — X eXpy — ————— ¢
(kZ Gar P amar )| O e
Let C := supx®e~*. Then:
>0
e < %, Vx > 0.
a
1 2% — 2.2
Taking = = m and a = M in the above inequality, we get:
1 N { 2k - 3)27r2t} c .
B=a) “PVT 2B ap ST k-3
This implies (3.16). [

Proof of Proposition 3.1. Tt is clear that the definition of hy (¢, o, 5) (resp. hg(t,oz,ﬁ))
given by (3.11) (resp. (3.15)) implies that

P(It>a7 St<ﬂ):h1(tvavﬂ)+h2(tvavﬂ)v Oé<0,5>0.
Consequently:

2
Eolf(I1, 50)] = —/ f(a,ﬁ)ga—glﬁ(t,a,ﬁ) dadB + R(f)

]—00,0] x[0,00][

where
o 0?hs
Riy== [ S08) gata 8 deds.

It is obvious that (3.16) implies (3.6).
From (3.13) and (3.14), we may deduce:

2

(8 —)?

1
Blf(h 5] == >t [ bt B) (- ) L0 o £

= ) —oo01x[0,00] (8 —a)s

}dadﬂ

f(a76) 7T2t
+¢2 /]_0070]”0700[[)2(05,5)(5 —a)® (3= ) eXp{ - m}dadﬁ + R (f).

Setting:

a(a,0) = ~(F~ )’ bi(t, 0, ) (i=0,1)
leads to (3.2).
Obviously, (3.4) is a consequence of (3.13). O
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3.2. Applications. Let f : ] — 00,0] X [0,00[— [0,00[ be a bounded function with
compact support. Recall that K; has been defined by (3.1). This quantity and the set:

Sf = {ﬁE]O, Kf[? f(ﬁ_Kfaﬁ)>O}

will play an important role in our study.

One aim of our paper is to show that the penalisation procedure holds with the weight
process Fy := f(I;,S:). We briefly detail our approach. Formula (2.9) shows that it is
natural to first investigate the asymptotic behavior of ¢ +— E[f([t,St)], as t — oo.
Roughly speaking (3.2) tells us that the dominant term is A¢(faz). We observe that:

2 2
Tt Tt
(3.17) sup eXp{—i} :exp{——},
a<0,6>0,f(,8)>0 2(8 — @)? 2K3
and the above maximum is achieved at any point of the type (8 — Ky, §) where § € Sy.
In this general setting, it seems difficult to obtain an equivalent for F [ f (I, St)} as
t — o0. This led us to consider two extreme cases: either Sy reduces to a single point or
Sy =0, Ky[. The two corresponding prototypes of functions f are either:

(3.18) f(a,ﬁ) = 1{(120107 B<Bo} where ap < 0,8y >0
or
(3.19) fla, B) = 1{p_a<e} where ¢ > 0.

More generally we have been able to deal with the two following cases.
Case 1.

(3.20) fla, B) = (e, B) 1{aza0, 5<po
where ag < 0, Bop > 0 and ® : [, 0] x [0, Bp] — R is continuous and
(3.21) @(0&0, ﬁo) > 0.

Note that then Ky = 8y —ao, Sy = {0}, and (ao, o) is the unique point which achieves
the maximum in (3.17). It seems reasonable to believe that:

w2t
(3~22) E[f(Itv St)] tjoo Cao,ﬁo (I)(a07ﬂ0) eXP{ - m}
Case 2.
(323) f(Oé, ﬁ) = (b(a) ﬁ) 1{ﬁfa§c}

where ¢ > 0, ¢ : {(a,ﬂ); a<0, >0 f—a< c} — R is continuous and

(3.24) /0 ®(B — ¢, B)dB > 0.

In this case Ky = ¢ and Sy = {B €]0,¢c[; ®(8 —¢,B) > O}. Therefore the maximum
in (3.17) is achieved at any (8 — ¢, 3), where 3 belongs to ]0,c[. The expected behavior
would be:
2t

(3.25) E[f(1.5)] , ~_C(@texp{ - 25},
where ¢t — C(®,t) has a polynomial rate of decay in ¢ and depends on all the values of
® over the segment in R? with endpoints (—c,0) and (0, ¢).

These heuristic arguments will be justified in the remainder of the section.
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Proposition 3.5. 1. In Case 1, we have:

(3.26) B[i(1.5)] ~_ % (0o, Bo) sin (%) exp {—(”72’3}

2(Bo — ap)?

2. In Case 2, we have:

/ 1 (c(r — 1), cr) sin(wr)dr) ¢ exp { ‘;t} .

0

(327)  E[f(.S)] ~ 4—”(

t—oo 02

Remark 3.6. Suppose that ¢ : [0, co[— [0, o0] is a Borel function such that / (y)dy <
0

00. Note that the rate of decay of t — E[@(St)] as t — oo is very different from that of
E[f(I;,S:)]. Indeed, (Lemma 3.8 of [17]) it is easy to prove that:

sl 2 [

Our proof of Proposition 3.5 requires 3 steps. First, we Spemfy the AY(f) introduced
in Proposition 3.1, in Cases 1 and 2.

Lemma 3.7. Let a :] — 00,0] X [0,00[— R be a continuous function. Assume that f is
a function which satisfies either (3.20) or (3.23). Then

(3.28) Ay(fa) = X /OO A(®a)(z) xexp{ - Wth}dx

where

/lnf{l ﬁo\/_} r— 1 r
g( , —) in Case 1
(1+aovT)+ Ve T

/1 (r\;_l \;_) in Case 2

Proof. We only consider Case 2. According to (3.3) we have

_ o0d)
0= [ o 00 G o { = o) Ho-nzadodd

(3.29) Ag)(z) =

1
Setting x = 0 fixed), we get:
7= e
LT g Tt /W _ L pa(s— L
Ai(fa) = 2/1/sz exo{ -5 [ 0= 2z 9e(3- = 0)as ) da
The change of variable 3 = r/+/x leads directly to (3.29). [

The proof of (3.26) and (3.27) is based on Laplace’s method, whose main result we
briefly recall (see for instance [6], chap. IV). We consider:

(oo}
16 = [ g,
0
where g, h :]0, 00— R are continuous and satisfy the two following properties:

(3.30) / lg(z)| " de < 00, V>0
0

(3.31) b0 > 0, such that h(z) < h(d) for any x > 6 and 0 < 6 < do.
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Proposition 3.8. Suppose that the functions g and h satisfy:

(3.32) g(x) ~ goz”
x—>0+

(3.33) h(z) =ho—hi2" +o0(z7), x—0
for some:
(3.34) go#0,p>—1,hy >0, 7>0.
Then:
(3.35) It ~ £ r(p+ 1)(h £)~ " ghot

) t—oo T T 1 ’

As an application of the previous instance of Laplace’s method, we obtain the following
asymptotics.

Lemma 3.9. Let a:] — 00,0] X [0,00[— R be a continuous function.
1. In Case 1, we have:
2 1 w2t
(3.36) Au(fa), ~_ = (®a)(ao, fo)5 exp{ m}

when a(o, o) # 0.
2. In Case 2, we have

(3.37) Ai(fa) ~ % 1(<I>a)((r - 1)Ky, rKy)dr 1 exp{ — ii
T K5 \Jo t 2K

1

where it is assumed that / (®a)((r — 1)Ky, rKy)dr #0.
0

Proof. According to (3.28), we have

agn =5 [ o) yexn { -2 Jay

2

Setting y = = + 1/KJ% we get:

(3.38) Ay(fa) = % (/OOO A(®a)(z + KL?)(;C + KL?) exp | - 77227?36 }dx> eXp{_;_;}.

a) We begin with Case 2 which is easier.
From (3.29) we deduce:

r—1 r

1 1
A(%)(HF?) :/o (%a) \/x+1/K]%’ \/x—kl/KJ% o

Since ® and a are continuous, we obtain:

: 1 '
(3.39) ilg%) A(®a)(x + K_]%) = /0 (®a)((r — 1)Ky, rKy)dr.
b) Next, we deal with Case 1. Due to (3.29) we have:
1 (@) r—1 r
A(®a)(z+ —) = / (®a) , dr
K" Jaw (\/x—i—l/K]% \/x—f—l/K]%)
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To(z) = (1 +apy /T + 1/K12”)+’ 7 (x) = inf{l, Bor/x + 1/KJQC}

We observe that

with

Qg Bo

. g
| (1) = (14 =
il 2 ( Kf)Jr ( ﬂo—ao>+ Bo — o

lim 7 (x) = inf{l7 f;—(;} :inf{l Bo } Bo

T—04 "Bo—ao)  Bo—ag’
This implies that:

A(®a)(z + LQ)

77 ., (1)~ 7o(#) (Ba) (e, o).

When z is small, we have

m1(x) = 1o(x) = Boy/z +1/KF 1 —ao\/x+1/K2 = \/xK?—i— 1-1.

As a result:

(3.40) A@a)(z+ =)~ oL (®a)(a0. o) .

Kf JC:0+
c) We apply Laplace’s method with

7T2.13

g(x) = (x—l— K%)A(‘I)a)(x—l— KLJQC), and h(z) = -

It is clear that (3.30), (3.31) and (3.33) hold with

71'2

h():O, h1:7 and 7 =1.
In Case 2 (resp. Case 1), relation (3.39) (resp. (3.40)) implies that (3.32) is satisfied
1t 1
with go = ﬁ/ (®a)((r — 1)Ky,7Kys)dr and p = 0 (resp. go = 5(@@)(a0,ﬂ0) and
7o
p= 1).
Lemma 3.9 is a direct consequence of (3.35) and (3.38).
Proof of Proposition 3.5. 1) We begin with Case 2. It is clear that (3.37) and (3.5)
imply:
dr (1 _ 1 7wt
(3.41) Ay(faz) o K_J% (/0 o((r— 1)Ky, 7Ky) sm(77r)dr> 7 eXp{ — m}
Let ¢ = 0,1. From (3.4) we have:
(3.42) Ad(fa”)] < CU+ K Au(f).

Using (3.37), we get:
2
" _rt
(3.43) A(f) ot exp{ ZKJ%} (for some p > 0).
Applying (3.2), (3.6) and (3.41)—(3.43) shows (3.27).
2) Similarly to Case 2, in Case 1, the main term of E[f(I;, S¢)] is A¢(fa). As a result,
(3.26) follows from (3.36). O
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4. PENALISATION WITH THE MAXIMUM AND THE MINIMUM

4.1. Penalisation with f(I;, S;), Case 1. In this subsection we suppose that f satisfies
(3.20).

Theorem 4.1. The Brownian penalisation procedure holds with the weight process Fy =

f(It; St)7 ze
1. Property (2.9) holds:

Eo[f (11, S0)|Fu]

(4.1) Jim Fol (71, 50)] = M2oPo, for anyu >0
where
(4.2) MgoPo = Noo:Bo(y AT ANTg,) 5 u>0
o 1 . [ 7(Bo — Xy 2u

(4.3) Noo:Po — m sin <%) exp {m} u>0.
(4.4) T, =inf{t > 0, X; = z}.

2. Moreover (2.10) is satisfied:
(4.5) Eo[M2oP) =1 Yu>0.

Remark 4.2. 1. According to Theorem 2.1:
(a) (M&o:Po s 4 > 0) is a non-negative Py-martingale, which converges to 0.
(b) For any u > 0 and A, € Fy,

(46) Qoo (A) o= tim 08U SOt 20
t—o0 EO |:¢(Ita St)l{ltzao,stﬁﬁo}]

exists and QSO’BO is a p.m. on (€, F) which satisfies:

(4.7) Qa0 (Ay) = Eo[la, M2 w >0, A, € F,.
2. In the particular case: f =1 and By = —ag, then

Fy = 1(1,>-8,,9.<80} = L{x7<B0}>

where X; = SV (—=1}) = max | X .| Moreover:
us

X (u A TEO)) eXp{ﬂQ(u ANTS) }7

M PosBo — (
u COS 2ﬂ0 263

where T3 = inf{t > 0, [X¢| = Bo}.
3. Note that in [17], a penalisation procedure has been considered with weight pro-

cesses:
1,1 1

by = Li>a.s, ~(% = =)L{ tv(da,d
t /]oo,O]x[O,oo] {I:>a,s s@}eXP{Q(B a) t}y( , dp)

where v is a p.m. on | —00,0] x [0, 00] and (L?) is the local time process at 0 associated
with (X).

It has been proved (cf Theorem 3.18) that the martingales generated by this penal-
isation are functions of the triplet (I, S, L?). Consequently, they are not of the form
(Mtfﬁoﬁo) )

Proof of Theorem 4.1. To show that the penalisation procedure holds with F; = f(I;, S;)
we need to prove (4.1) and (4.6). Observe that relation (3.26) in Proposition 3.5 gives the
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rate of decay of t — FEj [f([t, St)], t — o0o. Next, we need to determine the asymptotic
behavior of t — E[f([t, St)|.7-'u}. We will prove in step 1 below that the rate of decay of
E|[f(I;,5:)|F.] may be deduced from (3.26). In step 2 we will prove (4.4).

1) Proof of (4.1)

Let u > 0 be fixed. We introduce X{ = Xy 4y — Xy, t > 0.

Under Py, (X})i>0 is a Brownian motion started at 0 and independent from F,.
Moreover:

Suth =SuV(Xu+S,), Luvn=IL.ANXy+1I), h>0

where S = max X/ and I’ = min X/.
h = W<h v s

This implieg that

(4-8) Ey f(Iu+va Su+v)|‘7:u} = H(Iua Su7XuaU) ;v>0
where
(4.9) H(a,b,x,v) := Eo[f(a/\(a:—l—lfj),b\/(a:—i—Sq'}))]

Suppose that a, b, z are fixed, a < x, b > x. We introduce:
(4.10) fla.B)=flaA(@+a),bV(z+8) a<0,3>0.

Since:
aN(z+a)>ay < a>a) anda>ap—zx

and
bV(+p)<p = b<B and < fo—x
then (3.20) implies that

H(a, b, (E,’U) = 1{a20(0,/3§[30}E0 |:(I)<G, A (1[,' + Iv), b V ((E —+ Sv))1{11,2(y0—;c7 S1,§[30—x}:| .

We may apply (3.26):

8 . T —x w2y
H(a,b,z,v) e P (v, fo) sin (%) exp{ - m}l{azao,bggo}.

Consequently:

8 - X, 2
Folfhuve Sl ] 7 0lews oysin (T2 Jexp { = )

(4.11) X1, >a0, Su<po}-
Recall that

Bl v Suvs] ., 0o e (22 { - )y

v—00 T ﬂo — O (ﬂo - a0)2
This proves (4.1) because
N @080 (Tao) — NP0 (Tﬁo) -0

and
{Iu Zao}:{uéTao}a {Su SﬂO}:{uéTﬁo}'

2) Proof of (4.5)
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(NgoPo 4 > 0) is a continuous local martingale as combination of exponential mar-
tingales. 1t0’s formula confirms this:

1 (B0 — Xu)> 2u
4.12) dNoobo — __ T cos < expy —= dX,.
(4.12) “ Bo — ao sin (Bo%ﬁfyo) Bo — ap p{Q(ﬁo —040)2}

It is clear that N0-% is uniformly bounded on any interval [0, 7], T fixed. This shows
that (N20-%0 4 > 0) is a martingale. Applying the Doob’s optional stopping theorem we
get:
EO[Msoﬂo] _ E[Naoﬂo(u A Toy A Tﬁo)] — N@o:Bo (0) = 1.
|

4.2. Penalisation with f(I;, S:), Case 2 . We study penalisation in Case 2. Namely
f satisfies (3.23):

f(aa 6) = Q)(Oc, 6)1{[3—a§c}~

Theorem 4.3. The Brownian penalisation holds with Fy = f(It, St), f satisfying (3.23).
1. Property (2.9) holds:

Bo[f (L, Se)|Fu)

4.13 im = M Yu >0
(4.13) t—oo  Fo[f(Iy, St)]
where
(4.14) Mf’c = N(I”C(u A 9((:)) ;o u>0
(4.15) N®(y) = w{ /1 [@(su —cHr(c+ Ty —Su), Su+r(ct T, —S))
cp(F) 0 ’
(T m2u

X sin (Z(Su —Xu+r(c+ I, — Su)))} dr} exp {@}

1 (Iu—Xuy+c)/c
(4.16) =— / (X, +c(r—1), Xy + re) sin(nr)dr

P(®) \ J(s,—x.,) /e
Tu
<o {5z
1
(4.17) p(®) = / ®(c(r — 1), er) sin(mr)dr
0
(4.18) 0(c) =inf{t > 0; S; — I = ¢}
2. Moreover (2.10) holds:

(4.19) Eo[M®¢(u)] = 1.

Remark 4.4. 1. Applying Theorem 2.1, we may deduce that:
(a) (M2 ; u>0) is a non-negative Py-martingale, which converges to 0.
(b) For any u > 0 and A, € F,

Eolla @I, S)1lrg 1 <o
§7C(Au) = lim O[ Aw ( t t) {S:—I.< }}
t—oo [y [(I)(It, St)l{Sf,—If,gc}]

exists.
Moreover Q5 is a p.m. on (€, Foo) and

(4.20) V€(Ay) = Bo[la, M>]  w >0, A, € Fy.
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2. When ®(a, ) = ®o(f — a) then f(a, ) = ®o(f — @)lig_a<c) and
2

(4.21) N %[cos (M) + cos (M)} exp {g—cg}

u

Recall that M€ = N®<(u A f(c)) u > 0.
Proof of Theorem 4.3. Our proof of Theorem 4.3 is close to that of Theorem 4.1. The
details are left to the reader. However we would like to explain how the martingale
(M>);>0 appears. We go back to the proof of Theorem 4.1. Obviously (4.8)-(4.10) are
still valid. We have to make f explicit in Case 2. From (3.23):

f(avﬂ) = q)(a‘ A ({E + a)v bv (iL' + ﬂ))l{bv(x+[3)—a/\(9¢+a)§c}
Since:
bV(z+p)—an(z+a)<c & b—a<c¢gb—z—a<c¢czaz+f-a<e¢ f—a<c

then N N
fla,8) = Lpp—a<ey B, 8) Lip-a<c)
where _
®(a,B) =®(an(z+a), bV (z+0)) Lip—s—a<e, a4+ 8—a<c}-
Consequently, K F= K¢ =cand

;I;(c(r - 1), cr) = ‘b(a ANz+er—c),bV(x+ cr)) Lip—w<cr<cta—a}
=®(@+er—c, v +or) lp_g<er<cta—z)-
Applying (3.27) leads to (4.13) and (4.16). [ |
5. THE LAW OF (X;) UNDER Q5 aND Qp°

We first consider the distribution of the canonical process (X;) under ng’ﬂ °. Let

ag < 0 and fBy > 0 be two fixed real numbers. Recall the definition of the p.m. ng’ﬁo
on (Q, Foo) :

(5.1) Q5™ (Ay) = Eo[la, M0 Ay € F,
where (M&0%),5 is the Py-martingale defined by (4.2).

Theorem 5.1. Under Q5°™ :
1. (X}) is a diffusion process solving:

(5.2) X, =B, — il /1t cot (M> du; t >0,
0

Bo — oo Bo — oo

where (By)i>0 05 a QgO’BO-Browm'cm motion started at 0.
2. (Xy) has the following path properties :

(5.3) ag < Xy < By Vt>0
(5.4) Soo =sup Xy = By, Iy = inf X; = ay.
>0 >0

3. X; converges in distribution, as t — oo to the p.m. p*Po(x)dz on R, with :

(5.5) po‘o’ﬁo(:c) = 2 sin? <7T(ﬂ0 — :c)> L(ag,80) (2)-

"~ Bo— o Bo — oo
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Remark 5.2. 1. Property (5.3) follows intuitively from our penalisation procedure and
the fact that the support of the p.m. on Fy:

Eo[1a,2(It, S0)1(1,>00,5,<50}]
Eo[®(It, St)1{1,>a0,5.< 60} )
is included in {Iu > g, Sy < ﬂo}.
2. Note that ng’ﬁo do not depend on ®.

Proof of Theorem 5.1.
a) (Mtao’ﬁo ; t > 0) is a non-negative ng’ﬁo—martingale and can be written as:

¢ 1t
MoPo = £(J), == exp {/0 Ju dX, — 5/0 Jidu}
for any t < Ty, A Tp,. Indeed, from (4.12) and (4.2) we have:
o "T cot <7T(ﬂ0 - Xu)
Bo — ao Bo — ao

Then Girsanov’s theorem implies (5.2).
b) To investigate the path properties of (X;), we define Y; = fy — X, then

T ¢ 7Y,
5.6 Y, =5y — B + /cot< ¢ >du
(5:6) e = fo Y Bo—ao0 Jo Bo — oo

Obviously (Y;)¢>o0 is a one-dimensional diffusion. Let S (resp. m(dy)) denote its scale
function (resp. speed measure), see for instance: (Section 1, chap. 4 of [8]), (Section 1,
chap II of [4]). Using standard calculations (i.e. [14] (Section 52, chap V), [5] (Section
12, chap 16))) we easily get:

Ay — (t>u)

Ju =

), 0<u<Tay ATs,.

) ’ ye]oaﬁo_ao[

_ — )2 r
m([0,y]) = (B0 = ao)y ~ (Bo 27T20zo) sin (ﬁf—yao) , Yy €J0, 60 — aol.

According to the classification of boundary points of a linear diffusion (cf Section 1,
chap II of [4]), we have:
i) 0 is not an exit point since :

(5.7) / m(ly, 2]) S'(y)dy = oo (z €]0, Bo — apl)-
(0,2)
i1) 0 is an entrance point since:
(5.5) [ (86) = su)midy) <00 (2 €0, aul).
(0,2)

Similarly Sy — ao is not an exit point and is an entrance one. This shows (5.3).

c¢) The diffusion (Y;);>0 which takes its values in (0, Sp — ) is recurrent. This implies
(5.4). Let p be the density of its invariant p.m. From the Fokker Planck equation, p
solves:

1 ™ ™Y '
5.9 Zp! —7<cot( ) ):o.
(5.9) 2 ¥ ) Bo — o Bo — o P(y)
It is easy to verify that

py) = —2 sin2< Y > y € (0, 80 — o)

"~ Bo— o Bo — oo
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is the unique density function solving (5.9). |
To study the law of (X¢);>0 under ng it is more convenient to express the p.m. ng
via the family of p.m.’s {Qgic’ﬁ ;0<0< c} (see Theorem 5.3 below). This result will

allow to determine easily the distribution of (X;) under QE? -,

Theorem 5.3. Let ¢ > 0, and ® : {(a,ﬁ) ;< 0,8>00—ac< c} — Ry be a
continuous function satisfying (3.24). Then:

1 ¢ (70 _
5.10 Doe :—/ ®(B — ¢, [B)sin (—) QPP ()ag.
(5.10) 0= o | 20— emsin () @300
Proof. a) Assume for a while that the followings holds:
1 ¢ U
11) B[ W So) = —— [ @ —c,v)sin (VB0 1 5
G11) B [h(Si5n)) = o [ 00— epsin () B L (S0 o

for any h: R2 — Ry Borel, u > 0, A, € F,, and that EJ° (resp. Eg‘o’ﬁo) stands for the

expectation under ng (resp. ng’ﬁo),

Taking h = 1 in (5.1) implies that (5.10) holds on F,,. Since the p.m.’s in (5.10) are
defined on F, they coincide on Fn.

b) The remainder is devoted to the proof of (5.11).

i) We claim that:

(5.12) T (S — Ino < ¢) = 1.
Indeed, from the definition of Qg)’c we have:
0(Se = I > ¢) = By (s, 1,5y M) = By (Lo M ]

From Doob’s optional stopping theorem and the fact that M;’Cc) =0, we get:

g)vC(St —I,>¢)= E(()I)7C[1{t>9(6)}M;7CC)] =0

Taking ¢t — oo, we obtain (5.12).
i) Due to the monotone class theorem and (5.12), it is sufficient to show (5.11) with

ha,y) :==1pg @) e aly) (0<B<f <o)

In this case, (5.11) reduces to:

1 ¢ . v—C,v
(5.13) A= ) /, ®(v —¢,v)sin (7%0) Py (A N {Sy < B})dv,
where
(5.14) A= Py (Ay N {Su < B, S > B'}).

It is clear that
A= lim A(t),  with A(t) = Py(Au N {Su < B, Sy > A'}).
—00
Then, for ¢ > u, we have:
A(t) = Boll{a,ns.<py Lis,sp M)
= Eo[la,n{s.<py LTy <t} M
Due to Doob’s optional stopping theorem we get:

A(t) = Bo[Launs.<sy Limy <ty MP(T)]



PENALISATIONS OF BROWNIAN MOTION 133

Taking the limit ¢ — oo, we obtain:
A= Eo[la,ns.<o M™(Tp)].
Using (4.14) and (4.16) we have:

1 ! . / /
A= @E@ |:1Auﬂ{5u<ﬁ}(/0 1{TC<I(TQI)*5/+C} sm(m“)q)(ﬁ —l—C(’I“ - 1), 1) —|—’I“C)d7”>

7T2T5/
X 1{5,_1(Tﬁ,)<c}exp{ e } .

Observe that 0 > I(Tg) > rc + ' — ¢ implies that I(Tz) > 3’ —c and §' +rc < c.
Making the change of variable v = 3’ + rc leads to

1 c _
(5.15) A= —/ O(v —c,v)sin (M) Az (v)dv
cp(®) Jg ¢
where )
= Tg
A1(v) == Ep [1Auﬂ{5u§[3} Lir(r,)>v—c} eXP{ 2(; H
Since u < T3 < T, we get, by using the Markov property at time wu:
7r2Tgf m2u
Eo 1{I(Tﬁ/)>v—c} exp{ 202 }‘fu} = 1{1u>v—c}A2(Xu) exp {2—62}
with: ,
g _
AQ(J:) = E|:1{I(T[,/_w)>'ufcfx} €xp {#}} .

Let a; < 0 < 1 and assume that 61 — a3 < ¢. Then, using the fact that
X, — 2t
7, = sin (M) ep{TE) 120
c 2c?

is a martingale, and Doob’s optional stopping theorem at T3, A T, lead to:

72T, sin (m2)
(5.16) Bo[1aer,sany o { 52" ] T sin(Z(B - )

Consequently, we obtain successively:

. (v—z)
Sin (7T - )
Az(z) = in (220

[

A= ! /C ®(v — ¢,v) As(v)dv,

’

with
2

As(v) := Ey {1A,um{su§ﬁ,lu>vfc} sin (M) oxXp {%}} '

Note that S, < 8 < ' < v ; then according to (4.2) and (4.3) we have:

Az(v) = sin (W—cv) Ey [1Am{sugﬂ} Mi’*c’”} :

Finally
1 ¢ T
A= P(v — in(— )Eg|lp MP™%"1 .
(@) /;3' (v c,v)sm( . ) 0[ A, M {Sugﬁ}]dv
1 ¢ T
= P(v — in(— )Py~ %" (A < .
(@) /;3' (v c,v)sm( . ) 5 (Au N {Sy < B})dv

This shows (5.13). |



134 B. ROYNETTE, P. VALLOIS, AND M. YOR

We will deduce from Theorem 5.3 two main consequences (see Theorems 5.4 and 5.5
below). We first interpret the identity (5.10) in a more probabilistic way.

Theorem 5.4. 1. Conditionally on Sec = v, (It, St, Xt)t>0 is distributed under Qg”c as

the three dimensional process (Iy, St, Xt)i>0 under Qg

2. The density function of So under Qg?’c s

1 . (T
(@) O(v —¢,v)sin (?> Lio,e)(v).

Proof. Let u > 0 and A, € F,,. Let us apply (5.11) with h(z,y) = H(y), for H : [0, co[—
[0, c0f:

1 ¢ T
—_— (v — in(— | H 0T (Ay)d
cp(@)/o (v c,v)sm(c) (0)Qy " (Ay)dv
If we take in particular A, = Q, we get
1

cp(®)

By [1a,H(Sx)] =

Ey°[H(Sx)] =

/0 H(v)®(v —¢,v)sin (W—:) dv.

This shows ii).
Then i) follows from

Ey“[1a, H(Sx)] = By [H(So) Py (Au] Seo)]

= Wl(m /OCH(U) P C(Ay|Ss0 = 0)®(v — ¢, v) sin (W—:) dv.

u

We are now able to present a few path properties of (X;) under g”c.

Theorem 5.5. Under Q)° :

1. We have:
(5.17) Ii >1 and S;<Ss foranyt>0
(5.18) Soo — Ing = c.

2. When t goes to infinity, the couple (St, X¢) converges in distribution to the p.m.
on Ry xR:

2 . ™ — Y . T
—czp@)) sin? (%) sin (?) Q(r — ¢, 7)ljocacc, e—ccy<aydrdy.

Remark 5.6. 1. Property (5.18) can be deduced intuitively from our penalisation proce-
dure and the fact that the support of the p.m. on F,:

E() [1Au(I)(It; St)l{sf,—ltgc}]
Ey [(I>(It7 St)l{stfft SC}]

Ay — (t>u)

is included in {Su - I, < c}.
2. Recall that the p.m. QSO’B ° which arises from penalisation with
(I, St)1{1,200.5.<p0)
does not depend on the values of ®. Therefore penalisation associated with

O(It, Se)l{s,—1,<c}

is very different since the p.m. Qg’ “ depends on the values of ® over the segment

{(B—c.B); Be[0,d}.
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Proof of Theorem 5.5.

It is easy to deduce (5.17) (resp. (5.18)) from (5.3) (resp. (5.4)) and Theorem 5.4.
The details are left to the reader. Let g : Ry X R be a continuous and bounded function.
According to Theorem 5.4 we have:

% AC@(U — c,v) sin (ﬂ'_c’u) ngc,v [Q(St,Xt)]dU.

E(C)D’C[Q(St,Xtﬂ = ol

Applying Theorem 5.1, we get:

v—c,v 2 [ i —
lim £~ [g(Sy, X1)] = Z/ g(v, y)sin® (M)dy.

t—o0

Point 2) of Theorem 5.5 is a direct consequence of the dominated convergence theorem.
|

We formulate differently item 2) of Theorem 5.5.

7Xt_

Sy + 1, Sy + 1,
¢4 %) converges in distribution as t — oo

Corollary 5.7. The pair (
to:

<cp<1¢>>‘1’(m —ga+g)eos(T) e (x)dx> . <% o () -3,

hence, its two components are asymptotically independent.

] (y)dy>

wlo
wlo

Proof. This is a direct consequence of 2) of Theorem 5.4, (5.18) and simple changes of
variables. ]

Remark 5.8. Using Girsanov’s theorem it may be proved that (X;) solves:

t or®e
(5.19) Xt:Bt+/ e (T Sus Xu) s, -1, <cydu
0

. & . .
where (By)¢>0 is a Q,’° Brownian motion, and

(a—z+c)/c

(5.20) '*(a,b,z) = / O(z + c(r — 1),z + re) sin(nr)dr
(b—z)/c
d,c (a—z+c)/c
ar—(a, b,x) = I / O(x + c(r — 1),z + rc) cos(mr)dr.
Ox ¢ J(b—a)/c

In the particular case ® =1 (i.e. penalisation with S; — I; < ¢) then:

1) = - (eos () oos (T

This implies that (X;) solves:

¢ Sy + 1
(5.21) X;= B, + %/ tan (% ( - Xu>> 15,1, < du.
0
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6. APPLICATION TO DIFFUSIONS

Our approach is based on Theorem 5.1. Let p be a p.m. on | — 00,0] x [0, co[ which

00, 0] x
does not charge (0,0). Let us consider the associated p.m. Qf on (2, Fuo) :
(6.1) so= | Q5 (Jn(dac, d9)

]—00,0]x[0,00]

where Qg’ﬁ has been defined by (5.1). Note that from Theorem 5.3, the p.m. Qg“ is
equal to Qf where

. 1 . w3
(62) /J/(dOé, dﬁ) = /J/(b (dOé, dﬁ) = m (b(ﬁ — G ﬁ) s (7) 55—C(da)1[0,c] (6)d6

Proposition 6.1. Under Qf :
S H
2. (I, Sy, Xt) converges in distribution, ast — oo to the p.m. on]—o00,0] x [0, co[xR:
(6.3) Mda, dB, dx) = p*P(x) p(da, dB)dz,

where the density function p®P(x) has been defined by (5.5).
In particular, (Sy, X;) converges in law, as t — oo, to

0
(6.4) v(dgB,dz) := (/ pa’ﬁ(x),u(doz,dﬁ)> dx.
Proof.
Proposition 6.1 is a direct consequence of Theorem 5.1. |

Remark 6.2. 1. It seems difficult to characterize all possible p.m.’s v obtained by this
randomization procedure, i.e. to describe the set of p.m.’s v which are defined by (6.4),
w varying in the set of p.m.’s on | — 00, 0] x [0, c0].

2. It can be proved that if u(da, d3) satisfies:

(6.5) /}_wOMOM[(ﬁ — a)u(da, dB) < oo,
(6.6) / (8 + a)u(da, dB) = 0,
]—00,0]x[0,00]
(6.7) 2ap() - o0,0] x fa,0)) = [ (0 + B)u(da, dB).
]—00,0]x[0,00[

Then, the Rogers conditions (1.7) and (1.8) hold.
3. The p.m. Qf is locally absolutely continuous with respect to the Wiener measure
Py, namely:

(68) S(At) = EQ[lAtMtH], At (S ft

where

(6.9) = [ M u(de, dB),
]—00,0] x[0,00]

and (Mf‘ s )t>0 is the Py-martingale introduced in Theorem 4.1. Moreover

(6.10) M} =TH(I;, Sy, Xy, t)
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where

) B 1 (B~ ) m’t
(6.11) 3 (a)b’x’t) B /]—oo,O]X[O,oo[ sin (ﬁﬂTﬁa) o ( p—a ) P {m}

X1{a>a, p<py p(da, dB).
Due to Girsanov’s theorem, it may be infered that X; solves:

t 0 u
(6.12) X, =B, +/ %Fu (Luy Suy, Xu,u) du
0

where (B;)i>0 is a Qf-Brownian motion started at 0 and

(6.13) a% T (a,b, z,t) = _77/ 1 o (w(ﬁ - a:))

]—00,0]x[0,00[ (B — &) sin (;Ta B—a

2t
(6.14) X exp {m} Lta>a, p<by H(do, dB)
Consequently, (I, S, X;) is a non-homogeneous Markov process.
4. There exists a p.m. p satisfying (6.5)-(6.7). It is easy to show that these conditions
hold with

2c?
1 do,df) = | ——=1 d d
(6 5) M( Q, ﬂ) <(6+c)3 {6>0} 6) Ml( a)
0
where p1(da) is a p.m. on | — 0o, 0], such that —/ a iy (da) = ¢ €]0, o0l.
—00
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