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SERGEY V. NAGAEV

ASYMPTOTIC FORMULAS FOR PROBABILITIES
OF LARGE DEVIATIONS OF LADDER HEIGHTS

Asymptotic formulas for large-deviation probabilities of a ladder height in a random
walk generated by a sequence of sums of i.i.d. random variables are deduced.
Two cases are considered:

a) the distribution F'(z) of summands is normal with a zero mean.
b) F(x) belongs to the domain of the normal attraction of a stable law with
the exponent 0 < o < 1.

The method of Laplace transforms is applied in proofs.

1. INTRODUCTION

Let X, X1, X2,...,Xp,... be iid. variables with the distribution function F(z), not
degenerate at zero. Put

Sp=>_Xi, F,(D)=P(S, €D).
i=1

Introduce the notation
Nt = min{n DSy > 0}, N~ = min{n 2S5, < O}.

Let Z4 := Sy+, Z_ := Sy- be respectively ascending and descending ladder heights,
and

Ff(z)=P(Zy <x), F (2) =P(Z_ > x).
Denote, by H,(z), the renewal function corresponding to the distribution F* of the
ascending ladder height,

Hyx) = 3 i),
n=0

where F;f, n > 1, is the n-th convolution of F*, Fy is the degenerate distribution
concentrated at zero. Similarly, the renewal function H_(z) is defined by F'~.
Notice that

o0
Hy(z) = F P( mi <),
+(z) o(z) + nz::l (0<g1§12—1 S, >0, 0<8,< x)

H_(z) = Fo(z) + ZP(K?ELS,C <0, 2<8, < 0)
n=1 -

(see [1], Ch.12, § 2).
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Hence,
0+
P(Z+>:c)=—/ P(X >z —y)dH_(y / H_(z —y)dF(y), (1)
if x > 0, and
P(Z_>x)=/ P(X <x—y)dH(y / Hy(z —y)dF(y), (2)
0+
if x <0.

The measure

_ Zl F, T(LD) 3

is called the harmonic renewal measure.

Since
I+1

— 4
- 0
(see, e.g., [2]), the measure v is o-finite. Harmonic renewal measures were studied in
3-7].

For every z > 0, put G*(z) = v((0,z)). Evidently,

Similarly, define G~ (z) = v((z, 0]) for z < 0. Harmonic renewal measures are of interest
for us, first of all, because

/OOO e **dH, (z) = exp{— /040-0 e*“dG*(x)} (5)

/0 e**dH_(z) = —exp{— /0+ e“dG*(x)}, (6)

— 00 — 00

F.(z+1) — F,(z) < c(F)

and

which provides the possibility of studying the asymptotic behaviour of Hi(+z) as © —

00.
Proposition. Let
a:=EX =0, 0<0?:=EX? < 0. (7)
Then
oo n 1. o?
li s 1 =Q—-In—
im /0—6 dGT(z) +Ins Q 51— (8)
where
— 1
= -1 >0)— =
Q ;n P(S, > 0) 2]

is the Spitzer series, and

0+
lim <—/ e’*dG (z) + In s) =-Q - %ln %2. (9)

s|0 o

Hence, by using the refinement of Karamata’s Tauberian theorem given in [8], we
immediately obtain
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Corollary 1. If conditions (7) hold, then

1 2
lim (G¥(z)~Injal) = Co+Q - S (10)

z—+o00

where Cy is the Fuler constant.

This result is obtained in [7] by using direct probabilistic arguments. Laplace trans-
forms are used in [3,4], however, in the case where the distribution F' is concentrated on
a semiaxis or stable. In paper [5], the representation for v([—z, z]) is obtained under the
condition that EX = 0, E|X|? < oo, and some convolution of F(z) has an absolutely
continuous component. In that representation, the Spitzer series @) is absent, which is
quite explainable since, by (8) and (9),

o} 2
—hlz| —_ 7
/_Ooe v(dx) (1ns—|—1n 5 )

Instead of Laplace transforms, the generalized Fourier transforms are used in [5].
Combining (5) and (8) and then (5) and (9), we obtain

Corollary 2. If conditions (7) are fulfilled, then

o0
2
EE)IS/O_ e **dHi(z) = %eQ (11)

and

lims/0+ e *dH_(z) = —Qe_Q. (12)

s|0 — oo g

The Karamata’s Tauberian theorem makes it possible to obtain the asymptotics of
H, (x) for x — oo, namely,

Corollary 3. If conditions (7) hold, then

2
lim |z| 'Hy(z) = £ej[Q.
o

z—+o00

(13)

It is known that, under conditions (7) and (8), EZ. < oo, EZ_ < —oo (see [9]).
Therefore, by the renewal theorem,

1
lim |z| 'Hy(z) = —, 14
Jim ol () = o (14
where my = EZ,. Comparing (13) and (14), we conclude that
o
my =+—e 9. 15
L-x (15)
We say that the distribution F' has a long right tail if, for any [ > 0,
. F(x+1)—F(x)
1 i S A e 1
L O 10
Respectively F' has a long left tail if
F )—F
lim Fla+l) - F@) _ 0. (17)

v F(a)
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Theorem 1. If conditions (7) and (17) hold, then, for x — —oo,

xT

P(Z- <a)~w- [ Fl (18)
—00
where w_ = geQ.

If conditions (7) and (16) hold, then, for x — oo,

oo

Pw+>w~W+/ (1 - F(y))dy, (19)

x
where wy = ge*Q.

Here and below, a(z) ~ b(z) means that lim a(x)/b(z) = 1. We use ¢, ¢(-), c(-,")
r— 00
to denote constants which may be different in different contexts.
An asymptotics of large deviation probabilities is studied in [10-13]. The formula

oo

P(Zy>a)~ o [ (1= Py (20)

- x

is obtained, in particular, in [13], and is valid if

P(S, <z) =00, E|Z_| < .

HM8
:I»—‘

As we have already noticed above, E|Z_| < 0o under conditions (7) and (8). In addition,
A = oo in this case. On the other hand, as it is shown above (see (15)), m_ = %e’Q.
The additional information which is contained in (19) as compared with (20) consists
namely in this fact. Notice also that (19) is deduced by the quite different method by

comparison with (20).
Theorem 2. Let, for x — oo,
q

ze’

p
P-o)~ L 1- )~ L (21)
where 0 < a < 1, p >0, ¢ > 0. Then there exists the slowly varying function L(z),z > 0,
such that, for x — —oo,

H_(x) ~ [z["L(|z]), (22)
where

c(e, B)

™

v = % — , c(a,B) = arctan(ﬁtan %), B =—.

The analogous result takes place for Hy(x).

We see that the greatest value v = « and the least v = 0 are achieved, respectively, for
B8 = —1 and for § = 1. These values of § correspond to the extreme types of stable laws
with the exponent a which F'is attracted to. If 8 = 0, then evidently v = §. Letting
« = 2 in the last equality, we obtain the value 1 for ~.

It is not improbable that the function L(z) in Theorem 2 is in fact constant. This is
the case if the distribution F' is concentrated on the negative semiaxis (see [3]).

The analysis of the proof of Theorem 2 shows that L(z) = const in the case of
symmetric F.

Theorem 3. If conditions (16) and (21) are fulfilled, then there exists the slowly varying
function l(x) such that, for v — oo,

1— FT(z) ~ 27" (), (23)

where

,ola, B) = arctan(ﬂ tan %)
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Notice that L(x) and I(x), generally speaking, do not satisfy the condition L(x) ~
cl(z). However, if L(x) equals a constant, then it is true for [(x) as well. The result
similar to Theorem 3 is also valid for F~(x).

2. PROOF OF PROPOSITION

Denote, by f(t), the characteristic function of the random variable X. The starting
point is the next formula deduced in [14] (see also [15])

) 1 0o 1 o
vl / e AR, (x) + = 3 (Fa(0+) — Fo(0))n !
n=1 " Jo+ 2 n=1
~h [l f) _1/‘”targ(1—f(t))
B 7T/o Rre Ty 0 R -
i hotmilo ), 1
n ol - S —hlz|
T /o i 4T3 /|x|¢o e dG(), (25)
L[y L gy L[ o
77/0 h? + t2 it = 2 x<0€ iG(@) 2 z>oe 4G(@) (20

First, we show that the right-hand side of equality (26) goes to

% i(P(Sn <0)=P(S, > 0)

as h | 0.
We need several lemmas to proof it.

Lemma 2.1. Ifa =0 and 02 < oo, then
P(S, > 0) ~ E{ ™55, > 0} < hov/n, (27)

and

P(S, < 0) ~ B{c"5; 5, <0} < hov/n. (28)
Proof. Applying the inequalities 1 —e™* < z, z > 0, and E|S,| < oy/n, we have
P(S, > 0) E{e_hs"; Sy > o} - E{1 kS g, > 0} < hE{Sn;Sn > 0} < hov/n.

In just the same way, (28) is proved. O
Put

An(h) = / =M AR, (z) — / MR, () + P(S, < 0) — P(Sy > 0).  (29)
z>0 <0
Lemma 2.2. Under conditions of Lemma 2.1,
lim sup‘An(h)‘ =0. (30)

=0 p>0

Proof. Integrating by parts on the right-hand side of formula (29), we find that
(o)
An(h) = h/ (1= Fp(z) — Fp(—z))e " d.
0

Consequently,

AL ()] < hst;p 1—F,(z) — Fn(—x)} /O°° e—he .

By CLT,
lim (1 — Fy(z) — Fn(—x)) = 0.

n—oo
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The assertion of the lemma follows from two previous relations.

Lemma 2.3. If the distribution F' is not degenerate at zero, then
E{e*hs”;Sn > O} < —=

e(F)
hy/n’

Proof. We restrict ourselves to proving (31). Obviously,

E{e_hS";Sn < 0} <

/ e M dF, (x) <> e Pk < Sy, <k +1).

Since, by (4),

Pk<S,<k+1)<

Ooefhx " o(F) - o—hk
/O dF,(z) < ﬁz :

+

On the other hand,

oo

Semo L L
1—e ™ " h

k=0

The desired result follows from these two inequalities.
Consider the series

S(h) = in‘l’An(h)’

n—1

1
Y <h — <3¢
1 / n
ng}i—;

Further,

h: [ da

Z < sup  Ap(h) <—2 +/ — .
2 o2 1 £ 2 x
2 <N<553 h2

Since

1
2n2 dx
9 _4ne,
52 m

hZ2

we have, by (30),

lim =0.
h]0O 2

Notice that, by Lemma 2.3,

INOIE ;(5% +[2F,(0) 1.

105

(35)
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Therefore,
c(F) -1
2S5 2 n3/2+ Z [2F(0) = 1.
n>521}2 (5}1,)2
Further,
1 3.3 > du 3.3
> 3—/2<h5+/ S < hPe + 2eh.
n>_1 u>(eh)—2 U
n?
The series

in’1(2Fn(O) —1)

absolutely converges (see [16]). Thus,

lim < 2e.
h10 £—3

It follows from (33) - (36) that
lim ¥(h) < 5e.
h10

It means by (29) that

lg%(/gooehzd(?(x)—/x@ edG(z)) = Zn H(P(S, > 0) ~ (5, < 0).

Proceed now to the left-hand side of equality (25). Choose ¢ in the partition

*n|l— f( ln|1 ®)]
dt — - dt=1(h) + Ix(h
/0 t2+h2 / / t2+h2 (h) + La(h)

in such a way as the function f(¢) # 1 in the interval (0,6). Put
1-f()

o2t2
I(h)—/é fi(t)
I ey

2 2

3 3
o dt Int
+In = /O e +2/0 ozt = Tu(h) +1n( 5 )hQ(h) + Iz (h).

Since f1(0) =1

fit) =2
Then

R0

Further,
lim hIlg(h) = =
n10

It is easily seen that
© Int
li =
e ), =0
Consequently, for h | 0,
< Int
hli3(h) =h ————dt 1).
13(h) /0 2 ne +o(1)

On the other hand,

/°° Int _Int lnh/oo dt +1/°° Int g = ik
—s + - ——at = — Inn.
o 2+h? h Jo 142 hJy 1412 2h
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* Int
/ R PR
o 141¢2

(see [17], p. 546, Section 4.231, formula 8). Thus, for h | 0,

We use the equality

hIiz(h) = g Inh + o(1). (43)

It follows from (39) - (43) that

hIy(h) = w(lnh—k%ln %2) +o(1). (44)

Estimate now I5(h). First of all,

‘ln|1 - f(t)|‘ < inllf"(t)

S ANIOR

Consequently,

The next bound
c
Ly, [T O] dE < =2 (45)
/t—v§0.65% a(L)v/n

holds, where &2(L) = [, ;22 dF(z), B3(L) = [, < |2 dF(z), ¢ < T.61579, F(x)
is the symmetrization of X (see [14], Lemma 2.1.)

Splitting the interval (4, 00) into intervals of the length 1. 3
(45), it is not hard to show that

< rr c(F)
/5 2 dt < Jn

and applying bound

Consequently, uniformly in A > 0,
I(h) < c(F). (46)

Returning now to (38) and taking (44) and (45) into account, we obtain that, for h | 0

h [ In|l— f(t)] 1. o2

- —————~dt=Inh+-In— 1). 4

77/0 t2+h2 n +21’12+0() (7)
Combining (24), (37), and (47), we arrive at formula (8). Formula (9) is deduced in the
same way. O

3. PrROOF OF THEOREM 1

Without loss of generality, we may assume that F'(x) is continuous. By (13) for any
x < z(e) <0,

T H_(z) < (1+e)z. (48)

—(1—¢) <507§

Using (1), we have

oo

z—xz(e)
P(Zia)= [ H@-yaF)+ [ Hoe-p)iFe)= D)+ L), (9)
z—xz(€) T
Obviously, by (48),

1-9% [" ot <nw < G [T g-narao. @0
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Further,
Ir(x) < H-(z(€))(F(z(€)) — F(x)).
Hence, by condition (16) for x — oo,
I(z) = o(1 — F(x)).

By the same reason for x — oo,

z—xz(e)
| arw =~ ).
Put o o
F)= [ (y-adF) = [ (- Fl)d

It is easily seen that .

1— F(x) = o(F(x)).
It follows from (51) and (53) that

I(z) = o(F(x)),

and from (52), (53)

[ w-nirw ~ T
By (50) and (55),

E(l —e) < xhj& inf I () /F(x) < xlingo sup Ir(z)/F(z) < 7

Combining (49), (54), and (56), we get the desired result.

4. PROOF OF THEOREM 2
Previously, we prove several lemmas.
Lemma 4.1. Let, forx — 00, 1 — F(x) ~ 5, 0<a < 1. Then fort |0

/ sin(tz)dF(x) ~ ct“/ T iz
0 0

:L-Ot

Proof. Clearly,

/OOO sin(tz)dF (z) = / M n(e)iF @) + / " sin(tz)dF(z).

M/t
There exists the constant K such that

K
1- F(z) < —.
a«:()’
Therefore, for any M > 0,
> K
| / sint)dF (x)] < 1 — F(M/t) < 17t
M/t M«

Integrating by parts, we have

M/t M/t
/0 sin(tz)dF (z) = t /O (1 = F(a)) cos(te)dz + (1 — F(M/t)) sin(M/t).

Hence, by (59),

Kc

.
Ma

‘ /OM/t sin(tz)dF(x) — t/OM/t(l — F(x))cos(tx)dz| <

(1+e).

(51)

(52)

(53)

(54)

(55)
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Further,

M/t M/t </t
/0 (1= F(x))cos(tx)dx = /E/t (1= F(x))cos(tx)dx + /0 (1= F(x)) cos(tx)dzx.

Hence, by (59),

et

E/t E/t d K 11—«
‘ / (1 - F(x)) cos(tx)dx‘ < Kc/ & «
0 0 % l1—«

For M and ¢ fixed,

/Ejj/t(l — F(2)) cos(tz)dz = tl(ia (/EM coia?dx n 0(1)).

As a result, we obtain, for every fixed M and e,

M/t M K 11—«
/O (1= F()) cos(tz)dz = ct(’_l(/e CZZ“’dx+o(1))+9 fi — "1, 6] < 1. (62)
Returning now to (61), we conclude that
M/t ) M COS T B Elfa

/0 sin(tz)dF(x) = ct (/6 o dx + 0(1)) +0KCt (M t1z ) (63)
The desired result follows from (58), (60), and (62). O

Lemma 4.2. Under conditions of Lemma 4.1 for t — 0,
/ (1 cos(tz))dF (z) ~ clt|° / 2 . (64)

0 0

Proof. Without loss of generality, we may assume ¢ > 0. Obviously,

0o M/t S
/0 (1 — cos(tz))dF () /0 (1 — cos(tz))dF () + / (1 - cos(tz))dF(z).  (65)

M/t

By (59) for M > 0,
= F(M/t) < 40 (66)
Mo
Hence,
00 K
/ (1 — cos(tz))dF(z) < —C 4o (67)
M/t Mo

Integrating by parts, we have
M/t M/t
/ (1 — cos(tx))dF (x) = t/ (1 — F(z))sin(tx)dx + (1 — F(M/t))(1 — cos M).
0 0

Hence, by (67),

Kc

Tt (68)

\ /OM/tu — cos(tx))dF(z) — t /OM/tU - F(z)) Sin(tx)dx\ <

Further,

M/t

M/t e/t
/0 (1 — F(x))sin(tx)de = /0 (1 — F(x)) sin(tx)dx + /E/t (1 — F(x)) sin(tx)dx.
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By (59),

Keel—

‘/Oe/t(l — F(z)) sin(tx)dx‘ <

11—«
For M and ¢ fixed,

/E:j/t(l — F(x))sin(tx)dz = tl(ia (/EM Szlaxdx + 0(1)).

It follows from two last formulas that

M/t M . K ta
t/ (1 - F(z)) sin(tz)dz = ct® (/ Smfd“ou)) +05 C lme gl < 1. (69)
0 e xz —
Combining (65)—(69), we obtain the assertion of Lemma 4.2. O
Lemma 4.3. Forany0<a <1,
] ei;c
/ gz = oT(1 - a). (70)
0o

Proof. By changing the contour of integration in accordance with the change of the
variable x = iy, we find

e o] eix [e’e}
/ —dz = il_o‘/ e Yy %y =i' 7T (1 — ). O
0 0
Lemma 4.4. Let F(x) satisfy conditions (21). Then, fort — 0,

e 4
1 —/ e AF (z) ~ |t|a<(p+q) COS% +i(q—p)m sin %)F(l —a). (71)

Proof. Obviously,

1-— /OO e dF (z) = /OO (1 — cos(tx))dF (xz) —1 /OO sin(tx)dF (x).

— 00 — 00 — 00

By (57) and (64) for ¢ — 0,

/ (1 — cos(tz))dF(z) ~ (p+ Q)|t|a/ Smax dx
and oo t [
/ sin(tx)dF (x) ~ (p — q)[t|* = / —=da.
- tfJo —a*
Thus,

OO. o0 . t o0
1= [ emarw) ~ i (0o [ B ar iG-S ),
0 [t Jo =

oo x

According to Lemma 4.3,

* cosx TQ
/ dz =T(1 — a)Rei' ™ = sin —,
0 o 2
* sinx T
/ dr =T(1—a)Imi'™® = cos —.
0o x° 2
Substituting these values into the previous equality, we obtain the desired result. O

Considering as before that F'(z) satisfies conditions (21),we study the Laplace trans-
form of the projection of the harmonic renewal measure (3) on the semiaxis (—oo, 0].
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It is easily seen that

0— 0
/ e"dG™ (z) = —/ e " dG™ (~x). (72)
—00 0+
Hence,
0+ oo
/ M AG (z) = / M AG () + v({0}). (73)
—00 0+
By (24),
o 1 ho[®Inl—f(-t), 1 /°° targ (1 — f(—t))
hx _ - _ _ el S | - it = A SR NP T
/O+e 4G (=) + w({0}) W/O i [
(74)
Using Lemma 4.4, it is easy to verify that, for ¢ — 0,
11— f(—=t)] = [t|*T(1 — a)(p* + ¢* — 2pgsinwa) "/ + o(1).
Consequently, for ¢t — 0,
In[1—f(=t)] = aln|t] + c(e, p, ¢) + o(1),
where 1
cla,p,q) = 5 n(p” + ¢* = 2pgsinma) + nT(1 - a).
Hence, by (42),
h [ 1n|l — f(-t)] ah [ Int «
— ————dt = — ——dt —Inh h 75
- [ 2| gttt e = S, (1)
where limp_,g ¥(h) = c(a, p, q).
According to (71),
arg (1 — f(=t)) = | | arctan (b’tg 5 ) + (), (76)
where 8 = (p —q)/(p+q), p(t) = 0 ast — 0.
Lemma 4.5. The function
1
_ to(t)
W(h) = exp{/h e dt}, (77)
where (t) — 0 for t — 0, is slowly varying as h | 0, i.e. for any ¢ > 0,
W(ch) _
o W)

Proof. Changing the variable t = !, we have

I(h) = /1 to(t) dt:/l/h e(1/u) ﬂ
o Jn R+t 1 1+ h%u?

1/h u h o, ”
:/1 %du—fﬂ/l %du:h(h)‘F&(h)

It is easily seen that
1/h ” 1/h
p(1/u) o
’/1 To h2as ’</ lp(1/u)|udu = o(h™2).

lim I(h) = 0.

Consequently,



112 SERGEY V. NAGAEV

According to Karamata’s criterion, the function

Z(x) = exp{/lx @du}

is slowly varying as ¢ — oo. Hence, Z(1/h) is slowly varying as h | 0. Since

W (h) = Z(1/h) exp{Iz(h)},
the function W (h) has the same property as well. a
Lemma 4.6. Let a function ¢(t) be continuous, and ¢(0) = 0. Then

h
lim / o) g — o,
hlo J_, t2+h?

Proof. The conclusion of the lemma follows from the inequalities

h
tp
dt‘ < 2 sup / ————=dt < sup g
‘/ht2+h2 |t\<h|sa ) t2+h2 \t|<h|sa( I

Lemma 4.7. For h | 0,
"targ(l — f(—t L W
/0 %dt = c(0, )l + W (h) + o(1) (78)

Proof. Based on formula (76) and Lemmas 4.5 and 4.6, we can state that

Yrarg (1= f(=t) bt
/O dtfc(a,ﬂ)/o gt W) +o(1).

t2 4+ h?
where o
¢(a, B) = arctan (8 tan 7)
Obviously,

/1 L 11(752+112)’1 mE 4+ S 4 m2)
————dt==In =In—-+=In )
o t2+h? 2 0 h 2

The conclusion of the lemma follows from last two formulas. O

Consider the integral
1 [*targ(l— f(-1))
I(h)=— dt.
() 7T/1 t2 + h?

By (24) and (78), I(h) < oo for h > 0.

Lemma 4.8. For every distribution F, there exists the finite limit
lim I(h) = Iy.
P (h) 0

Proof. Arguing in the same way as in deducing formula (2.20) in [14] we are sure that

1 (1—argf 71/00 tIm f™(—

— dt.

p /1 R Z EENE (79)

Evidently,
°° tIm f(—t) °° tIm f™(t)
————dt = — ———=dt.
/1 2 + h? /1 2 4 h?
Further,

 tIm f™(t) <t bl e °° tsin (tz)
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By Lemma 1.1 in [14] for o < h <1,

°° tsin (tx) 2/|z|, |z|>1,
[ R <
1t +h 3, |z| < 1.
It follows from last two relations that

° tIm f" dF, F
‘/ mf dt‘<3/ an(;c)+2/ ) db)
|z|<nl/4 |z|>nt/4 |$| n /

We have applied here a bound for the concentration function (4). Thus, series (79)
converges uniformly in the interval (0, 1].
On the other hand, for any n,

hm/oo M f7(0) 4y /100 I /) g

nlo J; 124 h2 t

Consequently,

_ 1S [ Im f7(t)
limI(h) = — ———=dt = I. 0
i =23 [ o

It follows from Lemmas 4.7 and 4.8 that, for h | 0,

*targ (1 f(-t))
[T e,

— o, B) m% W (h) + I + o1). (80)

Combining (72)—(75) and (80), we conclude that
0+ oo
- / M AG (z) = / e aG (—a) + v({0})
—00 0+

1 L
:fylnﬁ — T (1nW(h)+CO(F))+§V({O})7

where

a
CO(F) = C(Oé,p7 q) + IO) Y= 5 -
Applying now the Baxter identity (see, e.g., [1], Ch. 18, § 3), we find that

/(:ro e Al _(—x) = exp{/oio e "G~ (—x)}

(81)
1 1
~ B _= z
h exp{ ~ (mW(h) + co(F)) + 21/({0})}.
Using the Tauberian theorem for the Laplace transform (see [1], Ch. 13, § 5), we have
H_(—z) ~ 2" L(x), (82)

where

L(z) = ﬁexp{—%(an(m‘l) + CO(F)> + %1/({0})}, x>0,

which is equivalent to the assertion of the theorem. O
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5. PROOF OF THEOREM 3

Using formula (1), we have

0+ 0

P(Z+>x)~p/

—o0 —o0
We need several lemmas to find the asymptotics of the last integral.
Lemma 5.1. For any x > 0,
/0 (@ —y) T H_(y)dy < e(e)2?/27F,
-z
where € is as small as one likes.
Proof. By (82), there exists a constant ¢ such that, for every z > 0,

0 0
/ (z— )~ VH_(y)dy < / (& + o)y L(ly ) dy
~VE —VE

0
= Cﬂ_"/ (L+ [y My Lzlyl)dy < e(e)a?/270t/2

B

L(zly]) < c(e)(xly)*.

Lemma 5.2. Asx — oo,

V&

~VE
T(1+) / (& — y)~* H_(y)dy ~ 27 / (1+ Jy) ™yl Lizly)dy.

— o —00
Proof. The assertion of the lemma follows from asymptotics (82).

Lemma 5.3. As x — oo,
0

0
T(1+ ) / (& — )" H_ (y)dy ~ 27 / (1 -+ [y =yl L)) dy.

— 00 — 00

Proof. Obviously,

N ) V0
/ (x—y) " Hf(y)dy:/ +/ =5+ L.
. —s —Vz

By Lemma 5.2,
I > c(e)x" 7«
It follows from (84) and (88) that
I2 = 0(.[1).
Hence, by (86),
0
/ (@ —y) " H_(y)dy

— 00

-z o -z
~ / (& — )" H_(y)dy ~ ——— / (1+ )=y L (xy)dy.

—oo Q)
It remains to remark that, by (85) and (87),

,\/E 0
/ (1+Iyl)’“’llyl”L(xlyl)dyN/ (L+ [y~ Hy Lzly))dy. O

— 00 —0o0

(z—y) “dH_(y) = pa/ (z—y) " H_(y)dy.

(88)
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Lemma 5.4. The function
0
hz) = / (1+ g~y L (zly])dy (90)

is slowly varying.

Proof. By (89) for x — oo,

her) SO+ )=yl ealydy

~J D
M) [T+ ety Lisly)dy
It follows from Lemmas 5.3 and 5.4 that
0 —a—1 e
| @ iy ~ ) o)
where h(z) is a slowly varying function. Comparing (83) and (91), we find that
po
P(Zy > 2) ~ ——2"h(x).
Hence, letting
I(z) = =22
L(1+7)
we obtain the conclusion of Theorem 3. g
In conclusion, we remark that if the integral
1
t
/ p(t) .
o ¢t

where ¢ is defined by (76), is finite, then W (h) in (77) converges to some constant as

hlo.
K t 1
< t — — — |dt.
= B, ¥t "), <t2+h2 t)

Indeed, in this case for any n > h,
T to(t T o(t
/ 290()2dt_/ P 4
W 2+ h hot
K t 1 Tdt 1
———— — — |dt < h? - < 3.
/h<t2+h2 t) < ht3<3
On the other hand, for every 0 < n < 1,

1 1
1im/ f“"(t)zdt:/ ) .
hlo J, t*+h n

1 1
1im/ bo(t) dt:/ @dt.
hlo Jy, t2 4+ h? g t

Further, if there exists the finite limit 1}5101 W (h), then the same is true for L(x) in (82)
as x — 0o. But then, by (89) and (90),

h(@) ~ c(e,v) L(z),

Obviously,

Thus,

where -
c(a,7) :/ (1+y)~* 1y dy.
0
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