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YULIA MISHURA AND SERGIY POSASHKOV

EXISTENCE AND UNIQUENESS OF SOLUTION
OF MIXED STOCHASTIC DIFFERENTIAL
EQUATION DRIVEN BY FRACTIONAL
BROWNIAN MOTION AND WIENER PROCESS

The existence and uniqueness of solution of stochastic differential
equation driven by standard Brownian motion and fractional Brow-
nian motion with Hurst parameter H € (3/4,1) is established.

1. INTRODUCTION

We will consider the following stochastic differential equation with non-
homogeneous coefficients, defined on the stochastic basis (2, F, (F,t €
[0,T]),P)

t t t
Xt:X0+/ a(s,Xs)ds~|—/ b(s,XS)dWS~|—/ c(s, X,)dBY, t€10,7),
0 0 0
(1)

where X, is Fy-measurable random variable, EX? < oo, W = (W;,t €
[0,7]) is standard Brownian motion (sBm), B = (B},t € [0,T]) is frac-
tional Brownian motion (fBm) with Hurst parameter H € (3/4,1). Coef-
ficients a,b,c : [0,7] x R — R are deterministic functions, which satisfy
well-known conditions of existence of integrals in the right-hand of (1),
where the integral fot c(s, X;)dBY is considered in pathwise sense.

If b = 0 we obtain the equation, which contains only fBm. The condi-
tions of existence and uniqueness of solution of such equations were shown
in [1]. The case b(t,z) = bz and c(t,x) = cx was considered in [7].

Using the similarity to sBm of process M/ := V, +1/eBF ¢ > 0, for
H € (3/4,1), which was proven in [2], and the representation of processes
similar to sBm from [8], the existence and uniqueness of solution of auxiliary
stochastic differential equation

t t
XgV:XOJr/ a(s,X;V)dt+/ b(s, XNYaw,
0 0

t 1 t
s [etsxdapt v 1 [ s xDaviee 0.1, @)
0 0

2000 Mathematics Subject Classifications. 60G15, 60H05, 60H10
Key words and phrases. Stochastic differential equation, fractional Brownian motion

152



SOLUTION OF STOCHASTIC DIFFERENTIAL EQUATION 153

where V' = (V;,t € [0,7]) is another standard Brownian motion, indepen-
dent on W and B¥ | for any N € N, was proved in the paper [3].

The main aim of present work is to find the solution of equation (1) as
the limit in some complete space of solutions of (2) when N tends to co.

2. MAIN PART

Let the coefficients of equation (1) satisfy, in addition, the following
assumptions

(A) There exists A > 0 such that |a(t,z)| < A, |b(t,z)] < A, |c(t,z)] < A
vVt € [0,T], Vz € R.

(B) There exists L > 0 such that
(a(t, z) —alt,y))* +(b(t, 2) = b(t, y))* + (c(t, x) — c(t,y))* < L*(z —y)*,

for Vt € [0,T], Va,y € R.

(C) The function c(t,x) is differentiable by ¢, and there exist constants
B >0and 8 € (1 — H,1) such that Vs,t € [0,T], Vz € R

(s, ) — c(t, z)| + |0pc(s, 2) — Dpe(t, x)| < Bs —t|°.
(D) Holder continuity of 0,¢(t,z) in « :
|0pc(t, ) — Opc(t,y)| < Dlz -y,
for Vt € [0, T), Vz,y € R with some parameter p € (3/2 — H,1).

Note that this conditions imply the conditions from [3] of existence and
uniqueness of solution of equation (2).
Let consider for any 1 —H < o < min(1/2, 3, p—1/2) the space of Besov

type
Wa([0,T]) ={Y =Yi(w) : (1,w) € [0, T x L [[Y[[a <00} (3)

with the norm

t 2

Y, - Y|
Y||la := sup EY2+E</7CZS , 4
0l tem( 0 E( ] e (1

and prove that the solution of SDE (2) belongs to this space for any N € N.
We shall denote different constants as C' if it is unimportant for stated
results.
From [5] we have for pathwise integral f(f f(s)dBH the representation

/ e - / DS f(s) D= B (s)ds.
0 0
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therefore this integral can be estimated as

/f (5)dBY| < Cy(w ( i //'fr_um'd dr) (5)

where
Ci(w)= sup |D.Z*BZ (u)]. (6)

0<u<s<t

The existence of all moments E|Cy(w)|P for any p > 1 has also been proved
in [1].

Lemma 1. The process |Cy(w)| is dominated by some continuous process.

Proof. To prove this statement we estimate |D;~* B (s)|:

DB < s (g - 0-a) [P a)

Using Garsia - Rodemich - Rumsey inequality from [1] that has a form

1056 < sgp—spr [ O T Gy

with f € C[0,T),t,s € [0,T],p>1and A > p~!, we obtain

/p
B |BH BHlp 1
B =B < Cugle—spe ([ B )

Let \=H —¢/2,p=2/efor 0 <e < H+ a—1, then

t rt|\gH _ gH|2/e €/2
s - < cle-s ([ [ R )
o Jo

lu — v|2H/e

note that 1 — o« < H — . Denote

t rt|pH H|2 /2
|BI — pH |2/
%ﬁ:<A o Ju—opre M) ®)

The process ;. is continuous and nondecreasing in ¢, and E¢Zg < oo for
any ¢ > 0 and any t € [0,T] [1].
So,
1B = B'| _ Hee1
. N1 C € © ta 1> < O &€
(o S Ol =)' < O

and

t BH BH t
/ !du < C’HE/ (u — s)H==72F %, .du

(u—s)*
S CH@(t - S)H+a_1_a¢t7a S O¢t7a>
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where H +a—1—¢ > 0.

So sup |DIZ®BH (u)] < Cty., and the statement of lemma follows
0<u<s<t

from continuity and strictly increasing property of ¢ .. O

Introduce the random variable

C(w) = sup Cy(w). 9)

0<t<T

Note that C(w) < 97, and E|C(w)|? < oo for any ¢ > 1.
First of all we prove the Holder continuity of the solution of equation

2).

Theorem 2. For any 6 € (0,1/2) the solution of equation (2) is Hélder
continuous with parameter 1/2 — 4.

Proof. At first, establish Holder properties of the integral { fot bsdWs, t €
[0, T}, where b is a predictable bounded process. For any 0 < 6 < 1/4 put
p=2,0=1/2—§/2in Garsia - Rodemich - Rumsey inequality (7). Then

t
/ b, dW,

< Cilt — /27005,

where

1 §/2
é‘b — (/t ¢ | fxy budWU|pd$dy> /p = /t ! | fmy buqu|2/6 da:dy
b o Jo |z —yloPtt o Jo |z—yl/?

and for any ¢ > p from Holder and Burkholder inequalities

5/2
t ot Y buqu 2/6 a
E(&;)" =E ( /O Lo bud Wl da:dy)

0 |$—y|1/5

< </t /t E| fxy buquszdy) 1392
~ \Jo Jo |z — ylo/?
Lot [P v2dul|?dxdy
Tz U qo—2
=6 </o /0 oy )0 S0

So, the process ff’(; from (10) is continuous, strictly increasing and has the
moments of any order.
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Now consider | XN — XV | for0 <z <r <T:
T T 1 T
XN - XN < |/ a(u, X, )du| + |/ b(u, X, )dW,| + N'/ c(u, X, )dVs|

C
T |/ clu, X)ABY| < Alr — 2) + Celylr — 220 4 St fr — o 20

N Ny N
O /|uX |du // c(u, X, Cl(UX)lddu
(u —v)lte
N N
! 1/2 ) / |X X |
< C'w)(r — + O (w // i,
where
Cl(w) = Oy V ff,s V&SV, (11)

Yy is defined by (8), Cj(w) < Ch(w) and C7.(w) has the moments of any
order.
Therefore, for § < 1/2 — «

N N r
/ |X *iia| Cl( )/ (T_Z)—l/Q—J—QdZ

: A - X
—I—C',.(w)/s r—z1+a// U_UHadvdudz

!/ a— !/ XN X1])V
:Cr(w)(r_8>1/2 ' 4 O w )/s (r—u)™® s |(u—711)14m|dvdu

< Clw)(r —u) /#7270 4 Ol (w) / (r —u)" %y sdu.
From modified Gronwall inequality (Lemma 7.6 [1])
bra < C1w)(r = )27 exp[C(w) e,
Return to | XY — XN
XY = X < Clw)(r — 2)V2°
+ ) €] [ 0= 20 < B — )V, (12)
where C,(w) = C'(w) exp[C;(w)ﬁ], and the theorem is proved for 0 < ¢ <
1/2 — a consequently for 0 < § < 1/2. O
Introduce the random variable

C(w) = sup Cy(w), (13)

0<t<T
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it also has moments of any order.
Now prove that the solution of (2) belongs to space (3) with norm (4)
for all N € N.

Theorem 3. Under assumptions (A) - (D) the solution of equation (2)
belongs to space of Besov type (3) with norm (4) for all N € N.

Proof. To prove the statement of this theorem we estimate

A - X
0 (t_S)l-i-oz

E(XM)2+E < ds) =: Ay (t) + Ax(2). (14)

At first, for E(X)? we have
t t
E(X]N)? < 5E(X()* + 5E(/ a(s, XN)ds)? + 5E(/ b(s, XN)dW,)?
0 0

t t
+5E(/ c(s,XjV)dBf)2+5E(%/ c(s, XM)dV;)?.
0 0

Evidently
2

t
E</ a(s,XéV)ds) < AT
0

2

t
E </ b(s,X;V)dWs> < AT,
0

1 [t AT
E(— XN < < AT

Further, using the estimate (5), (12) and with the help of random variables
2
defined by (9), (13), E (fot c(s,Xf)dBf) can be estimated as

E </Ot c(s,X;V)dBf)
SE(UQ( )(/ SXN o5 X3 4 +// b X:—;Cl(faXN”duds)Z)
<OE( %

([ [ e i)

< O(A** % EC (w) + B*EC" (w )t2(1 0 1 [PE(CH(w)C” (w)) T3 207 %)).

2
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So, we have

Ai(t) < C(A2T? + 24T + A2 T*2°EC" (w)
+ B2EC (w) T2 =248) 1 [2E(C2(w)C" (w))T3 242 < 00, (15)

Consider now A, (t). We have that

|f uXNdu|
<4E</ (i —s)i+o s)

b(u, XN)dW, XNV,
+4E< ‘L b, |ds> +4N2E</|f & |ds>

(t — s)lte t—s)tte

|f c(u, XN)dBH|
+4E (1= s ds | .

Evidently,

2
</ |f t U ‘X;+ dU| S) S CA2t2_2a.
_ S @

Now, let v € («,1/2), then

O b, XA, ) CE [ b(w, X)WV, |2
E( [ bl Xu)dWa| | gCtl—%/ ) bl X)Wl |
0 0

(t — s)ite (t — s)2+20-2y

CR (u, X)) du t A2
s YU 1-2v
0 (t _ S)2+2a—27 ds < Ct /0 (t _ S)1+2a—27 ds
S C’A2t1_2a,

S Ct1—2’y

and similarly

2
X.)dV,
</ |f tﬁs 1+a |S> SCAQtl_Qa‘
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t ][ eu,X0) aBll| ) )2.

0 (t-s)i+a

([ )

uXu |dU—|— \c(um cerN |d7“du
SE U(w)/ s (u s) f f + ds

Now we estimate E (

0 (t — S)l—i—a
— 2
= el Xoll gy g ff [ B L g g
<E|C(w) ds
0 (t — S)l—i—a

“F (6 ) /t At — 8)70 4 B(t — s)+5-0 4 LO(w)(t — )3/2-0-0 ds) ?

(t _ S)l—l—a
< C(AH1EC” (w) + BHX 2 4EC  (w) + L23 P EC (w)C2 (w)).
Therefore Ay(t) satisfies the inequality

Ag(t) < C(A2T2—2a + A2T1—2a + A2T1—2a
(AT HOEC? (w) 4 BAT 4B G () + L2T* 24 EC” () C2(w)) < oo.
(16)
At last, the statement of our theorem follows from inequalities (15) and
(16). O
Introduce for any R > 1 the stopping time 7 by
g = inf{t: Cj(w) > R} AT, (17)

where C}(w) is defined by (11) For any w € Q 7 =T, for any R > R(w).

Define the processes {X/\ ., N € N,t € [0,T]} as the solutions of equa-
tion (2) stopped an the moment 7z, and prove that they are fundamental
in the norm (4) of the space (3).

Theorem 4. Under assumptions (A) - (D) the sequence { X\ ,N > 1,t €
[0, T} of solutions of equations (2) is fundamental in the norm (4).

Proof. Consider

XM XN + XM 2
E()Qﬁﬂ2 X}/{TR + E </ | t/\TR tE\tTR_ S)lf;\n:{ S/\TR|d >
tATR |XN7— _ XMT XN +XM|
E(XtXTR Xt]\//\[TR) + E </0 — (tt/\_RS)l—i-a >

= AVM @)+ APM (). (18)
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First, for AN () we have

o <ae ([ s X5 — afs, X2 >>ds)2
+4E </OWR(b(s,X;V) - b(s,XsM))dWs)2
e ([ o) et x4

tATR N M 2
+4E </ (C(S’Xs ) _ el X )) st) — AL + I+ Iy + Iy).
0

2

N M
Then
nsere [eo, - X, s
t
I<CL? /0 E(X,, — XM )%,

I, <CA’T(N2+ M?).
Now we are in position to estimate I3 :

2

= ([ et —clo. X2

tATR Ny _ M
S R2E (/ |C(S7Xs ) C(S’Xs )|dS
0

sOé

X / / e, X2) — e, X2) = e(u, X)) + c(w, X2|
; . (S _u)l—i-a

tATR N\ _ M 2
e ([ Do,

0 %

E tATR s|C(S7X;V>_C(87Xéw)_C<U7X1‘iv>+c(u7X’l]Lw)|d d 2

* 0 0 (s —u)t+e -

= 2R*(I4 + I5).

Further,

tATR t
I, < CLAT 20 / (XN - XxMy2qs = CL2T' 2 / (AYM(5))2ds.
0 0
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Using Lemma 7.1 [1] we estimate 5 as

tATR AXN XM XN XM
I <E </ / | X ds

S _ u)l—i—a

/WR/ ABIXY = X|(s —w)?
uas

S_u>1+a
tATR DXN XM XN XNp XM_XMp 2
e ( o+ 1 u|>dud5)

(S _ u)l—l—a

tATR N M N M 2
<3E(/ /A|X - X=X+ X, ldds)

S _ u)l—l—a

tATR AB XN XM _ 153 2
+3E (/ / | 31|(s w) duds)
S J— u) +a

e s DIXN — XM|(IXN — XN|P 4 | XM~ X M) ?
+ 3E (/ / (s — u)1+a duds)

— 3(]6 + [7 —|— 18)7

where

t SATR XN_XM_XN XM 2
IGSCTAQ/E(/ (X=X =X+ “|du) ds.
0 0

(S _ u)1+a

M
SATR Xs/\TR

t
I7§CTA2/ s (|X 2 1)? ds,

0

tATR N M p(1/2-9) 2
I3y <E </ / BIX, X [(2F(s —w)? )duds)

S _ u)l-i—oz

M
SATR XS/\TR

< CTD2R2/ P20 (XN )? ds,

0

where we choose 0 in such a way that p — 2pd — 2a > 0. It is possible since
a<p—1/2s0p—2a>1/2—a>0. At last,

t SATR N __vM _ yvN M 2
I5§C/ E(/ X = X7 - X+ X |du) ds
0 0

(S — u)l—i—a

t
0 [ ROR (X, = X s

+CR2/O S22 (XN~ XM ) ds,
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and

t t
AYM(t) < CR? /0 AYM(s)ds + CR? /0 AYM (s)ds
+C(N24 M%), (19)

Return to AY™(¢). It admits the following estimate

(t _ S)1+a

thtr [INTR XNy — XM\ g 2
AéV,M(t) S C|E (/ fs (CL(U, u ) CL(U, u )) udS)
0

ce ([ L e X b XA,
; (t —s)i+a s

e ( [ 2" e, XE) = e(u, X2)aBY! d5>2
0

(t _ s)l-l—oz

T IATR ( c(u, 11)7 c(u, ,{y 2
e [ - ey,
0 (t_s)l-l-oz

< C(Ig+ Lo+ Inn + o).

N (t— ) [T L2 XY — XM du

(t — 5)2+2a—2 ds

Iy < CTYYE /

0

t t
< C’Tl_%‘/ E(X2., — XS]‘XTR)2 ds < CTl_QO‘/ ANM(5)ds,
0 0

t
IlO < CT1_2’Y /t fs E|X7]L\;\TR — XQJL‘;I\TRPdudS
0

(t _ S>2+2a—2'y
EoATM(s)
1-2y 1
< cr /0 (t _ S)1+2a—2’y dS’

where we choose 7 in such a way that o <y < 1/2.
For I;5 we have

Iy <CT'72*(N72 + M™?).
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Now consider [ :

tATR c(u, XY )—c(u, X M) du)2
d

tATR (fs uU—s)*
Ly < CRTV | E / )
0

(t _ S)2+2a 2y

S

2
tATR (ft/\TR f le(u, X)) —c(u, )z—il)v)f(ﬁxXN)—i_C(v XM |dvdu>

e ;

0

(f — 5)2t20—2 5

= CRZTl_ZV(Iu + 113).

¢ E(X,,, —xM. )
t—s)f ( =L ) du
I, <C

(t _ 5)2-1-201—27

t N,M
o (

t — 5)1-1-201—27

2
e (170 [ L g
113 S C E/ ds
0

(t _ S)2+2a—2'y

ds

D ).VN ).77” 2
/
0

(t _ S)2+2a 2y

+E

2
t/\TR m B‘XN XJWK‘XN XN‘p_HX]\[ XJW‘/)
/t/\TR (fs fs Gomp)tFa ) dvdu ;
S

0 (t _ s)2+2a 2~

= 0(114 + 115 + Il6)-

t SATR N M N M
114 S CT2’y—2a/ E(/ |X X X +X | )st
0 0 (s —u)tte

t
= C AT =2 / AYM(s)ds,

0

ds

2
CE (XY = XM (- 5))
L5 < C/
0

(t _ 5)2-1-201—27

< C/t (t )H_Zﬁ 20] E( u/\TR_Xijt\;[\TR) duds
0

(t _ S)2+2a 2y

t
< oT¥+—4a /O ANM (5)ds,
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note that a < .

S,

y _ 2
. (ﬁ/\m fsu ‘Xl}y_)i%_‘(:ﬁflp(w 5) dvdu)
Iis < CR*E / d
0

(t — s)*+2a=2y
where we chose 0 < § < 1/2 —«a/p, note that o < p —1/2. Similarly to Iy,
L < CTH 2 /0 t AYM(s)ds.

Therefore we have
L < 032(/; ANM (5)ds + /Ot AVM (5)ds).

Hence .
t AV (S) t
4 1 N,M
Ill < CR (/0 WdS +A A2 (S)dS)

At last,

N,M 4 ! AiV7M(3) ! N,M
A7 (t) < CR s Tds + i Ay (s)ds

+C(N24+ M%), (20)

From (19) and (20) we obtain that the sum AN (t) + A" (t) admits the
same estimate as Ay (t), i.e.

ANM () 4 ANM () < OR (/t( ANM () _I_/tAéV’M(s)ds>

t— S)1+2a—27d8

+CO(N24+ M%), (21)
and from modified Gronwall lemma [1]

AT () + A ()
< CRYN72 + M%) exp{t(CRHY& =291 (22)

taking, for example, v := (1/2 + «)/2. As choosing N, M — 0 see that
right-hand side of (22) tends to zero whence the proof follows. O

Theorem 5. The SDE (1) has the solution on interval [0,T], and this
solution is unique.
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Proof. Since the space (3) is complete, and from Theorem 4 we can define
Xt/\TR = 131_1}1 XﬁTﬁ{? (23)

where the limit is taken in space W,[0,T] (in particular, we have that the
limit exists in Ly (€2 x [0,77])).Using the similar estimates an Theorem 4, we
can prove that X;,., is the unique solution of the original equation (1) on
interval [0, 7).

From definition (17) of 7 we have 7z, < 7g, for Ry < Rs. So Xop,
and X, coincide a.s. on interval [0, 7g,]. Where R — oo we obtain the
existence and uniqueness of solution of SDE (1) on interval [0, T]. O

3. CONCLUSION

So, we proved the existence and uniqueness of solution of stochastic
differential equation driven by standard and fractional Brownian motions

(1).
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