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VLADIMIR KOROLIUK AND NIKOLAOS LIMNIOS

DIFFUSION APPROXIMATION ALGORITHMS IN
MERGING PHASE SPACE

Diffusion approximation algorithms for stochastic systems in split
and merging phase space are represented in servey form.

The main mathematical tools of such algorithms are described in our
book ”Stochastic Systems in Merging Phase Space” (World Scientific
Publishing, 2005).

1. INTRODUCTION

The general scheme is illustrated on the semi-Markov random evolution
given by a solution of the evolutionary equation
dU=(t)
dt

= C°(U*(t); X°(t/%))dt. (1)
The velocity function
C(u;z) = Clus ) + e *Co(wsz), u € R, € E (2)

satisfies the conditions of existence of global solutions for associated deter-
ministic evolutionary equations

dUE(t)
dt

= C°(U.(t);x), z € E. (3)
2. THE SEMI-MARKOV SWITCHING PROCESS

The semi-Markov switching process X*(t), t > 0, is considered in the
series scheme with small parameter series ¢ — 0 (¢ > 0) given on the
double split phase space (E,§) :

E=UN_E,, E,=UE EINE =@, r#71, (4)
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by the semi-Markov kernel
Q°(xz,B,t) = P*(z, B)F,(t), x € E, Be&, t>0. (5)
The stochastic kernels
P¢(z, B) = P(x, B) +ePi(z, B) + Py (x, B) (6)
in (6) coordinated with split (4) as follows:

1, zekj
P, B) = 15(x) = { i
B = 1) = { LS .
P (z,Ey) =0, Py(x,E)=0, x € E.

The associated Markov process X°(t), t > 0 given by the generator

Qo(x fE z, dy )—gp({l?)], (8)
q() —1/9( fo t)dt, Fu(t):=1— F,(t),

is considered uniformly ergodic in every class EJ, 1 <r < Ni, 1 <k < N,
with stationary distributions

m(dr), 1<r <N 1<k<N. (9)

Introduce the merging functions

-~

Vz)=V], z € E}, V(z)=k, =< E, (10)

and operators

Qupl) = qlx) / Pz, dy)oly), 1 =1,2. (11)
E
2. PHASE MERGING PRINCIPLE

Theorem 4.3 (double merging principle) [1, Section 4.2.4]. Under the
merging conditions MD1-MDS3 the following weak convergence take place

(X°(t/e)) = X

A(t), e — 0,
(X5(t/<?)) = X(t), £ — 0.

(12)

< <

The limit Markov processes %( ) and %( t), on the merged phase spaces
E= UklEk,Ek—{Vk,1<r<Nk 1<l<:<N}andE—{12 N}
are given by the generating matrices Ql and Q2 correspondedly determined

as follows: N
Q111 = T IT,  Q,IT = TITIQ,ITII. (13)
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The projectors IT and II are defined as follows:
Hp(z) = Zszl qunvzkl orli(z), o) = fEl: T (dx)p(x)
e = 3% 7@
Here 7, = (7,1 < r < Ng), Al < k < N, are the stationary distributions of
the merged Markov process X(t), t > 0. R
The uniformly ergodicity of the double merged Markov process %(t),

(14)

t > 0, is assumed also with stationary distribution 7 = (7,1 < k < N)
defines the corresponding projector

N N
Mg => 7kfr
k=1
4. SPLIT AND MERGING SCHEME
In what follows the following generators of semigroups are used:

Co(x)p(u) = Colu; z)p' (u)
C(x)p(u) = Clu; 2)¢' (u)

Here for simplicity the following equality is used:
d
Clu; )¢ (u) ==Y Ci(u; 2)0(w) /OU;
i=1
4.1. SpLIT & MERGING

Theorem 4.7 [1, Section 4.4.1]. Under the conditions of Section 4.4.1 [1]
the weak convergence takes place:

US(t) = C(t), € — 0.

The limit diffusion process ((t), t > 0, switched by the Markov process %(t),
t > 0, is defined by the generator

Lo(u, k) = Lop(u, - ) + Qrp( -, k),
Eosp(u) = Bus k) () + 5 Blus K)o (u).

The vector of drift /b\(u, k) and the covariance matrix B(u; k) are defined by
a solution of singular perturbation problem for the operator

LF =e72Q + e 'Co(x)P 4+ C(2)P + Qy,
given by the following formulae:
L=Co+C+Q,
Co = ICo(2) PRyCo(2)I1, C = IIC(2)1L.
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4.2. SPLIT & DOUBLE MERGING

Theorem 4.9 [1, Section 4.4.2]. Under the conditions of Section 4.4 in [1]
the weak convergence takes place

U(t/e) = C(t), e — 0.

~

The limit diffusion process ((t), t > 0, is defined by the generator

~

Eop(u) = Bl () + 5 Blu)g ()

The drift-coefficient b(u) and the covariance matrix B(u) are defined by a
solution of singular perturbation problem for the operator

Lf=e73Q+e%Q) + & 'Co(x) P + C(z) P,

given by the following formulae:

@0 = ﬁ@oﬁo@oﬁ, @0 = HCO(I>H,

C = IICII, C = IC(z)IL
4.3. DOUBLE SPLIT & MERGING

Theorem 4.10 [1, Section 4.4.4]. Under the conditions of Section 4.4 in
[1] the weak convergence takes place

Us(t/e) = C(1), & — 0.

The limit diffusion process ((t), t > 0, is defined by the generator

~ ~
-~ ~

Lo, k) = blu: k) (u) + S Blus k)" (u).

The drift-coefficient b(u) and the covariance matrix B(u) are defined by a
solution of singular perturbation problem for the operator

L =e73Q +e72Q; + e 'Co(x) + C(z) + Q2,

given by the following formulae:

-~
-~

:@0+@+@2,

&

@0 = ﬁ@oéo@oﬁ, @0 = HCQ([L’)H,

C = IICII C = IIC(x)I1.
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4.4. DOUBLE SPLIT & DOUBLE MERGING

Theorem 4.11 [1, Section 4.4.5]. Under the conditions of Section 4.4 in
[1] the weak convergence takes place

~

US(t/2) = C(¢), & — 0.

~

The limit diffusion process ((t), t > 0, is defined by the generator

S
&
ﬁ\
=

-~

The drift-coefficient b(u) and the covariance matrix B(u) are defined by a
solution of singular perturbation problem for the operator

Lf=e'Q+e2Q1 +2Qa + ¢ 'Co(z) + C(w),

given by the formulae:

5. ADDITIONAL COMMENTS

Diffusion approximation algorithms in split and merging phase space are
constructed due to specific dependency of the generator of the associated
Markov process on the parameter series €. According to conditions of Section
4.4 in [1] the asymptotic extension of the compensative operator of the
random evolution process is used to construct the truncated operators IL°
in Theorems 4.7 — 4.11. A solution of singular perturbation problems given
in Chapter 5, [1], are used to construct the limit generators. Verification of
weak convergences is realized on the scheme represented in Chapter 6, [1].
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