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ALEXANDER V. IVANOV AND IGOR V. ORLOVSKY

CONSISTENCY OF M-ESTIMATES IN GENERAL
NONLINEAR REGRESSION MODELS

Nonlinear regression model with continuous time and weak depen-
dent or long-range dependent stationary noise is considered. Strong
consistency sufficient conditions of M-estimates of regression param-
eters are obtained.

1. INTRODUCTION

Consider a regression model
X(t) =g(y(t),0) +(t), t =0, (1)

where g(y, 7) is a non random function defined on Y x ©¢, ©¢ is the closure
in R? of an open set ©, Y C R™ is a compact region of regression ex-
periment design. Borel function y(¢) : [0,00) — Y is a design of regression
experiment, 6 = (61, ...,6,) € ©° is an unknown parameter. Let £(¢), t € R!
be a random process satisfying the assumption

Al. £(t),t € R' is a real valued mean-square continuous measurable
stationary process with zero mean on a complete probability space (€2, S, P).

We do not assume function g(y, 8) to be a linear form of coordinates of
the vector 6.

Definition 1. M -estimate of unknown parameter 6 obtained by the
observations X (t),t € [0,T), of the type (1), is said to be any random

N T
vector Op that minimizes in T € ©° the functional Mp(t) = % [ p(X(t) —
0

g(y(t),7))dt with continuous risk function p : Rt — R

The consistency property of M-estimates for nonlinear regression model
with independent identically distributed observation errors is considered
in [1]. Some facts on consistency of the least squares estimates and least
moduli estimates can be found in [2].

Sufficient conditions for strong consistency of M-estimates of an un-
known parameter 6 of the model (1) with random noise that satisfies weak
or long-range dependence conditions are presented in this paper.
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2. ASSUMPTIONS AND THE MAIN RESULTS

Let us impose some restriction on the random process £(t), t € Rl
A2. £(t), t € R! is a strictly stationary process, such that for some
§ >0 poys = B|e(0)[** < oo and

7 ()% dr < oo,

where
a)=  sw |P(AB) - PAPB)]
A€o(—o0,s], BEo[s+r,00)

o(a,b] is o-algebra generated by random variables (r.v.) {e(t), t € (a,b]}.

Definition 2. If for symmetric r.v. £ the probabilities P{|{ — b| < x},
x € [0,00) are nonincreasing functions of the variable b € [0,00), then we
say that & is a symmetric and unimodal r.v..

A3. £(0) is a symmetric and unimodal r.v. with the distribution func-
tion (d.f.) F(x).

Let B be a o-algebra of Borel subsets of Y. For any A € B

pr(A) =T 'm{t €[0,T]: y(t) € A},

where m is Lebesgue measure on [0, 00).

Let Ag(y,7) = g(y,0) —g(y,7) and vg(c) = {Tr € R?: |7 — 0| < e}.

B1. The measures pp are weakly converge, as T — 00, to some measure
w: pp = p and for any ¢ > 0 p{y €Y : Ag(y,7) =0} < 1 for each
T & vp(e).

Example. Assume {y;};>1 C Y to be some sequence and y(t) = y;, t €
[i —1;4), i =1,2,.... Introduce the measure

(7]
1 {1}
Hr = T Zéyz + T 53/[T]+1>
=1

where [T'] and {T'} are integer and fractional parts of T'. Then, if + >* 6, =
i=1

[t as n — oo, then ur = pas T — oo.
Requirement on the measure p in the condition B1 can be written as
follows: for any ¢ > 0 p{y € Y : g(y,7) # g(y,0)} > 0 for each 7 ¢ vp(e).
Suppose that the measure p is absolutely continuous with respect to
Lebesgue measure [ on Y, furthermore [(Y') > 0 and p has the density f(y)
separated from zero: inf ey f(y) > fo > 0. Then

my €Y gly,7) # 9y, 0)} = / fly)dy >

{y€eY: g(y,7)#9(y,0)}
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> Ly eY: gly,7)#g(y,0)} >0,

ifl{lyeY : g(y,7) # g(y,0)} > 0. But the last inequality is the property
of the regression function to distinguish parameters.

Definition 3. Function J(-) : R! — R! is called symmetric, if there
exists some point by € RY(which is called the center of symmetry) and
some function () : [0,00) — R such that J(b) = ¢(|b — bo|). If p is a
monotonically nondecreasing function and p(x) > ¢(0) for x > 0, then J is
called unimodal and the center of symmetry is called the mode.

Impose some restriction on risk function. Let Ep(e(t)) = Ep(£(0)) < oo.

C1. p(z) is continuous unimodal, with mode in zero, function such that
p(0) = 0.

C2. There exists ¢ > 0 such that |p(z1) — p(x2)| < c|lzy — 22| for any
T, T2 € RL

Assurgoe also

A4 [IP{e(O)] < 2} = P{Ie(0) = b] < 2} dp(z) > 0, b>0.

Note that from C1 it follows that p(z) is monotonically nondecreasing
function in the region x > 0. It means that Lesbegue-Stilties integral in A4
exists. Moreover, from A3 it follows that the difference in square brackets
A4 is nonnegative.

Theorem 1. Suppose that assumptions A1l-A4, B1, C1 and C2 are
fulfilled. Then M -estimate 07 — 6 a.s. as T — oo.

To state the second result of the paper we need to introduce additional
condition on &(t).

Definition 4. Stationary process £(t), t € R' FEe(t) = 0 is called a
process with long-range dependence if

_ LD

Be(0)e(t) = B(t) = S5 0<a <l (2)

where L(t) : [0, 00) — [0,00) is a slowly varying function (at infinity).

A5. Gaussian random process (t),t € R! is a process with long-range
dependence, B(0) = 1.

Theorem 2. Suppose that assumptions A1, A4, A5, B1, C1 and C2
are fulfilled. Then M-estimate O — 6 a.s. as T — oo.

3. AUXILIARY ASSERTIONS

Set
or(7) = Qr(7) — EQr(7), Ar(1) = Qr(7) — Qr(6).
Definition 5. An unknown parameter 0 is said to be identifiable, if for

any € > 0 there exist the numbers Ty = Ty(e) and 6 = 6(e) > 0 such that
EAr(7) > when T > Ty and T ¢ vy(e).



CONSISTENCY OF M-ESTIMATES 89
Lemma 1. Assume that 0 is identifiable parameter and

sup |67 (7)| o 0 as., (3)
TEO® oo

then §T — 0 a.s. asT — oo.
Proof. Let us denote by €2; the event of the probability 1, for which the
condition (3) is fulfilled. For elementary events w € € from the definition

of the estimate 87 we have
Ar(07) <0. (4)

Suppose that for some fixed w € §T7L>9 as T — oo. It means that
there exists some number ¢y > 0 and the sequence of numbers 7;, T co as

n — oo such that for n > n(eo) Hng - HH > g¢. As for these T), (4) also
holds, then inf,¢,, () Az, (1) < 0.

Let T,, > To(go) and for n > n(gp) sup,cee
d(eo). Then for n > n(eg)

do

L, where dg =

5Tn(7')| <

0 Z inf ATn (T) = inf (6Tn (T) + EATn (7')) - 6Tn (9)

T¢vg(20) T¢vg(20)

Z inf 6Tn (T) + inf EATn (T) — 6Tn (9)

T¢vg(€0) T¢vg(€0)
do
> inf op (1) + inf FEAgp (1) —907,(0) > —.
> inf or,(r) + jnf EA7, (1) = 0r,(0) > 5

We obtain contradiction. Hence, for w € é\T —fasT — oco.

Introduce function J(b) = Ep(e(t) — b) = Ep((0) — b), b € R

The next lemma states sufficient conditions of identifiability of parame-
ter 6.

Lemma 2. An unknown parameter 0 is identifiable if

(i) for any € > 0 there exist Ty = Ty(e) and x = z(g) > 0 such that for
any T > Ty and any 7 ¢ vg(e) pr{y € Y : |Ag(y, 7)| >z} > z;

(i) J(b) is unimodal;

(iii) J(b) > J(0) for any b # 0.

Proof. 1t is easily seen that under the conditions (ii) and (iii) the mode
is in b = 0. Furthermore,

1

Eda(r) = 7 [ 118gly(0).7) ~ J0)] dr )

Fix some £ > 0 and consider numbers T and z taken from the condition (i)
of the Lemma. From the condition (ii) it follows that the right hand side of
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the relation (5) permits the lower bound

1

1 [t ) = Ot = () = 70) 1 [ e (1Bglu®). 7))

= (J(z) = J(0) pr{y €Y : |Ag(y, )| > 2},

where y4(z) is the indicator of the set A.

From (i) and (ii) it follows that in the definition of the identifiability of
parameter one can set 0 = z(J(x) — J(0)). O

Further we formulate some sufficient conditions on the validity of Lem-
mas 1 and 2.

Lemma 3. If the assumption B1 holds, then the condition (i) of the
Lemma 2 fulfiles.

Proof. Let € > 0 be an arbitrary number. It is necessary to show that
there exists some numbers Ty and x > 0 such that

pr{y €Y : |Agy,7)| > a} >z, T > Ty, T ¢ vye). (6)

Assume that (6) does not hold. Then there exist some sequences T, T oo
as n — oo and 7, € ©°\vy(e) such that

pr, {y €Y 1 |Ag(y,m)| >n"'} <nh n> 1 (7)

As the set ©%\vy(e) is compact, there exists some point 7% € ©\vy(e) and
the sequence ny, k> 1 such that 7,, — 7" as k — oo.

Let 6 > 0 be an arbitrary fixed number. Then there exists some number
ks such that for k > ks, uniformly in y € Y,

. J
180(s.7) — Baly.7)| < )
Thanks to (8), for k > ks

{1Ag(y, )] > 6} C{|Ag(y, 7") — Ag(y, )| + [Ag(y, T, )| > 6}

J
< {lagt.m1> 3} )
Taking into account the inequality (7) for ny, > 2 one has
_ ) 1
pr,, (Y €Yt |Ag(y, )| > 5[ = . (10)

Then, from (9) and (10) it follows that

ur, {y €Y < |Ag(y, )| > 6} <ni', (11)
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which is true for any k > k§ = max (k(;, min {k Cng > %})

Denote by Y5 = {y € Y : |Ag(y,7")| < d}. From (11) it follows that
pr,, (Ys) >1 - ny* for all k > kj.

As Yj is a closed set, then thanks to weak convergence of ur to the
measure /i, we obtain (see, for example, [3], p. 21)

T pr,, (Y) < p(Y3), 6> 0
For ¢ | 0, from the continuity of the measure p it follows that

w{y €Y : Agy,7) =0} =1. (12)

But the relation (12) contradicts to the condition B1. OJ

Lemma 4. If the assumptions A3, A4 and C1 hold, then the conditions
(i1) and (iii) of the Lemma 2 are fulfilled.

Proof. Without loss of generality, assume that p(z), x > 0 is strictly
monotonically increasing function. From the formula for the mean of the
nonnegative r.v. (see, for example, [4], p. 190) one has

/ (P{p(c(0)) < 2} — P{p(e(0) — b) < z}) du =

[P 1=r@) <=0 < g7 @)} - P{=p (o) <£0) b < p (@)}

where p~!(z) is the inverse of the function p(z), z > 0.
By the change of variable z = p(z), z > 0 in the last integral,

/P{|€ )| <z} = P{le(0) = b] < 2})dp(z) =

o0

:/(F(z) —F(z—=b)— F(z+b)+ F(2))dp(2), (13)
0
where F'(x) is the d.f. of the r.v. £(0).
The integral in the first equality of the relations (13) coincides with the
expression of A4, and the condition (iii) of Lemma 2 is fulfilled.
From the symmetry of p and r.v. £(0) it follows the symmetry of J(b).
Denote by A?F(z) = (F(z) — F(z = b)) — (F(2+b) — F(2)), b,z > 0.
Then A4 can be rewritten in the form

o0

/A%F(z)dp(z) >0, b>0.

0
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From (13) it follows that
AIF(z) = P{|e(0)| < 2z} — P{]e(0) — b| < z}.

Consider for by > by the difference

o0

I = J(b) = [ (BF() - 8,F () dol).
0
It is easily seen that

A F(2) — A} F(z) = P{|e(0) — by| < z} — P{|e(0) — ba| < 2} >0

from the unimodality of the r.v. £(0). It means that J(by) — J(by) > 0, and
the condition (ii) of Lemma 2 is a corollary of A3 and C1. O

Assume that the d.f. F'(x) is continuously differentiable and the density
of the distribution p(x) is an even strictly decreasing for x > 0 function.
Suppose that a continuous even function p(x) is such that p(0) = 0 and

strictly monotonically increasing for « > 0. Then one can use Lemma 10.2
of the book [3], p. 217-218, and for any b # 0

J(b) = J(0) = Ep(e(0) — b) — Ep((0)) > 0,

and the integral in A4 is strictly positive.
Consider next sufficient conditions of the uniform convergence in (3) of
Lemma 1.
Lemma 5. Suppose the condition C2 fulfiles and
5T(T)T—> 0 as.,7€06 (14)

— 00

then (3) holds.
Proof. From C2 it follows that for 7, 7 € ©°

T

b/wg(y(ﬂ,71)—-g(yuo,r9|dt

0

c
|Qr(m1) — Qr(r)| < T
Similarly, from C2 for 7, 7 € ©° one has

() = 8] < 2 [ lotw®)7) - g(u(®), )t

Hence, the family of functions {7 (7) : w € Q, T > 0} is an equicontin-
uous on the set ©°. So for any ¢ > 0 there exists a finite number of points
Ti, ..., T € ©° such that

sup |07(7)| < max |o7(7;)| + 9, w € Q, T > 0.

reer 1<j<k
From (14) it follows that max;<;<j|dr(7;)] — 0 a.s. as T" — oo, and,
hence, sup,cge |07(7)] — 0 a.s. as T — oo. [
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4. PROOF OF THEOREM 1

We shall prove that (14) holds under the assumptions of Theorem 1.
Using the notation

§(t) = p(e(t) — Ag(y(t), 7)) — Ep(e(t) — Agly(t), 7)), T € 6°

one has

<13 [ [ (B0 - 2glute) )] x

< [Ep**(e(s) = Agly(s),7)] 7 a2 (|t — s|)dtds. (15)

To obtain (15) the Davidov inequality has been used with p = ¢ = 249, r =
1+ 2 (see [5], and also Lemma 1.6.2 of the book [6]).
As p(0) = 0, then from the condition C2 one obtains

Ep*™ ((t) — Ag(y(t), 7)) < T E [e(0) — Agly(t), )" .

By obvious inequalities

la+ 0" <257 (la]" + [B7),  la+b]% <la|x +[b]%, k=245, (16)

1

B0 () = 2oloe). 0] < 285 (45 + 180000, ).

1.e.

T T
20
g3 < 255028 [ [t o) [usrz n |Ag<y<t>m>|] <
0 0
[u§13+|Ag<<> >|} dtds <

T T
2
< st [ [astse—sh [ugls + 1agtote). )| s
0 0

T T
40
E& (T )<22j6c2—2//042i6(|t— s|) {M§I§+|Ag( (1), )|2} dtds.
0 0
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It remains to estimate two integrals, namely:

X T T
= ﬁ//oz% |t — s|)dtds < — / / L& (|t)dt = O(T™)
0 0 o =

as T' — oo, under assumption A2. On the other hand,

1 T T
= ﬁ//oé% [t — s|)|Ag(y(t), 7) Pdtds
0 0

L
< 2/a 5 T2/|Ag )2t (17)
0

As g(y, 7) is continuous function on the compact Y x ©°¢ | the right hand
side of the inequality (17) is of the order O(T!) as T' — oo.

Thus, Fé%(t) = O(T™') as T — oo, and é7(7) — 0 in probability as
T — oo . -

Note that for the sequence T, = n? n > 1 Y E&7 (1) < oo, ie.

n=1
01, (T) —n—00 0 a.s.
If Te[T,,Ty1], then

or(T)] < sup  [or(7) = 0z, (7)| + |0z, (T)],

TnSTSTn+1

and the Theorem will be proved, if — sup  |d7(7) — 07, (T)| —n—00 0 a.s.

T, <T<Tyi1
Obviously
1 1 f
or(r) = on,(r) = 1. [ ety — =~ [eterar -
0 0

(___)/5 )dt + — /g (t)dt = I; + L.

Furthermore, for 7" € [T,,, Ty, +1]

Tn - Tn
1 67, (T)| — 0 a.s.;

n—~o0

|I3] <

n

Tht1 Tht1

”4'%% / |5<t>|dtsTin / p(e(t) — Ag(y(t), 7)) di+
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Tn+1

b [ Bp(e(t) = gly(o). ) de = I +

As under the Lipshits condition C2

p(e(t) = Agly(t), 7)) < c(le@®)] + |Ag(y(t), 7)),

then
Tn+1 Tn+1
I; < / |dt+— / \Ag(y(t), 7)|dt = Ir + I,
T v
Iy = il A dt—— Ag( )| dt
s ¢ Tn Tn—i—l /| g<y | /l g |
0

From the assumption B1 of the Theorem it follows

Tin/lAg(y(t)ﬁ)ldt:/|Ag(yﬁ)|un(dy)7;>o/IAg(y,T)M(dy),

then Ig — 0 as n — o0.
On the other hand,

Tn+1
I;=c R / (|5(t)|—E|5(t)|)dt+E|5(O)|% — 0 a.s.
n Tn n

by Davidov inequality.

Similarly, it can be shown that Is — 0 as n — oo.

Consequently, (14) is fulfilled. The validity of Theorem 1 follows now
from the Lemmas 1-5 proved above. [J

5. PROOF OF THEOREM 2

Similarly to proof of Theorem 1 we need to proof that (14) holds. Then
the result of Theorem 2 will follow from the Lemmas 1-5.
Consider a random process

G(e(t), 1) = p(e(t) — Ag(y(t), 7)) (18)
From C2 and A5

EG*(e(1),t) < CEe(t) = Agly(t), )" = & (1 +[Ag(y(1), 7)) < C <( OO)
19
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uniformly in ¢ > 0 and 7 € ©¢. Therefore in Gilbert space Lo(R!Y, ¢(u)du),

OC2 . . . .
where p(z) = \/%76_7 is a standard Gaussian density, there exists an ex-
pansion (see, for example, [6])

— Cn(t)

m!
m=0

G(u,t) =

H,(u), Cnp(t) = /G(u,t)Hm(u)go(u)du, m >0

by Chebyshev-Hermite polynomials

u? dm u?

H,(u) = (—1)m67dum6_7, m > 0. (20)

Note that Co(t) = Ep(e(0) — Ag(y(t), 7)) = J (Ag(y(t), 7).
Thanks to relations

EHu(e(t)) Hi(e(s)) = 0,,m!B™ (t — s), (21)
where 8% is Kroneker delta we have

E¢(t)E(s) = cov (G(e(t),t), G(e(s),s)) = Z MBm(t —s5).

m
m=1

Hence, taking into account that B(0) = 1, we obtain

B =S L / / Con(t)Con(5) B™ (£ — s)dtds
< i %%//Cﬁn(t)Bm(t— s)dtds

< iZ/T/T (i Cf;g”) B(t — s)dtds.

Note that, thanks to (19),

> Ci('t) = EG?(=(0),t) = (EG(=(0),1))* = DG(e(0),1) < C < oo,

and

T T
E(r) < O~ / / B(t — s)dtds.
0 0
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On the other hand, as T" — oo,

T
1 L(T|t—
T_// —sdtds-// T(t—s)) dtds-T—// |t—s| dtds
0 0

// dids \ L(T) _ 2 L(T)
t—so ] 7o T 0-a)2—a) T°

by the properties of the slowly varying function (see, for example [7],[8]).

L(T,)
Ty

For the sequence T, = = patv

o0
, where v > 0 is some number, > <

n=1
00, and so o7, (1) — 0 a.s., as n — 0.

Taking into account the proof of Theorem 1, it remains to show that

—/ [e(t)] = Ble()])dt — 0 as. (22)

But the proof of (22) is similar to the previous reasoning for G(e(t),t).0
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