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D. S. SILVESTROV AND M. O. DROZDENKO

NECESSARY AND SUFFICIENT CONDITIONS FOR
WEAK CONVERGENCE OF FIRST-RARE-EVENT TIMES
FOR SEMI-MARKOV PROCESSES. II

Necessary and sufficient conditions for weak convergence of first-rare-
event times for semi-Markov processes, obtained in the first part of this
paper [66], are applied to counting processes generating by flows of rare
events controlled by semi-Markov processes, random geometric sums,
and risk processes. In particular, necessary and sufficient conditions for
stable approximation of ruin probabilities including the case of diffusion
approximation are given.

4. INTRODUCTION

In the first part of the present paper [66], necessary and sufficient con-
ditions for weak convergence of first-rare-event times for semi-Markov pro-
cesses. In the second part of the paper, we apply these results to count-
ing processes generating by flows of rare events controlled by semi-Markov
processes, random geometric sums, and risk processes. In particular, we
give necessary and sufficient conditions for stable approximation of ruin
probabilities including the case of diffusion approximation are given.

We use all notations and conditions introduced in the first part of the
present paper as well as continue numbering of sections, theorems and lem-
mas began there.

First-rare-event times for semi-Markov processes considered in the first
part of the present paper reduce to random geometric sums in the case of
degenerated imbedded Markov chain.

In this way, our results are connected with asymptotical results for geo-
metric sums. Here, we would like first to mention originating papers by
Rényi (1956), who first formulated conditions of convergence of geometrical
sums to exponential law, and works by Kovalenko (1965), Gnedenko and
Fraier (1969), Szynal (1976), Korolev (1989), Kalashnikov and Vsekhsvy-
atski (1989), Melamed (1989), Kruglov and Korolev (1990), Kartashov
(1991), Gnedenko and Korolev (1996), Kalashnikov (1997), Bening and Ko-
rolev (2002).

It should be noted that the class of possible limiting laws for standard
geometric random sums, with summands independent on geometric random
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indices and possessing regularly varying tail probabilities, was described
by Kovalenko (1965) who also credited for necessary and sufficient condi-
tions for weak convergence of such sums. These results were generalized by
Kruglov and Korolev (1990), in particular, to the case of triangular array
mode. Our results yield necessary and sufficient conditions for weak con-
vergence summands have regularly varying tail probabilities but for more
general geometric sums with summands that can depend on geometric ran-
dom indices via indicators of rare events. Also, our conditions have different
and, as we think, more convenient form than in the works mentioned above.

We give also necessary and sufficient conditions for weak convergence
of counting processes generating by the corresponding flows of rare events
to standard renewal flows. These results are connected with the results re-
lated to studies of convergence for rareficated stochastic flows given in Rényi
(1956), Belyaev (1963), Kovalenko (1965), Mogyorddi (1971, 1972a, 1972b),
Szantai (1971a, 1971b), Rade (1972a, 1972b), Zakusilo (1972a, 1972b),
Jagers (1974), Jagers and Lindvall (1974), Tomko (1974), Kallenberg (1975)
and Lindvall (1976), Serfozo (1976, 1984a, 1984b), Gasanenko (1980), and
Boker and Serfozo (1983).

As possible areas of applications, we can point out limit theorems for
different lifetime functionals such as occupation times or waiting times in
queuing systems, lifetime in reliability models, extinction times in popula-
tion dynamic models, ruin times for insurance models, etc. We mention
here works by Gnedenko (1964a, 1964b), Gnedenko and Kovalenko (1964,
1987), Silvestrov (1969), Masol (1973), Kovalenko (1975, 1977, 1980, 1994),
Solov’ev (1971), 1983), Ivchenko, Kashtanov, and Kovalenko (1979), Ko-
valenko and Kuznetsov (1988), Kovalenko, Kuznetsov, Pegg (1997), En-
glund (1999a, 1999b), Anisimov, Zakusilo, and Donchenko (1987), Ass-
mussen (1987, 2003), Kalashnikov and Rachev (1990), Gyllenberg and Sil-
vestrov (1994).

We apply our results to asymptotical analysis of non-ruin probabilities for
risk processes. We study asymptotics for non-ruin probabilities in the crit-
ical case when the initial capital of an insurance company tends to infinity
and simultaneously the safety loading coefficient tends to 1. Two cases are
considered, when the claim distribution belongs to the domain of attraction
of a degenerated or a stable law. The first case corresponds to the classical
model of diffusion approximation, the second one can be referred as the case
of stable approximation for non-ruin probabilities.

As was mention above, we give necessary and sufficient conditions for sta-
ble approximation for non-ruin probabilities, including the case of diffusion
approximation.

Our results are connected with the results related to various sufficient
conditions for diffusion approximation given in Iglehart (1969), Siegmund
(1975), Harrison (1977), Grandell (1977, 1991), Gerber (1979), Asmussen
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(1987, 1989, 2000, 2003), Glynn (1990), Schmidli (1992, 1997), Gyllenberg
and Silvestrov (1999, 2000b), and Silvestrov (2000b).

It is not out of picture to note that asymptotical relations related to dif-
fusion approximation for ruin probabilities can be also interpreted in terms
of the queue theory as variants of so-called heavy traffic approximation for
waiting times (see, for instance, Asmussen (1987)).

The results presented in the paper are also connected with results related
to asymptotics of ruin probabilities for risk processes with heavy tailed
claim distributions given by von Bahr (1975), Thorin and Wikstad (1976),
Embrechts, Goldie and Veraverbeke (1979), Embrechts and Veraverbeke
(1982), Assmussen (1996, 2000, 2003), Embrehts (1997), Kliippelberg and
Stadmular (1998), Zinchenko (1999). It should be noted, however, that the
latter group of works relates to so-called sub-critical case when the safety
loading coefficient less than and separated of 1.

The paper is organized in the following way. In Section 2 we give necessary
and sufficient of weak convergence of counting processes generating by the
corresponding flows of rare events. As was mentioned above, the model
of first-rare-event times for semi-Markov processes reduces to the model
of geometrical random sums in the case of degenerated imbedded Markov
chain. In Section 3, we present applications of results obtained in the first
part of the present paper to random geometric sums as well as give necessary
and sufficient conditions for stable approximation for non-ruin probabilities.

5. FLOWS OF RARE EVENTS

In this section we study conditions of convergence for the flows of rare
events connected with the model considered above.
Let us define recursively random variables

ve(k) =min(n > v.(k—1): € D.), k=1,2,...,

where v.(0) = 0. A random variable v, (k) counts the number of transitions
of the imbedded Markov chain 7, up to the k-th appearance of the “rare”
event {¢, € D.}. Obviously, v.(1) = v..

Let us also define inter-rare-event times,

ve (k)

(k)= Y s k=12,

n=ve(k—1)

Let us also introduce random variables showing positions of the imbedded
Markov chain 7, at moments v.(k),

ne(k) = M.y, K=0,1,....

Obviously (n-(k), ».(k)),k = 0,1,... (here s.(k) = 0) is a Markov re-
newal process, i.e. a homogeneous Markov chain with the phase space
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X X [0,00) and transition probabilities,
PUn(h+ 1) = J, el + 1) < t/n.(K) = i, (k) = s}
W — P+ 1) = e (b4 1) < t/.(k) = i)
= Q1) =Pifn, =j,& <1}, i, € X, 5,t>0.

Let us now define random variables,

ve(k) k
ga(k) = Z%nzz%g(n), k=0,1,....
n=1 n=1

Random variable & (k) can be interpreted as the time of k-th appearance
of the rare event time for the semi-Markov process 7(t). Obviously, £.(0) =0
and &(1) = &..

Now we can define a counting stochastic process that describes the flow
of rare events,

N:(t) = max(k > 0: & (k) < tu.), t > 0.

Note that the time scale for this counting process is stretched with the
use of the scale parameter u. according the asymptotic results given in
Theorem 1.

Let us also define the corresponding limiting counting process. Let »(k),
k = 1,2,... be a sequence of positive i.i.d. random variables with the
distribution F, ,(u), and

Ek)y=> x(n), n=01,....
n=1
Let us also define the standard renewal counting process with i.i.d. inter-
renewal times »(k),k=1,2,...,

N(t) =max(k >0:&(k) <t), t>0.

Theorem 2. Let conditions A, B, C, and D hold. Then, the class
of all possible non-zero limiting counting processes (in the sense of weak
convergence of finite-dimensional distributions) for the counting processes
N.(t),t > 0 coincides with the class of standard renewal counting process
N(t),t > 0 with the distribution function of inter-renewal time F, - (u) where
0 <y <1, a>0. Conditions E, and F, - are necessary and sufficient
for such convergence in the case when the corresponding limiting counting

process has the distribution function of inter-renewal time F, ().
Proof. Obviously,

Fu)=P{& <up =) QF1), ux0.

jeX
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Using Markov property of the Markov renewal process (n.(k), . (k)) we
get the following formula for joint distributions of the properly normalized
inter-renewal times for the counting process N.(t),

Pi{s(k)/us < ty,k=1,...,n}
jeX
x FO(tyu), i € Xty 8, >0, n=1,2,....

According Theorem 1, under A, B, C, and D, conditions E, and F,,
imply that (a) Fj(s) (thue) — Foo(ty) ase — 0, t, > 0,5 € X.
Using (a) and relation (2) we get that, under A, B, C, and D, conditions
E, and F,, imply that, for every i € X,n=1,2,...,t;,...,t, >0,
Pi{s.(k)/u. <tp,k=1,...,n}

) — ﬁ Fo(ty) as e — 0.

k=1

Relation (3) means that the inter-renewal times s.(k)/uc., k = 1,2,...
are asymptotically independent. Note that the multivariate distribution
function on the right hand side in (3) is continuous. Due to this fact,
relation (3) implies in an obvious way that, for every i € X, real 0 = t; <
11 <. <ty,integer 0<r <---<r,,n=12,..,
P,{Na(tk) Z Tk, k= 1, ce ,n}

=P (ry)/ue < tp,k=1,...,n}

— P,{g(’f‘k) S tk,k’: 1,...,7’L}

=PAN(tr) >rp,k=1,...,n} ase — 0,

(4)

The statement of necessity follows is trivial and follows from the following
formula

The proof is complete. [

What is interesting, that under A, B, C, and D, conditions E, and F, ,
are not sufficient for weak convergence of transition probabilities of the
Markov renewal process (1 (k), ».(k)) that forms the counting process N.(t).

It follows from the following lemma which describes the asymptotic be-
havior of so-called “absorbing” probabilities,

Q9 (c0) = Pi{n,. = j}, i,j € X,
Let us denote

pie(r) =P{¢G € Doy =71}, i,r € X,
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and
ps:(T) = Zﬂ-ipie(r)v .] € X.
i=1
By the definition,
(5) Pe = ZWZPZ{Cl € Da} = Zpa(r)'
1€X reX
Lemma 7. Let conditions B, C hold. Then, for everyi € X,

(6) Qﬁi)(OO)—%eo ase — 0, re X.

Proof. Let us define the probability that the first rare event will occur when
the state of the imbedded Markov chain will be r and before the first hitting
of the imbedded Markov chain in the state ¢, under condition that the initial
state of this Markov chain 7y = j,

jSa(r) = Pj{Va S Tis My = ’f‘}, iajar e X.

Taking into account that the Markov renewal process (1, 3, (,) regen-
erates at moments of return to every state i and v, is a Markov moment
for this process, we can get following cyclic representation for absorbing

probabilities Qgi) (00),

QP (00) = Y P{ni(n) <ve <mi(n+1),m. =}
n=0

o0

(7) = Z(l — Gic)"Giie (1) = qiia(r), i,r e X.

i€

n=0

The probabilities ¢;;(r),7 € X satisfy, for every i, € X, the following

system of linear equations similar with system (20) given in the proof of
Lemma 1,

4jie(r) = pie(r) + 3 Dl iie(r)

(8) i
jeX

This system has the matrix of coefficients ;P©) as the system of linear

equations (20) mentioned above and differs of this system only by the free

terms. Thus by repeating reasoning given in the proof of Lemma 1 we can

get the following formula similar with formula (24) also given in the proof
of Lemma 1,

(9) Giie (1) = Z E;dike Dre (7).

Recall that it was shown in the proof of Lemma 1 that (b) E;0;x. — mx/m;
as ¢ — 0, for i,k € X. Using (b), relation (c) mq./p. — 1 given in
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Lemma 1, and inequality (d) p.(r) < p., following from formula (5), we get,
for every i,r € X,

() — P=(n) m
Giie (1) — 5 < Z Ed, | Tipke(r) P
Gie o 1 e i Z;nzl TjPje TiQie
(10) < Y Ebu - 22 Lpase—o.
el T | Tk TiGie
Using (c) and (d) ones more time we get,
Gie — =
p(r) p)| _ pulr) |7 B
Tiie  Pe | DPe TiGie
Qie — 7%
(11) < Pe L pase—o.
Pe TiGie

Formula (7) together with relations (10) and (11) imply in an obvious
way relation (6). This completes the proof. [J

Let us introduce the following balancing condition:
L:: MHQJ- ase — 0, jeX.

Pe
Constants );, automatically satisfy the following conditions (e;) @; >
0,7 € X, and (e2) >, cx @ = 1.
Lemma 7 implies the following statement.

Lemma 8. Let conditions B, C hold. Then, condition L is necessary
and sufficient for the following relation to hold (for some or every i € X,
respectively, in the statements of necessity and sufficiency),

(12) QY (0) > Q,ase —0, reX.

ir

The following theorem shows that the-first-rare-event times £, and ran-
dom functional 7, are asymptotically independent, and completes the de-
scription of the asymptotic behavior of the transition probabilities ng) (t)
for the Markov renewal process (1.(k), ».(k)).

Theorem 3. Let conditions A, B, C, and D hold. Then, conditions E,,
F, . and L are necessary and sufficient for the asymptotic relation (2) given
in Theorem 1 and the asymptotic relation (12) given in Lemma 8 to hold.
In this case, for every u € [0,00],i,7 € X,

(13) fo) (uu.) — F,,(w)Q, as e — 0.
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Proof. The first statement of the theorem follows from Theorem 1 and
Lemma 8. Let us prove that conditions E,, F, , and L imply the asymptotic
relation (13).

Let us introduce, for 7,7 € X, Laplace transforms,

Dire(s) = E;exp{—s&tx(m. =7), s =0,
and B )
¢z’rs(5> = Ei{eXp{_Sﬁis}X(nug = T)/Vs S Ti}? S Z 0.
Analogously to formula (4) given in the proof of Theorem 1 the following
representation can be written down for Laplace transforms ®;,..(s),

o0

(I)irs(s) = Z(l - Qis)HQieqwbie(S)nZZ”E(S)
n=0
_ Qia'l:;ira(s)
1= (1 = gie)thie(s)
1 ~
(14) T 1 (1 — g ) Wirel(s), 520,

Qie
Let us now show that under, conditions A, B, and C, for every s > 0
and 7,7 € X,

(15) Jirs(s/us> - qw‘s(T)/Qis — 0ase—0.
Indeed, using Lemma 2 we get, for any 6 > 0,
qn'a(r) o S
0 ¢zra(u€)
(16)  =Ed(- esp{—s2))xtn. = r)fw. < 7)
Bis

<A —e)+P{=>6/v. <1} — (1—e)ase— 0.

u_e
Relation (16) implies, due to possibility of an arbitrary choice of § > 0,
relation (15).
Using formula (14) and relation (29), given in Lemma 2, and (15), The-
orem 1 and Lemma 8 we get, for every s > 0 and 7,7 € X,
hII(l) ;e (s/ue)
1

= 'sz/ir S/u
=01 4 (1 — g ) Umleled <(s/ue)

= lim O, (s/us) - Q) (00)

1
N 1+a37.QT'

Relation (17) equivalent to relation (13). [
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6. GEOMETRIC SUMS AND STABLE APPROXIMATION
FOR NON-RUIN PROBABILITIES

In this section we apply our results to so-called geometric random sums.
This is reduction of our model for the case when the imbedded Markov
chain 7, has the degenerated set of states X = {1}.

In this case, the first-rare-event time & = | 5, is a geometric sum.

Indeed, (5¢,,(,),n =1,2,...is asequence of i.i.d. random vectors. There-
fore the random variable

ve =min(n >1:¢, € D)
has a geometric distribution with the success probability
p. = P{¢, € D.}.

However, the geometric random index v, and random summands s,,n =
1,2,... are, in this case, dependent random variables. They depend via the
indicators of rare events x,. = x((, € D.),n = 1,2,.... More precisely,
(5n, Xne,n = 1,2,...) is a sequence of i.i.d. random vectors.

Conditions A and B take, in this case, the following form:

A’:: lim lim P{sq > t/¢; € D.} = 0;

t—o0 e—0
and
B:0<p.=P{¢1e€D.} -0ase—0.

Condition C holds automatically.

Condition D remains and should be imposed on the function p-!, defined
in condition B’, and the normalization function ..

Conditions E, and F, , remain and should be imposed on the distribution
function G(t) = P{s; <t} (no averaging is involved).

A standard geometric sum is particular case of the model described above,
which corresponds to the case, when two sequences of random variables
sy,m = 1,2,... and (,,n = 1,2,... are independent. In this case, the
random index v, and summands s,,n = 1,2, ... are also independent.

Note that a standard geometric sum with any distribution of summands
G(t) and parameter of geometric random index p. € (0, 1] can be modelled
in this way. Indeed, it is enough to consider the geometric sum

55 = Z Hn
n=1
defined above, where (a;) »,,n = 1,2,... is a sequence of i.i.d. random
variables with the distribution function G(t);

(ag) ve =max(n > 1: ¢, € D,),

where (,,n = 1,2,...is a sequence of i.i.d. random variables uniformly
distributed in the interval [0, 1] and domains D, = [0, p.); (a3) two sequences
of random variables s,,n =1,2,... and (,,n = 1,2, ... are independent.
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In the case of standard geometric sums, condition A holds automatically.
Theorem 1 reduces in this case to the result equivalent to those obtained by
Kovalenko (1965). The difference is in the form of necessary and sufficient
conditions. Conditions G., and H, -, based on Laplace transforms of distri-
butions G(t), were used in this work. Our results are based on conditions
E, and F, ., based on distributions G(¢), and have, as we think, a more
transparent form.

Let us illustrate applications of Theorem 1 by giving necessary and suf-
ficient conditions for stable approximation of non-ruin probabilities. Let us
consider a process used in classical risk theory to model the business of an
insurance company,

Ny (t)
X.(t)=ct— Y Z t=>0.
n=1

Here, a positive constant ¢. (depending on parameter ¢ > 0) is the gross
premium rate, Ny(t), ¢ > 0 is a Poissonian process with parameter A\ count-
ing the number of claims on an insurance company in the time-interval [0, ¢],
and Z,,n = 1,2,...is a sequence of nonnegative i.i.d. random variables,
which are independent on the process N, (t),t > 0. The random variable Z
is the amount of the k" claim.

An important object for studies in this model is the non-ruin probabilities
on infinite time interval for a company with an initial capital u > 0,

F.(u)=Pqu+inf X(t) >0, u > 0.
>0

Let H(x) = P{Z; < z} be a claim distribution function. We assume the
standard condition:

M:: p= [[* sH(ds) < co.
The crucial role in is plaid by the so-called safety loading coefficient
. = A/fce.
If . > 1 then F.(u) = 0,u > 0. The only non-trivial case is when a. < 1.
We assume the following condition:
N::a.<1lfore>0and a. — 1ase — 0.

According to Pollaczek—Khinchine formula (see, for example, Asmussen
(2000)), the non-ruin distribution function F.(u) coincides with distribution
function of a geometric random sum which is slightly differ on the standard
geometric sums considered above. Namely,

ve—1

(18) Fo(u) =P{gl =) s <u}, u>0,
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where (a) s,,n =1,2,...1s a sequence of non-negative i.i.d. random vari-
ables with distribution function

1 u

G(u)=— [ (1— H(s))ds, u>0

K Jo
(so-called steady claim distribution);
(b) Ve = min(n > 1, Xne = 1);
and (c) xne, n = 1,2,..., is a sequence of i.i.d. random variables taking
values 1 and 0 with probabilities p. = 1 — a. and 1 — p.; (d) random
sequences ,,n = 1,2,... and Y, n = 1,2,... are independent.

As was mentioned above condition A holds automatically in this case,
and, therefore, due to Remark 12, Theorem 1, which specification to the
geometric sums was described above, can be applied to the geometric ran-
dom sums ..

Conditions A and C can be omitted. Condition B is equivalent to con-
dition N. Condition D takes the following form:

D' u,pt=(1-a)teW.

Conditions E, and F,, (¢ > 0 and 0 < v < 1) take, in this case, the
following form:

¢ jfo(l—H(s))ds

El: — 1_77 as t — 00.
Ofs(l—H(s))ds
/ 263(1_11(3))(13 .
F, . anme ™ — OF@—sy @5 € — 0.

Let us summarize the discussion above in the form of the following theo-
rem which gives necessary and sufficient conditions for stable approximation
of non-ruin probabilities.

Theorem 4. Let conditions M, N, and D’ hold. Then the class of all
possible non-concentrated in zero limiting (in the sense of weak convergence)
distribution functions F(u), such that the non-ruin distribution functions
F.(uu;) = F(u) as € — 0, coincides with the class of distributions F, . (u)
with Laplace transforms H%, 0 <~ <1, a>0. Conditions E and

F,, . are necessary and sufficient for weak convergence F.(uu.) = Fy,(u)

as € — 0.

In conclusion let us give and comment some sufficient conditions providing
diffusion and stable approximations for ruin probabilities.
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The case v = 1 corresponds to so called diffusion approximations of risk
processes. The traditional way for obtaining a diffusion type asymptotic is
based on approximation of risk process in a proper way by a Wiener process
with a shift. Typical conditions assume finiteness of the second moment of
the claim distribution H () (or equivalently, ﬁniteness of expectation for the
steady claim distribution G(¢) = * fo (1-— ds):

O:: pp = [;7 22H(ds) < oo.

Obviously, condition O is sufficient for condition E} to hold. Note how-
ever that the necessary and sufficient condition E} does not require the
finiteness of the second moment of the claim distribution.

In this case, condition F}, ; takes the following simple equivalent form:

Pu:: (1 —a)ue — b= pz/2pa as e — 0.

As was mentioned in Remark 1, the corresponding limiting distribution
is in this case the exponential one, with the parameter a. This is consistent
with the classical form of diffusion approximation for ruin probabilities.

Case v € (0,1) corresponds to so-called stable approximation for ruin
probabilities. Remark 1 explains the sense of using the term “stable”.

Remind that, according Lemma 6, condition E/ is equivalent to the fol-
lowing condition which require regular Variation for the tail probabilities of
the steady claim distribution G(t) = 1 fo (1-—

'1ft (1 —H(s))ds ~ tr(zf(v))astﬁoo.

As follows from theorerns about regularly varying functions (see, for ex-
ample, Feller (1966)), the following condition imposing requirement of reg-
ular variation for the tail probabilities of the claim distribution H(t) is
sufficient for condition R., to hold:

—(v+1)
Rl 1—H(t) ~ # as t — 00.

As far as condition Fy,_ is concerned, it, in this case, can be formulated
in the following form equivalent to condition H, :

S Py.. L(ue)

oyt Agnyay @3S E — 0.
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