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Abstract
In this paper, we consider p-adic limits of/S‘”glUZ2 for half-integral weight weakly

holomorphic Hecke eigenforms g with eigenvalue A, = 8 + B’ under T2 and prove
that these equal classical Hecke eigenforms of the same weight. This result parallels the
integral weight case, but requires a much more careful investigation due to a more
complicated structure of half-integral weight weakly holomorphic Hecke eigenforms.

Keywords: Weakly holomorphic modular forms; p-adic congruences; Half-integral
weight; Hecke eigenforms; Shimura lift; Shintani lift

1 Introduction and statement of the results

In this paper, we establish a p-adic relation between half-integral weight weakly holo-
morphic modular forms and classical half-integral weight holomorphic modular forms.
Roughly speaking, we show that the p*"mth coefficient of a weakly holomorphic Hecke
eigenform with algebraic coefficients is congruent to the mth coefficient of a holomorphic
Hecke eigenform modulo a high power of p. A similar relation for integral weight modu-
lar forms was recently proven in [11] and was later shown by the authors [3] to be related
to the occurrence of a p-adic modular form. The similarity between the integral and half-
integral weight cases is far from being obvious. The p-adic relations proven in [11] rely
heavily on the construction of integral weight weakly holomorphic Hecke eigenforms.
The construction of half-integral weight weakly holomorphic Hecke eigenforms is much
more delicate. The fact that the resulting p-adic relations parallel those in the integral
weight case strongly supports the definition of half-integral weight weakly holomorphic
Hecke eigenforms found in [4].

In order to define weakly holomorphic Hecke eigenforms, we first require some nota-
tion. Throughout, « denotes an even integer or a half-integer. If « is an even integer, we
let M., be the infinite-dimensional space of weight k weakly holomorphic modular forms
on SLy(Z), i.e., meromorphic modular forms whose only possible poles lie at the cusps.
Similarly, if « is a half-integer, we write M, for the space of weakly holomorphic modular
forms of weight x on I'g(4) which lie in Kohnen’s plus space [12]. After subtracting a con-
stant multiple of the Eisenstein series, one obtains an element of the space S\ (S}, if « is
half-integral) of weakly holomorphic cusp forms, i.e., those weakly holomorphic modular
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forms with vanishing constant coefficient. We denote the subspaces of holomorphic cusp
forms by S, C S, (resp. Sy C S}).

There is a natural action on each of the above spaces by the Hecke operators T,v, where
pisaprimeand v = 1 (resp. v = 2 and p > 2) if the weight is integral (resp. half-
integral). However, the naive definition of a Hecke eigenform fails in general for weakly
holomorphic modular forms since the orders of the poles at cusps increase when applying
Tyv. To remedy this problem in integral weight, Hecke eigenforms in a natural quotient
space were instead considered in [10]. We call a weakly holomorphic cusp form f of weight
k a weakly holomorphic Hecke eigenform if for each prime p there exists 1, € C such that

f‘Tpu —af €. (1.1)
Here, for k € N, the Hecke-stable subspaces J,, C S}( are defined by

Je =D (Sh_,),

where D := ﬁ% One obviously cannot define J, in a similar way for « half-integral.

However, the authors [4] found an appropriate definition of J; C S} which makes use
of so-called Zagier lifts [8, 15], whose main properties where discovered by Duke and
Jenkins [8].

The subspaces J, in the integral and half-integral weight cases both parallel each other
and yet also exhibit a very different behavior. Recall that by the classical multiplicity one
theorems, there are one-dimensional Hecke eigenspaces F ; and Fy 1/, ; for which

t t
Sok = EBFZk,j and S0 = @ Lysuy
j=1 j=1

1

The quotient spaces S!Zk/]gk and Sk+1/

o/Jk+1/2 also decompose into Hecke eigenspaces

t t
Slzk/]Zk = @Egk,j and S;(+%/]k+% = @Ek+%,j' (1.2)
j=1 j=1

In both cases, classical cuspidal Hecke eigenforms are also weakly holomorphic Hecke
eigenforms, and the eigenvalues associated to the eigenspaces Exyj, Exy1/2), Fakj and
Fg41/2, all match.

However, there is a substantial difference between half-integral and integral weight:
while all of the eigenspaces Eyy ; are two-dimensional, the eigenspaces [Ex ;15 j are infinite-
dimensional [4].

In order to state our main theorem, we need some notation. We take p-adic limits using
the framework considered in [11], which is recalled in Section 2. In particular, we take lim-
its of formal Laurent series with coefficients in the p-adic completion @P of an algebraic
closure of Q. Our main result p-adically links each weakly holomorphic Hecke eigenform
g with the corresponding holomorphic Hecke eigenform f with the same Hecke eigen-
values as g via repeated iteration of the operator 1f,. To describe the connection more
precisely, for each such f we build a closely related form]?, using the operator V), and
D

r

twists by the character y, «(n) := ( ) We write the Hecke eigenvalue A, under T

as A, = B + B, where B and B’ are the roots of the Hecke polynomial
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chosen so that
ord, () < ord, (8').
We then define

[r-plv, it/ < S,
f_ﬁ/pikf®Xp,k _:3/f|Vp2 if fe Sk+%'

This paper is devoted to the proof of the half-integral weight case of the following

'

theorem.

Theorem 1.1. Suppose that k > 6 is an even integer 2k or a half-integer k+1/2 and that
g is a weight k weakly holomorphic Hecke eigenform with algebraic Fourier coefficients.
Furthermore, let p # 2 be a prime for which the eigenvalue A, = B + B’ of g under Ty
satisfies (v = 1 ifx =2kandv =2 ifk =k+1/2)

ord,(B) < k—1. (1.3)
Then there exists o € @p such that (as a p-adic limit)
lim B~"g|Uym = of, (1.4)

where f is a weight k cuspidal Hecke eigenform with algebraic coefficients and the same

Hecke eigenvalues as g.

Remarks.

(1)  For every half-integral weight (cuspidal) Hecke eigenform f € Sy, there exists
(a non-cuspidal) g € S}, with algebraic coefficients and the same Hecke
eigenvalues as f, see Lemma 2.3 (1).

(2)  Note that the assumption ¥ > 6 in the theorem is not a real restriction, since
otherwise there exist no cusp forms.

(3)  As pointed out by the referee, in the absence of holomorphic cusp forms
(k < 6), an obvious modification of the theorem (with? = 0 and arbitrary A,)
remains true for k > 2. This follows from (3.4) and was essentially proven by

Duke and Jenkins [8].

In the case of integral weight, Theorem 1.1 is a special case of results proven in [11].
Our proof however differs substantially from that given in the case of integral weight.
In particular, the more complicated structure of half-integral weight weakly holomorphic
Hecke eigenforms requires a careful analysis where condition (1.3) becomes crucial, while
the argument in integral weight is more straightforward and no analogue of condition
(1.3) is needed. We do not know examples for which (1.3) does not hold true. In particular,
if the famous Lehmer conjecture [14] is true, then (1.3) holds for every prime p in the case
k = 6. This fact along with the surprisingly important role that the condition (1.3) plays
in our proof allows us to suggest that (1.3) should not merely be considered a technical
condition, but is quite interesting and, possibly, deep on its own. Furthermore, as pointed
out to the authors by Kevin Buzzard, it follows from [2] (and computer calculations in [9])
that a typically much stronger inequality ord,(8) < % is true for all primes 2 < p <
100 other than possibly p = 59 and p = 79. We hence dare to state (1.3) as a conjecture.
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Conjecture 1.2, Foraprimep > 3 and an integer k > 6, let 1, = B+p’ be an eigenvalue
of the Hecke operator T), acting on Sy. Then

ord,(B) < k—1.

We finally illustrate the congruences in Theorem 1.1 with a numerical example.

Example. The one-dimensional space Si3/ is generated by the function (g := e2mit
with t € H throughout)
5(r) = 1—12 (Es4r)6(0) — 120E447)C5 () )
= q — 564" + 120¢° — 2404% + 9¢° + 14404'> — 13204'> — 7044'¢ — ...,
where E; is the weight k normalized Eisenstein series, 0(t) := Znez q”z, and Cs); is

the weight 5/2 Cohen-Eisenstein series [6]. In order to p-adically investigate §, we use a
computer to extend the large table of the g-expansion coefficients of § given in [13].
Welet A := (EZ — Eé) /1728, and consider the weakly holomorphic cusp form g € 8!13 /2
defined by
E§(40)0(1) — 120E¢(47) E4(47)C5 (7)
12A(47)
=g 3 — 1424q + 643844 — 582754° — 116144644° + 432409444’
— 126203750442 + 343367904642 — 533182269444'°
+ 1238342837764 + .. ..

g(1) = + 6720E4(41)C% (7)

For p = 3, we have

B =32+3°+2:3°4+2.31942.311+0(3%%), g’ =3+2.312+2.384+2.31440(35).
It is then easy to calculate that ?S\(q) is congruent modulo 3!° to

—18980q + 1062880g" + 22778404° — 45556804° — 13837140¢° + .. .,

and observe that the first several dozen terms of the series satisfy the congruences

1 1801706 ~
fg|L19 =—————§ (mod 33)
B 404914575
and
1 6896458715112926579653 ~
—Zg{L[gl =— 8 (mod 313).
B 11517795085875

Combining this with the congruence
1801706  6896458715112926579653
404914575 11517795085875

illustrates Theorem 1.1.

(mod 3?)

The paper is organized as follows. In Section 2, we introduce the p-adic frame-
work upon which we consider formal Laurent series. After that, we briefly recall some
results from [4, 8] about weakly holomorphic Hecke eigenforms reformatted in a manner
convenient for our use. We then prove Theorem 1.1 in Section 3.

Page4of 13
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2 Preliminaries
2.1 Formal Laurent series and p-adic numbers
In order to give the necessary formal structure to define all of the notation used in
Theorem 1.1, we require a p-adic framework upon which we may state congruences of
formal Laurent series. Let p > 2 be a prime and fix an algebraic closure @p of Q, along
with an embedding ¢ : Q — @p. We let @p denote the p-adic completion of @p and
normalize the p-adic order so that ord,(p) = 1. We do not distinguish between alge-
braic numbers and their images under ¢. In particular, for algebraic numbers a,b € Q
we writea = b (r/rlod p™ if ordp(t(o’z\— b)) > m. For a formal Laurent series H(g) =
Y s 0o @(M)q" € @p((q)) (Le,q'H e @p[[ q] for some £ € Ny), we write H = 0 (mod p™)
if in%(ordp(a(n))) > m.

y\lffe further require the standard operators L, V), and x, x from the theory of modular

forms, whose actions on formal Laurent series are given by

> a(n)q”‘upz Y amq’, Y a(n)q"‘sz > amg”,

n>—00 n>—00 n>—00 n>—0oo

—1)k
Y amgd @ xpk= Y <( p) n)d(n)q”'

n>3>—00 n>»>—0oo

The half-integral weight Hecke operator is then defined by
Tpp=Tpi:=Upyz +pk_1)(p,k +p2k_1Vp2. (2.1)

Here and throughout we use the convention U, = L[I% and V2 = V;. The Hecke
operators for higher powers of p satisfy the recursive relation

T, 22 =T,

2k—1
v 2 sze —p Tp2€—2.

Noting that the Hecke operators are multiplicative, the following lemma follows

immediately.

Lemma 2.1. If M,n € N and F and G are two formal Laurent series with algebraic
coefficients satisfying F = G (mod pM), then F|T,2 = G|T,2 (mod pM)

The operators Uy, Vp, Xpk and T,> furthermore map modular forms to modular
forms (of possibly different level), although we do not require this in the paper. Hav-
ing defined the Hecke operators, the notion of half-integral weight weakly holomorphic
Hecke eigenforms is then given by (1.1), where /i1, is defined in the next section.

2.2 Weakly holomorphic Hecke eigenforms

In this section, we define the subspace Ji11/2 C Siy1/2 using Zagier lifts. These lifts were
introduced by Duke and Jenkins in [8], and further (independently) studied by Alfes [1]
and the authors [4] in the framework of harmonic weak Maass forms. We recall some
properties of the lifts which both guarantee that our definition of weakly holomorphic
Hecke eigenforms (1.1) makes sense and also play an important role in our proof of
Theorem 1.1 in the next section.
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Recall that the space S /2
Fourier expansions satisfy

f) = > a(myq".
n>—0o0
(—=1D)*n=0,1 (mod 4)

consists of those weakly holomorphic cusp forms f whose

For each fundamental discriminant D such that (—1)¥D < 0, the Dth Zagier lift 3p is a
linear map 3p : 512_2,( — S!k+1/2' Explicitly, if f(7) =}, a(n)q", then

m\2
3p(f) (@) =Y a(=mym* 1> ypmn*q GV WP+ 3" 1d,D)g?, (2.2)
m>0 nlm d:dD<0
where xp(-) := (Q) Here the sum over d runs through all discriminants for which
(—=D¥d > 0 and, by Lemma 2 of [8], t7(d, D) satisfy

2
tr (dmz,D) = —m?k-1 Z (@) X g2 (@) Z xp (b) (ab)™* tf ((2) D, d) , (23)

a
alm bz

where u is the Mobius function.

Remark. The quantities ¢¢(d, D), denoted by Tr:l] p(f) in [8], are very interesting since
they can be interpreted as traces of a certain function [8], and, simultaneously, as certain
cycle integrals [4] whose connection with weak Maass forms was extensively studied by
Duke, Imamoglu, and Téth in [7]. However, we do not need and do not discuss these facts
in this paper.

We collect useful (known) properties of the Zagier lifts in Theorem 2.2 below. In addi-
tion to their application in our proof of Theorem 1.1, these properties illustrate the
parallelism between Jo; = DF~1 (S!z—zk) and, following [4],

]k+% = spang {3D (f) |f € Slzfzk,D fundamental with (—l)kD < 0} C S;(Jrl.
2
(2.4)

Theorem 2.2.

(1)  The space Ji11/2 is stable under the action of the Hecke algebra.

(2)  Wehave Jy11/2 N Sy12 = {0}

(3)  We have an isomorphism between S’k Yy /Jk+1/2 and infinitely many copies
of Sgy1/2 as modules over the Hecke algebra.

4) Iff e S!Z—Zk has integral Fourier coefficients, then so does 3p( f).

Proof. Theorem 2.2 (1) follows by Lemma 2 of [8], Theorem 2.2 (2) is implied by an
orthogonality condition in Proposition 6.3 of [4], Theorem 2.2 (3) is implied by Theorem
1.6 of [4], and Theorem 2.2 (4) is Theorem 1 of [8]. O

By Theorem 2.2 (2), F € Jiy1/2 is entirely determined by its principal part Pr(q) =
Y u<0a(m)q". Noting that RF := F — Pr is bounded towards ico, we obtain a natural
decomposition

F =Pr+Rr. (2.5)
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Theorem 2.2 (2) also immediately implies that every holomorphic Hecke eigenform is a
weakly holomorphic Hecke eigenform. Furthermore, Theorem 2.2 (1) allows one to define
the action of Hecke operators on the quotient space S 1/2//k+1/2, and therefore to justify
the definition (1.1) of weakly holomorphic Hecke eigenforms for half-integral weight.

Theorem 2.2 (3) explains the decomposition (1.2) in the half-integral weight case, while
the integral weight decomposition follows by Theorem 1 of [10] and its refinement,
Theorem 1.2 of [5]. However, since we are interested in p-adic analysis, we require a
slightly stronger splitting where we may take the representatives with algebraic coeffi-
cients. A standard linear algebra argument which is well-known to experts implies the
following lemma. We provide a detailed proof for the reader’s convenience.

Lemma 2.3.

(1) Every space g 12, in decomposition (1.2) has a basis consisting of (infinitely
many) cosets whose representatives are weakly holomorphic Hecke
eigenforms with algebraic Fourier coefficients.

2) Ifge S!k 12 has algebraic coefficients, then, for each 1 < j < t, there exists a
representative of its projection into Ey.15; with algebraic coefficients.

Remark. The (totally real) algebraic number field in (1) is generated over Q by all of the
eigenvalues of weight 2k cusp forms and hence only depends on k > 6.

Proof.

(1) Since S!l<+1/2

coefficients by Proposition 1 of [8], (1) follows immediately from (2).

has a basis consisting of functions with rational Fourier

(2)  Recall that there exists N € N such that the integral basis fi1 1/, of S’k 12 in
(10) of [8] satisfies
festm@® =" +0(q"), (2.6)

with m < N. Comparing the coefficient in front of g, we see immediately
thatany g =), _n dmfit1/2m € S}( +1)2 has algebraic coefficients if and only
if each a,, is algebraic. Thus it is enough to show part (2) for each fiy1/2,m- In
particular we may assume that g has rational coefficients. We next
decompose g as g = Zle g with gj € Eg11/2;. Note that gj is only uniquely
determined up to an element of Jxy1/2.

Since the eigenvalues of weakly holomorphic modular forms are the same as those of

classical cusp forms by Theorem 2.2 (3), an element of S}( 412

and only if it is an eigenfunction for finitely many Hecke operators Ty, ..., T,. For each

is a Hecke eigenform if

1 <j<tand1 <r < d, we denote the eigenvalues corresponding to £ 1/5; under T,
by ay, ;. We now fix 1 < jo < ¢ and project g into Ey 1/, Since Jx41/2 is Hecke-stable,
one inductively concludes that there exists R, € Jx;1/2 such that

t

d
[1 (T —ene) =2 TT T1 (=) g+ Ri (27)

r=1 1<{<t j=1lr=1 1<t<t
Ayl #anr,jo Unp b #a"r:fo

g
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where «,,; denotes the eigenvalue of gj under T,. If j # jo, then multiplicity one implies
J

that o, ¢ # a,, j, for some r and hence the constant in front of gj in (2.7) is zero. Therefore

the sum in (2.7) reduces to j = jo and, by Theorem 2.2 (1), we obtain

d
1

[ (T = ne) = 5 R 2.8
Ao

r=1 1<t<t
Oy £ F 0y jiy

_ 1
8o = )“jog

with

d
Ajo = l—[ l_[ (‘an,jo - Oln,,z) # 0. (2.9)
r=1 1<{<t
iy 0 FCy iy

Since g has rational coefficients and rationality is preserved by the Hecke operators,
the first term on the right-hand side of (2.8) is in the number field generated by all of
the eigenvalues of the Hecke operators. At the same time, it is in the same coset as gj,,
completing the proof, since Rj,, and thus the second summand in (2.8), is in Jiy1/2. O

3 Proof of Theorem 1.1

In this section, we prove Theorem 1.1 for half-integral weight.

3.1 Congruences relating U, and T,
The following lemma allows us to p-adically relate the iterated action of U,> and T)».
Lemma 3.1. Let p be a prime, A,k € N, and h € Q(q)) satisfy
h‘ ;’2 =0 (mod p(k_l)("_A)) (3.1)
for every n € Ny. Then we also have
h)ng,k =0 (mod p(kfl)(”fA)> .
Proof. We use definition (2.1) and expand (Upz +pk_1)(p,k + p?k-1 sz)n. Denoting by
a, b, and c the total powers of U2, xpk and V), respectively in a single term, we have

a + b+ ¢ = n. We claim that every individual term satisfies the required congruence. We
first note that

Xp,kupz = 0 = sz Xp,kr (32)

since acting by x, annihilates coefficients that are divisible by p. Furthermore, V)2 U,y is
the identity. Proceeding by induction on the number of different adjacent operators, we
conclude that all non-vanishing terms are of the form

2k— k—1)b - b —
p( De+(k—1) h‘u;zz ’'® Xp,k’V;Z r

where r denotes the number of times that V,»U,. is replaced with the identity. Since
r < min(g, ¢), the p-adic order of each term is, by (3.1), at least

Ck—1Dc+k—-—1Db+k—1)a—c—A)=k—-1)(n—A)+c> (k—1)(n—A),

as claimed. O
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3.2 Theactionof Uy
Our next proposition demonstrates an important similarity between Jox and Jiy1/2:
elements of both spaces are p-adically annihilated by repeated application of U,».

Proposition 3.2. If f € Jiy1/2 has algebraic Fourier coefficients, then there exists a
constant M € Ny such that, for every n € Ny,

f ’ =0 (mod pk-Dn=M) (3.3)

Proof. In Proposition 1 of [8], Duke and Jenkins constructed a basis of M!Z—Zk which
consists of forms with integral Fourier coefficients. After subtracting a constant multi-
ple of such a form in M!2—2k whose constant coefficient is positive and minimal, one can
construct a basis for 5!272 « with integral coefficients. Since f* € Ji11/2 has algebraic coeffi-
cients, there exist discriminants Dj, . .. D,, basis elements fj, ..., f; € Slz—zk’ and y,; € C

for which
r l
F=>2 wm3n, (/)
v=1 j=1

By comparing principal parts on both sides using (2.2), we furthermore conclude that
v, € Q. It thus suffices to prove the required congruence for every individual term of the
sum. Since repeated application of U,» eliminates their (finite) principal parts, we may
ignore these principal parts by choosing M large. Furthermore, integrality of y, ; may be
assumed by choosing an appropriate M. By the decomposition (2.5), it suffices to show
that for every f with integer coefficients and a fundamental discriminant D

— k—
R3D(f)’U;’2 =0 (mod Pl 1)”). (3.4)

We remark that Duke and Jenkins essentially proved (3.4) while showing integrality of
R3,(f) in Theorem 1 of [8]. To finish the proof of (3.3), note that by Theorem 2.2 (4),
R3,(r) has integer coefficients given by (2.2) and thus the congruence follows, since in
(2.3) ab is a divisor of m and m is divisible by p”. O

We next prove that the p-adic limit in Theorem 1.1 exists.

Proposition 3.3. Let g € S;( ny be a Hecke eigenform with algebraic Fourier coefficients.
Iford,(B) < k — 1, then the p-adic limit lim,,_, « /3”‘g|LI;’2 exists.

Proof. If g € S}( +1pisa Hecke eigenform with eigenvalue A, = 8 + " under Ty, then,

by (1.1) and (2.1), there exists r € Ji11/» with algebraic coefficients such that

g|Uy +pk_1g ® Xp.k +p2k_1g‘\/pz = (/3 + ﬂ’)g +r. (3.5)
Let

G =8B i@ —BeVe  and gy i=g— B e ® i — BelVie

Equation (3.2) together with the fact that V2 U,y is the identity and B’ = p*1imply
that

gs|Up =PB'gs+r and g (U, = Bgp +r. (3.6)
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We now apply f~1 U,» n times to the identity
(B—B)g=Pep — B

By (3.6), we obtain inductively

ﬂ/ n n—-1 ﬁnfm _ ﬁ/nfm
From ord,(B") > ord,(B), it follows that
lim B’ ('B> g =0. (3.8)
n—00 ﬁ
Since

ord, (ﬂ;nm> > ord, (B7"),

it thus suffices to check p-adic convergence of the sum

o0
3 ﬁ—mr’ .
m=0
From the assumption that ord,(8) < k—1, this however follows by Proposition 3.2. [J

We next prove a special case of Theorem 1.1 for g = f € Sg;1/0. In this case
the condition ord,(8) < k — 1 can be relaxed to ord,(8) < k — 1/2 (equivalently,
ord,(B) < ord,(B)).

Proposition 3.4. If f € Sy1/y is a Hecke eigenform with algebraic Fourier coefficients

Sfor which ord,(B) < ordp(,B’), then f satisfies (1.4) witha = %

Proof. Note that for f € Si1/, we have r = 0in (3.5). Thus (3.7) reads

B (B~ B U = By — B (’Z)f,s

and (3.8) implies the desired result. O

3.3 Theactionof T,
We next consider repeated action of the Hecke operators 7> on S

1

k+1/2°

Proposition 3.5. Suppose that g € S!k 12 has algebraic Fourier coefficients. Then there
exists an integer L such that for every integer £ > L there exists a holomorphic modular
form Gy € Sgy1/2 with algebraic Fourier coefficients for which

g‘Tlfz =Gy (mod p(k_l)([_L)).
Proof. We decompose g as in (2.5). Since repeated action of U, eliminates Py,
Lemma 3.1 implies the existence of an integer L such that
Pg’TIf2 =0 (mod p(k_l)(z_L)> .

Since the basis elements (2.6) have integral coefficients, a linear combination which
has the same principal part as Py| T}fz vanishes modulo p*~D¢~D)_ Subtracting this linear

Page 10 0of 13
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combination from g| Tﬁz yields a cusp form G; which satisfies the conditions given in the
proposition. O

For the repeated action of the Hecke operators on elements of /i 1,2, we require a more

precise statement.

Proposition 3.6. If ¢ € Jiy1/2 has algebraic Fourier coefficients, then there exists an L
such that for every £ € Ny, we have

g‘TIfZ =0 (mod p(kfl)(K*L)) .

Proof. By Proposition 3.2, there exists L such that for all £ € Ny, we have
g‘l,[;;z =0 (mod p(k_l)(Z_L)).

Lemma 3.1 then immediately implies the proposition. O

3.4 Proof of Theorem 1.1
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Since g € S!k 412182 weakly holomorphic Hecke eigenform (with

algebraic coefficients), there exists r € Ji11 /2 with algebraic Fourier coefficients such that
g‘sz =Apgtr.

Repeatedly acting with 7}, we obtain
¢
0 _ 4t t—m | m—1
g(sz — g+ Y L r’sz .
m=1
By Proposition 3.5, there exist G; € Siy1/2 and Ly € Z such that
¢
Ge=)pg+ Z )»;;_mr‘T;fl (mod p(k_l)(Z_Lg)> .
m=1

We abbreviate

u = ord, (kp) =ord,(B) <k—1 (3.9)
and choose L, to satisfy Proposition 3.6 for r. Thus we obtain that

23, G =g+ p DDy, (mod p<’<—1)(£—Lg)‘M> , (3.10)
where

¢
k=1)(Ly+1) 5 —£ - -1
re = pH +))‘p Z)‘p mr‘T;Z €]k+%
m=1

has p-integral Fourier coefficients. This follows by (3.9) and Proposition 3.6, since
AT =0 (mod pr(ComHADOEISLY) (3.11)

Since g is a Hecke eigenform, we have g € E¢y1/2, for some 1 < jo < £. We next
apply operators to both sides of (3.10) in order to project G, into the eigenspace Fx 1,2, -

!
k+1/2
Hecke eigenform if and only if it is an eigenfunction under each T}z forr = 1,...,d with

As in the proof of Lemma 2.3, we choose #ny,...,n, so that an element of S is a
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(ny,p) = 1. For each eigenspace E1/2j, we denote the corresponding eigenvalue under
T,2 by ay, ;. Now choose L € Np such that

d
Mo " D7 | ordy (am,)| < k=1L, (3.12)
r=1 1<j<t
O{nr,/';ﬁo
with Aj, as in (2.9). Then, by (3.10) and Lemma 2.1, we conclude that
Ay Grjy = gio +p~ &AL (mod p<k—1>(e—<Lg+L>)—uf>, (3.13)
where

=

1
Gyjy == rGg

JO

l_[ <Tn3 - an,,() ’

r=1 1<{<t
Upp b #anr,jo

d

1
8o =78 [T II (Tn% —“M)’

Jo lr=1 1<e<t

anr,é750‘nr,jo

(k=1)L d

Tejo = T ry l_[ (Tn% - Oty,r,g) .
Jo r=1 1<t<t

Oy 0 70y o)

Since r¢ has p-integral Fourier coefficients, (3.12) implies that r, also has p-integral
Fourier coefficients, while G, is the projection of Gy into [z, 12 ;, and gj, is a representa-
tive for the projection of g into Ex 15, by (2.8). Since Gy j, is a cuspidal Hecke eigenform
with the same eigenvalues as g, we conclude, by multiplicity one, that for every £ € N
there exists a constant #(£) € Q for which

y “Grjo = h(O)f,

with f as in the statement of the theorem.
For each n € N, we then apply ,B_”LI;’2 to (3.13) to obtain

ﬂ—nh(e)f‘u;tz = ,B_ngjo |u;12 +p_(k_1)(Lr+L+1)ﬁ_nr€,jo‘u;jz (mod p(k—l)(ﬁ—(Lg+L))—u€—/Ln> )
(3.14)

Note that since k — 1 — i > 0, we have, for £ > n'*¢ and n — oo,
(k—1) (€= (Lg+L)) — pt — pun — oo.

Thus (3.14) with £ = #? and # sufficiently large holds for every M € N modulo p™.
Similarly, Proposition 3.2 together with k — 1 — x> 0 implies that the second term on
the right-hand side of (3.14) vanishes modulo p for M e N for u sufficiently large. We
conclude that for every M € N, there exist N € Nand & (nz) € Qsuch thatforalln > N

B () f|Uy = B~"g

Now note that since g € 41/, it equals its projection into Ex 1,2, and hence g —

L[;’z (mod pM).

Zjo € Jk+1/2- Since g and gj, both have algebraic coefficients, g — gj, also does, and hence,
by Proposition 3.2, we conclude that for # sufficiently large

B "h (nz)f‘ ;12 = B7"gj, ;’2 =p"g I,IIZ’2 (mod pM). (3.15)

Page 12 0of 13
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Proposition 3.4 allows us to calculate the p-adic limit lim,,_, o B87"f|U ;’2 , while the right-
hand side of (3.15) exists by Proposition 3.3. This implies the existence of the p-adic limit
lim,_o0 h (nz) € @p, and letting

o _h lim h(nZ),

=ﬁ—ﬂ/n—>oo

we conclude Theorem 1.1.
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