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Analyticity of Entropy Rate of Hidden Markov
Chains With Continuous Alphabet

Guangyue Han and Brian Marcus, Fellow, IEEE

Abstract— We first prove that under certain mild assumptions,
the entropy rate of a hidden Markov chain, observed when
passing a finite-state stationary Markov chain through a discrete-
time continuous-output channel, is analytic with respect to the
input Markov chain parameters. We then further prove, under
strengthened assumptions on the channel, that the entropy rate
is jointly analytic as a function of both the input Markov chain
parameters and the channel parameters. In particular, the
main theorems establish the analyticity of the entropy rate
for two representative channels: 1) Cauchy and 2) Gaussian.
The analyticity results obtained are expected to be helpful in
computation/estimation of entropy rate of hidden Markov chains
and capacity of finite-state channels with continuous output
alphabet.

Index Terms— Hidden Markov chain, entropy rate, analyticity,
continuous alphabet, Hilbert metric.

I. MAIN RESULTS AND RELATED WORK

A. Introduction and Background

ONSIDER a discrete-time channel with a finite input
alphabet Y = {1,2,---,1} and the continuous output
alphabet Z = R. We assume that the input process is a
Y-valued first-order stationary Markov chain Y with transition
probability matrix II = (m;;);x; and stationary vector
t = (mi)1x; (here we assume Y is first-order only for
simplicity; a standard “blocking” approach can be used to
reduce higher order cases to the first-order case). We assume
that the channel is memoryless in the sense that at each time,
the distribution of the output z € Z, given the input y € ), is
independent of the past and future inputs and outputs, and is
distributed according to a probability density function g (z]y).
The corresponding output process of this channel is a hidden
Markov chain, which will be denoted by Z throughout the
paper. The entropy rate h(Z) is defined as

R
h(Z) = nlggo n——Hh(Z_”)’ (D
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when the limit exists, where!

hzl,) = _/Zn+1 P2, log p(2,)dz2,;

here an £ (Z—n»Z—n+1, -+ ,20) denotes an instance of

Zgn L& (Z_p,Z_pi1,--+, Zo), and p(zo_n) denotes the
probability density of zo_n. It is well-known (e.g., see page 60
of [19]) that if h(Z(ln) is finite for all n, then the limit in (1)
exists and can be written as

h(Z) = lim h,(Z),
n—0o0
where

(@ == [ P )loep@ol i, @

here p(zo |z:,ll) denotes the conditional density of z¢p given z:,ll.
Since the channels considered in this paper are memoryless
and Y is stationary, we have

n(z%,1Y°,) = (n+ Dh(Zo|Yo),

where

h(ZolYo) = — ny/zq(ZIy) logq(z|y)dz.
yey

It then follows from
n(z2,1Y%) < h(Z°,) <h(¥°) +h(z°,1¥°)

that if
/ q(z|y)logq(z|y)dz is finite for all y, 3)
€2

80 is h(Zp|Yp) and then h(Z(ln), which implies that h(Z) as
in (1) is well-defined and finite.

Unless speciﬁed otherwise, we will assume that
I=1IF = (zf;) is analytically parameterized by £ e Q,
where Q; denotes a bounded domain in R™! (a domain is an
open and connected set), and for any (y,z) € Y x Z, ¢%(zly)
is analytically parameterized by e Q,, where Q> denotes a
bounded domain in R™2,

lThroughout the paper, since all the integrands are at least continuous and
most are analytic, all the integrals should be interpreted as Riemann integrals.
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B. Main Results

We are now ready to state our main results. Here, we
remark that all our results in this paper can be straightfor-
wardly translated to the setting where Z is finite or countably
infinite.

Under some mild regularity condition, we prove the
following theorem, which establishes the analyticity of 4 (Z)
as a function of the underlying Markov chain parameters.

Theorem 1: Assume that for any y € Y, q(z|y) is positive
and continuous on Z, and the following two integrals

/Zq(ZIy)I10gn§§nq(ZIy’)Idz,/Zq(zly)IIOgm;}Xq(ZIy/)ldz
C))

are finite. If 11 is strictly positive at €, then h(Z) is analytic
around €.

Remark 1: Theorem 1 has been announced in [14], where
Condition (3) has been assumed. Unfortunately, we have
found that, at least for the rigorous proof in this paper,
Condition (3) is not strong enough. More specifically, as in
the proof of Theorem 1, we need to use (4), a strengthened
version of Condition (3), to establish the analyticity of
hf,(ZOIZ:},) on (Cg:)l (r1); here and throughout the paper,
(Cg';l (r1) denotes the r1-ball of £yg in C™ with respect to the
Euclidean metric.

Remark 2: When Z is finite, the analyticity of h(Z) has
been established under mild positivity assumptions in [11].
Due to the fact that for any y, ¢(z|y) can be arbitrarily close
to 0, the complexfication and uniform convergence arguments
n [11] do not carry over to Theorem 1. As elaborated in
Sections V and VI, the proof of Theorem 1 requires a critical
use of the complex Hibert metric in Section V.

We will also prove analyticity of 4(Z) as a function of
both the Markov chain parameters and channel parameters.
Simple examples show that #(Z) can fail to be analytic as
a function of the channel parameter alone; see Example 3
and Remark 5. Our positive results require several technical
regularity conditions, which we describe as follows. These
conditions involve the complexification of the channel den-
sity functions (by definition, any real analytic function, such
as g% (z|y) as above, at a given point can be uniquely extended
to a complex analytic function on some complex neighborhood
of the given point; we will continue to use the same notation,
such as ¢?(z|y), for this complex extension). We require
these technical conditions, which abstract the properties of
commonly used probability density functions (e.g., Cauchy
and Gaussian), in order to make our proofs work. There may
be more general conditions that suffice. On a first reading, the
reader may want to skip directly to the statements of results
below.

Before listing our regularity conditions, we remind the
reader that a family of functions {f (5 z)}; of 0 is
equicontinuous if for any & > 0, there exists d > 0 such that
|f(61,z) f(Hz,z)I < ¢ for all z as long as ||(91 92|| < 0.
Note that uniform boundedness (over all feasible z) of
the derivatives of f (9 z) with respect to 6 will imply its
equicontinuity.
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The regularity conditions are as follows:
(%0, 60) € Q1 x
(a) TI is strictly positive at £o;
(b) forall y € Y, ¢%(z|y) is positive on Z;
(c) there exists rp > 0 such that )
() for any (y,z) € Y x Z, ¢%(z|ly) is analytic
on (C'"z (r2),

For given

@ii) for any y €V, q (zly) is jointly continuous on
Z x (sz (rz)
(iii) the followmg three integrals

/é(z,rz)dz,/é(z,rz)logfl(z,rz)dz,

/ci(z, r2)logq(z, r2)dz, ©)

are all finite, where

gzr) & sup gy,
(yﬁ)eyx(C;;"Oz (r2)
4(z,m) 2 inf 9% zIy);

(0, eYxCr2(r2)
0

(d) for some I €{1,2,...,1},

(1) there exist rp > 0 such that for all j, the family
of functions {g (Z|])/q0(Z|1)}Z ond e (Cﬁ(rz) is
equicontinuous,

(ii) there exists rp > 0 such that for each z, the real
log ¢? (z|1) can be analytically extended to (sz (r2)
and for all j,

J.

It is easily seen that the most commonly used channel models,
including Cauchy and Gaussian channels, satisfy all of these
conditions; see Examples 1 and 2.

The following theorem is our first result on the joint
analyticity of h(Z).

Theorem 2: For given (&, 50) € Qp x Qp, assume
Conditions (a), (b), (c) and (d). If, in addition, one of the
following two conditions holds,

o there exist C', C" > 0 such that for all i, j and all 7 € Z,

g" (zl))
q% (zli)
o for the same I as in Condition (d), there exists ro > 0

such that for any ¢ > 0, there exists a compact subset

X C Z such that for all z ¢ X, all j # I and
all 0 € (Cg:)z (r2)

sup

‘qe(ZIj)loqu(zll) dz < oco. (6)
éE(C%Z(rz)

<c" )

‘Q(ZIJ)
e(zll)

@)

then h(Z) is analytic around (o, 90).

Remark 3: Conditions (7) and (8) are in fact mutually
exclusive in the sense that if one of them holds, then the
other one must fail. The reader should also note that while
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Theorem 2 requires Condition (7) to hold only at one given
parameter value, 90, Condition (8) needs to hold for all
parameter values ina complex neighborhood of the given 6.
On the other hand, if Condition (8) holds only at 90, then one
can conclude that #(Z) is analytic with respect to & at .
Theorem 1, however, says that a condition as simple as (4) is
already sufficient to imply the analyticity of £(Z) with respect
to ¢ alone.

In the following example, we show that Conditions (b)-(d)
and (7) are satisfied for additive Cauchy channels.

Example 1: Consider an additive Cauchy channel with
channel transition probability function taking the following
form:

> ) 1 y
¢’ i) = — l

_— i=1L2,...,0, (9
T (Z_ﬂi)2+yi2

7i >0,

which is parameterized by 0 e Q,, where

Qo {(V15 (15 V25 L2y -+ > VIs 11)
eR¥:yi>0,i=1,2,...,1}.

Let é() e Q.

Obviously, Condition (b) is trivially satisfied.

Now, for Condition (C) note that since y; > 0 for
each i, each (z — u;)* + y is bounded away from 0 for all
0 e (C;l (r2) if rp is sufficiently small. The existence of r, for
(1) and (ii) then immediately follows. As for (iii), notice that
for sufficiently small r;, both g(z, 2) and ¢(z, r2) are of order
0(1/7z?) for large z and are uniformly bounded below away
from O for all z; this implies that the three integrals in (5) are
all finite.

We now check Condition (d) with I set to be 1
(here I can be chosen arbitrarily). For (i), observe that
for sufficiently small ro, the derivative of ¢%(z|j)/q%(z|1)
with respect to 6 € (Cg12 (r2) is bounded uniformly over all
J and z € Z. As for (ii), observe that for sufficiently small r7,
the imaginary part of ¢%(z|1) is dominated by the real part,

which implies that log¢?(z|1) can be analytically extended
to (qu(rz) and the finiteness of the integral in (6) follows

from the fact that for large z, each ¢ (z|z) is of order O (1/z?).
For Condition (7), it can be easily checked that for all 7, j,

i gMlj)
m ———
7—>00 00(Z|l)

which immediately implies Condition (7).

So, for an additive Cauchy channel, if IT is strictly
positive at £y € €p, then h(Z) is analytic around
(20, (P15 M1, 725 1255 V1> 1))

In the following example, we show that Conditions (b)-(d)
and (8) are satisfied for additive Gaussian channels.

Example 2: Consider an additive Gaussian channel with
channel transition probability function taking the following
form:

0’ @li) = ———e C QD) s 0 i=1,2,..,1,
T Ooj

and all o are distinct, (10)
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which is parameterized by 0e Q,, where

Q £ {(o1, 41,02, {2,y -+ ., 0L, 1)
eR”:6;,>0,i=1,2,...,1}.

Let 5() € Q).

Obviously, Condition (b) is trivially satisfied.

Now, for Condition (c), note that (i) and (ii) hold for any
with 0 < r < min;{o;}. And for any such fixed ry, there
exists C1, C, C2, C; > 0, which are independent of z, such
that

_C' 2 o N 2
Cie % < g(z,m), §(z,r) < Cre™ 2%,

which immediately implies (iii).
We now check Condition (d) with I set to be the index i
corresponding to the largest o;. For (i), observe that for

sufficiently small 5, the derivative of ¢%(z|j)/q?(z|I) with
respect to 6 is bounded on 6 € (Cg'z (r2) uniformly over all
j and z € Z, which immediately implies the equicontinuity.
As for (ii), observe that

— log(x/ﬂal) —

(z— pr)?

logq”(z|1) = 2
1

>

which can be analytically extended to (C’f2 (r2) for sufficiently

small >. And the finiteness of the 1ntegral in (6) follows from
the fact that for large z, ¢?(z|j) is of order e ~0@) for all Jj.
For Condition (8), it can be easily checked that for all i, j,

i gh(lj)
m ———
7—00 00 (Z|I)

which immediately implies Condition (8).

So, for an additive Gaussian channel, if II is strictly
positive at £y € Qp, then A(Z) is analytic around
(€0, (01, 1,02, w2, -+ , 01, 1))

Our second result on joint analyticity deals with the case
when for all i, the real part of ¢%(z|i) “dominates” the
imaginary part of the complex extension.

Theorem 3: For given (20,00) € Qi x Qo, assume
Conditions (a), (b) and (c). If, in addition, for any 6 > 0,
there exists ry > 0 such that for all (y,z) € (), Z2) and
all 6 € C ()

i) 13 @) < o’ @Iy,
y q°(zly)
o gh(zly)

then h(Z) is analytic around (o, 50).

Theorem 3 applies to Cauchy channels (9) roughly because
small complex perturbations of the parameters will have small
effect on the imaginary part of ¢?(z|i) uniformly over z and i.
However, it need not apply to Gaussian channels (10) because
a small imaginary perturbation of a variance may overwhelm
the real part of ¢?(z|i) for large z. Theorem 3 also applies to
other channels for which Conditions (7) and (8) fail. Roughly
speaking, Condition (7) says that all ¢?(z|i) are in some
sense “comparable” with one another at given point Go, and
Condition (8) says that one of ¢?(z]i) dominates all the others.

log <94, Y
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It is not surprising that one can find channels that do not satisfy
both conditions, however satisfy (11). A simple yet somewhat
artificial example of such channels with channel parameter
0= (u1, 71, 12, y2) is defined as follows:

> ) 1 y
¢’ zli) = — :

ﬂm, yi >0, i=1,2,
and
4(3) = ——e P2,
NG

It is easy to see that ¢ (z|1) is comparable to ¢?(z|2), however
not to ¢(z|3); and clearly, none of the three distributions
dominates. On the other hand, such a channel satisfies the
assumptions in Theorem 3, and therefore /(Z) is analytic with
respect to (u1, 1, 12, y2) for the same reason as Theorem 3
applies to Cauchy channels in Example 1.

Theorems 2 and 3 can be regarded as extensions
of [11, Th. 1.1], which deals with the case where Z is finite.
In particular, the flow of the proof of Theorem 2 follows
closely that of this case. However, new techniques are needed
to deal with the continuous case. The extension to Theorems 3
is less direct, where the use of a complex Hilbert metric [15]
to replace the classical real Hilbert metric, is critical. This
metric was also used in the proof of Theorem 1. It is not
needed for Theorem 2, because it assumes stronger conditions
on the channel density functions.

We remark that in [11, Th. 1.1], zero values are allowed for
some transition probabilities. It seems more difficult to handle
this phenomena in the continuous-alphabet setting; this is the
subject of forthcoming work.

To the best of our knowledge, the results in this
paper, together with those in [14], are among the first
results establishing analyticity of the entropy rate of hidden
Markov chains with continuous alphabet. Nevertheless,
following the approach in [11], the analyticity of the expected
log-likelihood for certain hidden Markov models has been
established in [40]. Our paper has some similarities with [40].
Specifically, the entropy rate of a hidden Markov chain
corresponding to parameter 6 is exactly the expected value
of the log-likelihood when both the expectation and the
log-likelihood are taken with the same parameter value. So, to
prove analyticity of the entropy rate, we must let the expecta-
tion and log-likelihhod vary together. In contrast, in [40], the
expectation is taken with respect to a fixed parameter value.

C. Related Work in Finite Alphabet

As opposed to continuous alphabet, the entropy rate of
hidden Markov chains with finite alphabet has been
extensively studied. Next, we briefly review the related results
in the literature. In the remainder of this section, unless
specified otherwise, we assume Z is a finite alphabet and
X 1is a finite-state stationary Markov chain with transition
probability matrix IT and stationary vector z ; then, the output
process Z is a finite-state hidden Markov chain.

It is well known that i(X), the entropy rate of X, has a
simple analytic formula in terms of IT and =z ; in stark contrast,
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there is no simple and explicit formula of A(Z) for most
non-degenerate channels ever since hidden Markov chains
(or, more precisely, hidden Markov models) were formulated
half a century ago. Here, we remark that Blackwell [4] showed
that £(Z) can be written as an integral of an explicit function
on a simplex with respect to the Blackwell Measure. However,
the Blackwell measure seems to be rather complicated for
effective computation of i (Z).

Recently there has been a rebirth of interest in com-
puting and estimating i(Z) in a variety of scenarios, and
many approaches have been adopted to tackle this problem:
the Blackwell measure has been used to bound i(Z) [27],
a variation on the classical Birch bounds [3] can be found
in [7] and a new numerical approximation of 4(Z) has been
proposed in [25]. Generalizing Blackwell’s idea, an integral
formula for the derivatives of 4(Z) has been derived in [36].
In another direction, [2], [8], [18], [21], [26], [27], [29], [33],
[36], [42], [43] have studied the variation of the entropy rate as
parameters of the underlying Markov chain vary. Particularly
in [42], for a special type of hidden Markov chain Z, the
Taylor series expansion of 4(Z) is given, under the assumption
that #(Z) is analytic.

Under mild positivity assumptions, we prove [11] that,
h(Z) is an analytic function of II, thereby confirming the
analyticity assumption in [42]. Aside from its significance
in mathematics (see [5], [22], [31], [32]), this analyticity
result is of interest to a wide range of applications (see
[1], [25], [36], [40], [42], [43]). In particular, the analyticity
result and techniques employed in [11], such as complexifica-
tion and exponential convergence, are rather useful in many
aspects of information theory as well. Using the ideas for
proving the analyticity result, we derive [16] an asymptotic
formula of h(Z) at so-called “weak Black Holes”, rather
general settings which include “Black Holes” [12] and the
input-restricted channels in [13] as special cases. These results
provide much insight for characterizing [13] the asymptotic
behavior (as ¢ tends to zero) of capacity of a class of
input-restricted channels and deriving [17] concavity of the
mutual information rate for such channels. Here, we remark
that the concavity result in [17] confirms the concavity
conjecture in [30] in a special scenario; on the other hand,
the conjecture in the general setting has been disproved
in [24] by counter-examples constructed based on the results
in [12]. It turns out the result and techniques in [11] are
instrumental in terms of computing the mutual information
rate and the channel capacity of finite-state channel as well.
Recently, employing analyticity in a critical way, we have
established refinements of the Shannon-McMillan-Breiman
theorem which sheds light on effective computation of the
mutual information rate of a class of finite-state channels
and we further proposed [10] a randomized algorithm to
compute the capacity of a class of finite-state channels, whose
convergence behavior is analyzed using the analyticity result.

In this paper, we will establish the analyticity of the entropy
rate of hidden Markov chains with continuous alphabet. Given
the implications of the counterpart results in the discrete
setting, we expect that the results in this paper will be of
great interest and significance in relevant areas.
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D. Organization of the Paper

The remainder of this paper is organized as follows.
In Section II, we review the (real) Hilbert metric, outline
the framework of the proofs of our theorems and highlight
the differences among the proofs. We prove Theorem 2
in Section III; on the other hand, we show that analyticity
fails for the Gaussian channel with uniform ii.d. inputs
in Section IV. Section V is devoted to reviewing the complex
Hilbert metric, which is of critical use to the proofs
of Theorem 1 in Section VI and Theorem 3 in Section VII.

II. THE MAIN IDEA OF THE PROOFS

We first briefly review the classical (real) Hilbert metric. The
real Hilbert metric will be used in the proof of Theorem 2.

Let W be the standard simplex in the /-dimensional real
Euclidean space,

cw) €R w; =0, w; =1},

i

={w = (v, w2, -

and let W° denote its interior, consisting of the vectors with
positive coordinates. For any two vectors v, w € W°, the
Hilbert metric [38] is defined as

wj / w j )

U; / 1) j

Remark 4: It immediately follows from the definition that
for any diagonal matrix A with strictly positive diagonal
entries, we have

dg(w,v) = max log ( (12)
l’j

dg(w,v) =dg(wA,vA).
For an [ x [ positive matrix T = (#;) (i.e., each t;; > 0),
the mapping fr induced by T on W is defined by

wT
fr(w) = —, (13)
w

T1

where 1 is the all 1’s column vector. The following theorem
is well-known (see [38]).

Theorem 4: For a positive T, fr is a contraction mapping
on the entire W° under the Hilbert metric and the contraction
coefficient (often referred to as the Birkhoff coefficient), is
given by

_ dygT,wT) 11— JF(T)
== ow irvem Y

where ¢(T) = min; j ;’kkttij

We will also need a complex version of W,

,wl)eCl:Zw,-:l}.

:{w:(w15w29

Now, for each z € Z, define %0 (z) as an [ x [ matrix with
the entries

19 (2)i; = nfq" (21j), for all i, j. (15)

By (13), Hg’é(z) will induce a mapping ff’g =

fng’a(z) from
W to W. For any fixed n and %, define

'xig,a :xfe( —n) - p (yl - |Zl9 Zi—15""" 9Z—n)9 (16)

3017

(here - represent the states of the Markov chain Y) then similar

to Blackwell [4], {x } satisfies the random dynamical system

<= 120 ), (17)
starting with
xi’s_l = 7[‘:, (18)

where 7 ¢ is the stationary vector for I1¢. And it can be verified
that

2.0115,0

S (2001,

p*%(z0lzZ)) = x (19)

and

P00, = nEHa%zfn)H”(zfm) TPzl (20)

Evidently x , p5‘9(10|z n) and p‘g@(z_n) all depend on
the real Vector (e 9) € Qp x Q. In what follows, we shall
show that they can be “complexified”. For any £ € (C'g;‘ (1),
one checks that for 1 > 0 small enough, the stationary
vector z¢ is unique and analytic on (Cg';l (r1) as a function of £

£ =t 2 71' =1).

Then through (18) and (17), x“9 can be analytically
extended to (C"”(rl) X (sz (r2); furthermore, through

(19) and (20), pf 0(20|Z n) and pf H(Z ) can be analytically
extended to (C"” (r1) x (Cm2 (r2). Ultimately h (Z) (which is

defined by (2) with real superscrlpts (g, <9) on p(z% ,) and
p(zg|z_n)) can be analytically extended to (C~ '(r1) x (qu(rz)
as well.

The framework for the proofs of the main theorems can be
outlined as follows:

(because it is the unique solution of 7 ¢ ¢

@O If necessary, we consecutlvely re-block the Z process to
aZ process such that Z; is of the form Z j((l;

(IT) We then show that there exists a complex nelghborhood
of a subset of W such that each complexified f
contraction mapping, with respect to some metnc and

is a

moreover the complexified £7 .0 G ;) stays within the
neighborhood. R

‘9(zi_n) and thus
the complexified pg’g (zolz—n) exponentially forget their
initial conditions.

This, together with bounding arguments, will further

(ITIT) It then follows that t[le complexified xf ’

Iv)
imply that the complexified hf,’g (Z) uniformly converges
to a complex analytic function, which is necessarily
the complexified hg’a(Z), on a complex domain, and
therefore h*+¢ (Z) is analytic.

The proofs of Theorem 1 and 3 are somewhat parallel, while

the latter requiring extra attention to address the technical

issues arising in proving joint analyticity. On the other hand,

despite the fact that the proofs of Theorems 2 and Theorems 3

all fit in the same above-mentioned framework, there does not

seem to be a natural way to unify them. Among numerous

differences, the most essential one is the way we establish (II):

« To establish (II), we will use the fact that each real f;’e
is a contraction on W°, with respect to the Hilbert metric.
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Then we use the “equivalence” between the Euclidean
metric and the Hilbert metric, and equicontinuity in
Condition (d(i)) to establish the contractiveness
(with respect to the Euclidean metric) of the complexified
f;"g on a complex neighborhood of W.
o For Theorem 3, to establish (II), the complex

Hilbert metric in Section V is employed to directly
show the contractiveness, with respect to the complex
Hilbert metric, of the complexified f;"g
neighborhood of W°.

on a complex

III. PROOF OF THEOREM 2

The following lemma says that f;’e does not change much
under a small complex perturbation of (&, 5).

Lemma 1: For any ¢ > 0, there exist ri,ry > 0 such that
for any (%,0) € (Cgf)' (r1) x (Cg’z(rg), any z € Z and any
x € W, we have ’

1£20 () — fiodoxy) <o

where ||-|| means the Euclidean norm.
Proof: We first note that

@) x@1@)/q°@ID)
I ()1 x(I159(2)/q% (2| 1)1
Assuming (7): The lemma immediately follows from (7) and
Condition (d(i)).
Assuming (8): Tt follows from (8) that for sufficiently small

ri,r > O there exists a compact subset £ C Z such that for
any (2,0) € (Cm'(r ) x (sz(rz) any z ¢ X and any x € W,

x (IT%: e(z)/q (zIDH)1 is bounded away from 0. On the other
hand, by the compactness of X, we deduce that there exist
r1,r2 > 0 such that for any (&, 9) € (Cm'(r ) x (C 2(r2) any

z€ Z and any x € W, x(IT%: e(z)/q (z|H)1is bounded away
from 0. The lemma then follows from Condition (d(i)). U
Now, define

£ =

Ww () ={ e W: |d — w| < for some w € W}.

We need the following lemma.

Lemma 2: Given any (30,50) e Qp x Qp, there exist
ri,r2,0 > 0, O < p1 < 1 and a positive integer no such
that, for all z with j > i +ng and all (&, 9) € (Ci l(r1) X

@Tz (r2), f
the Euclldean metric.

Proof: For any z € Z and sufficiently small ry,r, > 0,
it follows from Remark 4 that for any u,v € W, we have

is a pi-contraction mapping on Wy (8) under

dp (I () 117000 (7)) = dyy (uII, pTT70).  (21)

It then follows that for any zij ,
du (P, 0 ) = T () dy @i, o),

where r(HEO), the Birkhoff coefficient of IT?0 as defined
in (14), is strictly less than 1. It then follows from
[23, Lemma 4] (the mixing assumption is satisfied due to (15)
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and Condition (a)) that there exists C > 0 such that for any
z{ and any u,0 € W,

||f£°‘9°() f8°‘9°(v)|| < Co (I~ |lu —v]].

Zj

For ng sufficiently large, pp := CT(HBO)”O < 1. Thus,

for j > i+ nog,
20,0
IV < po <1

for all w € W. From this and Condition (d(i)), it follows that
there exists 1,72, > 0, 0 < p; < 1 such that

IIVf‘g,"Q(w)II <p <1

for all w € Ww(J) and (Z,0) € (Cm‘(rl) X (C'"z (r2). The
lemma then follows. O
The following lemma essentially follows from the frame-
work in [11, Proof of Theorem 1.1]. We briefly outline the
proof for completeness.
We first introduce some notation. Let

5°%(z0l220) 2 p*%(201220) /9" (2ol D),

where [ is the same as in Condition (d).
Lemma 3: 1) For any 0 > 0, there exist ri,ry > 0 such
that for any (E, 6) € (Ci"'(rl) X (sz(rz) and for all

2 ez and —n—1<i<—1,

A0 € Wi (o). (22)

2) There exist r1,ro > 0 such that for all zgn e Zmtl
5% (z0lz=1)) is analytic on (Cg:)' (r1) x (Cg'z (r2).
o

3) There exist ri,ro > 0,0 < p; < 1 and Ly > 0 such
that for any two Z-valued sequences {a }and ° 1yt
with a®,, = b°, and for all (, 0) e (Cm‘ (rl) X (C 2(r2)

we have

15 @ola=}) — BP0 bolb L)l < Lipl.  (23)
Proof' 1. For a fixed ng > 0, we will consecutively reblock
7 n into Z~ 1 such that each z; is of the form z Ei))’ where

k@) —j@) + 1 =ng (ng is determined below).

By (17), for any z°, and i, io‘% (and thus ffo 00)
belongs to W° By Lemma 2, we can choose
ri,r2,0 > 0 sufficiently small, ng sufﬁmently large and

0 < p < 1 such that for all (Z,6) € (C~ (r)) x

(Cﬂ(rz) f is a pj-contraction on Wy (d) under the
Euchdean metric.

To prove (2;),
of (22) with x> (7.
smaller ry, r).

To see this, note that by Lemma 1, for sufficiently
small r{,7, > 0, for all 2, x € W, and (%,0) € (Cgél (r) x
(Cg:)z (),

it is enough to prove the version

») replaced by )El‘: -0 (2",) (with perhaps

Foh @) < ot - po), 24)

PO
and for all £ € CZ' l(rl)

Iz% — 7 (Zo)ll < 0(1 — p1). (25)
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Thus,

~E,0 890
X =

8.0 08,0 o 20,0
1% 120G =
< 120G - 0GR
0,00 ¢ 20,0
;io 0(x5310)||~
(26)

+IFE (5700 _

Then by (24) and (25), and (26) we have

”Aaé 4o
i l

B < pE0 — 5500y 4 501 — py).

So, for all i,

1550 — 250 <5,
and thus for all i, we have )?f 5.0 € WW (9), as desired.
2. It follows from Condition (d(i)) tha}t for sufficiently small

ri,r2,0 > 0 and any z € Z, fzq (x) is analytic with
respect to (&, 7 ,X) € (le(rl) X (sz (r2) x Ww (). It then

follows from this fact and the 1terat1ve nature of xr 0 (see (17))

and Part 1 that for sufficiently small r{,r > 0, each )c‘g 0 is

analytic on (le (r1) ><(C"12 (r2). Part 2 then immediately follows
from (19).
3. Applying the same reblocking as in Part 1, we write

£,0 Z A
XZ;J 18 (a ;,I) = p (yk(i) =" |al,;,|);
75,0 _ ~3,0 _ i
xi,l? =X;’ ( fnz) p (yk(z) =" |b,;,2)~
Evidently we have
AZ,0 3.0 ~8.0 nE0 B0 o0
Yia = TanWia)r X5 5= 00 G

Note that there exists a positive constant L} such that for all
(2,0) € (le(rl) X (Cq (r2),

for all (%,0) € (Cg;l (r1) x Cg’z(rz), where ri,72 > 0 are
o~ 7

chosen sufficiently small. Since f;"g
Wi (6), we have, by Part 1,

is a pj-contraction on

1
A < Llp? .

This implies that the£e exists L1 > 0, independent of ny, n,
such that for all (£,6) € (C'g"' (r1) x (C'Z'Z (r2),

155 (@ola=)) — 2 (bolb=I Il < L1p}.

The proof of the following lemma is straightforward.
Nonetheless, we sketch the proof for completeness.

Lemma 4: Let n1 and ny be positive integers and D a
compact domain in C"'. Let f(0,z) be a jointly continuous
Sfunction on D x R"2. Assume that

f
Then

1) fan f (@, z)dz is continuous on D.

27)

sup | f(@, z)|dz < oo.
HeD

(28)

3019

2) If, for each z € Z, f is analytic on D,
Jgna £, 2)dz is analytic on D.

Proof: Let X be a compact domain in R"2. Let

0i,i =1,2,...be asequence of positive numbers converging
to 0. Consider a sequence of partitions of X:

then

Y= U;’;’ll An,,‘,

where diam(A,,;) < 6, for all 1 < i < m,. Evidently, the
corresponding Riemann sum

mp

Ry =" f(0,z)v0l(Ay)

i=1
(here z; € A,,;) is continuous in §. Then

my

[ 1000z, =3 / (f0.2) — £, z))dz.

By the compactness of D and X, we deduce that for any
g9 > 0, there exists Ny such that for all » > Ny and all
i=1,2,...,my,

1f(0,2) -

which implies that for any ¢ > 0, there exists N; such that
for all n > N; and all € € D,

’/ f@,z)dz— R
b

In other words, R, uniformly (in § € D) converges to

f0,zi)| <&, forany @ € D and any z € A,

/2 f0,2)dz,

and so [y f(60,z)dz is continuous in 6 € D.

Now, take any increasing sequence of compact sets X;
whose union is R"2. By (28), fz; f(@, 2)dz converges uni-
formly, in @ € D, to [gu, f(0,2)dz, which is therefore
continuous on D. This gives Part 1.

Part 2 follows in the same way with analyticity replacing
continuity. O

We are now ready for the proof of Theorem 2.

Proof of Theorem 2 We first show that there existry, 7 > 0
such that for any n, e %(Z) is analytic on (le (r1) x (qu(rz)

For a fixed n, recall that

i@y == [ I gy ol a,

(29)

”’(z_,,)—Zp () H ¢" @ily)

l_—n

and
P _ *,é _ P
p*(z0lzZ) = x*7 22T (z0)1.

Now, it follows from (29) and the fact that ZyQ p‘:‘ (yg,,) is
continuous and therefore bounded as a function of € € (Cgél (r1)
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that there is a constant K > O such that

sup P0G
(2.0)eCL) (r)xCY o (2)
0 -
<K Csup g Gyl (30)
i=—n (y,@)eyxc%z )
It also follows from Part 1 of Lemma 3 and

(Condition (7) or (8)) that for sufficiently small r;,7, > O,
there exist C1, C» > 0 such that for any z(ln,

C1 < 157 zolz=)| < Cas 31)
which implies that for some C3 > 0,
log 3% (z0l220)] < C3. (32)

We then deduce that for any (7, 6) € (Cﬁ '(r) x (C"12 (r2),

sup P> 0, 1og p*0(z0lz2)) | d22,,

/Z”“ (EDCE ()< T2 ()

sup p5%(2°,) log ¢° (zol )

/Z"“ (#0)<C ()X T2 ()

80,0 0
+p©7(z2,) log p dz?,

</ sup K
Z)H»lg (sz( )

& (Z0|Z:n)

H q (Zl [yi)

i=—n

)| [log” zol1)| d22,,

150 @0 )1 Tog p*0 (z0lzZ))1d2°,

+/ sup
2 (3,6)eCy] (r)xC2 ()
< 00. (33)

(for the first term we have used (5(i)) and (6); for the second
term, we have used (5(i)), (30) and (32)). By lemma 4 (Part 2),

he?(Zolz=h) = /
Zn+|

is analytic on (Ci'” (r1) x (C'Z'z(rz)
6o
Now, to prove the theorem, We _only need to prove that

p=?(@°,) log p*f (zolz7))d22,,,

there exist r1,r, > 0 such that h,, (Z) uniformly converges
on (Cg:)l (r1) x (Cg12 (r2) as n — oo. First, we observe that
o

=0 (z) - he0 (2))

= ’ /Z PG, ) log ol )del,
500 ) lo 20 (2012=1d 2"

Zn+l gp 0 - -n

‘/2,7n+2

- [ P o ol

@2, log 50 (zolzZ)_1)d2",,_

Lo Dtog 5ol )

—1log 3 (zolz=))d2°, |-
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Fix (2,0) € C2' (1) x €} (r2). Then, by (23), (31), (32), we
have, for some 0 < p; <1, L}, L1 > 0,

P00, )og 550 (olz =) )) — log 79 (201271
Ly [P0, G ola=) ) — 550 (zole= )
Lyp™ &2, DILpt.

Notice that for any given ¢ > 0, there exist r,ry > 0 such
that for all & € (Cg':)l (r),

IA

IA

lzé Il < (1 + o)z, I< (1 +d)mi

and for any y € ) and all 0e (Cg(')z (),

K
17y, yip Vivit1?

/ Iqé(ZIy)ldz <@ +5)/ qéo(zly)dzz 1+,

(here we have used the fact that |. z lq? (zI y)|dz is a continuous
function of § € (Cg 2(r,); this follows from Lemma 4 (Part 1)).
It then follows from (30) that

/Z P Dldzml | < (14 0)20D),

By choosing J > 0 sufficiently small, we can combine all
the relevant inequalities above to obtain some L > 0 and some
0 < p < 1 such that for all (2,6) € (04 (rl) X (sz(rz)

0 (2) — he? (2))
- / P00, )og 50(olem) )
Zn+2

—log p*% (zolzZp)dz%,_,

< Lp",

which implies the uniform convergence of h‘:‘g(Z) on
(le(rl) X (C 2(r2) as n tends to infinity, and thus the

analyticity of hr H(Z) around (30,90) O

IV. FAILURE OF ANALYTICITY

With the following example, we show that for Gaussian
channels, 4 (Z) need not be analytic even as a function of the
channel parameters alone, when the largest g; is not unique.

Example 3: Consider an additive Gaussian channel
parameterized as in (10) with the binary input alphabet
Y = {1,2}. Assume that the input Y is an i.i.d. process with

PYi=1)=PY;=2)=1/2;
and assume that

e—(z+1)2/012’
To]
We then have

pi) = P(Y = 1)q(z|1) + P(Y =2)q(z|2)

e~ @12/
T o)

qz|l) = q(z]2) =

1 e LD e}
2 2r o1 2.2 on

We claim that for any fixed ¢ > 0, analyticity of h(Z) as
a function of (o1, 02) fails at (o1, 02) = (0, 0). To see this,
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we fix 1 = o, and we show that 4(Z) is not analytic with
respect to oy at oo = ¢. Note that for any real a7,

hz) = - / p(2)log p(2)dz

—00

0 2. 2w0y

0 1 1 _( _1)2/ 2
_/ p(Z) (log 5\/2_—8 < g ) dz (34)
00 TOo

- /O " p(@)log (1 + @2(02)) dz

0
[ p@tog (1407 o) (35)
—00
where
D, () A 26(171)2/0227(“1)2/02 and CD;I(az) 2 1 .
g i D, (02)
(36)

We note that (34) is analytic as a function of g7 at oo = 0.
To see this, observe that the first term of (34) can be further
computed as

—log(2v2m 62) /00 p(2)dz
0

(Z _ 1)2ef(z+1)2/gzdz

o0 1
/() 221 0022

0 2v2mal ’

which is analytic at oo = ¢ since each of the three terms above
is analytic at 0o = o (for the second or third term, regard o> as
a complex variable and use the exponentially-decaying tail of
the integrand). With a similar argument applied to the second
term of (34), we can then establish the analyticity of (34).
So, to prove h(Z) is not analytic at oo = o, it suffices to
show that (35) is not analytic at o9 = 0.

Suppose, by way of contradiction, that (35) is analytic at o,
or equivalently, the following function of w

/oo (l o1 S~ +l w e_(z_l)zwz)
o \242rx 2.2x
log(1+ @,(1/w))dz

0 -1
+ / (10_e<z+1>2a2+116<zu2w2)
0 \2427 221
log (1 + 0! (l/cu)) dz 37)
is analytic at ¢=' € C,-1(r) (the closure of the
r-neighborhood of o lin C) for some r > 0, where, recalling
from (36),

—1
O (1/w) = %e(z—nzwz—(zﬂ)%—z.

Then, by uniqueness, the analytic extension of (37) to C_—i(r)
would agree with any analytic extension along the circle
{c7' +rel* . a € [-n/2,37/2]} (from a = —x/2 to
o = 3r/2). Such an analytic extension is obtained
by regarding w as a complex variable on the circle
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(this is a wvalid analytic extension by virtue of the
exponentially-decaying tails of the integrands in (37)). Here,
we remark that for any r > 0 and «, there are at most two
“singular” z (note that the following inequality boils down to
a system of two quadratic equations in z) such that

D, (1/(c~ " +re)) = -1,

which means log (1 + @, (1/(c™" +re® ))) or
log (1+ @' (1/(c ™" +re'*))) would “blow up” at such z.
However, an easy bounding argument (roughly speaking, the
two “blowing up” terms will only do so “slowly”) yields that
during the analytic extension, (37) is still well-defined with
the presence of such singular z, and so the above analytic
extension is indeed valid.

Next, we will find a contradiction by showing that the
analytic extension of (37) disagrees at « = —x/2 and
o =3 /2. Setting w = o~ + rei®, we then have

o1 o1

w o=l +rcosa+irsina
e 2+0 rcosa —io~

1 .
FSING p La(re)+ib(ra)
- E

672420 rcosa +r?
where one can easily check that

ob(r,a)
oa
Then, some straightforward computations yield that

(Dz(l/a)) — eA(z,r,oc)eiB(z,r,a),

a(r,a) = 0(r), b@r,a)= 0(r), =0(r).

where
Az, r,a) 2 2(z— D% 'rcosa + (z — 1)%r% cos2a
— 4z6 2+ a(r, a),
and
B(z,r,a) £ 2(z — 1)?6 " 'rsina
+ (z — 1)?r%sin 2a + b(r, a).

Now, for some small yet fixed ¢ > 0, choose N > 0 large
enough and then r > 0 small enough such that

(I forall0 <z<Nandalla € [-7/2,3%x/2], B(z,r,a) €
(—m,m);
D) forallz> Nandalla e [-n/2+¢e,m/2 —e]lU[n/2+
&,3n/2 — ¢,
47672 > la(r, a)],
12(z — 1)20_1r cosal > |(z — 1)2r2 cos2a + a(r, a)|

and

0
— Q2@ - 1% "'rsina)
0

a

0
> ‘a—((z — )%/ sin 20 + b(r, a))‘ .
a

Note that for all 0 < z < N, by (I), ®,(1/w) will not
go around —1 (in any direction) for one complete round as
o increases from —x /2 to 37 /2. Next, we consider the case
when z > N. Notice that, by (I), for any fixed z > N, as
o. increases from —z /2 + ¢ to 7 /2 — ¢, B(z, r, &) increases
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as well. If, for some z > N and ag € [-7/2,—7/2 4+ €] U
[w/2 — &, /2],

A(Z’ r) ao) > O’

it then follows from (II) that there exists £ = £(¢) > 0
such that { — oo as ¢ — 0 and for the same z and any
o €[, le],

A(z,r,a) > 0.

On the other hand, it follows from (II) that for any z > N and
for any a € [7/2 4+ ¢,37x/2 — €],

A(z,r,a) <0;

straightforward computations also yield that for any z > N
and for any a € [z/2, 7 /2 + €] U [37/2 — ¢,37 /2],

A(z,r,a) <O.

It then follows that ®,(1/w) will not go around —1 (in any
direction) for one complete round as o increases from
/2 to 3z /2.

We are now ready to conclude that as a increases from
—7/2t0 37 /2, forany z > N with ®,(1/(c ' +rei*)) # —1,
®,(1/w) will go around —1 anti-clockwise k(z) times, where
k(z) is a non-negative integer; meanwhile, one checks that
when z is large enough, k(z) is strictly positive. The idea
can be roughly described as follows. Consider the “trajectory”
of ®,(1/w) as a increases from —x /2 to 3z /2. Obviously,
A(z,r,a) > 0 means the magnitude of the corresponding
“location” is strictly bigger than 1; B(z, r, @) > 0 means at the
corresponding “location”, ®,(1/w) is going anti-clockwise.
The above argument shows that given sufficiently small &
(and thus ¢ sufficiently large), for all the time when the “loca-
tion” is at least 1 away from the origin, “more often” @, (1/w)
goes around —1 anti-clockwise (for any a € [—7 /2, —7 /2 +
elU[n/2 — e, /2], ®,(1/w) may go around —1 clockwise,
whereas for all a € [—{¢, fe], ©,(1/w) must go around —1
anti-clockwise).

So, for any analytic extension along the circle {o ~! +rel* :
o €[—n/2,37/2]} (from a = —7n /2 to a = 37 /2), we have
proven that for any z > 0 with ®,(1/(c ! 4 rei*)) # —1,

~ . —1 io
R (a_)(lgrn/z)_ log (l + @, (1/(c” " +re ))))

o~ : —1 io .
=3 (aﬁ(hr;l/z”log (1 +®,(1/(c™ +re )))) + 2k(2)7i,

where k(z) is a non-negative integer for all z and a strictly
positive integer for all sufficiently large z. Using a similar
argument, we can also prove that for any z < 0 with
o1/ (07 +ret)) # 1,

3 li log(1+o7'1/(c! ia
S(H(grn/z) Og( + O (1/(c7 +re ))))
=3 li log (1 + o711 /(! ia
‘(aq(igl/zw Og( + @ (/0 +re ))))

+2k(z)mi,

where k(z) is a non-negative integer for all z and a strictly
positive integer for all sufficiently large |z|. This, however,
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implies that for the above analytic extension, (37) disagrees at
o = —n/2 and o = 37 /2, which is a contradiction.

Remark 5: The previous example shows that for fixed
o1 = o, h(Z) is not analytic with respect to o7 at o = 0.
On the other hand, when o1, o7 are both equal to ¢ > 0 and
vary together keeping o1 = o2, h(Z) is in fact analytic with
respect to o. To see this, note that when o1 = 02 = ¢ > 0,
we have

1
7) =5 —F—
p(2) > s

and furthermore,

Wz) = - / (@) log p(z)

—00

(e—(z+1)2/02 _,’_e—(z—l)z/az),

—log(2v27 o) + /OO p(2)(z + 1)?*/c%dz

—00

o0 2
- / p(2)log(l + e 4/ )dz

—00

—log(2v27 o) + /

—00

o]

p@)(z + 1)?/o%dz

o0
—02/ p(c22) log(1 + e *)dz.
—00

Note that it is easy to check that all the three terms in (38)
are analytic with respect to o, which immediately implies that
h(Z) is analytic with respect to o.

(38)

V. A COMPLEX HILBERT METRIC

In this section, we briefly review the complex Hilbert metric
that will be of critical use in the proofs of Theorem 1 and 3.
Several useful properties of this metric will be stated/proved
as well.

Recall that W denote the complex version of W,

W:{w:(wl,wz,---,wl)e((jl;zwizl}.
i

Let
Wt ={oeW:%Rwi/v;)> 0 for all i, j}.

For v, w € W, define
w;/w;
log (—l/ ])
Di/Dj

where log is taken as the principal branch of the complex log(-)
function (i.e., the branch whose branch cut is the negative real
axis). Since the principal branch of log is additive on the
right-half plane, JH is a metric on W*’, which we call
a complex Hilbert metric (for alternative complex Hilbert
metrics, see [6], [37]).

Let M denote the set of all / x [ stochastic matrices, i.e.,

du (v, w) = max : (39)
lﬂj

I
M:{H:(n’l‘j)eRle:n’iij, znij:1}9
j=l1
and let M denote the complex version of M, defined as

l
M ={I1 = (z;;) e C"' : > 7y =1, for all i}.
j=1
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For a given positive II € M and a small §; > O,
let 1\;[11((51) denote the Jj-neighborhood, under the
Euclidean metric, around II within M. For an element
e Mn(él) similar to (13), II will induce a mapping
Si on W. For a small 0 > 0, let WWo ,H(J2) denote the
5y-neighborhood of W° within WT under the complex
Hilbert metric, i.e.,

Wwo 1(0) = (v = (01,02, ,01) € W 1 dy(v,u) <,

for some u € W°}.

The main result of [15] states:

Theorem 5: Let I1 be a positive matrix in M. For
sufficiently small 51,52 > 0, there exists 0 < p; < 0 such
thatfor any T1 € My (6y), f1 is a p1-contraction mapping on
WWO,H(éz) under the complex Hilbert metric in (39).

For § > 0, let Cr+[d] denote the “S-cone” of RT
within C, i.e.,

Cr+lol={x+yieC:x>0,—0x <y <x}.

The following Lemma can be easily checked.
Lemma 5: For sufficiently small 61 > 0, there exists a
positive constant Ly such that for any o, i € Cr+[01]

[loga —log | < leax(la _m, [0 — A
a

The following lemma essentially f011|ows fro|r€1| [15, Proof of
Part 2 of Lemma 2.3] (in particular, its Part 1 is just a rephrased
version of Part 2 of that lemma), allows us to connect the
complex Hilbert metric and the Euclidean metric. We give a
proof for completeness.
Lemma 6: 1) For any 0 > 0, there exists & > 0 such
that for any ¥ € Wt, x € W° with du(%,x) < &, we
have x; € Wwo,H(é) Sfor all i.

2) For any ¢ > O, there exists a constant C > 0 such that
forany X,y € W with ||X — x|, Iy =yl < ¢ for some
x,y € W°, we have

1% - 5l < Cdu(, 5).
Proof: We only prove Part 2. Let £ = dy (X, y). Then we

have for all i, j,
‘ (fi/f’i)
log | —=
xj/ 1

There exists C1 > 0 such that for ¢ sufficiently small, and for
all i, j, ‘x’/” 1‘<C1gr Let aj = %;/¥;. Then for all i, j,

=<

% — o yil < Ciélajllyil,

and so

1 —a;l = X — 0 Yi)

n
< Z IXi — a;yil
i=l1

< Ci&lajl D15l = Ci(1 + BE)lajl.

i=1
It follows that

1Xj = ¥jl = Ci(1 + BO)EIXj| < Ci(1+ BOE(xj +¢),
which implies Part 2, if ¢ is sufficiently small. (]
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VI. PROOF OF THEOREM 1

The following lemma is an analog of Lemma 1.
Lemma 7: For any ¢ > 0, there exists r1 > 0 such that for
any ¢ € (Cg;' (r1), any z € Z and any x € W, we have

dn(f7 (x), f2() <.
Proof: Since all m;;(€p) are strictly positive, for any
01 > 0, there exists r; > 0 such that for all i, j and all
g m
& € (CEOI (rl),
|mf — mij (o)l
7ij (o)

Now, for any x = (x1,x2,---,x;) € W, any j and any ¢ €

(Cg:)l (r1), we have
Yie 1xt (wf; — mij (Z0))
, 1 XiTij (30)
| iy ximy (Bo) (= i (o)) /i (o)
> ximij (o)
Thus, for any d, > 0, choosing d; sufficiently small, we have
I
Zz 1 ﬂlj

Z, 1 XiTtij (80)

! ; -
=1 Xi(; — mij (€0))
_ IOg 1+ Zz 1 l’ ij i{ < 52.
2 izt Ximij (£0)

Notice that

du(fi(x), f22(x))

log

l 2 .
iz Ximq(zl))

= max |log —; — .
Ik iy Ximij (20)q(zl))
; R
~log Do Ximhq(z]k)
> 1ximk<§o>q(zlk>
XiTT L XiTCS
= max |log IZ: =17 f —log IZ:t_l i lli ‘
K i1 Ximij (€0) i1 Ximik (€0)

It then follows that for any J > 0, there exists r; > 0 such
that for any ¢ € (Cg;' (r1) and any x € W, we have

du(fE (), f2(x) < 6.

O
The following lemma, roughly speaking, says that when we
perturb £ “a bit” to &, f7 is still a contraction mapping on a
complex neighborhood of W°, and the contraction coefficient
is uniform over all the values of z. More precisely, recalling
Wwo, 1 (9) denote the J-neighborhood of W° of W under the
complex Hilbert metric, we have
Lemma 8: For sufficiently small ri,0 > 0, there exists
0 < p1 < 1 such that for any & EN(C;:)I (r1) and any 7 € Z, ff
is a pi-contraction mapping on Wyo f(0) under the complex
Hilbert metric in (39).
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Proof: It can be easily checked that there exist some
r1,0 > 0 such that for any & € C3! (1), any u, v € Wyo, 1 (9)
and any z € Z,

A (Il (2), vITE (2)) = dy (uIT?, oTTF). (40)

The lemma then immediately follows from Theorem 5. [
The following lemma is also needed.
Lemma 9: 1) For any 6 > 0, there exist r1 > 0 such

that for any & € C. ‘(rl) and for any 2%, € Z"*! and
-n—1=<i=<-1]

2 (L,) € W, (9), (1)
and

p°(z0lz2}) € Cgr+[4]. 42)

2) There exist r1 > 0 such that for all z(ln e zZntl
p (zg|z_n) is analytic on ((LO1 (r1).

3) For sufficiently small ri > 0, there exist 0 < p1 < 1 and
a positive constant L1 such that for any two Z-valued
sequences {ao_nl} and {b9n2} with ao_n = b°  and for
all € € (C'g:)‘ (r1), we have

n

P (aolaZ,,) — p*(bolb=,,)| < Lip} max g aoly").
Proof:
1. By Lemma 8, we can choose r, 0 > 0 sufficiently small
such that there exists 0 < p1 < 1 such that for all
EN € (C'g:)‘ (r1), ff is a pj-contraction mapping on
Wywe, m(6) under the complex Hilbert metric.
Now, choose ri > 0 so small (the existence of rj is

guaranteed by Lemma 7) such that for any z € Z, for
allx e W, all ¢ € (C'g:)‘ (r1)

du (f£(x), f20(x)) < 6(1 = po), 43)
and for all ¢ € (Cg;' (r1),
dy(x®, w(Z0)) < 0(1 — py). (44)
‘We then deduce that
i (.52 = dn( ZM(xﬁ) fml )
< du(fZ, (D), f2 )
+dH(fz,+1 (), £ (). @5)

Then, by (43), (44) and (45), for i > —n — 1, we have
dp (1, x20 ) < pdp (F, x20) + 6(1 = py).
So, for all i,
dn(xfy 28y <0

and thus for all i, we have x+1 € Wwe.n(0), as
desired. This, together with (19) and Lemma 6 (Part 2),
implies (42).

2. It follows from Part 1 of Lemma 6 that for sufficiently
small 71,0 > 0 and any z € Z, f¥(x) is analytic with
respect to (€,x) € (C'f"(rl) X WWo H(&) It follows

from this fact, the iterative nature of x (see (17))
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and Part 1 that for sufficiently small 1 > 0, each xf
is analytic on (Cgél (r1). Part 2 then immediately follows
from (19).

3. Forall £ € (C'f” (r1), we write

'xla _xg(a—nl) - p (yl = |ai—n1)9

xfp =xfbl,,) = pflyi = b))
Apparently we have
e = a,+1(xla) iy = fbr+'(x’ b)-

Note that there exists a positive constant L} such that

dH(x nb)SL/l’

7” a’
forall & € (Cm‘ (r1), where r| > 0 are chosen sufficiently
small. Then from (52), we have

/ n—1

duy (xil’a, xc_l,b) <Lip

Therefore, by Lemma 6, there exists a positive
constant L[ independent of ni,np such that for
any ¢ € (Cg':)l (r1), we have

X%y 4 — x5 5l < Lpt. (46)

Now, using (19) and the fact that
> wiqlaly),
y

we conclude that there is a positive constant L, inde-
pendent of n1, ny such that

p*(ag) =

" (@la,) = p*(olb=,,)| = Lipt max q(aoly).
y
@7

We then have finished the proof. O

We are now ready for the proof of Theorem 1.

Proof of Theorem 1: We first prove that there exist ri > 0
such that for any n, hi (Z) is analytic on (Cg:)l (r1).

For a fixed n, recall that

— / P2,
Zn+1

2, = Zp () H q(zilyi)

i=—n

hfl(Z) = )log pg(zolz:,ll)dzgn,

where

and
Pe(z0l2Z)) = x% 1 (zZH T (zo)1.

Now, for any ¢ € (Cg:)' (r1), we have

0
1P D1 = D100 [ aGilyo)

y(l i=—n

= le )] H maxq(zlly) (48)

)_ z——n



HAN AND MARCUS: ANALYTICITY OF ENTROPY RATE OF HIDDEN MARKOV CHAINS WITH CONTINUOUS ALPHABET

And, by (41), for sufficiently small 7
C1, C2 > 0 such that for all € (Cg'f)' (r1)

> 0, there exist

C1 min ¢ (z0ly") < |p*(z0lzZ))| < Camax g(zoly’),  (49)
y'ey yey
which, together with (42), implies that for some C3 > 0,
[log p* zolz= )| = C3 + max{]logmax 4 (zoly"),
y
| log min g (zoly")1}.
yey

This, together with (4), implies that on (C'g;‘ (r1),

/ sup
Zntl Ee(ng)l )

By Lemma 4 (Part 2), h%(Zo|ZZ)) is analytic on (Cg'f)' (r1).

Now, to prove the theorem, we only need to prove that
there exist r; > 0 such that the hfl (Z), as n — oo, uniformly
converges on (Cg:)l (r1). Note that

pe (2%, log p*(zolz=)|d2%, <00 (50)

W (Z) — hE(2))]

I Y e VL

- /z |, PPEE)log pfzolaZy)dal,

= /Zn+2 p° %, _(og p*(zolz=) )

—log p (zolzZp)dz%,_,

Fix ¢ € (Cg'f)' (r1). Then, by Lemmas 5 and 9, either we have,
for some 0 < p; < 1, L} > 0 and some J; with (1+d1)p; < 1
1p°2,_1)(log p* (20l ;) —log p* (z0lzZ))]
p(z0lz2,_1) — P*(z0l2Z,)
Pi(zolz=) )

< LY1p* 2, DILipf max q(zoly"),
yey

<Ly (p°E%,_)

or we have, for some 0 < p; < 1, L/1 > 0 and some ¢; with
(14+do)p1 <1,
1p°(2%,_)(log p* (20122} _ ) — log p? (z0lzZ))|
P olzZ)y_y) — PP (z0lz7,))
P¥(z0l22,)

< LY )P Gon1122 )IL1p] n}gq(mly’)-
y

<Ly [P, )

Notice that for any given 6 > 0, there exist r,ry > 0 such
that for all € € Cz (r0),

| < (1 +do)r

g €0
|7l'y_n| <@+ 5)7l'y_n’ | ViYigl®

¢
Tyiyist

It then follows from the first inequality sign of (48) that
/ 1P @I)IdzZ) < (1 +6)",
Zn

/Z P el = (o
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Moreover, similar we have for

Cs >0,

to (49), some Cy,

Camin ¢” z_no1 1Y) < 1950 (znm1122,)]
yey

< Csmax q(z—n—11y").
yey

By choosing § > 0 sufficiently small, we can combine all
the relevant inequalities above to obtain some L > 0 and some
0 < p < 1 such that for all £ € (C'g:)' (r),

he ((Z) — hi(Z)]
f/ 1p° 2, _1)(og p* (zolz=} )
Zn+2
—log p* (zolzZp)Id2%,_, < Lp",

which implies the analyticity of A% (Z) around %. O

VII. PROOF OF THEOREM 3

The proof of Theorem 3 follows from a parallel flow
as in that of Theorem 1. We will only give a sketch of
the proof, while highlighting the parts requiring the extra
conditions (b), (¢) and (11).

The following lemma is an analog of Lemma 7.

Lemma ]0_.; For any 0 > 0, there exist r1,ry > 0 such that
for any (€,0) € (Cg;l (r1) x (Cg'z (r2), any z € Z and any
x € W, we have 0

du (2 (), f0% () < 0.
Proof: Since all m;;(€p) are strictly positive, for any
01 > 0, there exists 1 > 0 such that for all i, j and all
§eCyl(n),

|7 — mij (£0)]
——— < 01.
7;j (€0)

Now, for any x = (x1,x2,---,x) € W, any j and any ¢ €
(Cg:)l (r1), we have

‘Zﬁ:l'xl’(ﬂ:igj _”ij(go))‘
St ximii (o)
_ ‘Zé:l xi”ij(EO)(ﬁ,-gj — mij(£0))/mij (€0)

i N
Z,‘:1 X,‘if,‘j(é‘())

Thus, for any d» > 0, choosing J; sufficiently small,

we have
; -
1 Zi:l xlﬂicj
0g —;
i1 Ximij (£0)

I 2 -
i—1 Xi(zf; — mij(€0))

log 1+Zl 111 Y Y < 0.
i1 Ximij (£0)




3026

Notice that
dp (f29(x), f2o%(x))
Zf lxln iq (Z|J)
= max (log —;
Jok Z,‘:1 xiﬂij(g())qeo(zlj)

> xinhg? (zlk)

—log ; —
>ic1 ximik (£0)g% (z]k)
I : G
_ izt Xi% q°(zl))
= max |log ———— "
ik D i1 Ximij (o) q%(z|j)
l g !
og =1 NiTik 4 (zlk)
i ximik(Z0) q%(z|k)

It then follows from the second inequality of (11) that for
any J > 0, there exist r1,r, > 0 such that for any (&,0) €
(Cg;l (r1) x (Cgl2 (r2) and any x € W, we have

o

A (F20 (x), i (x)) < o,

O

The following lemma is an analog of Theorem 8.
Lemma 11: For sufficiently small ri,r, 0 > 0, there exists
0<p <1 such that for any (2,0) € (Cm' (r1) x (sz (r2) and

any 7 € Z, fZ is a pi-contraction mapping on Wwo, 1)
under the complex Hilbert metric in (39).

Proof: By (11), we can choose r1,r,0 > 0 sufficiently
small such that for any z € Z, any (%,6) € (Cg:)l (r) x (Cg? (r2)

and any u,v € Wwojy(é),
dp I (2), 0115 ()
is well-defined. Moreover, it can be easily checked that

dn @I (2), o119 (2)) = dy (uITZ, 0 ITF). (51)

The lemma then immediately follows from Theorem 5. [

The following lemma is an analog of Theorem 9.
Lemma 12: 1) For rany 0 > 0, there exist ri,ry > 0 such
that for any (%,0) € (Cm'(rl) X (C'f'z (r2) and for any

22, €2 and —n—1<i<—1,

PG, € Wipe @), (52)

and
p(20122)) € Cge 01, (53)
2) There exist r1,ro > 0 such that for all zO e zntl

P H(Z()Iz 1Y is analytic on (04 '(r1) X (C’f;z (r2).

3) For sufficiently small r1,ry > 0 there exist 0 < p; < 1
and a positive constant Ly such that for any two
Z-valued sequences {a }and {b L} with a® = b(ln
and for all (2,0) € (Cm'(r ) x (C~z(r2) we have

1p*0 (agla=),) — “’(bo|b_nz>| <Lip!

sup
(,0)€YxC32 (1)

197 (aoly")!.
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Proof:

1. It follows from a parallel argument as in the proof of
Part 1 of Theorem 9.

2. It follows from (11(i)) and Part 1 of Lemma 6 that for
sufficiently small r1,r»,d > Oand any z € Z, fZ (x) is
analytic with respect to (2, 8, x) € (Cm‘ (r) x (qu(rz) X
Wywe. 5 (0). It follows from this fact, the 1terat1ve nature

(see (17)) and Part 1 that for sufficiently small

r1,r2 > 0, each xf’ is analytic on (Cﬁ '(r1) X (C«z(rz)
Part 2 then immediately follows from (19)
3. It follows from a parallel argument as in the proof of
Part 3 of Theorem 9. O
We are now ready for the proof of Theorem 3.
Proof of Theorem 3 We first prove that there exist r1, 7 > 0
such that for any n, h (Z) is analytic on (le (r1) x (C 2(rz)
For a fixed n, recall that

of xf’e

W@ == [ P o ol a,,

”’(z_,,)—Zp () H ¢" Gily)

l_—n
and
P70 (zolzZ)) = x50 (z2Hhmef (zo)1.

Now, for any (&, 9) € (C (rl) X (sz (r2), we have

- N O -
PG D 1PPO)1 T 1a” il

0 [ =—
i 14 n

<Z|p o2 H sup

i=—n (¥, 9’)€y><<C 2(rz)

147 @)
(54)

And, by (52), for sufficiently small ri,r, > 0, there exist
C1, Co > 0 such that

¢ inf g% oly)l
(.8 Cy 2 (r2)

< 1p"%(z0lzZhHl < sup 197 zoly)l,  (55)

(",6)eYxCF2(r2)
0
which, together with (53), implies that for some C3 > 0,

| log p*(z0lzZ))|

< C3 + max{| log

sup 147 (zoly")1,

(,6)eYxC2 (r2)
0
log inf  |g% (zoly)}-
(,0)eYxC2r2)
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This, together with (5), implies that on (Cﬂ '(r1) x (Cq (),

/ su
2 (3,0)eCl (r) xCL2 (r2)
£() 00

x| P00, tog P ol 420, <00 (56)

By Lemma 4 (Part 2), hi%(Zo|Z7)) is
on CZ! (r1) x (C'?z(”Z)-

Now, to prove the theorem, we only need to prove that there

analytic

exist 71,72 > 0 such that the #15?(Z), as n — oo, uniformly
converges on C7' 1(r1) X (C}(rz) Note that
n5Y(2) — hi?(2)

= ’ /Z " P02, ) log p*? (zolz2)_)dz%,

_/z " p*?%,) 1og p0 (20122 1)d2°,

= ’ /Z PP (og pH0 (ol T, )

—1log p*Y (zolzZ))dz%,_,

Fix (Z,0) € C2'(r1) x C3?(r2). Then, by Lemmas 5 and 12,
0

either we have, for some 0 < p; < 1, L’1 > 0 and some 0

with (1+d1)p; <1

100, og p*P (0122, ) — log p™ (z0l27)))]
P @olzZ, ) = P (z0l2Z,)

20 —1
p*9(z0lzZ,_ ;)

= L/l pc,e (Zgn—l)

< Li1p™ ) DiLipt sup lq” (zoly"),

(. 00EYX T2 (r2)

or we have, for some 0 < p; < 1, L/1 > 0 and some ¢; with
(A +4+do)p1 <1,
P72, (og p™¥ (zolz=)_ ) — log p zolz= 1))
P olz=L ) = p*0 (ol ™))

PO (zolz2))
< Lp P NP (2on1 122,011 )
14" Goly)l.

= L/l pc,e (Zgn—l)

A

sup
(,0)€Yx T2 (r2)
0

Notice that for any given ¢ > 0, there exist r,ry > 0 such

that for all € € (Cg:) (1),

w1 = A+, | < (1+8)xi

I ) Yi+1 Yiyit+1?

and for any y € Y and all 6 € Cg;z (r2),

/ 147 Gly)ldz < (1+5)/ aM(zly)dz = 1+ 0.
Z Z
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(here we have used the fact that f z Iq (z| y)|dz is a continuous
function of § € (sz (2); this follows from Lemma 4 (Part 1)).
It then follows from the first inequality sign of (54) that

/Z 1P (" Ddz=) < (14 9)™,

80, —1 -1
‘/Zn-%—l Ip (Z,n,1)|dzfn,1

Moreover, similar to (55), we have for some Cy4, Cs5 > 0,

< (1+0)>*h.

Cs inf  g? Gt < 1P ena 122,
(y/ﬂ/)eyxcaoz(rz)

< Cs sup g% Gon_1ly")l.

(,6)€YxCE2 (r2)
)

By choosing § > 0 sufficiently small, we can combine all
the relevant inequalities above to obtain some L > 0 and some
0 < p < 1 such that for all (£,0) € (C'g:)' (r1) x (Cglz(rz),

o

0 (2) — he? (2))
- / P00, )og pPlzolem) )
Zn+2

—log p*’ (zolzZp)dz%,_y < Lp",

which implies the analyticity of hg’é(Z) around (2o, 6p). O

VIII. CONCLUDING REMARKS

Under certain mild assumptions, employing a complex
Hilbert metric in a critical way, we show that the entropy rate
of a class of hidden Markov chains with continuous alphabet
is analytic with respect to the input Markov chain parameters.
Joint analyticity results with respect to both the input
Markov chain parameters and the channel parameters, which
apply to additive Cauchy or Gaussian channels, are further
obtained under strengthened assumptions on the channel.
Given the implications of the analyticity results in the discrete
setting, we expect that the results in this paper will be of great
interest and significance in the continuous setting. Further
work include the applications of the analyticity results in this
paper to computations of entropy rate of hidden Markov chains
and capacity of finite-state channels with continuous output
alphabet.
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