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Abstract—We study Calderón preconditioners for analyzing
electromagnetic scattering by penetrable objects in a layered
medium. To account for the scattering effects of the multilayered
background, the layered medium Green’s function is adopted
in the Poggio–Miller–Chang–Harrington–Wu–Tsai (PMCHWT)
method. However, similar to the free-space case, the spectrum of
the resulting equation is undesirable. This leads to a slow conver-
gence of an iterative solver, especially when the geometry is densely
meshed. To improve the convergence, a highly effective precondi-
tioner is proposed. Different from its free-space counterpart, the
preconditioning operator is constructed based on the Calderón
identities for inhomogeneous medium. To reduce the relatively
high construction cost of the preconditioning operator, several
alternative simplified schemes are proposed and analyzed. Finally,
the performances of different preconditioners are examined and
compared carefully through different numerical examples. It is
shown that the convergence of the PMCHWT system in a layered
medium can be significantly improved by using the proposed
Calderón preconditioners.

Index Terms—Calderón preconditioner, layered medium
Green’s function, method of moments, penetrable objects,
Poggio–Miller–Chang–Harrington–Wu–Tsai (PMCHWT) equa-
tion, surface integral equations.

I. INTRODUCTION

S CATTERING of electromagnetic (EM) wave by em-
bedded penetrable objects in a layered medium is a

problem of long-standing interest. The method of moments
(MoM) based on integral equations [1] is considered to be
one of the most powerful methods in dealing with this kind of
open-domain problems. However, most research works focus
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on electromagnetic scattering in the homogeneous environment
(or free space), where the Green’s function is simple and ana-
lytic. If the free-space Green’s function is used to solve layered
medium problems, the inhomogeneous background becomes
part of the scatterer as well. Then, the unknown count increases
considerably and the MoM becomes impractical. To overcome
this difficulty, one introduces the layered medium Green’s
function [2], [3] that incorporates the scattering effect from the
inhomogeneous layered medium. Therefore, the background
effect is implicit in the integral equation and the object is the
sole scatterer contributing to the unknowns.
Due to a different description of the scattering mechanism,

there are basically two types of integral equations: the volume
integral equation (VIE) and the surface integral equation (SIE)
[4]. VIE requires volume discretization, and the number of un-
knowns is relatively large compared with SIE with only surface
discretization. If the object is made of homogeneous material,
SIE is usually more favorable in terms of memory requirement.
However, the situation is subtle when considering the real com-
putational cost. Taking the free-space Green’s function, for in-
stance, it is commonly accepted that the VIE operator has an ex-
cellent spectrum property and the iterative solution converges
rapidly [5], [6]. The spectrum of the SIE operator, however,
depends on formulations. Although the Müller formulation is
reported to yield good spectrum, the accuracy is less satisfac-
tory [7]–[9]. On the other hand, the PMCHWT method yields
higher accuracy, but its operators suffer from a poor spectrum
due to the electric field integral equation (EFIE) operator in-
volved [10]–[12].
Recently, a highly effective preconditioner based on Calderón

identities was developed to precondition the EFIE operator
for analyzing EM scattering by perfect electrically conducting
(PEC) objects in free space [13]. This technique fully exploits
the self-regularizing property of the EFIE operator [14], namely,
its square is a compact perturbation of the identity operator.
Owing to this property, the spectrum of the EFIE operator,
which clusters at zero and infinity, can be improved, and the
operator is both bounded and well posed after preconditioning.
Therefore, the resultant matrix is well conditioned and is free
from the dense-discretization breakdown. Based on its success
in EFIE for the PEC scattering problems [15]–[19], this pre-
conditioner is further explored in the PMCHWT formulation
for analyzing penetrable objects [20], [21].
However, most previous works mainly focus on scattering or

radiation problems in the free space, where no scattering effect
from the inhomogeneous background is considered. The corre-
sponding Calderón identities [14], the foundation of this precon-
ditioner, are derived based on the free-space Green’s function.
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In a layered medium, such identities need to be reinvestigated.
Currently, we have reported a work on the Calderón precondi-
tioner for the EFIE in the analysis of PEC scattering in a layered
medium [22].
In this paper, we further investigate the Calderón precondi-

tioner for the PMCHWT analysis of scattering by penetrable ob-
jects in a layered medium. The rest of the paper is organized as
follows. Section II first reviews the general PMCHWT formula-
tion with the layered medium Green’s function. A full Calderón
preconditioner is constructed in Section III, where the spectral
property of the preconditioned system is discussed. After that,
in Section IV, several possible simplified schemes are proposed
to reduce the cost of the preconditioner construction. Finally, in
Section V, numerical examples are presented to validate the ef-
fectiveness of the preconditioners.

II. PMCHWT FORMULATION IN LAYERED MEDIUM

Let us consider a penetrable object with a closed boundary
embedded in a layered medium. The object is filled with a ho-
mogeneous material. The relative permittivity and permeability
are denoted as and , respectively. Similarly, the material in
layer of the layered medium is characterized by and ,
where . The outward unit normal of is de-
noted as . This object is excited by an electromagnetic field
generated from a source outside the scatterer. According to the
surface equivalence principle, the induced surface electric cur-
rent and magnetic current are obtained from the following
PMCHWT equation [10]–[12]:

(1)

The detailed information of the operators and the corresponding
integration kernels can be found in [23]–[25] and will not be
repeated here.
In this problem, the scattering effect from the layeredmedium

shall be included in the Green’s function. However, this effect
is usually weaker than the direct interaction between the source
and the field. Hence, the layered medium effect is named the
“secondary term” in the Green’s function, in contrast with the
“primary term” from the direct interaction.When the source and
observation points are in the same layer, the interaction con-
sists of the primary and secondary terms, or the Green’s func-
tion is a summation of the aforementioned two terms. When
the source and observation points are in different layers, only
the transmitted term exists, and the Green’s function comprises
only the secondary term. It should be noted that the primary term
always has a closed-form expression. However, the secondary
term generally has no such simple solution. It can only be ex-
pressed by a series of infinite, slowly convergent, and highly
oscillatory Sommerfeld integrals [23].
By noting the magnitude difference in and [22], the

following PMCHWT system is suggested to balance the diag-
onal blocks:

(2)

where

(3)

and is the characteristic impedance in region .
In the MoM implementation, a triangular mesh is generated

over the surface of the object. The unknown current and
are expanded by the Rao–Wilton–Glisson (RWG) basis function

[26]. The integral equation can then be converted to a
matrix equation by testing both sides with the rotated RWGs

. This resulting matrix is, unfortunately as in the free
space, ill conditioned. This is so because the diagonal operators
are unbounded and ill posed. For most applications, an effective
preconditioner is indispensable to improve the spectrum of the
system in order to accelerate the convergence of the iterative
solution.

III. CALDERÓN PRECONDITIONER FOR PMCHWT EQUATION
IN LAYERED MEDIUM

The Calderón identities in an inhomogeneous medium, which
forms the theoretical basis of the desired preconditioner, can be
derived as [22]

(4)

(5)

(6)

(7)

It is shown in (4) and (7) that a “dual” operator can
be utilized to improve the spectrum of the operator in
the diagonal blocks of (3), where the “dual squared” operator is
a compact perturbation of the identity.
Motivated by the identities, we can construct the precondi-

tioning operator to (2) as

(8)

The preconditioned PMCHWT equation is, hence,

(9)

where

(10)

The discretization of this preconditioned operator follows the
multiplicative Calderón preconditioners in free space [13].
More specifically, the inner matrix operator is discretized by
using the RWG basis functions as the expansion function
in the domain space, and the rotated RWGs as the
testing function in the range space. The outer matrix operator
is discretized by the Buffa–Christiansen (BC) basis functions

[27] and the rotated BCs for expansion and testing,
respectively. After discretization, the matrix system becomes

(11)
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where the Gram matrix linking the domain of and the range
of is defined as

(12)

A. Spectrum Analysis of the Preconditioned Operator

The preconditioned operator in (10) is a 2 2 system

(13)

1) Diagonal Operators: The upper left operator is

(14)

In the derivation, (4) is adopted to simplify the expression.
Noting that the secondary terms of the operators are supposed
to be compact perturbations [22], it is clear that the last two
terms involving in the last equality are compact. The other
two terms involving are, though not a direct consequence of
(4), well behaved [28], [21]. Namely, the operator is well
behaved. The situation for the lower right operator is similar,
and (7) is needed in the derivation.
2) Off-Diagonal Operators: The upper right operator is

(15)

In the derivation, (5) is invoked to simplify the expression. The
four terms in the last equality are supposed to be compact [6],
[20], and the upper right operator is thus compact. The situa-
tion is similar for the lower left operator , where (6) is needed
in the derivation.
To numerically validate the properties of these operators, we

consider the example shown in Fig. 1. A dielectric sphere with
1 m is located at the top layer of a three-layer medium.

The configuration as well as the material parameters of the lay-
ered medium are shown in the figure. The sphere is filled with
a material of and . A -polarized plane wave of

100 MHz is incident on the object along the negative di-
rection. The eight operators in (14) and (15) are discretized, and
their eigenvalue distributions are recorded in Figs. 2 and 3. The
corresponding condition numbers are also listed in the captions
of the figures. It is shown that the eigenvalues of the six opera-
tors involving cluster around zero, and the condition numbers
are relatively high, validating the previous statement. However,
for the first two operators involving double , the eigenvalues
accumulate at two finite and nonzero values. The much smaller
condition numbers further reinstate the good property of these
two operators. It should be noted that even though the predicted

Fig. 1. A dielectric sphere with unit radius and , is located above
a three-layer medium (unit: m). It is under the illumination of a 100 MHz
plane wave. The parameters of the layer medium are shown in the figure. (a) 2D
profile of the configuration. (b) 3D model of the object.

accumulation points are according to the Calderón identi-
ties, the actual accumulation points may move due to the mate-
rial contrast between the scatterer and the surrounding medium.
Such observation was first made and analyzed in [21] for the
free-space case. It was also indicated in [21] that if the material
contrast is very high, the preconditioner may break down. Ac-
cording to our preliminary tests, the situation is similar in a lay-
eredmedium. However, the detailed effects on the accumulation
points from, for instance, the contrast between the object and the
layered background, the contrast between different layers, or the
relative positions of the object in the layered medium, are inter-
esting topics requiring further studies.
In summary, the preconditioned operator is well behaved,

which validates the effective use of the Calderón preconditioner
for the PMCHWT equation in a layered medium.

B. Discussion

The preconditioning operator in (8) is designed based on the
Calderón identities in (4)–(7). Compared with the Calderón pre-
conditioned PMCHWT equation in the free space [20], [21], ad-
ditional discussions are needed.
First, the diagonal blocks of (8) are constructed due to the dual

product suggested by (4) and (7). It is helpful to interchange the
diagonal blocks of to form , though this is not necessary
in the free space. For example, a direct use of the PMCHWT
operator is suggested as the preconditioner in [21], namely

(16)

This construction is motivated by the argument that a PEC body
is a high conductivity limit of a dielectric one. Hence, there shall
be similarity in the Calderón preconditioners for PMCHWT and
EFIE, while the direct use of the operator has been previously
verified in the EFIE analysis [13]. This can be done in the free
space, since and differ only with a scaling constant
[22], and the Calderón identity is usually expressed by a “di-
rect square”. In a layered medium, however, the two operators
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Fig. 2. Eigenvalue distribution and the condition numbers. (a)
(13.0752); (b) (11.2573);

(c) ( ); (d)
( ).

generally are not commutable. Hence, according to (4) and (7),
the diagonal blocks of should interchange in forming the to
obtain a “dual square” when performing . However,
it should be noted that such suggestion is optional for optimal
purpose rather than mandatory. This is because of the weaker
contribution from the secondary term. Due to this fact, the di-
rect square [ or ] from (16) may still work in
a layered medium but with a certain performance deterioration.
Second, the construction of the off-diagonal blocks in (8) is

also owing to an apparent duality. The negative sign is suggested
in order to invoke the other two identities (5), (6) as well when
performing . To our experience, such practice may
lead to a better convergence. In fact, the choice of the off-diag-
onal blocks is not so crucial, and we can simply choose either

or . For example, we can set (the off-diagonal parts of)
as either

(17)

or

(18)

Apparently, these two preconditioners also end up with a well-
behaved system after a simple analysis of the spectrum of .
However, these two preconditioners may not be optimal ac-
cording to our tests. The reason could be as follows. In using
(17) or (18), the relations in (5), (6) are never invoked to cancel
relevant terms when performing . On the other hand,
the in (8) seems to benefit from such cancelation, as is shown
in (15). Therefore, the off-diagonal blocks in (8) is also believed
to be optimal.

Fig. 3. Eigenvalue distribution and the condition numbers. (a)
( ); (b)

( ); (c) ( ); (d)
( ).

Fig. 4. Performance comparison of the operators in (8) and (16)–(18). Number
of iterations versus discretization density ( ) in the analysis of scattering
from the dielectric sphere.

To further verify this argument numerically, we compare
the performance of the four proposed preconditioners in the
example shown in Fig. 1 again. Fig. 4 shows the number of
iterations versus the mesh density, where a targeted relative
residual error of is set in the generalized minimal residual
(GMRES) solver [29]. It is shown that all the four precondi-
tioners in (8), (16), (17), and (18) perform well and are stable
with respect to the mesh configuration. The operator in (8) is
the best and, hence, the optimal choice. Although the number
of iterations of (17) is relatively high, it is still much (at least
one order) lower than the one in the original PMCHWT formu-
lation, as shall also be shown in Section V.
In summary, it is our belief that the preconditioning operator

in (8) is the optimal choice in a layered medium. This precondi-
tioner is constructed based on the careful study of the Calderón
identities in an inhomogeneous medium. It should be noted that
none of the preconditioners in free space proposed in [20] and
[21] directly leads to the one in (8). However, after a careful
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derivation and comparison, one can show that when reducing to
the free-space case, the preconditioning operator in (8) turns out
to be identical with Version Two in [20], which is also identical
to the one in (18).

IV. ALTERNATIVE SIMPLIFIED SCHEMES

Compared with other preconditioner techniques like the diag-
onal preconditioner, the construction cost of the Calderón pre-
conditioner is relatively high, since a full matrix involving all
the operators needs to be assembled. If we assume the number
of unknowns is in the PMCHWT equation, the memory re-
quirement for storing the preconditioning matrix is , which
is the same as the original system. In addition, one should be
reminded that, in order to fill each matrix element, the Sommer-
feld integrals are required, and the CPU time ismuch longer than
its free-space counterpart. At the iteration stage, the computa-
tional complexity of the matrix-vector product (MVP) is
in the preconditioned system, which also doubles the number in
the original system.
From the spectral analysis in (14) and (15), one finds that the

off-diagonal operators of in (8) is not necessary to form a
well-behaved . To reduce the computational cost in the con-
struction of the preconditioning matrix, several alternative sim-
plified schemes are presented in this section.

A. Simplified Scheme One

A diagonal matrix operator

(19)

can also serve as the preconditioner. In this case, the diagonal
operator (upper left block of ) is also well behaved

(20)

and the off-diagonal operator (upper right block of ), is
compact

(21)

In this scheme, the memory requirement of the preconditioning
matrix is reduced by a half to and, hence, the CPU time in
thematrix assembly is also reduced by a half. The computational
complexity for MVP becomes .

B. Simplified Scheme Two

The inner part in (19) is proposed to be skipped in the
preconditioner, hence

(22)

Fig. 5. Performance comparison of the PMCHWT formulation and the precon-
ditioned systems. Number of iterations versus discretization density in
the analysis of scattering from the dielectric sphere.

This scheme is an incremental simplification to the previous
one. Only the CPU cost for assembly reduces slightly. The
memory requirement and the CPU cost for the MVP remain
unchanged. This is actually identical to Version One of [20]
when reduced to the free-space case, except that a small loss
was also introduced to avoid internal resonance in [20].

C. Simplified Scheme Three

Noticing that the secondary term of the layered medium
Green’s function is a perturbation contribution, we can further
abandon the secondary term of in the preconditioner.
Although the memory requirement and the CPU cost for the
MVP is the same as the previous one, the labor for Sommerfeld
integrals can be totally avoided in the preconditioning matrix,
and hence, its assembly can be much accelerated:

(23)

where denotes the primary term.

V. NUMERICAL RESULTS

Several numerical examples are presented to validate the ef-
fectiveness of the Calderón preconditioners proposed in the pre-
vious sections. The GMRES algorithm [29] is adopted as the it-
erative solver, and the targeted relative residual error is in
all cases.
First, the scattering of the dielectric sphere shown in Fig. 1

is again studied. The numbers of iterations required to achieve
the targeted relative residual error, with respect to the discretiza-
tion density (free-space wavelength /mesh size ), are shown
in Fig. 5. It is shown that the number of iterations in the PM-
CHWT method increases rapidly as the mesh becomes denser,
from 740 at the lower end to 2525 at the higher
end . On the other hand, the Calderón precondi-
tioned systems have much lower and stable numbers. The full
preconditioner of (8), with the largest complexity in construc-
tion, has the lowest convergence as expected. At the higher end,
the number of iterations is 18. The performance of the simplified
scheme 1 deteriorates slightly since it relieves the construction
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Fig. 6. Accuracy test of RCS calculated from different schemes in the paper,
validated by FEKO.

Fig. 7. Dielectric cube with unit side length and , is embedded
in a layered medium (unit: m). It is under the illumination of an 100 MHz
plane wave. The parameters of the layer medium are shown in the figure. (a) 2D
profile of the configuration; (b) 3D model of the object.

load, with the number of 29 at the higher end. The simplified
schemes 2 and 3 are almost the same and further deteriorate,
with the number of 45. The price paid is due to the fact that
they require less computations in their construction, especially
for scheme 3. Overall, we can see that the numbers of iterations
of the preconditioners are in the same order and are much lower
than that of the PMCHWT system. To test the accuracy, the far
field or radar cross section (RCS) is further recorded for com-
parison in Fig. 6. The scanning is along at 90 . Since
there is no analytic solution available in a layered medium, the
results are validated by the commercial software FEKO [30].
It is found that the accuracy of all these methods are satis-
factory when compared with the reference data generated by
FEKO with LU decomposition. Note that in order to show dif-
ferent curves clearly in the same figure, only the reference data
is plotted with normal sampling rate in dash line. All the other
results are plotted in symbols with a coarser sampling rate and
with different starting points.
Next, the scattering of a dielectric cube with unit side length

1 m and the material of , is tested. As is
shown in Fig. 7, the cube is embedded in the middle layer of a
layered medium and is illuminated by a -polarized plane wave
of 100 MHz with normal incidence. The numbers of itera-
tions versus discretization density are shown in Fig. 8. A similar
phenomenon is observed in this case. Again, all the precondi-
tioned equations converge rapidly to the targeted error bound,

Fig. 8. Performance comparison of the PMCHWT formulation and the precon-
ditioned systems. Number of iterations versus discretization density ( ) in
the analysis of scattering from the dielectric cube.

Fig. 9. Accuracy test of the near field distribution calculated from different
schemes in the paper, validated by FEKO.

and are independent of the discretization density. The full pre-
conditioner performs the best, and the simplified schemes are
similar and slightly worse than the full one. The numbers of iter-
ations in these preconditioned systems are all below 40. For the
original PMCHWT system, however, the convergence is much
slower and unstable, varying from 303 to 1586. To further show
the accuracy, the near-field distribution along the observation
line m is collected in Fig. 9.
Even though the dynamic range of the curve is small, the accu-
racy is reasonably good when compared with the one by FEKO.
In order to test objects with sharp corners, a star structure with
, is further investigated. As is shown in Fig. 10, the

structure is put in the top layer of the layered medium, and again
under the illumination of a plane wave with 100 MHz.
The convergence history is shown in Fig. 11, where the orig-
inal PMCHWT system can only converge to 0.0034 after 10 000
steps. However, the convergence rates of the preconditioned
systems are much improved. The full preconditioner takes only
279 steps to converge to the targeted error criterion. The simpli-
fied scheme 1 needs 651 steps. Schemes 2 and 3 are similar and
need 1003 and 967 steps, respectively. Scheme 3 is even slightly
better than scheme 2 in this example. To show the accuracy of



CHEN et al.: CALDERÓN PRECONDITIONED PMCHWT EQUATIONS FOR ANALYZING PENETRABLE OBJECTS IN LAYERED MEDIUM 5625

Fig. 10. Dielectric star structure with , is located above a layered
medium (unit: m). It is under the illumination of an 100 MHz plane wave.
The parameters of the layer medium are shown in the figure. (a) 2D profile of
the configuration. (b) 3D model of the object.

Fig. 11. Performance comparison of the PMCHWT formulation and the pre-
conditioned systems. Iteration history recorded in GMRES to achieve a relative
residual error of , in the analysis of scattering from the dielectric star struc-
ture.

Fig. 12. Accuracy test of RCS calculated from different schemes in the paper,
validated by FEKO.

our methods, the -polarized RCS is calculated along the scan-
ning surface 60 , shown in Fig. 12. It can be seen that the
results agree well with the data calculated by FEKO. Since the
PMCHWTmethod cannot converge to the targeted error, the re-
sult is not shown in the figure.
Finally, we consider an example where the object is straddling

different layers and is excited by a Hertzian dipole. As is shown
in Fig. 13, the dimension of the block is 0.5 m,
1 m, and the material is , . The working frequency

Fig. 13. Dielectric block with , is straddling different layers of a
three-layer medium (unit: m). It is excited by a Hertzian dipole with 150 MHz.
The material parameters of each layer are shown in the figure. (a) 2D profile of
the configuration. (b) 3D model of the object.

Fig. 14. Performance comparison of the PMCHWT formulation and the pre-
conditioned systems. Iteration history recorded in GMRES to achieve a relative
residual error of in the analysis of scattering from the dielectric block.

is 150 MHz, and the source is located at
m, with the polarization of 20 30 .

Again, it can be observed from Fig. 14 that all the precondi-
tioners work well for this case. The number of iterations are
14, 30, 36, and 55 in these preconditioned systems, while the
number is 1409 if the PMCHWT equation is solved without any
preconditioner. The near-scattered field is calculated along the
observation line m and is shown
in Fig. 15, where good agreement with the reference data can
also be observed.
In all the four examples, the full preconditioner performs the

best in terms of condition number improvement. The simpli-
fied schemes reduce the construction cost to some extent, at the
expense of certain deterioration in the convergence. Therefore,
it needs further investigation to determine the optimal choice
in different applications. From these examples, the simplified
scheme 3 is supposed to be a good compromise and may be the
most useful in real engineering.

VI. CONCLUSION

Calderón preconditioned PMCHWT formulation is devel-
oped for the analysis of electromagnetic scattering by penetrable
objects in a layered medium. Based on the Calderón identities
in an inhomogeneous medium, a full preconditioner and several
alternative simplified schemes are developed. The performance
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Fig. 15. Accuracy test of the near scattered field calculated from different
schemes in the paper, validated by FEKO.

of these preconditioners are compared carefully through dif-
ferent scattering problems involving a layered medium. It is
shown that the convergence of the iterative solutions of the
PMCHWT equation can always be much improved by applying
the preconditioners. It is also shown that the convergence of
the preconditioned systems is independent of the discretization
density, hence they are immune from the dense-discretization
breakdown. The simplified scheme 3 is speculated to be a
good compromise between the cost of preconditioning matrix
assembly and the convergence improvement.
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