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Abstract

In this paper, we consider the optimal proportional reinsurance strategy in a risk model with
multiple dependent classes of insurance business, which extends the work of Liang and Yuen (2014)
to the case with the reinsurance premium calculated under the expected value principle and to the
model with two or more classes of dependent risks. Under the criterion of maximizing the expected
exponential utility, closed-form expressions for the optimal strategies and value function are derived
not only for the compound Poisson risk model but also for the diffusion approximation risk model.
In particular, we find that the optimal reinsurance strategies under the expected value premium
principle are very different from those under the variance premium principle in the diffusion risk
model. The former depends not only on the safety loading, time and interest rate, but also on
the claim size distributions and the counting processes, while the latter depends only on the safety
loading, time and interest rate. Finally, numerical examples are presented to show the impact of

model parameters on the optimal strategies.

Keywords: Dependent risks; Hamilton-Jacobi-Bellman equation; Compound Poisson process;

Brownian motion; Exponential utility; Proportional reinsurance



1 Introduction

In the actuarial literature, the problem of optimal reinsurance has been studied by many authors
in the past two decades. Among others, Browne (1995), Schmidli (2001, 2002), Promislow and
Young (2005), and Bai et al. (2013) derive optimal strategies that minimize ruin probability;
Kaluszka (2001, 2004) examine the optimal reinsurance problem under various mean-variance pre-
mium principles; Centeno (1986, 2002), Hald and Schmidli (2004), and Liang and Guo (2008) focus
on constructing optimal contracts that maximize the adjustment coefficient by the martingale ap-
proach; and Cai and Tan (2007), Bernard and Tian (2009), Chi and Meng (2014), and Cheung et
al. (2014) investigate the optimal problem by adopting the criteria of minimizing tail risk measures
such as value at risk and conditional tail expectation. In this paper, we study the optimal reinsur-
ance problem with the objective that maximizes the expected utility of terminal wealth, which is
a popular criterion for various optimization problems in finance and modern risk theory. See, for
example, Irgens and Paulsen (2004), Yang and Zhang (2005), Liang et al. (2011), Liang and Yuen
(2014), and references therein.

Suppose that an insurance company that has a portfolio of m > 2 dependent classes of insurance
business such as auto insurance, casualty insurance, health insurance, life insurance, and so on. For
the lth (I = 1,2,...,m) class of business, let Xi(l) (i =1,2,...) be the claim size random variables
following a common distribution Fj(x) with Fj(z) = 0 for x <0 and 0 < Fj(x) < 1 for > 0. Their
means are denoted by iy = E(X®). For each [, it is assumed that the moment generating function
M(r) = E(e"* (l)) exists. Then, the aggregate claims process for the [th class of risk is given by

Nl(t

=2

where ]\71( t) is the claim number process for class [ for [ = 1,2,...,m. As usual, it is assumed that
{X; o, ;0=1,2,...,m,i =1,2,...} are independent claim size random variables, and that they are
independent of {N;(t);1 =1,2,...,m}.

In practice, the m classes of insurance business are usually dependent in some way. A typical
example is that an earthquake, hurricane or tsunami, often leads to various kinds of insurance
claims such as medical claims, death claims, household claims, etc. This example demonstrates a
practical scenario that a single event generates claims from different lines of insurance. To depict
such a dependence structure among several classes of business, the so-called common shock risk

model may be of some practical relevance. In this paper, we consider the risk model with common



shock dependence in which the m claim number processes are correlated in the way that

Ni(t) = Ny(t) + N(t), 1=1,2,...,m,
with Ni(t) and N(t) being m + 1 independent Poisson processes with intensities Aj, ..., Ay, and A,
respectively. It is obvious that the dependence among the m classes of business is due to a common
shock governed by the counting process N(t). Therefore, the aggregate claims process generated

from m classes of business is given by

m [ Ni(t)+N ()
X

S=Y 0=y o). (L)
=1

=1 i=1

For each class, we further assume that E(X(l)eTX(l)) = M](r) exists for 0 < r < ¢, and that
lim, ) E(X(l)e’"x(l)) = o0 for some 0 < ¢V < 4o0.

Although research on risk models with dependent risk is increasing rapidly in recent years (see,
for example, Wang (1998), Yuen et al. (2002, 2006), and the references therein), very few of these
contributions deal with the problem in relation to optimal reinsurance. In the single period model,
under the criterion of maximizing the expected utility of terminal wealth and that of maximizing
the adjustment coefficient, Centeno (2005) studies the optimal excess of loss retention limits for two
dependent classes of insurance risks. In the dynamic setting, Bai, Cai and Zhou (2013) also seek the
optimal excess of loss reinsurance to minimize the ruin probability for the diffusion approximation
risk model. Based on the aggregate claims process (1.1) with m = 2, Liang and Yuen (2014) adopt
the variance premium principle to study the optimal proportional reinsurance problem for both
the compound Poisson risk model and the diffusion approximation risk model. Interestingly, their
optimal results for the diffusion risk model show that the optimal reinsurance strategies of the
two classes are the same, and that the claim size distributions as well as the counting processes
have no effect on the optimal reinsurance strategy. These results motivate us to investigate the
same optimization problem for the risk model with two or more classes of dependent risks, and
the reinsurance premium is calculated according to the expected value principle, which is another
popular premium principle in practice.

Based on this model set-up, the main objective of this paper is to further study the optimal
reinsurance problem of Liang and Yuen (2014) by means of the expected value premium principle
instead of the variance premium principle. Both the model extension and the change in reinsurance

premium principle certainly make the problem more meaningful but also make it more difficult to



tackle. Using the techniques of stochastic control theory and Hamilton-Jacobi-Bellman equation,
we are still able to obtain explicit expressions for the optimal reinsurance strategies and the value
function for both the compound Poisson case and the diffusion approximation case. In particular,
we find that the optimal reinsurance strategies under the expected value principle are very different
from those under variance principle in the diffusion approximation risk model. The former depends
not only on the safety loading, time and interest rate, but also on the claim sizes and the claim
number intensities, while the latter depends only on the safety loading, time and interest rate. It
should be pointed out that the optimal reinsurance strategies with m > 2 in the latter case still
have the same form (see Section 6 and Liang and Yuen (2014) for details). Furthermore, we show
that, with normal constraints on the control variables, the value function is still a classical solution
to the corresponding Hamilton-Jacobi-Bellman equation. From the numerical examples, we can see
that the optimal reinsurance strategies are more sensitive to the claim size distribution than to the
counting processes. Also, the numerical results show that the optimal reinsurance strategy of one
class of insurance risk is independent of the claim sizes of the other class when the claim sizes are
exponentially distributed.

The rest of the paper is organized as follows. In Section 2, we introduce the model of study
and give a rigorous mathematical formulation of the problem. In Sections 3 and 4, under the
expected value premium principle, we discuss the optimal reinsurance strategies for the compound
Poisson case as well as the diffusion approximation case, respectively. In Section 5, we present some
numerical examples which show the impact of some model parameters on the optimal strategies.
In Section 6, we extend the work of Liang and Yuen (2014) for the diffusion risk model to the case

with m > 2. Finally, we conclude the paper in Section 7.
2 Model and problem formulation
As usual, we define the surplus process

Rt:U+Ct—St,

where u is the amount of initial surplus, ¢ is the rate of premium, and S is the aggregate claims
process given by (1.1).
It was shown in Yuen et al. (2002) or Wang and Yuen (2005) that S; follows a compound Poisson

process with parameter A= Yoy A+ A, and that the common distribution of the transformed



claim size random variable X’ is given by

m
A A
Fxi(z) = jFxm (z) + in;;le ().
1=1
Note that the compound Poisson process is a process with stationary and independent increment.

Let B; be a standard Brownian motion. Then, the risk process

S’t = <Z al> t— 2012 + Z A,“fiﬂjBt
=1

1=1 i£]

can be seen as a diffusion approximation to the compound Poisson process S; (see Grandell (1991)
for details), where

a =N +NEXY), of = (n+NE(XD)?).

On the other hand, the Brownian motion with drift

Si(t) = ait — o1 By
can be seen as the diffusion approximation to compound Poisson process S;(t), where By (I =
1,2, ...,m) are standard Brownian motions with correlation coefficient p;; (i # 7, i,j =1,2,...,m).
Furthermore,
m m m
Zsl(t) = (Z Gl) t— ZUzBlt,
=1 =1 =1

can be replaced by

Zgl(t) = <Zal> t— ZUZQ+ZUinPijBt7
=1

=1 =1 i#j
as the two forms have the same distributional properties. Hence, the sum ", Si(t) can also be
regarded as a diffusion approximation to the compound Poisson process S; when

o AB(XO)B(XV) Ny
S N BRIy T B D) o

)

i.e., E[ByBj| = pijt (i #74, 1,5 =1,2,...,m).

In this paper, we allow the insurance company to continuously cede a fraction of its claims with
the retention levels ¢;; € [0, 1] for each risk Xi(l) (l=1,2,...,m), and the reinsurance premium rate
at time t is d(q¢) with ¢ = (qut, @2t ---» gme). The company is also allowed to invest all its surplus

in a risk-free asset (bond or bank account) with interest rate r > 0. Let {R},t > 0} denote the



associated surplus process, i.e., R} is the surplus of the insurer at time ¢, if the reinsurance strategy

q: is adopted. This process then evolves as
dR] = [rR{ + (¢ — 6(q))]dt — > qudSi(t). (2.1)
1=1
Replacing Si(t) (I = 1,2,...,m) of (2.1) respectively by Si(t) (I =1,2,....,m) yield a new surplus
process

ng = [TR? + (C — 5(qt)) — Z qltal]dt + Z QZtUldBlt,
=1 =1

or equivalently,

ng = [TRg + (¢ = 0(qr)) — D12y quag]dt
(2.2)

+\/ Doy 01 ag s Gitdje i d By
Assume now that the insurer is interested in maximizing the expected utility of terminal wealth,
say at time T. The utility function is u(x), which satisfies v’ > 0 and «” < 0. Then, the objective
function is

JA(t,x) = E[u(R})|R] = ], (2.3)

or

JU(t,x) = E[u(R%)|R! = z]. (2.4)

We shall discuss (2.3) and (2.4) separately, and hence the use of the same notation J¢(¢, z) will not
cause any confusion. The corresponding value function is then given by
V(t,x) =sup JI(t, ). (2.5)
q

We further assume that the insurer has an exponential utility function

where ¢ > 0 and v > 0. This utility has constant absolute risk aversion (CARA) parameter v.
Such utility function plays an important role in insurance mathematics and actuarial practice, since
they are the only functions under which the principle of “ zero utility” gives a fair premium that
is independent of the level of reserves of an insurance company (see Gerber (1979)).

Let C1? denote the space of ¢(t,z) such that ¢ and its partial derivatives ¢;, ¢z, ¢z are

continuous on [0,7] x R. To solve the above problem, we use the dynamic programming approach



described in Fleming and Soner (2006). It follows from the standard arguments that if the value

function V' € C2, then V satisfies the following Hamilton-Jacobi-Bellman (HJB) equation
sup AV (t,x) =0, (2.6)
q
for t < T, with the boundary condition
V(T z) = u(x), (2.7)

where

AWV (t,z) =Vi+[re+c—0(q)]Va
+ NEV (ta — X Y) = V(t,2)]

HAE[V (t,x =S X D) - V(t,2)],

for the risk process (2.1), and
AWV (t,x) =Vi+[re+c—0(q) — D2 quw]Ve
‘1'%(27;1 Ul2q12t + Zi;ﬁj Qit Qe i) Vs
for the risk process (2.2).

Applying the methods of Fleming and Soner (2006) and Yang and Zhang (2005), we have the

following verification theorem:

Theorem 2.1. Let W € CY2 be a classical solution to (2.6) that satisfies (2.7). Then, the value
function V' of (2.5) coincides with W. That is,

W(t,z) =V(t,x).

Furthermore, let ¢* be such that

ATV (t,x) =0
holds for all (t,x) € [0,T) x R, then
q"(t. Rf) = (qi(t, BY), a5 (t, Y), . g (¢, RY))
s the optimal strategy, where R} is the surplus process under the optimal strategy.

Remark 2.1. In this paper, continuous trading is allowed; all assets are infinitely divisible; the
process R} is well defined on a complete probability space (0, F, P); the information at time t is

given by the complete filtration F; generated by R}; and the strategy g is Fi-predictable.



3 Optimal results for the compound Poisson risk model

In this section, we consider the optimization problem for the risk model (2.1). Throughout Sections
3 and 4, we assume that the reinsurance premium is calculated according to the expected value

principle. That is, .
8(q) = (1+m)(1 - q)a, (3.1)
=1
where n;(I = 1,2, ...,m) are the reinsurer’s safety loading of the m classes of insurance business.
To solve the equation
sup,{ Vi+[rz+c—0(QVa+ 3 NEV (t 2 — qX V) = V()]
FABV (8,2 = Y X D) = V(t,2)]} =0,
with the boundary condition V(T,z) = u(z), we apply the method of Browne (1995) to fit a

solution of the form

V(t,z) = —5 exp[—vaze" Tt 4+ (T — 1)), (3.2)

where h(-) is a suitable function such that (3.2) is a solution to (2.6). The boundary condition
V(T,z) = u(x) implies h(0) = 0.
From (3.2), we get

Vi=V(tz) [ereT(T_t) — h(T —t)],
Ve =V(t, a:)[—l/e”(T_t)],

Viw = V(t,z)[p2e2(T-)],

(3.3)
ElV(t,z — qXV) = V(t,2)] = V(t,2)[M(vge ™) - 1],
E[V(ta L= Zﬁl qu(l)) - V(ta SL’)]
=V (t,2)[[T;% Mi(vagre™ ™) = 1].
Then, using (2.6) and (3.3), we obtain
inf, {—R'(T —t) —cverT=t — 35" N — A+ 5(q)ve" T
(3.4)
+ 220 MMy (vqe ) + AT Mi(vge™ ™)} = 0,
for ¢ <T. Let
Fa) = 8a)er ™9 + 5" MMy (e T0) + AT M(wgie ™). (3.5)
=1 =1

9



For any t € [0, 7], we have

D = (—(1+ m)ar+ M{ware )\ + AL My (vgzeT0))) - ver @0,

62f(QfI) _ Ml//(yqler(T—t))()\l + )\Hj# M; (quer(T—t))) Cp2e2r(T—t) 0,

% f - _ - -
T = AM{(vae TN (g ) T My (vgger D)) 26 (),
for 1 £k, I,k =1,2,...,m, where M/'(r) = E((X(l))Qe’"X(l)).

Lemma 3.1. Forl=1,2,...,m, f(q) of (3.5) is a convex function with respect to q;.

Proof: To prove that f (q) is a convex function with respect to g for each [, it is sufficient to

prove that the Hessian matrix of f (q) is positive definite.

Let
A MY () 0 0
A_ 0 )\2]\{5’() 0 ’
0 0 A M ()
and
M{'() M{()M5(-) M ()M, ()
M (v) My () M2(") M1 ()YMm ()
My ()M () M) My()M] ()
- Ma ()M () Ma () M2 ()M ()
B =
My, (OM{() My, ()M () M ()
Mm()M1(-)  Mm(-)Ma2() " M (7)

Then, the Hessian matrix of f(¢) can be written as

9*f(q) 9*f(q) 9 f(a)
9q3 0q10q2 77 0q10qm
ngé()q) BQf(Qq) 6321:;(61) "
q20q d " 9g20qm - _
o E i = (A+ A M;() - B) - 22T,
j=1
9*f(q) 9?1 (q) *f(q)
9qmIq1 9qmdq2 94z,
It is clear that A is a positive definite matrix. Moreover, for any C' = (c1, o, ..., ¢n) € R and

10



C # 0, we have

— m M M!(\M! (-
C-B-C' :ZzleM +Zl¢k2qck%
()M MI()  Mj()
= in 17+Zz¢k2qckw) e

M) My (-
ED DG ()) +Zz¢k2“’%ckM8 MZE;

M.
= (T cigi)? >0,

where C’ is the transpose of C, and the first inequality follows from the Cauchy—Schwarz inequality.

Hence, B is also a positive definite matrix. As a result, the Hessian matrix is positive definite. O

It is easy to see that the minimizer (qi(T —t),q2(T —t),...;qm(T —t)) of f(q) satisfies the

following equations

—(@+m)ar+ M (wge" TN+ A Mi(vgier ) =0, 1=1,2,..

J#l

Moreover, we have

Lemma 3.2. For any t € [0,T], if both ¢ = (¢1,G2,-.-,4m) and ¢ = (q1,G2, - - -

solutions to the equation (3.6), then § = q.

Proof:  Assume that § # ¢. Let

a) - <88f(§;z) ofw) af<q>> |

aQZ 8Qm
and ) ) )
2*f(q) *f(q) 2*f(9)
oq? 0q10q2 " 0q10qm
32%(1) 32f(2q) gQJ;(q)
- q20q1 dq q20qm
f(q) = i
f(q) 9 f(a) ’f(@)
9gmIq1 Oqmdq2 043,

By Taylor’s Theorem in higher dimensions, we have

,m. (3.6)

,Gm) are the



From Lemma 3.1, we know that the Hessian matrix f”(q) is a positive definite matrix. Thus,

A1 > 0 for any ¢ — ¢ # 0. This implies that

f(@) = F@) + 521 > F@). (3.7)
Along the same lines, one can show that f(§) > f(§), which is contrary to (3.7). O
With the help of Lemma 3.2, and using the elementary fixed-point theorem (see for example,
Ortega and Rheinboldt (1970)), one can show the uniqueness and the existence of the solution to
the equation (3.6).
For m = 2, the equation (3.6) becomes

—(1 + 771)@1 + M{(nl)()\l + /\Mg(ng)) = 0,
(3.8)

(L +m2)az + My(n2)(A2 + AMi(n1)) =0,

r(T—t) r(T—t)

where n1 = vqpe and ny = vgqe . In addition, we have

Lemma 3.3. Let M; ' (M/™') be the inverse function of M; (M) for i = 1,2. If the following

inequalities hold:

>

My Y4 m+m AL > M (14 n2)pe),

>

M (14 me+m2-22) > M1+ m)wm),

or

>

My 'L +m+m-3L) < MyTH(L+ n2)pe),

My 1 4me+m-22) < M{TH(L+m)wm),

then the equation (3.8) has a unique positive root (ny,na).

Proof: Let
Hi(ni,mn9) = —(1+m)ar + Mj(n1)(A1 + AMa(n2)),

and

Hy(nyi,n2) = —(1 4 n2)as + Mj(na) (A2 + AMi(n1)).

Assume that the equation Hj(ni,ng) = 0 implies ng = f1(n1), and that Ha(ni,n2) = 0 implies
ny = fa(n1). Denote by fi_1 the inverse function of f; for ¢ = 1,2. Differentiating both sides of the

equation Hj(ny,ng) = 0 with respect to n; yields
Afi(n1)Mz(n2) Mi(n1) + (AMa(n2) + A1) M{ (n1) = 0,

12



and thus
(AMa(n2) 4+ A1) My (n1)

/
= - < 0.
S N TGS
Therefore, the function f1(n;) is a decreasing function with
A1) =My (I g 3 > My (1) =0,

fH0) =ML+ ) > M7 () = 0.
By the same token, one can use Ha(ni,mn2) = 0 to obtain

AM;(ng) M (n1)

fo(m) = ~ (AMi(n1) + A2) Mg (n2)

<0,

and thus the function fa(nq) is also a decreasing function with
£200) = My (1 +m2)p2) > My (p2) = 0,
fH0) =My 1+ 4 32) > M7 (1) =0.
Therefore, if the following inequalities hold
f1(0) > f2(0),
1) < f3H(0),

or
f1(0) - < f2(0),
f1H0) < f71(0),
the functions fi(n1) and f2(n1) have at least one point of intersection at some 77 > 0. Then, it
follows from Lemma 3.2 that the equation (3.8) has a unique positive root. That is, the equation

(3.8) has a unique positive root (n1,n2) with ne = f1(n1) = fa(n1). O
From Lemma 3.3, we obtain
i =vq (T — )™, and gy = vga(T —t)e" T,
which in turn give
(T —t) =Te T,

(3.9)
q2 (T — t) = %eiT(T*t).

13



It is not difficult to see from (3.8) that n; and 7y are constants depending on the safety loadings
11 and 72, the claim size distributions as well as the counting processes.

Let

ny

1 _
tlzT**h’l 12 T
r v

1
for v<ng <vel; to=T——-In— for v<ng<ve™.
ro v

For iy < v (fg < v), weset t; =T (to = T); and for ny > ve'™ (fg > ve'™), weset t; = 0 (t2 = 0).
To make sure that the retention level g4, gor € [0, 1], we need to discuss the optimal values in the

following two cases: (1) n1 < ng; and (2) 71 > no.

Case 1: In this case, we have t; > t5. When 0 <t < t5, we have (¢};,¢};) = (@1(T' — 1), q2(T — t)).
Denote the h function in (3.4) by hy. Substituting (¢1(7 — t),q2(T —t)) into (3.4), we get

hi(T —t) = hy(T — t) + C4, (3.10)

where

m(T—t) = %[(1 +m)ar + (1 +n2)ag — c]l/er(T_t)
—(Ar+ A2+ A+ (L +m)arnn + (1 +n2)azn2)(T — 1)

+(>\1M1 (’fll) + )\QMg(ﬁz) + AM; (’fll)Mg(ﬁg))(T — t),
and (' is a constant that will be determined later.
For t > to, q2(T — t) > 1, and thus ¢3, = 1. Substituting ¢, = 1 into (3.4), we get
infy, {—h' (T —1t) —cve"T=H — N — Xy — XA+ §(q1)ve" T
(3.11)
+ oMo (ve"T=D) + My (vgre” D) (A + AMy(ve"T=D)} =0,

for t < T, where §(q1) = (1 4+ m1)(1 — ¢1)ay. Therefore, the minimizer of the equation (3.11) is

N - 1 +m1)ax 1 e
T—t)=M"1 ( eI, 3.12
q1( ) 1 A +)\M2(Ve’"(T_t)) Ve ( )

As Mj{(x) is an increasing function of z, it is not difficult to see that ¢;(T" — t) is an increasing
function of ¢.

Denote by o1 the solution to the equation ¢; (T —t) = 1, and by hg the h function in (3.4). For
to <t <to1, (¢f, @) = (G1(T —t),1). Substituting (¢1(7" —t),1) into (3.4), we get

hg(T—t) = iLQ(T—t) + O, (3.13)

14



where

ho(T —t) =2[(1+m)as — Jre" T — (A + A + A)(T — t) — fOT*t(l +m1)a1di(s)veds

+ f " No My (ve™) + My (Gi(s)ve™) (AL + AMy(ver))ds,

and Cy is also a constant that will be determined later.
For to1 <t <T, (¢, ¢5;) = (1,1). Denote the h function in (3.4) by hs. Then, putting (1,1)

into (3.4), we get
ha(T —t) = —tev(erT=H —1) — (A + A+ A)(T — 1)
+ [T My (ver) + Ao Ma(ve) (3.14)

+AM, (ve"$)Ma(ve™))ds.

Let

01 = hQ(T — tQ) — }Nll(T — tz), and 02 = h3(T — t01) — hQ(T — t01).
Then, we have

hQ(T—tQ) :ill(T—tg)—l-Cl:hl(T—tQ),

hg(T — tOl) = iLQ(T — t(]l) + Cy = hQ(T — t01).
O

Case 2: In this case, we have t; < tp. For 0 <t <ty, (¢f;, ¢fs) = (1 (T — 1), g2(T —t)) from which

the h function in (3.4) can be written as

h4(T—t) = hl(T—t) + C4. (3.15)

For ¢t > t;, we have ¢ (T —t) > 1, and thus ¢}, = 1. Then, similar to the derivation of (3.12),

we get the minimizer

. _ 1 +m2)az 1 _r—
T—t) =M1 ( e (Tt 3.16
Ga( ) 2 Ao —l—)\Ml(yeT(T—t) 1/6 ) ( )

which is increasing function of ¢.

Denote by tp2 the solution to the equation ¢o(T —t) = 1, and by hs the h function in (3.4). For
t1 <t <to2, (¢7, 7)) = (1, @ (T —t)). It follows from (3.4) and (¢j;, q7;) = (1,4:1(T —t)) that

h5(T—t> = h5(T—t) + Cs, (317)

15



where

hs(T —t) = 1[(1 +m)as — cve T — (A + Ao + A)(T — ) — fOT*t(l + n2)a2G2(s)veds
+ f /\1M1 (ve"®) + Ma(Ga(s)ve™ ) (Aa + AMy(ve™))ds.

For toe <t <T, (qi;,4i;) = (1,1), and the corresponding h function in (3.4) is hg of (3.14).
Letting

04 = h5(T — tl) — ;ll(T — tl), and 05 = hg(T — t()g) — ;15(T — tog),

yields

h5(T—t1) :hl(T—t1)+C4:h4(T—t1),

h3(T — tog) = h5(T - tog) + C5 = h5(T — tog).

The following theorem summarizes the above analysis.

Theorem 3.1. Let (n1,n2) be the unique positive root of the equation (3.6), and ¢1(T'—t), G2(T —1)
and (q1(T —t),q2(T — t)) be given in (3.12), (3.16) and (3.9), respectively. Recall the functions
hi(T —t), ho(T —t), h3(T — t), ha(T —t) and hs(T —t) defined in (3.10), (3.13), (3.14), (3.15)
and (3.17), respectively. Then, we have

(i) If Case (1) holds, i.e., ny < na, for any t € [0,T], the optimal reinsurance strategies ¢i, and
g5, under the model (2.1) are

((T —1),q2(T — 1)), 0=t <ty

(411, a3¢) = (G1(T —t),1), ty <t <tp1,

(171)7 tOl StST7

\

and the value function V (t,x) is given by
—2exp{—vae" T 4 hi(T — )}, 0<t< to,

V(t,r) = —2exp{—vze™ TV + hy(T — 1)}, t2 <t < to,

—2exp{—vae" Tt + hy(T — 1)}, to <t <T;

16



(i1) If Case (2) holds, i.e., ny > ng, for any t € [0,T], the optimal reinsurance strategies under

the model (2.1) are

(‘ﬁty q;t) =

(17 QQ(T - t))v

(17 1)’

and the value function is given by

V(t,z) =

Remark 3.1. Since

\

—2exp{—vzer™=Y + hy(T — 1)},

hi(T —tg) = ho(T —ta),
ho(T —t1) = ha(T —t1),
ha(T —t1) = hs(T — 1),

hs(T —t2) = hs(T — t2),

17

(1(T =1),q2(T — 1)),

0<t<t,

t1 <t < oo,

too <t <T,

0<t<t,

—Lexp{—vae" T + hs(T — 1)}, t1 <t < too,

-2 exp{—vze" TV £ hy(T —t)}, toe <t <T.



V(t,x) is a continuous function on [0,T] x R. Furthermore,

RI(T —t2) = —ciag— (M +X+ A+ (1+m)ai(in — 7o)
+A1 My (n1) + Ma(ng) (A + AM; (1))
= hy(T — t2),
Ro(T — tor) = —cve™T=t01) — (\) 4+ Ag + A) 4+ A\ My (ver(T—t01))
+ My (verT=to0) ( Xy + AM; (ver(T—to)))
= h3(T" —to),
(T —t1) = —ciin — (A1 + X2+ A+ (1 +n2)az(ne — ny)
+A My (71) + Ma(n2) (A2 + AM1(71))
= h5(T — t1),
Re(T — tog) = —cveT=t02) — (\; 4+ Ay + ) 4+ Mg My (ve'(T—102))

+M1(Ver(T—t02))()\1 + )\MQ(VGT(T—tog)))

= h5(T — toz).

Therefore, we have V (t,x) € CY2. That is, V(t,x) is a classical solution to the HJB equation (2.6).
Remark 3.2. From (3.9) or the numerical examples in Section 5, we can see that the optimal
reinsurance strategies in the compound Poisson risk model depend not only on the safety loading,
time and interest rate, but also on the claim size distributions and the counting processes. Such a
result is consistent with the one obtained under the variance principle (see Section 5 of Liang and

Yuen (2014)). Howewver, for the diffusion risk model, the result obtained in the following section is

different from that obtained under the variance principle.

For m > 2, a note is given at the end of Section 4, i.e., Remark 4.3.
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4 Optimal results for the diffusion model

In this section, we discuss the optimization problem for the diffusion approximation risk model.

Under the expected value principle, the surplus process of the model (2.2) evolves as

AR} =[rR{ + (c— 6(q)) — S0, quay)dt

+\/Z£1 ofqq; + D it Gt Qe At
and the HJB equation of this problem is

[re+c—46(q) —

Supq{ Vi + Z?il QZal]Vx

dBta

(4.1)

%(Zl 1 Ul ql + Zz;éj Qg Mift;)Vaa} = 0,

for t < T, with the boundary condition V(T,z) = u(z). Again, we consider a solution with the

form of (3.2).

After substituting (3.3) into (4.1) and some algebraic manipulation, the equation

(4.1) becomes
inf,{ —hA(T—1t)—[c—0(q) —> %, qlal]ueT(T*t)
(4.2)
+5 (0 07a) + Yigy aigiAmip )2 T} = 0,
Let
9(q) = (0(q) + X%, quag)ver ™Y
(4.3)
+3 (T o + D ik qigjAmipy)v2e* 0.

Then, for any t € [0,T], we have

forl £k, LLk=1,2,....m
Lemma 4.1. Forl=1,2,...,

Proof:

19

03 _
gf;z]) = —mawe" "D + (qof + XY, dirup)v
%5
8;;%(1) — Jl2,/2€2r(:r >0,
0%3(a) _ 2,2r(T—t

| Faog = Mupr?e T >0,

) QGQT(T—t) ,

m, g(q) of (4.3) is a convex function with respect to q.

To prove the lemma, it is sufficient to prove the Hessian matrix of §(q) is positive definite.



Define

o?  Amipe Aips .. Muafim

Apopn 03 Apapz . A2fim

A= Auzpr  Auspo o3 o AM3Hm,
AMbmptl  Mimpt2  AMlmps ... 0'%1

For any C = (¢1,c¢2,...,¢y) € R" and C # 0, we have
C-A-C =" o2+ D itk 2CiCRApUk
=Y N+ NEX D) 4357, 2 E(X D) B(X 1)
=Y GNEX D)+ MU GE(XD)? + 30, 200, B(X D) E(X®)}
> Y GNEX P+ AT G (BX D)) + 3 260 B(X W) B(X W)}

_Zz 1 12)‘ E(X(z)) +A(Zz ICZE(X(i)))2>07

which implies that A is a positive definite matrix. Since the Hessian matrix in this case is given by

94(q) 924(q) 9%4(q)
oq? O0q10q2 " 0q10qm
82%(1) 82§(Zq) 682%((1)
3 3 -
92001 a3 429q _ AL 2T,
94(q) 94(q) 9%3(q)
0qm Oq1 0qm Oq2 aq?n
the Hessian matrix is also a positive definite matrix. O

It is clear that the minimizer (T —t) = (1 (T —t), G2(T —t), ..., Gm (T —t)) of (4.2) satisfies the
following equations
—mall/er(Tft) + (qlal2 + A Z qim,ui)l/%%(T*t) =0, [=1,2,..,m.
i#l
Or equivalently,
A¢ =B, (4.4)
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where

mai
202
1
B = - —T(T—t)'
nsas Ve
ImOm

Since the matrix A is a positive definite matrix which is invertible, the equation (4.4) has a unique
positive solution

a(T—t) = (A"1B).
For m = 2, the equation (4.4) becomes

Q07 + Aqppupp = Be (D),

QQU% + )\Ql,ul,UQ = %efr(Tft)’

it is easy to show that the solution to this equation is

2
- _ _ aamoy—Auipzasn2 1 —r(T—t)
al' =1 ="orrang v ’

2
_ _ _ G2emeoi—Apipzaim 1 ,—r(T—t)
BT —t) = B Ler@,

Let
A, = ain1o3—Apuip2azn2
oios—Nuips

)

A _aomaoi—Apip2a1m
2 oto3—Nuiuz

and
rT 1 A2

for v<Ay<vel;, t4y=T—>-In== for v< Ay <ve™.
r v

t3=T——1n
r

1, A

v
For Ay < v (Ay <v), weset t3 = T (ty = T); and for Ay > ve'l (Ay > ve'l), we set t3 = 0
(t4 = 0). To discuss the optimal values, we first prove the following lemma which plays a key role

in this section.

Lemma 4.1. Given A and p;, a;, o; for i =1,2, we have

A1 f2a Auluzaz%-afa2<< ofas

. 4.7
oar T odar 4+ Apipear T Aijiear (4.7)
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Proof: Using Cauchy-Schwarz inequality, one can show that 01-2 > Ao for i = 1,2, and thus

)\M1M2G2< ofas
oar T Aupear

In addition, for any positive parameters a, b, ¢ and d, if

a _c¢
- < -,
b—d
then we have
g<a+c<g’
b~ b+d~d

which completes the proof. O

To make sure that the optimal reinsurance strategies belong to the interval [0, 1], we need to

investigate the optimal results in the following four cases:

()
A1 praas M1 pioas + oraz
——m<m< 2
o3a1 o301 + A1 poar
(II)
A1 hoas +02a2 02a2
fn L=y < < —L=—np
o5ar + Auip2a, A1 p2a1
(111)
A 12
m < %U%
(IV)
2
oia
m = 172772
A poay

Case I: In this case, we have ¢ (T'—t) > 0, g2(T —t) > 0, and A; < As. So, we have t3 > t4. Also,
for 0 <t < t4, we have (¢}, ¢5,) = (@1 (T —t),@(T —t)). Then, substituting (g1 (T —t), g2(T" — 1))
into (4.2), we get

he(T —t) = hg(T — t) + Ce, (4.8)

where

he(T' —t) = %((1 +m)ar + (1 +m2)ag — c)re" T

+(%U%A% + %U%A% + A1A2)\H1N2 - a1771A1 — CLQ?’]QAQ)(T — t),

and Cy is a constant that will be determined later.
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For t > t4, ¢2(T —t) > 1, and thus ¢35, = 1. Substituting ¢, = 1 into (4.2) yields

infq, {=1W(T—t) - cver=t — A =X = A+ (0(q1) + qrar + GQ)Ve’"(T*t)

(4.9)
+3(02¢2 + 03 + 21 M po )2 (T} = 0,
for t < T'. It can be shown that the minimizer of the equation (4.9) has the form
—r(T—t) _ A
qvl(T o t) _ mae - MIMQV. (410)
oV
Let
f3 =T — - mai

n 27 .
Tyt Apipe
For t4 <t < fg3, it is easy to see that (q};,q};) = (G1(T —t),1). Putting (¢1(T —t),1) into (4.2)
gives

he(T —t) = hy(T — t) + Cr, (4.11)

where
hi(T—1) =11 +m)ar +az — c)re"T=H + Lo2y2e2r (=)

— fOT*t ma (s)ajve’™ — %(J%cﬁ(s) + 241 (8) Ay pe)v2e? 4 ds.

For to3 <t < T, it follows that (q%,,q},) = (1,1). Plugging this into (4.2), we get

hs(T —t) = L(a1+as — c)u(e"T—H —1)

(4.12)
+2:(0% 4 03 + 2\ pg) v (2T — 1),
Let
06 = h7(T — t4) — }~L6(T — t4), and 07 = hg(T — 503) — }~L7(T — 503).
Then, we have
h7(T—t4) =]~I6(T—t4)—|-06=h6(T—t4),
hs(T —to3) = hr(T — to3) + C7 = he(T — to3).
O

Case II: In this case, we still have ¢ (T —t) > 0 and G2(T —t) > 0 but A; > Ay. Thus, t3 < 4.
For 0 <t <ts, (¢}, ¢5) = (@(T —1),q2(T —t)). This together with (4.2) gives

ho(T —t) = he(T — t) + Co. (4.13)

23



For t > t3, we have q;(T" —t) > 1, and thus ¢j, = 1. By substituting ¢j, = 1 into (4.2) and

mimicking the derivation of (4.10), we obtain the minimizer

—r(T—t) _ A
qu(T - t) _ n2a2€ - MIMQV. (414)
o5V
Write
. 1 7202
tu=T— -In(—5—-—""——
r ((U% + Apip)v

It is easy to check that o4 > t3. For t3 <t < to4, (¢}, q%,) = (1,G(T —t)). Putting (1,G(T — t))
into (4.2), we obtain
hlo(T — t) = iLlo(T —t) + Cho, (4.15)

2.2 2r(T—t)

where
U vee

hio(T —t) = L1+ m)as + a1 — c)rer T + ]

s)agve”™ — L(03G3(s) + 2qa(s) A po)v2e* *ds.

- fo 772(]2
— t) function in (4.2) is

For tos <t < T, (¢};,q},) = (1,1). Then, it can be shown that h(T

given by hg of (4.12).

Let
Cy = hio(T — t3) — he(T —t3), and Chg = h(T — tos) — h1o(T — fo4).
Then, we have
hio(T —t3) = he(T — t3) + Co = ho(T — t3),
hs(T —toa) = h1o(T — toa) + Cro = ho(T — foa).
O

Case III: In this case, we have ¢1(T —t) < 0 and @(T — ) > 0, and thus ¢f, = 0. Substituting

qi; = 0 into (4.2) yields the minimizer

(T — 1) = 22 cmr(T=0), (4.16)
O'QV
Let
1. mag
toau =T — —In(—=—).
04 r n( o3V )

For 0 <t < tgq, it follows that (¢}, ¢};) = (0,G2(T —t)). Plugging (0, g2(7 — t)) into (4.2), we get
(4.17)

hii (T —t) = hy1 (T —t) + Chy,
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where

7 1 rr—ty L ma3
hin(T = t) = —((1 +n2)az + (1 +m)ar — cjve — 5 (T —1).
r 4dr o3
For toy <t <T, (qi;,45) = (0,1). Using these optimal values and (4.2), we obtain
1 1
hia(T 1) = (a2 + (1 +m)ar — c)v (e"T=t — 1)+ EU%VQ(eQT(T_t) —1). (4.18)

Let CH = hlg(T — t04) — iLH(T — t04). Then, we have

h1 (T — tos) = ha1 (T — tog) + C11 = hia(T — tos).

O
Case IV: In this case, we have q; (T —t) > 0 and ¢2(T" —t) < 0, and thus ¢35, = 0. Substituting

¢; = 0 into (4.2) yields the minimizer

QT —t) = DI emr(@=D), (4.19)
O'll/
Write
tos =T — 71 (%‘”).
o1V

For 0 <t <to3, (¢34, ¢7;) = (@1 (T —t),0). This together with (4.2) yields
hlg(T — t) = ing(T - t) + (i3, (420)

where

7 1 N W
his(T —t) = = (1 +n2)az + (1 +n1)a; — c)ve - (T —t).
r 4r o7
For to3 <t < T, it follows that (¢j;,¢5;,) = (1,0). Again, putting this into (4.2), we get
1 1
hia(T —t) = =(a1 + (1 +m2)ag — e)w(e" T —1) + Zafzﬂ(e?r(T—t) —1). (4.21)
r r
Let 013 = h14(T — t04) — ing(T - tog). Then, we have

has(T — to3) = hi3(T — to3) + Ciz = h1a(T — to3).

To summarize, we state the results in the following theorem.

Theorem 4.1. Let (G1(T—t), q2(T—1)), (1 (T—1), G2(T—1), G2(T—1), and ¢ (T'—t) be given in (4.5),
(4.10), (4.14), (4.16) and (4.19), respectively. Also, recall the functions h;(T' —t) for i =16,7,...,14
given in (4.8), (4.11), (4.12), (4.13), (4.15), (4.17), (4.18), (4.20) and (4.21), respectively. Then,

we have
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(i) If Case I holds, then the optimal reinsurance strategies under the model (2.2) are
(@ (T —1),@2(T —1)), 0<1t<ty,

(T14: @) = (1 (T —1),1), ty <t < o3,

(131)7 503 StSTa

for any t € [0,T], and the value function is given by

—2 exp{—vze’ TV L he(T — 1)}, 0<t<ty,
V(t,z) = —2exp{—vze" TV + hy (T — 1)}, ta <t < o3,

— 2 exp{—vae" TV + hy(T — 1)}, fo3 <t < T;

(ii) If Case II holds, then the optimal reinsurance strategies under the model (2.2) are
(QI(T B t)qu(T - t))? 0<t<ts,

(@11 Top) = (1,G2(T — 1)), ts <t <t

(1,1), toa <t <T,
for any t € [0,T], and the value function is given by

—2exp{—vze" V) + ho(T — 1)}, 0<t<ts,

V(t, ) —2exp{—vre" TV 4 hig(T — 1)}, t3 <t <o,

—2exp{—vaze" T + hy(T — 1)}, foa <t <T;

\

(i1i) If Case III holds, then the optimal reinsurance strategies under the model (2.2) are

(O7q2(T_t))7 0 <t < o4,
(@it o) =
(07 1)7 t04 S T7

for any t € [0,T], and the value function is given by
—5 eXp{—l/.I‘er(Tit) + hll(T — t)}, 0 <t < tog,

V(t,x) =
—£ exp{—vze" TV £ hio(T — 1)}, tos < T;
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(iv) If Case VI holds, then the optimal reinsurance strategies under the model (2.2) are

(1(T'—1),0), 0<t<tos,
(@1 @30) =
(17 0)7 t03 S T7
for any t € [0,T], and the value function is given by

—2exp{—vae" T 4+ hiz(T — 1)}, 0<t < tgs,
V(t’x) =
—2exp{—vae" Tt + hiy(T — t)}, tos3 <T.
Remark 4.1. Since
he(T — ta) = hy(T — ta), he(T — to3) = hs(T — to3),

ho(T — t3) = hio(T — t3), hio(T — to4) = hs(T — to4),

hi1(T — toa) = hi2(T —tos), hi3(T — to3) = h1a(T — to3),

V(t,x) is a continuous function for any (t,x) € [0,T] x R. Furthermore,
he(T' = ta) = h7 (T — ta), W (T — to3) = hg(T — to3),
hy(T —t3) = Pyo(T —t3),  hio(T — toa) = hg(T — toa),

R (T —tos) = hio(T —toa), hi3(T — toz) = hiy(T — to3).

That is, V(t,x) is a classical solution to the HJB equation (4.1).

Remark 4.2. Similar to the optimal results in the compound Poisson risk model, we can see from
(4.5) that the optimal reinsurance strategies under the expected value principle in the diffusion risk
model depend on the safety loading, time, interest rate as well as the claim size distributions and
the counting processes. However, when we consider the model (2.2) under the variance principle,
the results are very different. The optimal reinsurance strategies under the variance principle are
always the same, and depend only on the safety loading, time and interest rate only (see (6.3) or

Section 4 of Liang and Yuen (2014) for details).

Remark 4.3. In Sections 3 and 4, we show how the optimal strategies and value functions can
be obtained for m = 2. It is believed that the ideas and techniques shown here are still useful for
deriving optimal results for m > 2. However, when m gets bigger, the number of cases needed to be

considered may increase geometrically, and hence the optimal problem becomes very challenging.
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5 Numerical examples

In this section, we restrict our attention to the model with two dependent classes of insurance
business under the expected value principle. For numerical examples using the variance principle,
we refer the readers to Liang and Yuen (2014).

In Examples 5.1-5.3, we assume that the claim sizes {X;} and {Y;} are exponentially distributed
with parameters a; and ag, respectively. That is, X ~ exp(a;) and Y ~ exp(ag). For computa-

tional convenience, we set 71 = 172 = 1, and hence

M, (Vqler(Tft)) _ ay

al—l/qleT(T_t) )

M2(Vq2er(T7t)) _ g

az_yqzer(T—t) .
The minimizer (q1 (T —t),g2(T —t)) of (3.3) in the compound Poisson model satisfies the following

equations

—(1+n)(A\+A)/ a1 + MW(/\I Ao ) =0,

OtQ—nger(Tft)

—(L+n) e +A)/as + =y (A2 + Tt y) =0,

al—uqler(

and the minimizer (q; (T —t),G@2(T —t)) of (4.2) in the diffusion case has the form as

- a2+ A2+ A) =A(A2+))) —r(T—
QT —t) == 4(1/\1-1—)\)(2)\2—&-)\)—)\22 e T,
- 22+ A2+ =AM ) —r(T—
RT-t) == 4(1/\1+>\)(2>\2+>\)—>\21 e =),

Besides, for the diffusion risk model, we have

_ n(A+A)e T -2y _
q; - (>\1+)\)lu ? ’ when qf:l;
o
n(g+N)e (T _ Ay,

Y 2
= Coth) 2o

(5.1)

, when ¢ =1.

Example 5.1. Let n =2, r =03, T =10, Ay =3, da =4, A =2, v = 0.5, and t = 2.5. The

results are shown in Table 5.1.
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Table 5.1 The effect of a; on the optimal reinsurance strategies

a1 t1 to qi 4 t3 la a 7

1 10 7.3303 0.0755 0.2348 8.3203 4.5222 0.1745  0.5452

2 8.8024 7.3303 0.1510 0.2348 6.0098 4.5222 0.3489  0.5452

3 74508 7.3303 0.2264 0.2348 4.6582 4.5222 0.5234  0.5452

4 6.4919 7.3303 0.3019 0.2348 3.6993 4.5222 0.6978  0.5452

5 57481 7.3303 0.3774 0.2348 29555 4.5222 0.8723  0.5452

6 5.1403 7.3303 0.4529 0.2348 2.3477 4.5222 1 0.5491

7 4.6265 7.3303 0.5284 0.2348 1.8339 4.5222 1 0.5610

From Tables 5.1 (g = 3), we can see that a greater value of a; yields greater values of the
optimal reinsurance strategies ¢j (Gj). As expected, since a smaller value of a; implies “more risky”
claim size with a larger expected value, the insurer would rather retain a less share of each claim.
Also, it is easy to observe from the tables that g5 (g5) is independent of a;. That is, when the
claim sizes are exponentially distributed, X (Y) has no effect on the optimal reinsurance strategies
g3 and ¢ (¢} and ¢j). This interesting phenomenon may only appear in the case with exponential
claim sizes and the reinsurance premium calculated under the expected value principle. This guess
is partly due to the following two facts: (i) it was shown in Tables 4 and 5 in Liang and Yuen
(2014) that the optimal results under the variance principle are indeed affected by both claim size
distributions in the compound Poisson risk model; (ii) we see later in Example 5.4 and Table 5.4
that the claim sizes Y (X)) does affect the values of the optimal reinsurance strategies ¢5 and g;
as well as ¢f and ¢j, when Y (X) follows a gamma distribution with parameters § # 1 and «a.
However, when one of the optimal strategies hits the boundary one, we see from the bold-faced
values in Table 5.1 that the other optimal strategy is forced to change regardless to the choice
of the claim size distributions. Moreover, we can see from Tables 5.1 that the value of ¢} (q}) is
always smaller than the value of ¢5 (g3) when the inequality a1 < as holds, and vice versa. This
suggests that the values of the optimal reinsurance strategies are more sensitive to the claim size

distribution than to the counting processes (see Table 5.3).
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Remark 5.1. The bold-faced values in Tables 5.1-5.3 are calculated using (5.1) when one of the

optimal reinsurance strategies is 1.

Example 5.2. Let r =03, T =10, o =4, n =2, v =0.5, o1 =2, ag = 3, and t = 4.6. The

results are shown in Table 5.2.

From Table 5.2, we see that the optimal reinsurance strategies decrease while X increases. Since
a greater value of \ implies a greater value of expected claim number, the insurer would rather

retain a less share of each claim.

Table 5.2 The effect of A\ on the optimal reinsurance strategies

*

A t1 to (JT qs t3 ty qqk CE

1 86176 7.1790 0.2996 0.4613 5.7821 4.3367 0.7083 1

2 8.8024 7.3303 0.2835 0.4408 6.0098 4.5222 0.6583 1

3 89134 7.3678 0.2742 0.4359 6.1542 4.6478 0.6273  0.9858

4 89871 7.4993 0.2682 0.4190 6.2537 4.7395 0.6089  0.9590

5 9.0391 7.5526 0.2640 0.4124 6.3251 4.8095 0.5960 0.9391

6 9.0778 7.5946 0.2610 0.4072 6.3796 4.8651 0.5863  0.9236

7 9.1075 7.6286 0.2587 0.4031 6.4212 4.9105 0.5791 0.9110

Example 5.3. Letr =03, T =10, o =4, n =2, A=2, v =05, a1 =2, ap = 3, and t = 4.5.

The results are shown in Table 5.3.
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Table 5.3 The effect of A; on the optimal reinsurance strategies

A1 1 to qi q5 t3 ty a 7

192321 7.2525 0.2418 0.4379 6.5400 4.4448 0.5460 1

2 89572 7.2998 0.2626 0.4317 6.1961 4.4935 0.6015 1

3 88024 7.3303 0.2751 0.4278 6.0098 4.5222 0.6358 0.9934

5 8.6340 7.3672 0.2893 0.4231 5.8127 4.5549 0.6745 0.9837

6 805832 73792 0.2938 0.4216 5.7540 4.5650 0.6865 0.9807

7 85442 7.3886 0.2972 0.4204 5.7092 4.5729 0.6958 0.9784

8 8.5134 7.3963 0.3000 0.4194 5.6740 4.5791 0.7031 0.9765

From Table 5.3, we see that a greater value of A\ yields greater values of the optimal reinsurance
strategies ¢f and ¢j but smaller values of the optimal reinsurance strategy ¢5 and g5. Along the
same lines, one can numerically show that a greater value of Ay yields greater values of ¢5 and @5

but smaller values of ¢j and ¢j.

In the following example, we show that ¢} (¢5) does depend on the claim sizes Y (X)) for some
distributions. We assume that the claim sizes Y has a gamma distribution with parameters § # 1

and «, that is, Y ~ I'(3, ). Then, we have
H2 = E(Y) = §7

o3 = (A2 +A)(B% + B)/a?,

My(r) = (%)%, for r<a.

a—r
The minimizer (q1 (T —t),g2(T —t)) of (3.3) for the compound Poisson model satisfies the following

equations

—(1+77)()\1+A)/QI+W(AI+A($)B) =0,

a—vgger(T—t)

—(L+m e+ NB/e+ B 2a) s N2+ 0% y) =0,

a—VQQET(T7t> Oé—l/qger<T7t))2 Oé1—l/q1€T<T7t)
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and the minimizer (g1(7 —t), g2(T — t)) of (4.2) for the diffusion model is given by

f (AN Qe FED-ABAA) 1 (T
(T 1) =55 aer e Y,
_ a0 Nt ) AN (T
BT 1) = Saimte g e 0.

Example 5.4. Assume that X ~ exp(ai) and Y ~ I'(B,a). Let A =2, \y =3, r=0.3, T = 10,
=4, n=2,v=05, a1 =2, a=3, andt = 1.8. The results are shown in Table 5.4.

Table 5.4 The effect of 5 on the optimal reinsurance strategies

* %

B 3] to q 4 t3 ty 7 42

0.6 8.6290 6.7988 0.1289 0.2232 5.8364 3.8070 0.2979 0.5477

0.7 86769 6.9395 0.1271 0.2140 5,8861 4.0007 0.2935 0.5167

0.8 8.7216 7.0747 0.1254 0.2055 5.9312 4.1837 0.2896 0.4891

0.9 87633 7.2049 0.1238 0.1976 5.9723 4.3573 0.2860 0.4643

1 88024 7.3303 0.1224 0.1903 6.0098 4.5222 0.2828 0.4419

2 9.088 8.3819 0.1123 0.1388 6.2613 5.8352 0.2623 0.2980

3 9.2627 9.1830 0.1066 0.1092 6.3970 6.7747 0.2518 0.2248

From Table 5.4, we see that a greater value of 5 yields smaller values of the optimal reinsurance
strategies ¢ and ¢ (¢ = 1,2). Since a greater value of # implies “more risky” claim sizes with
a larger expected value, the insurer would rather retain a less share of each claim in general. It
is also reasonable to expect that the optimal reinsurance strategy ¢; (g5) decreases faster than ¢j
(g7) as the claim size distribution Y has a more direct impact on ¢5 (G3).

In the numerical examples, we find that the optimal reinsurance strategies are more sensitive
to the claim size distribution than to the counting processes. This finding is consistent with that

under the variance principle (see Tables 4-7 in Liang and Yuen (2014)). Moreover, when the claim
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sizes are exponentially distributed, under the expected value principle, the optimal reinsurance
strategy of one class of insurance risk is independent of the claim sizes of the other class. However,
this is not true when the reinsurance premium is calculated using the variance principle, under
which both claim size distributions do have impact on the optimal reinsurance strategies of the two
classes (see Tables 4 and 5 in Liang and Yuen (2014)). Furthermore, in the diffusion risk model,
the optimal reinsurance strategies under the expected value principle depend on the safety loading,
time, interest rate, the claim size distributions and the counting processes, while those under

variance principle depend only on the safety loading, time and interest rate (see (6.3) below).

6 Further results

For the diffusion risk model, we now extend the work of Liang and Yuen (2014) to the case with
m > 2 classes of insurance business under the variance principle. In this case, the reinsurance

premium rate becomes

m

8(q) => (1 —aq)a+ A _(1—q)’0f + Z Z (1= a) (1 — g M), (6.1)
=1

=1 I=1 k=1(kl)

here A is the reinsurer’s safety loading. Following the steps in Section 4, one can show that the

optimal reinsurance strategies for the diffusion risk model satisfy the following equations

m
ML —a@)of + > (1= ag)Mmpk) + (@of + X gupi)ve” T =0, (6.2)
k=1(k=l) i#l
for [ =1,2,...,m; or equivalently,
Af =B 2A

2A + verT—1)’
where

OF + D pp1 M fik
03 + D ppo AH24k
3 + D pss A3 HE

0:
Il

o2, + D et Mm ks
Write T = (1,1,...,1)},,.. Since B = AT and the matrix A is invertible, the equation (6.2) has a
unique solution

AT —t) = (A" By e

7 2A
T T 2A4wer(T-1)
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which implies that, for any ¢ € [0, 7], the optimal reinsurance strategies under the variance principle

in the diffusion model are

2A

Qe =20 = = ot = 5y gy (6.3)

which depend only on the safety loading, time and interest rate. This result is in line with the
one in Theorems 4.1 and 5.2 of Liang et al. (2011). In addition, for the case with different safety
loadings, the reader is referred to (6.1) of Liang and Yuen (2014) for which the optimal strategies
also depend on the claim size distributions and the counting processes. Similar results for the
optimal strategies should be expected in the case with m > 2.

For optimization problems under the variance principle, results similar to (6.3) (see Liang et
al. (2011), Liang and Yuen (2014), and the reference therein) are often derived. That is, a more
complicated premium principle, namely the variance premium principle, results in a simpler form
of optimal value, at least compared to the results derived under the expected value principle. This
interesting observation is really difficult to explain. A rough guess is that the variance or the de-
pendence is considered both in the premium rate and surplus process, the impact of the claim size

distributions and the counting processes is somehow cancelled out in the process of derivation.

7 Conclusion

The optimization reinsurance problem has been around for many years, and hence many interesting
and useful results can be found in the literature. In this paper, we give a notable extension of the
study to the risk model with common shock dependence.

From an insurer’s point of view, we consider the optimal proportional reinsurance strategy in
a risk model with m > 2 dependent classes of insurance business, which generalizes the results
of Liang and Yuen (2014). Under the criterion of maximizing the expected exponential utility,
closed-form expressions for the optimal strategies and value function are given not only for the
compound Poisson risk model but also for the diffusion approximation risk model. Our results
show that the optimal reinsurance strategies under the expected value principle are very different
from those under the variance principle in the diffusion case. In particular, the former depends not
only on the safety loading, time and interest rate, but also on the claim size distributions and the

counting processes, and the optimal strategies of the two classes do not have the same form.
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