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Abstract    The onset of convective instability in a layer of porous medium saturated by the 

Oldroyd-B viscoelastic nanofluid heated from below is investigated by incorporating the 

effects of Brownian diffusion and thermophoresis. The flux of volume fraction of 

nanoparticles is taken to be zero on the boundaries. The resulting eigenvalue problem is 

solved numerically using the Galerkin method. The onset of convective instability is 

oscillatory only if the strain retardation parameter is less than the stress relaxation parameter 

and also when the strain retardation parameter does not exceed a threshold value which in 

turn depends on other physical parameters. The oscillatory onset is delayed with increasing 

strain retardation parameter, while an opposite trend is noticed with increasing stress 

relaxation parameter. The effect of increasing modified diffusivity ratio, concentration 

Darcy-Rayleigh number, modified particle density increment and Lewis number is to hasten 

the onset of stationary and oscillatory convection and also to decrease the ranges of the strain 

retardation parameter within which oscillatory convection is preferred.  
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Nomenclature 

a                   wave number  

BD   Brownian diffusion coefficient 

TD   thermophoretic diffusion coefficient 

d   depth of the porous layer 

k   thermal conductivity of the nanofluid 

K    permeability of the porous medium 

Le   Lewis number 

,l m   wave numbers in the andx y - directions 

M   heat capacity ratio 

AN   modified diffusivity ratio 

BN   modified particle density increment 

p   pressure 

 , ,q u v w  nanofluid velocity 

mR   basic density Darcy - Rayleigh number 

tR   thermal Darcy - Rayleigh number 

nR   nanoparticle concentration Darcy - Rayleigh number 

 , ,x y z  Cartesian coordinates 

t  time 

T   nanofluid temperature 

0T   temperature at the lower boundary 

1T   temperature at the upper boundary 

W   amplitude of perturbed vertical component of velocity 

 

Greek symbols 

   the coefficient of thermal expansion 

   porosity of porous media 

   thermal expansion coefficient of viscosity 

   thermal diffusivity of the fluid 

1   constant relaxation time 
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2   constant retardation time 

1   stress relaxation parameter 

2   strain retardation parameter 

   viscosity of the fluid 

   growth rate 

   nanoparticle volume fraction 

0   reference value of nanoparticle volume fraction 

   amplitude of perturbed nanoparticle volume fraction 

   nanofluid density 

   amplitude of perturbed temperature 

 

Superscripts 

*   dimensionless variable 

'    perturbed variable 

Subscripts 

b   basic state 

f   fluid 

p   particle 

 

1. Introduction 

 

The term ‘nanofluid’ was first coined by Choi [1] and such a fluid is envisioned to 

describe a fluid in which nanometer-sized particles (10-100 nm) are stably suspended in 

conventional heat transfer basic fluids. Materials commonly used for nanoparticles include 

oxides such as alumina, silica, titania and copper oxide, and metals such as copper and gold. 

Carbon nanotubes and diamond nanoparticles have also been used to realize nanofluids. 

Popular base fluids include water, oil and organic fluids such as ethanol, propylene glycol 

and ethylene glycol. Relative to the base fluid, it has been observed consistently by many 

researchers that the nanofluids have abnormal thermal conductivity, viscosity and single-

phase convective heat transfer coefficient. These fluids are considered to offer important 

advantages over conventional heat transfer fluids. The recent review articles by Kakac and 
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Pramuanjaroenkij [2], Yu and Xie [3], Goharshadi et al. [4], Mahbubul et al. [5] have covered 

the latest developments in this field in detail.    

 

In recent years, buoyancy driven convection in nanofluids has attracted researchers 

and has been a subject of intense current interest. Tzou [6, 7] studied buoyancy driven 

convection in a horizontal nanofluid layer heated from below on the basis of the transport 

equations developed by Buongiorno [8], while Kim et al. [9] treated the Bénard problem for 

nanofluids in a different context. Its counterpart in a porous medium, the Darcy- Bénard 

problem with nanofluids, has also attracted equal importance in the literature because of its 

importance in many fields of modern science, engineering and technology, chemical and 

nuclear industries and bio-mechanics. Such an instability problem was first considered by 

Nield and Kuznetsov [10]. Following this formalism several studies were undertaken 

subsequently to investigate various additional effects on the problem by the same authors and 

others. The details can be found in the monograph of Nield and Bejan [11]. In studying these 

convective instability problems, the volume fraction of nanoparticles was prescribed at the 

boundaries. Recently, Nield and Kuznetsov [12] pointed out that this type of boundary 

condition on volume fraction of nanoparticles is physically not realistic as it is difficult to 

control the nanoparticle volume fraction on the boundaries, and suggested an alternative 

boundary condition that is, the flux of volume fraction of nanoparticles is zero on the 

boundaries.  

   

Studies have also revealed that nanofluids containing SiO2 nanoparticles with 

ethylene glycol and water as base fluids demonstrate a non-Newtonian behavior at low 

temperatures (Namburu et al. [13]). Besides, Chen et al. [14-16] and Schmidt et al. [17] also 

indicated the non-Newtonian rheological behavior of nanofluids. Thus, it is imperative to 

consider non-Newtonian effects in the study of convection in nanofluids. There exist 

different kinds of non-Newtonian fluids and they do not lend themselves to a unified 

treatment. Many of the base fluids exhibit viscoelastic behavior and hence considering 

viscoelastic model is more appropriate than an inelastic type of non-Newtonian model in the 

study of thermal convective instability in nanofluids. In general, viscoelastic instability is 

observed in polymer melts as well as in polymer solutions, which usually consist of a 

Newtonian solvent and a polymeric solute. These solutions are often highly elastic but have 

an essentially constant viscosity. They are known as Boger fluids and are reasonably well 

represented by the Oldroyd-B constitutive model (Bird et al. [18], Li and Khayat [19]). The 
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Oldroyd-B constitutive model is adopted widely to examine the influence of elasticity on 

thermal convective instability. This is because the Oldroyd-B model represents adequately 

highly elastic (Boger) fluids, for which the viscosity remains sensibly constant over a wide 

range of shear rates. Besides, it is one of the simplest viscoelastic laws that account for 

normal stress effects which are responsible for the periodic phenomena arising in viscoelastic 

fluids. More importantly, almost all experimental measurements and flow visualization 

reported on the instability of viscoelastic flows have been conducted on Boger fluids. 

Comparison between theory and experiment becomes possible when the Oldroyd-B 

constitutive equation is used. Of course, there exist more realistic phenomenological or 

molecular-theory-based models (Bird et al. [18]; Tanner [20]) but they probably lead to a 

different stability picture (Larson [21]). 

 

Copious literature is available on thermal convection in a layer of porous medium 

saturated by a viscoelastic regular fluid. Alishaev and Mirzadjanzade [22] were the first to 

deal with viscoelastic flows in porous media for calculations of delay phenomenon in 

filtration theory. Rudraiah et al. [23] studied thermal convection in a viscoelastic-fluid-

saturated porous layer. A comprehensive review on non-Newtonian fluid flows and heat 

transfer in porous media is given by Shenoy [24]. Kim et al. [25] investigated thermal 

instability in a porous layer saturated with viscoelastic fluid and it is found that the 

overstability is a preferred mode of instability for a certain range of elastic parameters. 

Malashetty et al. [26] and Shivakumara et al. [27] analyzed the effects of local thermal non-

equilibrium on the onset of convection in a viscoelastic-fluid-saturated porous layer. Zhang 

et al. [28] performed linear and nonlinear thermal stability analyses of a horizontal layer of 

an Oldroyd-B fluid in a porous medium heated from below. The details can be found in the 

book by Nield and Bejan [11].  

 

Nonetheless, the study of thermal convective instability in a viscoelastic nanofluid 

saturated porous layer is comparatively of recent origin and it is still in a rudimentary stage.  

Sheu [29] studied the onset of convection in a horizontal layer of porous medium saturated 

with a viscoelastic nanofluid while Yadav et al. [30] extended this study to include the effect 

of rotation and variations in thermal conductivity and viscosity. In the latter paper a weakly 

nonlinear stability analysis has also been carried out. To make analytical progress, the 

volume fraction of nanoparticles is prescribed at the boundaries in the above studies. But it is 

believed that these conditions are difficult to visualize in practice. Under the circumstances, 
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it is desirable to probe the implications of physically realistic boundary conditions as far as 

the volume fraction of nanoparticles is concerned.    

 

 The intent of the present paper is to study the onset of thermal convective instability 

in an Oldroyd-B type of viscoelastic nanofluid-saturated porous layer considering the flux of 

volume fraction of nanoparticles is zero at the boundaries as it is physically more realistic    

(Nield and Kuznetsov [12]). The resulting eigenvalue problem is solved numerically using 

the Galerkin method and the results are presented graphically.    

 

2. Mathematical formulation 

 

The physical configuration is as shown in Fig. 1. We consider a horizontal layer of an 

incompressible Oldroyd-B nanofluid-saturated Darcy porous medium of thickness d . A 

Cartesian coordinate system ( , , )x y z is chosen such that the origin is at the bottom of the 

porous layer. The gravity is acting in the negative vertical z-direction. The lower and upper 

impermeable boundaries are maintained at constant but different temperatures 0T  and

1 0( )T T , respectively. In investigating the problem, the effects of Brownian motion and 

thermophoresis are considered. 

The governing equations under the Oberbeck-Boussinesq approximation are: 

0q                 (1) 

 1 21 1p g q
t K t


  

    
        

    
                   (2) 

2

0

( ) ( ) ( ) ( ) [ ]T
m f p B

T D
c c q T k T c D T T T

t T
    


         


    (3) 

2 2

0

1
( ) T

B

D
q D T

t T


 




     


         (4) 

 0(1 ) 1 ( )p f T T                  (5) 

where,  , ,q u v w  the velocity vector, p the pressure,   the overall density of the 

nanofluid, p the density of nanoparticles,  f  the density of base fluid, g  the acceleration 

due to gravity,  the viscosity of the nanofluid, K  the permeability of the porous medium, 
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  the porosity of the porous medium, 1  the relaxation time, 2  the retardation time,T the 

temperature of the nanofluid,   the nanoparticle volume fraction,   the coefficient of 

thermal expansion, c  the specific heat at constant pressure, k  the thermal conductivity, BD  

the Brownian diffusion coefficient and TD  the thermophoretic diffusion coefficient.  

We introduce the dimensionless variables as follows: 

* * *( , , ) ( , , )
x y z

x y z
d d d

 , * d
q q



 
  
 

, *

2
t t

d





 
  
 

, 
* K

p p


 
  
 

, * 0

0

 





  

* 0

0 1

T T
T

T T





                (6) 

where, / ( ) fk c  . Substituting Eq. (6) into Eqs. (1)-(5) and neglecting the asterisks for 

simplicity, we obtain 

0q              (7) 

 1 2
ˆ ˆ ˆ1 1m n tp R k R k R Tk q

t t


    
            

    
      (8) 

2( ) B A BT N N N
M q T T T T T

t Le Le



         


      (9) 

2 21
( ) AN
q T

t Le Le


 


     


                  (10) 

where, 2
1 1 / d    is the stress relaxation parameter, 0 0[ (1 ) ] /m p fR dK g       

is the basic density Darcy-Rayleigh number,  0 1 /t fR dK T T g    is the thermal 

Darcy-Rayleigh number, 0( ) /n p fR Kd g     is the concentration Darcy-Rayleigh 

number, 2
2 2 / d    is the strain retardation parameter, ( ) / ( )m fM c c    is the heat 

capacity ratio, 0 1 0( ) /A T BN D T T D T   is the modified diffusivity ratio, 

   0 /B p f
N c c    is the modified particle density increment and / BLe D   is the 

Lewis number. In obtaining Eq. (8), a term proportional to the product of   and T  is 

neglected in the spirit of the Oberbeck-Boussinesq approximation and this is valid in the case 

of small temperature gradients in a dilute suspension of nanoparticles [10]. It may be 
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interesting to note that nR  involves a different scaling (a typical nanofluid fraction rather 

than the difference of two fractions arising when constant but different nanoparticle volume 

fractions are imposed at the boundaries) due to the use of nanoparticle flux boundary 

conditions in the present study and hence it cannot be negative.   

 

2.1 Basic state 
 

The basic state is quiescent and is given by  
 

0, ( ), ( ), ( )b b b bq p p z T T z z                      (11) 

where, the subscript b denotes the basic state. Substituting Eq. (13) into Eqs. (7)-(10), we 

obtain 

ˆ ˆ ˆ 0b
m n b t b

dp
R k R k R T k

dz
                      (12) 

22

2
0b B b b A B bd T N dT d N N dT

Le dz dz Le dzdz

  
   

 
                 (13) 

2 2

2 2
0b b

A

d T d
N

dz dz


  .                    (14) 

A physically more realistic boundary condition on the nanoparticle volume fraction is 

considered as propounded by Nield and Kuznetsov [12]. That is, the nanoparticle flux is 

assumed to be zero rather than prescribing the volume fraction of nanoparticle on the 

impermeable boundaries. 

Thus, we have  

 

0,bT      0b b
A

d dT
N

dz dz


              at 0z                                                                        (15) 

1,bT     0b b
A

d dT
N

dz dz


              at 1z  .                                                                      (16) 

Solving Eqs. (13) and (14) subject to the above boundary conditions, it is found that  
 

0,b b AT z N z                                                                                                              (17)  

where, 0  is the reference value of nanoparticle volume fraction. From Eq. (17) it is 

observed that change in the boundary conditions on nanoparticle volume fraction amounts to 

basic temperature and volume fraction distributions to be remaining the same except for the 
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coefficients. The pressure is of no consequence here as it will be eliminated subsequently. 

 

 

2.2 Perturbed state 

To study the stability of the basic state, we now superimpose perturbations on the basic state 

in the form 

, ( ) , ( ) , ( )b b bq q p p z p T T z T z                            (18) 

where, , ,q p T   and   are the perturbed quantities over their equilibrium counterparts and 

assumed to be small. Substituting Eq. (18) in Eqs. (7)-(10), linearizing and eliminating the 

pressure term from the momentum equation by operating curl twice and retaining the vertical 

component, we obtain the stability equations in the form 

 2 2 2
1 21 1n H t HR R T w

t t


    
              

    
               (19) 

2 A B BT N N T N
M w T

t Le z Le z

    
     

  
                 (20) 

2 21A
A

N
N w T

t Le Le





      


.                  (21) 

It may be observed that Eqs. (20) and (21) are altered slightly due to change in the boundary 

conditions on volume fraction of nanoparticles [10].  

The boundaries are impermeable and perfect conductors of heat. Hence, the boundary 

conditions are: 

0,w   0,T     0A

T
N

z z

  
 

 
            at 0z                                                               (22) 

0,w  0,T     0A

T
N

z z

  
 

 
             at 1z  .                                                            (23) 

Assuming that the amplitudes of the perturbations are very small, we write 

     
, , ( ), ( ), ( )

t i lx my
w T W z z z e




 
                       (24) 

where, )( r ii   is the growth rate, andl m are the wave numbers in the andx y - 

directions, respectively. Infinitesimal perturbations of the rest state may either decay or grow 

depending on the value of the parameter .   

Substituting Eq. (24) into Eqs. (19)-(21) and in the boundary conditions (22) and (23), we get 
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2 2 2 2 2 2 2 2
2 1( ) ( ) ( )t n t nD a W a R a R D a W a R a R          

 
            (25) 

2 2 A B BN N N
W D a D D M

Le Le


 
       
 

                           (26) 

   2 2 2 21A
A

N
N W D a D a

Le Le
                                   (27) 

and the boundary conditions become 

0,W  0,   0AD N D    at 0z                   (28) 

0,W  0,   0AD N D    at 1z                   (29)  

where, /D d dz . 

 

3.  Numerical solution 

 

Equations (25)-(27) together with the boundary conditions (28) and (29) constitute a linear 

eigenvalue problem for the growth rate   of the system. The resulting eigenvalue problem is 

solved numerically by the Galerkin method. Accordingly, the variables are written in a series 

of basis functions as 

           
1 1 1

, ,
N N N

i i i i i i

i i i

W z AW z z B z z C z
  

                       (30) 

where , andi i iA B C  are unknown coefficients. The basis functions are represented by the 

power series satisfying the respective boundary conditions 

         1 , 1i i
i i i AW z z z z z N z z                                                  (31) 

Multiplying Eq. (25) by  jW z , Eq. (26) by  j z  and Eq. (27) by  j z ; performing the 

integration by parts with respect to z  between 0z   and 1, and using the boundary 

conditions, we obtain the following system of algebraic equations: 

{ }

.

i ji i ji i ji i ji i ji i ji

i ji i ji i ji i ji

i ji i ji i ji i ji

AC B D C E A F B G C H

A I B J C K B L

A M B N C P C Q







    

  

  

                (32) 
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The coefficients ji jiC Q  involve the inner products of the basis functions and are given by 

 2
ji j i j iC DW DW a W W   , 

2
ji j iD a Rt W  , 

2
ji j iE a Rn W   ,

 2
2ji j i j iF DW DW a W W   , 2

1ji t j iG a R W   , 2
1ji n j iH a R W   ,

ji j iI W  ,
2 A B

ji j i j i j i

N N
J D D a D

Le
          , B

ji j i

N
K D

Le
    , 

ji j iL M   , ji A j iM N W   ,  2A
ji j i j i

N
N D D a

Le
      

 21
ji j i j iP D D a

Le
       , ji j iQ    .    

The system of equations given by Eq. (32) is a generalized eigenvalue problem which can be 

written in the form 

AX BX                                                                                                                            (33) 

where,  

 

; 0 0 and

0 0

ji ji ji ji ji ji i

ji ji ji ji i

iji ji ji ji

C D E F G H A

A I J K B L X B

CM N P Q

     
     

       
             

.  

 

We note that  A  and B  are real matrices of order N N and X  is the eigenvector. By using 

the subroutine GVLRG of the IMSL library, the complex eigenvalue   is determined when 

the other parameters are specified. Then one of the parameters, say tR , is varied until the real 

part of   ( r ) vanishes. The zero crossing of r  is achieved by Newton’s method for fixed 

point determination. The corresponding value of tR  and a  are the critical conditions for 

neutral stability. Then the critical Rayleigh number with respect to the wave number is 

calculated using the golden section search method. The imaginary part of  ( i ) indicates 

whether the instability onsets into steady convection or into growing oscillations. Thus the 

critical stability parameters ( tcR , ca , ic ) are computed for different values of physical 

parameters involved therein. Convergence of the results is achieved by using six terms in the 

Galerkin expansion. 

  



12 

 

4. Results and Discussion 

The onset of convection in a horizontal layer of Darcy porous medium saturated with 

an Oldroyd-B viscoelastic nanofluid is investigated by considering a physically realistic 

boundary condition on volume fraction of nanoparticles. That is, the flux of volume fraction 

of nanoparticles is zero condition is used at the boundaries. The resulting eigenvalue problem 

is solved numerically by employing Galerkin method. The parametric values vary with the 

base fluid and nanoparticles chosen. The ratio of density of the nanoparticles to that of a base 

fluid for Cu (copper) and Ag (silver) is 8.96 and 10.5, respectively. The ratio of heat capacity 

based on the volume fraction of nanoparticles to that of a base fluid is 0.83 for Cu and 0.59 

for Ag.  So, by following Nield and Kuznetsov [12], Tzou [6, 7] and Buongiorno [8] we have 

taken the values of concentration Darcy-Rayleigh number nR  in the order 1 10, modified 

particle density increment BN  is of the order 10
-3 10

-1 
and Lewis number Le  is taken in the 

order of   1  10. The value of modified diffusivity ratio AN  is not more than 10.  

To have a check on the accuracy of the numerical procedure used, first test 

computations are carried out for regular fluid (i.e. 0AN  ) for different values of strain 

retardation parameter 2  by fixing the stress relaxation parameter, 1  and the heat capacity 

ratio, M  at unity. For regular fluids, exact solution can readily be obtained with W = sin z = 

  as the solution for the eigenvalue problem and the critical stability parameters are found to 

be  

 2 2 2 2
2

2
1

( ) ( )c c

tc

c

a M a
R

a

    



; 

2 2

2
c

M
a   


; 

2 2
2 1 2

1 2

( )( )c
ic

a M

M




   


 
.         (34) 

In Table 1, the results computed for different orders of approximations in the Galerkin 

expansion are compared with those obtained from Eq. (34). It is noted that the exact results 

and those obtained by considering six terms in the Galerkin expansion complement with each 

other indicating the accuracy of the numerical procedure used.  Table 2 shows the 

numerically computed triplets ( tcR , ca , ic ) at different orders of approximation in the 

Galerkin expansion for various values of 2  for the nanofluid case with 2AN  , 1nR  ,

0.01BN  , 1 1  , 1Le  and 1M  . From the tabulated values, again it is observed that the 

results converge for six terms in the Galerkin expansion. Hence, the results are presented by 

taking six terms in the Galerkin expansion.  
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Figures 2 (a-f) show the neutral stability curves in the ( , )tR a -plane for different values of 

stress relaxation parameter 1 (Fig. 2a), strain retardation parameter 2 (Fig. 2b), modified 

diffusivity ratio AN (Fig. 2c), concentration Darcy-Rayleigh number nR  (Fig. 2d), Lewis 

number Le  (Fig. 2e) and heat capacity ratio M (Fig. 2f). The plots shown in Fig. 2(a) and (b) 

are for different values of 1  and 2 , respectively. The figures reveal that oscillatory 

convection is possible only if 2 < 1  as observed in the case of regular fluids. Moreover, 

1  and 2  have opposing contributions on the stability of the system. That is, increasing 1  

is to decrease the region of stability, while the effect of 2  is to increase the region of 

stability. Besides, there exists a critical value of 1  (= 0.15) above which oscillatory 

convection is possible and below which stationary convection occurs (Fig. 2a). To the 

contrary, there exists a critical value of 2 (= 0.945) below which oscillatory convection is 

possible and above which stationary convection occurs for the parametric values chosen (Fig. 

2b). That is, oscillatory convection occurs for comparatively stronger elastic fluids at thermal 

Darcy-Rayleigh numbers lower than that of stationary convection. From Figs. 2(c), (d) and 

(e) it is observed that oscillatory convection is predicted for all wave numbers and increasing 

AN , nR and Le  is to decrease the region of stability. It may also be noted that the oscillatory 

neutral curves for different values of Le coalesce at lower wave number region. Increase in 

M  is to increase only the oscillatory thermal Darcy-Rayleigh number and hence its effect is 

to increase the region of stability (Fig. 2f). Due to consideration of the changed boundary 

conditions on volume fraction of nanoparticles, instability is found to appear in non-

oscillatory form in the absence of viscoelastic effects.    

 

 The variation of critical thermal Darcy-Rayleigh number ,tcR the corresponding 

critical wave number ca  and the critical frequency of oscillations ic  as a function 2 is 

displayed in Figs. 3-8 for various values of physical parameters to know their influence on 

the stability characteristics of the system. In general, the elasticity parameters 1  and 2  

have no influence on the onset of stationary convection. Thus, there is no distinction between 

the Newtonian nanofluid and viscoelastic nanofluid as far as stationary convection is 

concerned. This is because the basic state remains the same for both Newtonian and 

viscoelastic nanofluids as it corresponds to pure conduction. The curves of ic  are ending at 

points beyond which the frequency of oscillations is not positive. 
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Figure 3 shows the results for different values of 1  when 1,nR  1,Le  2,AN   

0.01BN   and 1M  . The effect of increasing 1  is to decrease the critical oscillatory 

Darcy-Rayleigh number for a fixed value of 2  and therefore its effect is to hasten the onset 

of oscillatory convection. This may be attributed to the fact that the relaxation time reduces 

the shear rate (i.e., increases the elasticity of a viscoelastic fluid) thus causing instability. An 

opposite trend could be seen with increasing 2 . Moreover, the ranges of values of 2  

within which oscillatory convection is possible increase with increasing 1 . In other words, 

for a fixed value of 1 , there exists a value 2
c  which divides the boundary of regimes 

between oscillatory and stationary convection. Initially, the convection begins in the form of 

an oscillatory mode, and as the value of 2  reaches 2
c , convection ceases to be oscillatory, 

and stationary convection becomes the preferred mode of instability. The value of 2
c  

depends on other physical parameters as well. The critical wave number ca  (Fig. 3b) and 

critical frequency of oscillations ic  (Fig. 3c) decrease with increasing 2 . The curves of ca  

drop suddenly as the transition from oscillatory to stationary convection occurs at different 

values of 2  and in the figure the vertical lines represent this transition. Furthermore, there is 

no noticeable change in ca  with increasing 1 . The values of critical frequency of 

oscillations ic  increase with increasing 1  due to an increase in the elasticity of the fluid 

and the same is evident from Fig. 3(c).  

 

 The effect of ratio of heat capacities M is presented in Fig. 4 and it affects only the 

onset of oscillatory convection. Increasing M is to delay the onset of oscillatory convection 

and to decrease the ranges of values of  2  within which oscillatory convection is possible 

(Fig. 4a). The critical wave number increases with increasing M (Fig. 4b) but the critical 

frequency decreases (Fig. 4c).  

 

The effect of modified diffusivity ratio AN  is presented in Fig. 5 for two values of   

stress relaxation parameter 1 (= 0.25 and 0.3) when 1,nR  1,Le  1M  and 0.01BN  . In 

Fig. 5(a), the curves lying to the left of the discontinuity in slope (shown by dotted lines) 

correspond to oscillatory onset, while to the right the onset is of stationary type (continuous 

line). The curves for 0AN  correspond to the case of regular non-Newtonian fluid and they 
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lie above all other curves of 0AN  . Thus the effect of increasing AN  is to hasten the onset 

of oscillatory and stationary convection nearly to the same extent. That is thermophoresis 

dominates over the Brownian diffusion to diffuse the nanoparticles as a result increase in AN  

hastens the onset. The effect of increasing 2  is to delay the onset of oscillatory convection 

and opposite is the case with increasing 1 . The value of 2 ,  at which the preferred mode of 

instability from oscillatory to stationary convection changes, decreases with increasing AN  

and increases with increasing 1 . Figures 5(b) and (c) show the variation of critical wave 

number ca and critical frequency ic  for 1 = 0.25. It is observed that, increase in AN  is to 

increase ca  marginally in the case of oscillatory onset but the curves of different AN come 

together with increasing 2  before showing an opposite trend in the case of stationary onset.  

The critical frequency of oscillations ic  decreases with increasing AN (Fig. 5c). 

  

Figure 6 illustrates the results for different values of concentration Darcy-Rayleigh 

number nR  when 1,AN  1,Le  1M  and 0.01BN   for two values of 1 (= 0.25 and 0.3). 

From Fig. 6(a) it is noted that the onset of convective instability is hastened with increasing 

concentration Darcy Rayleigh number nR . This is because increase in the density of 

nanoparticles is to enhance the heat transfer and hence to advance the onset of convection. 

Also, increase in the value of nR   and decrease in the value of 1 is to decrease the threshold 

value of 2  at which the preferred mode of instability changes. The critical wave number 

increases marginally with an increase in the value of nR  but the curves of different nR come 

together with increasing 2  before showing an opposite trend in the case of stationary onset 

(Fig. 6b). The critical frequency of oscillation decreases with increasing nR (Fig. 6c).  

 

The effect of modified particle density increment BN  is shown in Fig. 7 for two 

values of 1 (= 0.28 and 0.3) when 2,AN  2,nR  1M  and 1Le  . From Fig. 7(a), it is 

seen that an increase in the value of BN  is to hasten the oscillatory and stationary onset. This 

is because the heavier nanoparticles moving through the base fluid makes stronger 

disturbances as compared with the lighter nanoparticles which in turn produce more heat 

transfer in the fluid. However, the effect of BN  on the oscillatory onset is found to be not so 

strong compared to its influence on the stationary onset. Also, there is no considerable 
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change in the value of  2  at which the preferred mode of instability changes.  The variation 

in the critical wave number with  BN  is insignificant in the case of oscillatory onset, while in 

the case of stationary onset increasing BN  is to decrease ca slightly (Fig.7b). Figure 7 (c) 

shows that increasing BN is to decrease ic  marginally.  

Figure 8 demonstrates the effect of Lewis number Le  for two values of 1 (= 0.8 and 

1) when 1,AN  2,nR  1M  and 0.01BN  . As seen from Fig. 8(a), increase in Le  hastens 

the onset of oscillatory and stationary convection as thermal diffusion is dominated over 

Brownian diffusion. From the figure it is also noted that the influence of Le  on the onset of 

stationary convection is more pronounced than on the oscillatory convection. The value of 

2  at which the preferred mode of instability changes decreases significantly with an 

increase in the value of Le  and decrease in the value of 1 . In the case of stationary 

convection, the critical wave number decreases with increasing Le  but an opposite trend is 

noticed in the case of oscillatory convection (Fig. 8b). The critical frequency decreases with 

increasing Le  (Fig. 8c). Since the effect of 1 found to be insignificant on ca and ic  with 

increasing AN , nR , BN  and Le , its effect is not shown in the respective figures. 

 

5. Conclusions 

  

The onset of convection in a horizontal layer of modified Darcy porous medium 

saturated with an Oldroyd-B viscoelastic nanofluid is investigated by considering flux of 

volume fraction of nanoparticles is zero on the boundaries; a physically realistic boundary 

condition. The generalized eigenvalue problem is solved numerically using the Galerkin 

method.  

 

The results of the forgoing study may be summarized as follows:  

 

(i) The oscillatory convection is possible only if the strain retardation parameter 2

is less than the stress relaxation parameter 1 and also when 2 is less than a 

threshold value which in turn depends on the other parametric values.  The 

parameters 1 and 2  have opposing contributions on the onset of oscillatory 
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convection. Increase in the value of 2 , ratio of heat capacities M  is to delay the 

onset of oscillatory convection.  

(ii) The effect of increasing modified diffusivity ratio AN , concentration Darcy-

Rayleigh number nR , modified particle density increment BN  and Lewis number 

Le  is to hasten the onset of both oscillatory and stationary convection. The effect 

BN  and Le on oscillatory convection is not so significant compared to their 

influence on the stationary onset. 

(iii) The range of 2  within which oscillatory convection is preferred gets decreased 

with increasing AN , nR , BN , Le   and M . In contrast to this, the range of 2

increases with increasing 1 .  

(iv) Increase in the value of 2  is to increase the size of convection cells of 

oscillatory onset and this trend gets reversed with increasing 1  and M .  Also, the 

effect of increasing AN , nR  and Le  is to decrease the size of convection cells of 

oscillatory onset but opposite is the case with the stationary onset. The variation 

in the critical wave number ca with BN  is insignificant in the case of oscillatory 

onset, while ca  decreases in the case of stationary onset with increasing BN . 

(v) The values of critical wave number for the oscillatory onset are higher than those 

of stationary onset. 

(vi) The critical frequency of oscillations ic decreases with increasing AN , nR , ,M

,BN Le  and 2 . To the contrary, increase in the value of 1  is to increase the 

value of ic . 
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Table 1: Comparison of ,tc cR a and ic for different orders of approximations in the Galerkin 

expansion for regular fluids ( 0)AN   with 1M   

 

N  

2 0.1   2 0.3   2 0.5   

tcR  ca  ic  tcR  ca  ic  tcR  ca  ic  

1 5.8284 3.760 14.3958 13.9282 3.398 6.8514 21.9544 3.310 4.3539 

2 5.8284 3.760      14.3958 13.9282 3.398  6.8514 21.9544 3.310    4.3539 

3 5.7747    3.742      14.3126 13.7711 3.379  6.8071 21.6934 3.290  4.3236 

4 5.7747 3.742      14.3126 13.7711 3.379  6.8071 21.6934 3.290    4.3236 

5 5.7747    3.741      14.3102 13.7709 3.378  6.8060 21.6931 3.290   4.3236 

6 5.7747    3.741      14.3102 13.7709 3.378  6.8060 21.6931 3.290    4.3236 

Exact 

solution 

5.7747 3.742 14.3120 13.770 3.378 6.8067 21.6931 3.290 4.3236 

 

Table 2: Comparison of ,tc cR a and ic for different orders of approximations in the Galerkin 

expansion for nanofluids with 2AN  , 1nR  , 0.01BN  , 1 1  , 1Le  and 1M  . 

 

N  

2 0.1   2 0.3   2 0.5   

tcR  ca  ic  tcR  ca  ic  tcR  ca  ic  

1 2.2946 3.8990 12.5048 10.1734      3.426 6.4023 18.1214 3.3220 4.1570 

2 2.1915 3.8940 11.8231 9.8819 3.383   6.0665 17.7115     3.2730 3.9652 

3 2.1644 3.8810 11.7836 9.7603          3.367   6.0374 17.4911 3.2570 3.9440 

4 2.1300 3.8770 11.7471 9.7206           3.366     6.0297 17.4497     3.2560 3.9403 

5 2.1296 3.8760 11.7447 9.7203     3.366     6.0297 17.4493 3.2560 3.9403 

6 2.1296 3.8770 11.7470 9.7203        3.366      6.0297 17.4493 3.2560 3.9403 
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Fig. 1 Physical configuration 
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Fig. 2: Neutral curves for different values of (a) 1 with 2,AN  1,nR  0.01,BN  2 0.1, 

1Le  and 1M   (b) 2  with 2,AN  1,nR  0.01,BN  1 1,  1Le  and 1M   (c) AN  

with 2,nR  0.01,BN   1Le  , 1 1  , 2 0.5   and 1M   (d) nR  with 2,AN   0.01BN   

1Le  , 1 1  , 2 0.5   and 1M   (e) Le  with 2,nR  1,AN  0.01,BN  1 1  , 2 0.5   

and 1M   (f) M  with 1Le  , 2,nR  2,AN  0.01,BN  1 1  and 2 0.5  . 
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1,Le  2,AN  0.01BN   and 1 0.3  . 



26 

 

0.15 0.18 0.21 0.24 0.27 0.30

21

24

27

30

33

36

39

42

4

3

2

oscillatory ( 
1
 = 0.3 )

R
tc


2

 

stationary

oscillatory ( 
1
 = 0.25 )

N
A
 = 0

1

(a)

 

0.10 0.15 0.20 0.25 0.30
3.0

3.2

3.4

3.6

3.8

 

 

a
c


2

N
A
 = 0, 1, 2, 3, 4

(b)

 

0.06 0.09 0.12 0.15 0.18 0.21
0

3

6

9

12

15

18

 

  


2


ic

N
A
 = 4, 3, 2, 1, 0

(c)

 

Fig. 5 Variation of (a) tcR  (b) 1( 0.25)ca    (c) 1( 0.25)ic    with 2  for different values 

of AN  when 1,nR  1,Le  1M  and 0.01BN  . 
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