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Abstract

In this paper, a hub refers to a non-terminal vertex of degree at least three. We study the
minimum number of hubs needed in a network to guarantee certain flow demand constraints
imposed between multiple pairs of sources and sinks. We prove that under the constraints,
regardless of the size or the topology of the network, such minimum number is always upper
bounded and we derive tight upper bounds for some special parameters. In particular, for two
pairs of sources and sinks, we present a novel path-searching algorithm, the analysis of which is
instrumental for the derivations of the tight upper bounds.

1 Introduction

Consider a network G = (V, E), where V denotes the set of vertices in G, and E denotes the set
of edges in G. A vertex in G is said to be a source if it is only incident with outgoing edges, and a
sink if it is only incident with incoming edges. Often, a source or sink is referred to as a terminal
vertex. A non-terminal vertex is said to be a hub if its degree is greater than or equal to 3. In
this paper, we are primarily concerned with the minimum number of hubs needed when certain
constraints on the flow demand between multiple pairs of sources and sinks are imposed. The flow
demand constraints considered in this paper will be in terms of the vertex-cuts between pairs of
sources and sinks. This can be justified by a vertex version of the max-flow min-cut theorem [1],
which states that for a network with infinite edge-capacity and unit vertex-capacity, the maximum
flow between one source and one sink is equal to the minimum vertex-cut between them. Here, we
remark that with appropriately modified setup, our results can be stated in terms of edge-cuts as
well.

More precisely, for given C1,Cs,...,C, € N, let N(C1,Cs,...,Cy) denote the set of all finite
networks G (see Figure 1 for an example) such that

e there are n sources S1,53,...,5, and n sinks Ry, Ro, ..., R, in G;

e all edges in G, except those incident with a source or sink, are undirected (alternatively,
bi-directional);

e for each feasible i, the minimum vertex-cut from S; to R; is C;.

Now, we define

H(Cy,Cy,...,Cp) = sup min ’H(@),
GEN(C1,Ca,. Cn)  GCG
GeN(C1,Ca,...,Ch)
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Figure 1: An illustrative graph in A (2,2) with 8 hubs.

where ’H(@) denotes the number of hubs in G. The above definition can be roughly interpreted
as follows: for a given G, we try to find a subgraph G that contains the minimum number of
hubs required to satisfy the vertex-cut constraints, and J(Cy,Cs,...,C)) gives us the minimum
number corresponding to the worst-case scenarios among all possible G.

At first glance, J#(Cy,Cs,...,C,) can be infinite. One of the main (and somewhat sur-
prising) results in this paper, Theorem 6.1, however, states that for any given Cq,Co,...,Cp,
H(C1,Co,...,Cp) is in fact finite. With finiteness confirmed, we are primarily interested in com-
puting the value of J#(C1,Cs,...,Cy,). We say a graph G is minimal in N (C1,Cs,...,Cy), if
G e N(C1,Cs,...,Cy), but for any e € E, G\{e} € N(C1,Cs,...,Cy). It then follows from the
fact that every graph in N'(C1,Cy,...,C,) has at least one minimal subgraph that

H(Cy,Cy,y...,Cp) = sup H(G).
GeN(C1,Ca,...,Cr)
G is minimal

The vertex-connectivity version of the classical Menger’s theorem [4] states that for a network
with one pair of source S and sink R with the minimum vertex-cut between them being C, there
exist C' vertex-disjoint paths connecting S and R, which immediately implies that J#(C) = 0 for
any given C. Theorem 6.1 states that for any given G € N(Cq,Cs,...,C,), one can always find
a subgraph G of G such that ’H(@) is upper bounded by a constant, which is independent of the
choice of G. In some sense, Theorem 6.1 can be viewed as a generalization of the vertex-connectivity
version of Menger’s theorem.

Mathematically, the proposed problem of computing 2 (Cy,Cs,...,C),) is a natural combina-
torial optimization problem. On a more practical side, hubs in networks naturally correspond to
more costly vertices. For instance, in a transportation network, as opposed to “relaying” vertices
with degree 2, hubs may have to be better equipped for traffic scheduling; for this reason, when
designing the route map, an airline may need to avoid running too many airline hubs to reduce the
cost. So, as might be expected, 7 (C1,Cy,...,C,) is of significance to cost-minimizing resource
allocation in transportation networks.

To the best of our knowledge, the proposed problem of computing or estimating 57 has not
yet been examined previously and there is little related work in the vast literature of graph theory.
On the other hand, to a great extent, this work is motivated by the study of network encoding
complexity (see [3] and references therein), where the number of encoding vertices in directed
networks is of primary concern. Moreover, our approaches to tackle the problem are influenced by
those in network encoding complexity theory, particularly, to a greater extent, those in [2, 5].



The remainder of the paper is organized as follows. In Section 2, we give necessary and sufficient
conditions (Theorem 2.1) for a graph being minimal in N'(C1, Cs). In Section 3, we introduce the
notion of a representation of a graph in N(Cq,Cs) and we present the structural decomposition
theorem (Theorem 3.4) for representations of minimal graphs in N (Cy,C3). We will introduce in
Section 4 a novel path-searching algorithm, the analysis of which will aptly produce an upper bound
on #(C1,Cy) for any given Cq,C5y. In Section 5, we derive the value of 7 (C1,Cs) (Theorem 5.1),
which is a main result in this paper. Another main result is Theorem 6.1, which establishes the
finiteness of 7 (Cy,Co,...,Cy), n > 3, through a recursive bounding argument. The remaining
part of Section 6 will be devoted to the derivations of the values of 7Z for some special parameters
(Theorem 6.2, 6.3).

2 Minimal Graphs in N (Cy, C5)

We first introduce some notation and terminologies that will be used throughout the paper.

A sequence of edges in G, e; = (u;,v;), i =1,2,...,d, with v; = uj+1,7=1,2,...,d—1, can be
linked to form a path p, denoted by p = e o eg 0 -+ - 0 ¢4; furthermore, p is called a cycle if vg = u;.
A path p of this form is said to be directed each e; is oriented such that all of them concatenate.

For a path 8 and two vertices u, v of 3, let B[u,v] denote the subpath of 8 between u and v.
For a directed path = ej oeg 0---0¢y, let h(f3), t(8) denote the head, tail of 3, respectively;
and we say e; is smaller than e; on 3, denoted by e; < e;j, if h(e;) is the head of the directed path
Bles, e;] (or alternatively, e; is larger than e;, denoted by e; > ;).

For a graph G € N (C1,Cs,...,C,), by the vertex-connectivity version of Menger’s theorem, for
each i, one can find a set «; of C; vertex-disjoint ¢-paths from S; to R;. If the choice of ¢; is unique,
«; is said to be non-reroutable, otherwise it is said to be reroutable. G is said to be non-reroutable if
all a;’s are non-reroutable, reroutable otherwise. For any index set {ji,j2,...,jk} C {1,2,...,n},
let Gah%z'“%k denote the subgraph of G induced on the edges of o, aj,, ..., a; -paths. G is said
to be a (C1,Cs,...,Cy)-graph if G = |J;-; Gq,, that is, each edge in G belongs to some a;-path.
In order to compute 2 (Cy,Cs,...,Cy), it is enough to only consider all (Cy,Cy, ..., C,)-graphs,
since |J;_; Gq, is a subgraph of G and also in N(C1,Cy,...,Cy).

Sections 2 to 5 will be devoted to derive the value of .7 (Cy,C5). For notational convenience
only, we often rewrite a1, ao as ¢, 1, respectively.

For a (C1,Cs)-graph G, an edge in G is said to be public if it is shared by a ¢-path and a
-path, private otherwise. Evidently, for each i, from S; to R;, each ¢ or i-path in G induces a
natural orientation to all its edges. We note that a public edge in G may have opposite ¢-direction
and 1)-direction (such “inconsistency” will be dealt with in Section 3).

We say G can be naturally orientable if each public edge in G has the same natural ¢ and
1-direction. A cycle ejoeg0---0e4 in G, where e; = (u;,v;), v; = ujpq for i =1,2,...,d — 1 and
vg = u1, is said to be a ¢-consistent cycle, if it satisfies the following property: for any 1 < i < d,
if e; belongs to a ¢-path, then its natural ¢-direction is from wu; to v;. And we similarly define a
1-consistent cycle.

The following theorem gives necessary and sufficient conditions for a (C7, Cs)-graph being min-
imal.

Theorem 2.1. The following three statements are equivalent for a (Cy,C3)-graph G:
(i) G is minimal;
(ii) G is non-reroutable;

(iii) G has no ¢ or 1-consistent cycle.



Proof. 1. (ii) = (i): Any edge e in G must belong to some ¢ or ¥-path. After deleting e from G,
we no longer find C; vertex-disjoint paths from S; to R; for some i € {1,2}. So G\{e} &€ N(Cy,C5),
and therefore G is minimal.

2. (ii) = (iii): Suppose, by way of contradiction, that G' has a ¢-consistent cycle O, which
can be written in the following form

P10€10pP20€30---0DPqO0Eq,

where each p; is a subpath of some ¢-path, and each e; is a private ¥-edge. Furthermore, we
assume O has the smallest d (the number of private y-edges) among all ¢-consistent cycles. Then,
each p; belongs to a different ¢-path (since otherwise we can always find a ¢-consistent cycle with
fewer private i-edges), which further implies that d < Cy. Suppose p; = ¢;lu;, v;] for 1 < i < d,
e;i = (vi,usy1) for 1 < i < d—1 and eg = (vg,u1). Then one can find another group of Cy
vertex-disjoint paths ¢ = {(;31, bo, ..., ngbcl} from S7 to R; in G, where

R qbl [Slyul] o (Ul,vd) o de[ud, Rl] fOI‘ 1= 1)
¢i = § 0i[S1,wi) o (us, vi—1) © pi—1[vi—1, R1] for 2 <i < d;
o; ford+1<1i <y,

which contradicts the assumption that G is non-reroutable. With a parallel argument, we conclude
that ¢-consistent cycles do not exist either.

3. (i) or (iii) = (ii): Suppose, by contradiction, that G is reroutable, and furthermore, by
symmetry, that there exists another group of C vertex-disjoint paths qg = {(ﬁl, (52, e ,ggcl} from
Sy to Ry in G with ¢; sharing the same outgoing edge from Sy as ¢; for every i. Pick a ¢-path,
say, q@il, such that q@il # ¢, and let v;, denote the smallest vertex on ¢;, (under the natural
¢-direction) where they leave each other. Assume that, after v;,, gz@il first meets some ¢-path, say,
¢i, at the vertex u;,. Denote by v;, the smallest vertex where (ﬁh and ¢;, leave each other. Assume
that, after v;,, <;3,~2 first meets some ¢-path, say, ¢;, at the vertex u;,. Continue the procedure in
a similar manner to obtain an index sequence 41,12, ...,%,..., and similarly define v;,’s and wu;,’s.
Pick the smallest k such that i, = i; for some j < k. Notice that v;,, , is smaller than u;, on ¢;,,,,
which easily follows from three facts:

1) ngbitH first takes apart from ¢;,,, at v;,, ;
2) ¢;, meets ¢;,,, at u;,;
3) ¢, and ¢;, .. are vertex-disjoint.

Hence, we conclude that

Gi; iy iy] © iy [Wigs Vi a0 Gigy [V s i ] 0 Gig o Uiy Vi)
©---0 ¢ik—2 [Uik—27uik72] © gbikﬂ [uik72’vik71] © ¢ik71 [,Uikfl’uikfl] © qbij [uikfl ) Uij]

is a ¢-consistent cycle in G.

Since all 1-paths are vertex-disjoint and the above cycle does not contain any terminal vertex,
at least one edge e in this cycle does not belong to any ¢-path (that is, e is a private ¢-edge). Notice
that each edge of ¢y, [vi,, us,], j <t < k —1, is a private ¢-edge, and each edge of Biypr Wiy Vip 1 ]
j <t <k-—1, does not belong to any QAS-path. So, e must belong to ¢;,, , [u;,, vi,,,] for some t with
j <t<k—1, and hence e does not belong to any ¢-path. In the graph G\{e}, we can find a set ¢
of C; vertex-disjoint paths from S; to R, and a set ¢ of Cy vertex-disjoint paths from S5 to Rs.
Thus G\{e} € N(C1,C2) and G is not minimal, a contradiction. O



Remark 2.2. The third part of the proof of the theorem has actually proved that for a (Cy,C3)-
graph G, if ¢ (resp. 1) is reroutable, then there exists a private ¢ (resp. )-edge e such that
G\ {e} € N(C1,C5). This fact will be used later in the paper.

3 Representations and Structural Decomposition

In this section, we will transform a minimal (C7, Cy)-graph G into G°, its representation, through
the following steps:

Step 1 [Remove Relays]: In this step, we remove all non-terminal vertices in G with degree
2. In more detail, for any non-terminal vertex v with d(v) = 2 and e; = (v,u1), e = (v,u3) being
the two edges incident with v, where uy # uo, delete edges e, es and vertex v, and then add a new
edge (u1,u2). Let G; denote the resulting graph.

Step 2 [Stretch Crossings]: We say a ¢-path and a i-path cross at vertex v if they share
v, but not any edges incident with v. In this step, we convert each crossing into a pair of degree 3
vertices. In more detail, for any vertex v in G with d(v) =4 and e; = (v,u1), ea = (v,u2) being
the two ¢-edges incident with v, es = (v,us), e4 = (v, uyq) being the two i-edges incident with v,
where all u; are all distinct, delete edges e;, es, e3, e4 and vertex v, and then add two vertices vy,
vy and edges (v1,v2), (u1,v1), (us,v1), (uz,v2) and (ug,ve). Let Gy denote the resulting graph.

Step 3 [Match Directions]: For any public edge e in G5 with inconsistent ¢ and -direction,
we will perform the following operations to obtain consistency: Assume edge e = (u,v) belongs to
both path ¢; = ¢;[S1,w1] o (w1,u) o (u,v) o (v,w2) o p;[wa, R1] and path 1; = ;[Sa, w3] o (w3,v) o
(v,u) o (u,wy) o Pjlwg, Ra]. We delete edges (ws,v), (u,ws), add edges (ws,u), (v, ws), and then
obtain a new -path

¥;[S2, ws] o (w3, u) o (u,v) o (v,ws) 0 Pjwa, Ro.

Let G° denote the resulting graph, which, evidently, is naturally orientable; let 80 denote the
directed version of G°, equipped with the consistent natural orientation induced on all its ¢ and
-paths. Apparently, G° € N (Cy,Cy) with its ¢ and -paths determined by the original ones, and
all the non-terminal vertices in G° are hubs.

The obtained G° after the above three steps is said to be a representation of GG. The following
lemma states that G° must be a minimal (Cy, C2)-graph as well.

Lemma 3.1. The representation G° of a minimal (Cy,Cs)-graph G is also minimal.

Proof. First, since GG is minimal, by Theorem 2.1, G is non-reroutable. Evidently, G is also non-
reroutable, and thus minimal. By way of contradiction, suppose that G° is not minimal. Again,
by Theorem 2.1, G° is reroutable. Notice that in Step 2 and 3, both crossings or inconsistently
oriented public edges are converted into consistently oriented public edges. Then, by Remark 2.2,
one can find a private edge e such that G°\{e} € N(Cy,C3), implying G1\{e} also belongs to
N (Cy,Cy), which contradicts the minimality of G;. O

Let N°(Cq,C5) denote the subset of NV(Cy,C3) consisting of all networks G such that G is
minimal, naturally orientable and all the non-terminal vertices in G are of degree 3. Apparently,
N°(C1,C7) is the set of the representations of all minimal (C, Cs)-graphs. The following theorem
says that in order to compute 5 (C1,C3), it is enough to only consider all graphs in N°(Cy, C5).

Theorem 3.2.

H(Cy,C3) = sup  H(G).
GeN°(C1,02)



Proof. The “<” direction follows from the observation that
H(G) = H(G1) < H(G2) = H(G?),
and the “>” direction immediately follows from Lemma 3.1. O

A path in G° € N°(C1,(C7) is said to be an alternating path if all its edges are privates edges
and the terminal pair of this path is one of the following: (S1,S2), (S1, R1), (Ra2,S2) or (R2, Ry).

Lemma 3.3. An alternating path has the following properties:

1. Each of its ¢-edges is only adjacent to -edges, and each of its -edges is only adjacent to
p-edges.

2. Each of its ¢ (resp. 1 )-edge belongs to a different ¢ (resp. 1 )-path.

Proof. 1. This follows from the fact that after Step 1, vertices with degree 2 have been removed
and thus no two private ¢ (or 1)-edges are adjacent.

2. We show that in any alternating path, each ¢-edge belongs to a different ¢-path. Suppose,
by contradiction, that for an alternating path path ej; o eg o --- 0 ey, where e; = (u;,v;), two edges

ek, €1, k < 1, both belong to ¢;. If ¢; is smaller than e, on path ¢; in G °, then

Or[ug, vg] 0 eprq 0epig0--0er_q

is a ¢-consistent cycle in G°, which, by Theorem 2.1, gives us a contradiction. If e is smaller than
e; on path ¢; in G'°, then the subpath ¢¢[vg, ;] in fact can be expressed as fj o fao---0 fop_1,
where f1, f3,..., fop—1 are public and fa, fi,..., fop—2 are private. Then

(exr10 fi)ofao -0 fop 90 (fop-10€-1)0€ g0 0epyo

is a -consistent cycle in G°, which, by Theorem 2.1, gives us a contradiction. With a parallel
argument, we conclude that each private y-edge belongs to a different -path. O

We next present the structural decomposition theorem of a representation G° € N°(Cq, Cs),
which, roughly speaking, states that after deleting public edges in G°, each connected component
in the resulting graph is an alternating path. More precisely, letting G denote the subgraph of G°
induced on all private edges in G°, we have

Theorem 3.4. G} consists of (C1 + C2) alternating paths.

Proof. Consider 8‘5, the naturally oriented version of Gp. Obviously, the degree of any non-

terminal vertex in 8; is 2. Now, starting from 57, traverse along an outgoing ¢-edge, say, e, and
then traverse against the -edge adjacent to e1, say, es, and then along a ¢-edge adjacent to eq,
say, e3, and then against a 1-edge adjacent to e3 .... Continue the procedure in this fashion, we
will always reach R; or Ss, since otherwise the set of edges that we have traversed will contain a
cycle, which is both ¢-consistent and -consistent. Evidently, a similar argument can be applied to
the case when we start from an incoming edge incident with Rs. It then follows that one can find
a set of (C1 + Cp) vertex-disjoint paths in G} from {S1, Ra} to {Ss, R1}; moreover, it can easily
checked that each edge in G belong to one of the above-mentioned vertex-disjoint paths. O

Remark 3.5. Let v be a non-terminal vertex of an alternating path in G, and let e, ¢/ be the two
edges incident with v. It then follows from the proof of Theorem 3.4 that if v is the head (resp.

tail) of e in 8;, then it is also the head (resp. tail) of €.



An alternating path in G is said to be an 5152, S1Ri, RS2, RaRj-alternating path if its
terminal pair is (S1,52), (S1, R1), (R2,S2) or (Re, Ry), respectively. A path is said to be an S;-
alternating path is it is either an S7Ss-alternating path or S;Rj-alternating path, similarly, a path
is also referred to as an Rs-alternating path is it is either an RoS3-alternating path or RoRq-
alternating path. Apparently, there are Cy Sp-alternating paths and Cy Rs-alternating paths. For
two vertices u,v of an Sy (resp. Rg)-alternating path L, we say u is on the right of v in L if v
is “nearer” to Sy (resp. Rg) than u in L (more precisely, the number of edges between u and Sy
(resp. Rg) in L is more than that between v and S (resp. R2)) (the word “right” arises since we
will “position” the vertices of a path in a plane in Section 4 for an easy illustration). For two edges
e,e’ in L, we say e is on the right of € if one of two vertices incident with e is on the right of the
two ones incident with €’ in L.

Example 3.6. Figure 1 shows a naturally oriented minimal (2,2)-graph with 12 hubs. From S to
R1, there are two vertex-disjoint ¢-paths e oegoeroegoeis and egoegoeigoeqs0elg; and from Sy
to Ro, there are two vertex-disjoint 1-paths eaoegoegoegoels and esoegoejyoejgoeys. The edges
e3, es, €9, €14 are public since each of them is shared by some ¢-path and some -path. The others
are all private. Then we can find that G}, consists of four alternating paths: two Si-alternating
paths

€10 €2, €40¢€p0e7 0 es,

and two Ry-alternating paths
€15 © €16, €12 © €10 © €11 O €13.

Moreover, e4 o eg 0 e7 0 e5 is an S1S2-alternating path, where edge et is on the right of edge eg,
vertex B is on the right of vertex C'.

4 A Path-Searching Algorithm

In this section, we introduce an algorithm, the analysis of which will be instrumental for deriving
the value of 7 (C1,C5). Before rigorously describing the algorithm, we roughly illustrate its idea.

Consider a representation G° of a minimal (C,Cy)-graph G. Imagine on a two-dimensional
plane, each alternating path ejoego---oeq in G is “positioned” into a “double deck” (see Figure 2

for an example), where e;;1 is on the right of e;, and all the tails (in 82) are on the upper deck
and heads on the lower deck (see Remark 3.5). A vertex on the upper deck is referred to as an
upper vertex if it is not a source, and a vertex on the lower deck is referred to as a lower vertex
if it is not a sink. Notice that there is one more lower vertices than upper vertices in an S1.S52-
alternating path, while one less in an Ry Rj-alternating path, and there are equally many of them

in an S7R;-alternating path or an Ry.Ss-alternating path.

Figure 2: In this Ry Rq-alternating path, x1, xo, x3 are upper vertices and 1, yo are lower vertices.



In each SjS2-alternating (resp. R Ri-alternating) path, one of the lower (resp. upper) vertices
will be labeled as a choke vertez (which could be a “bottleneck” for the path extending procedure
in the algorithm), which is initially the rightmost lower (resp. rightmost upper) vertex of the path
and will be updated during the execution of the algorithm.

As summarized below, the algorithm will iteratively find a set of the so-called interconnecting
paths in G°, which will “link” the double decks.

e In the beginning of each iteration, we initialize the interconnecting path as a public edge,
whose tail is an unoccupied lower vertex. See STEP 2.

e We first traverse along edges in 80 to extend the interconnecting paths to link the double
decks. When we reach a choke vertex, we check if it is possible to switch paths (see Figure 3)
and find new ways to extend the interconnecting paths. See STEP 3(A), 3(B).

e Then we traverse against edges in 8" to extend the interconnecting paths in a parallel manner.
See STEP 5(A), 5(B).

e At the end of k-th iteration, a set of k interconnecting paths is found, whose vertices are all
labeled as occupied. See STEP 6.

As proven later, the algorithm will produce all interconnecting paths and upon termination of the
algorithm, all hubs in G° are occupied.

Let A be the number of S;Ss-alternating paths, then A < min{Cy,C>}, and moreover, the
numbers of Ry Rq-alternating paths, S1Ri-alternating paths and RSs-alternating paths are A, Cp—
A, Cy — A, respectively. The following algorithm will find A interconnecting paths in G°.

Algorithm 4.1. Input: G°; Output: a set I of A interconnecting paths.

STEP 1: Initialize the algorithm.

Orient each edge in the direction of ¢ and y-paths;
Label all hubs as “unoccupied”;
FOR each S55-alternating path DO

Its choke vertex := its rightmost lower vertex;
FOR each RyR;-alternating path DO

Its choke vertex := its rightmost upper vertex;
T =0

n = 1.

STEP 2: Initialize the forward extension.
v := an arbitrarily picked unoccupied lower vertex and label v as “occupied”;
f := the public edge whose tail is v;
u:= h(f) and label u as “occupied”;
P:=f.



STEP 3(A): Prepend a private edge.
L := the alternating path to which u belongs;
IF L is an Ry R;-alternating path AND wu is the choke vertex of L THEN BEGIN
IF there are no unoccupied upper vertices in L, THEN
Go to STEP 4;
ELSE BEGIN
xg := the rightmost unoccupied upper vertex of L;
(20,Y0) © (Yo, 1) © -+ 0 (g, Yq) © (ya,u) := the subpath of L between zy and u;
IF d = 0 THEN BEGIN
The choke vertex of L := xq;

Label yy as “occupied”;

e = (u, Yo);
P:=Poe;
END

ELSE (viz. d > 0) BEGIN
FOR i:=1TO d DO
P, := the interconnecting path in Z containing (z;,y;);
I:=TZ\{P,P,...,Py};
The choke vertex of L := xg;
Label yg as “occupied”;
e = (z1,%0);
= P;
P := Pi[t(Py),z1] o€
FORi:=1TO d-1DO
P;:= Piq[t(Pig1), ig1] © (zig1,¥i) © Pilyi, h(Fy)];
Py = P[t(P), u] o (u,yq) © Palya, h(P)];
Z:=ZTU{P,P,,...,P};
END
END
END
ELSE BEGIN
IF u € an Sp-alternating path THEN
e := the private 1-edge whose tail is u;

ELSE (viz. u € an Ry-alternating path)

=)

e := the private ¢-edge whose tail is u;
Label h(e) as “occupied”;
P:=Poe.
END



STEP 3(B): Prepend a public edge.
f := public edge whose tail is h(e);
u:= h(f) and label u as “occupied”;
P:=Pof,

Go to STEP 3(A).

STEP 4: Initialize the backward extension.

Z:=TU{P};

P := the interconnecting path in Z whose tail is v;
1:=T\{P}

w = 0.

STEP 5(A): Append a private edge.
L := the alternating path to which w belongs;
IF L is an SSs-alternating path AND w is the choke vertex of L THEN BEGIN
IF there is no unoccupied lower vertex in L. THEN
Go to STEP 6;
ELSE BEGIN
Yo := the rightmost unoccupied lower vertex of L;
(Yo, o) © (zo,y1) © -+ 0 (Y4, zq) o (g, w):=the subpath of L between yy and w;
IF d = 0 THEN BEGIN
The choke vertex of L := yo;
Label x¢ as “occupied”;
e = (zo,w);
P :=eoP;
END
ELSE (viz. d > 0) BEGIN
FOR i:=1TO d DO
P; := the interconnecting path in Z containing (z;,y;);
Z:=IZ\{P,Ps...,Py};
The choke vertex of L := yo;
Label zg as “occupied”;
e = (20, y1);
= P;
P :=eo Py, h(P1)];
FORi:=1TOd-1DO
P; := Bi[t(P), zi] o (x4, yi+1) © Pit1[yiv1, h(Pir1)];
Py := Pyft(Py), 2] © (24, w) o Plw, h(P));

)
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Z:=TU{P\,P,,...,Py};
END
END
END
ELSE BEGIN
IF w € an Ry-alternating path THEN
e := the private ¢-edge whose head is w;
ELSE (viz. w € an Sp-alternating path)
e := the private 1-edge whose head is w;
Label t(e) as “occupied”;
P:=eoP.
END

STEP 5(B): Append a public edge.
f = public edge whose head is t(e);
w :=t(f) and label w as “occupied”;
P:=foP;
Go to STEP 5(A).

STEP 6: Terminate the iteration.
IF n = A THEN

Terminate the algorithm;

Z:=TU{P}
n:=n-+1;
Go to STEP 2.

Remark 4.2. 1. For Step 2 in each iteration, an unoccupied lower vertex always exists since there
is at least one S71Ss-alternating path with its chock vertex left unoccupied.

2. Each iteration of Algorithm 4.1 consists of forward and backward extensions, and each
interconnecting path starts from an S7.59-alternating path and ends at an R Ri-alternating path.
The algorithm cannot be simplified into a “one-direction extension” version: for each iteration, the
extending procedure will terminate at an S7Ss-alternating path with only one unoccupied lower
vertex, but, in the beginning of each iteration, such an alternating path may not exist (to see this,
notice that more than two unoccupied vertices of an alternating path can become “occupied”, if
we switch paths during one iteration).

We will need the following two lemmas in the next section.

Lemma 4.3. For a representation G° of a minimal (Cy,Cs)-graph, upon the termination of Algo-
rithm 4.1, each private edge of any interconnecting path belongs to a different alternating path.

11



P P P

? e ev
7
é é
Pl P2

before switching paths

P Py Py
* 4 L
choke
ertex] i i i
o) H H H
i é
Py Py

after switching paths

Figure 3: Switch interconnecting paths when a choke vertex is met.

Proof. By contradiction, suppose that for an interconnecting path P = eyoej oeg0---0eg,, two
private edges egr, and eg, k < [, belong to the same alternating path L. Let O be the cycle

P[h(egk), t(egl)] o L[t(egl), h(egk)].

If eg; is on the right of egr in L, then O is a -consistent cycle in G°. If egy, is on the right of ey in
L, then O is a ¢-consistent cycle in G°. By Theorem 2.1, both cases imply that G° is not minimal,
which, by Lemma 3.1, further implies that G is not minimal, a contradiction. U

Lemma 4.4. For a representation G° of a minimal (Cy,Cy)-graph G, upon the termination of
Algorithm 4.1, T consists of at most min{C,Cs} interconnecting paths, and each hub in G° is in
exactly one of the interconnecting paths in L.

Proof. Each interconnecting path in Z starts from a lower vertex of a distinct S7.53-alternating path
and ends to an upper vertex of a distinct Ry Rj-alternating path. So the number of interconnecting
paths is A with A < min{C4,C3}. Now upon the termination of Algorithm 4.1, pick an unoccupied
lower vertex, and then execute the algorithm from STEP 3(B); or pick an unoccupied upper vertex,
and then execute the algorithm from STEP 3(A). Since all chock vertices have been unoccupied,
the algorithm will fail to terminate, violating the fact that G° is finite. O
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5 7(Cy,Cs)

Theorem 5.1.
H(Cq,Cy) = 2C1Cs.

Proof. The “<” direction: For a representation G° of a minimal (C7,C5)-graph G, apply Al-
gorithm 4.1 to obtain a set Z of A interconnecting paths. In the t¢-th iteration of the algorithm,
the forward extension stops at the choke vertex of some Rs Ri-alternating path. Let L; denote this
alternating path. Note that after ¢ iterations, 1) all hubs of L; become occupied; 2) by Lemma 4.3,
each of the ¢ obtained interconnecting paths contains at most two hubs of L;; 3) one obtained
interconnecting path contains exactly one hub of L;. Hence, we deduce that the number of hubs of
Ly is at most 2t — 1, and therefore the total number of hubs of all Ry Ri-alternating paths is at most
ZtA: (2t —1) = A?. Similarly, the total number of hubs of all S;Ss-alternating paths is at most AZ
as well. Again, by Lemma 4.3, the total number of hubs of all S1R; and RsSs-alternating paths is
at most 2A(C1 + Cy — 2A). By Lemma 4.4, each hub in G° belongs to some interconnecting path
in Z. Therefore,

|H(GO)| < 2A? + ZA(Cl + Cy — ZA) = QA(Cl + Cy — A) < 20109,

where the last inequality follows from A < min{C}, Cs}.

The “>” direction: We only need to construct a minimal (Cy, Cs)-graph G with 2C;C5 hubs
(see Figure 4 for an example). The graph G can be described as follows: G € N°(Cq,C9) is
naturally oriented, and there is a set of C; vertex-disjoint paths ¢ = {¢1, d2,...,dc, } from S; to
R; and a set of Cy vertex-disjoint paths ¥ = {¢1,19,...,9%c,} from Sy to Ry. Furthermore, in

8, the directed version of G, paths ¢; and v; meet at vertex \;; and depart at vertex p; ;, for
1<i<C1,1<j <0y, and

e on path ¢;, A1 < pin <Xz <pi2 <0 < Aoy < i Cy;

e on path ¥, Aij < pnj < Aoy < pzg < < Aoy < piey g

Sa

Ry "R,

Figure 4: A minimal (3, 3)-graph with 18 hubs.
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6 A(Cy,Ch,...,Ch)

In this section, we are concerned with 57 with more than two parameters, which turns out to be
much more difficult to compute than 57 with two parameters.
The following theorem establishes the finiteness of 7 with more than two parameters.

Theorem 6.1. For any given Cy,Co,...,C, € N,
H(C1,Co,...,Cp) < 0.

Proof. We will use an inductive argument on n. Notice that the case when n = 2 has been
established in Theorem 5.1. By way of induction, we assume that the theorem is true for n < k—1
and proceed to prove it for n = k.

Consider any minimal (C7,Co,...,Ck)-graph G. Let a; denote the set of C; vertex-disjoint
paths from S; to R; for 1 < ¢ < k. After necessary rerouting of o, ag, ..., ax—1 within G ag-0p 1>
we can assume that Gu,ay..q)_, 15 minimal and thus

N1 £ H (Ga1a2...ak71) < e%ﬂ(C'l,C'Q, . yOk—l) < 0.

Let G denote the subgraph of Gy as-..;_, induced on all the edges, each of which is simul-
taneously an «aq,qs,...,ap_1-edge, and let w denote the number of connected components in G.
Obviously, each connected component of G is in fact a path, and therefore we have w < Nj/2.

In this proof, we say a hub in G is new if it is a hub in G, however, not one in G, ay-.-0;_,- And
we say a new hub is global, if this hub belongs to é, local, if this hub is in G'\ G.

Then, by the induction hypothesis, for any distinct j1, jo, ..., jk—2 € {1,2,...,k—1}, we deduce
that the number of new hubs in Go; o, "'Oéjk,zak\é is upper bounded by 2 (C},,Cj,, ..., Cj,_,, Ck).
So the number of local new hubs is at most

k-1
N2 = Z%(Ch .. 7Ci—1aci+17 e '7Ck_1’Ck) < 0.
i=1

For each ag-path, we “cut” it at each of its local new hubs and then “divide” the path into
“segments”, each of which, evidently, is a subpath of the original ag-path. Let ¢&j denote the set
of all obtained subpaths. Then we have N3 £ || < Cp, + No.

From the subgraph G U &, we construct an (w,w,...,w, N3)-graph G’ through the following
——

k—1
procedure:
1. Add sources 51,55, ...,S}, sinks R, RY, ..., R}.
2. Foranyi € {1,2,...,k—1} and for any connected component of G , whose natural «;-direction

is from one end vertex, say vy, to the other end vertex, say vq, add two directed edges (S}, v1)
and (vg, R}) (notice that a connected component may have opposite a;,-direction and o;,-
direction for different 41, iz). Then, for any 1 < ¢ < k — 1, we obtain a group o} of w
vertex-disjoint paths from S. to R..

3. For any &j-path, whose natural ag-direction is from one end vertex, say v1, to the other end
vertex, say vg, add two directed edges (S, v1) and (ve, R}.). Then, we obtain a group «j, of
N3 vertex-disjoint paths from S) to R.

14



Obviously, the number of global new hubs in G is just H(G’). It follows from the minimality of
G and the observation that for any 1 < i < k, any o/-consistent cycle in G’ naturally corresponds

an q;-consistent cycle in G that G’ is a minimal (w,w, . ..,w, N3)-graph. We then proceed to deduce
—_——
k—1

that «j, is non-reroutable in G’, since otherwise there exists an edge e which is exclusively owned
by «aj-paths (this follows from a parallel argument leading to Remark 2.2) such that G’ \ {e} €
N(w,w,...,w, N3), violating the fact that G’ is minimal.
k—1

Now, after necessary rerouting of o within G’, we assume that G, the subgraph of G’ consisting
of all o/-paths and «/-paths, is non-reroutable and thus, by Theorem 2.1, minimal. Notice that
any hub v in G’ must be a hub of some G, since otherwise G’ contains an edge incident with v
that does not belong to any G and therefore is not minimal. Hence, by Theorem 5.1, we obtain
that

e

~1
H(G) < ) H(G)) < (k—1)7(w,N3) = 2(k — L)wN3 < (k — 1)N1(Cy, + N2).
i=1

-
Il

Therefore,
H(G) < N; + Ny + (k — 1)N1(Ck + Ng) < 0.

The proof is then complete. O
Theorem 6.2. For anyn >0, C;,Cy > 1, we have

c%ﬂ(Cl, Cy,1,1,..., 1) = 2(01C2 + n)
—
n
Proof. The case when n = 0 is nothing but Theorem 5.1. So we only have to prove the theorem
when n > 1.

The “<” direction: @ We will establish this direction using an inductive argument on n.
Suppose the inequality holds when n < t. Consider a minimal (Cy,Cs,1,1,...,1)-graph G with C4
———

t
vertex-disjoint paths ¢1, ¢2,...,¢c, from S; to Ry, Cy vertex-disjoint paths 1,9, ...,%c, from
S5 to Ro, and a path §; from S; to R; for 3 < i <t + 2. Let G; be the subgraph of G induced on

¢17¢27"'7¢C17¢1771Z)27'"771Z)027ﬁ37547"'7ﬁt+1-

Now we split S into C; copies S%l), S%Z), e ,Sicl); Ry into C7 copies Rgl),R?), . 7R§C1); So into
Cy copies Sél), 52),...,5502); Ry into Cy copies R(l),R@),...,Ré@), such that ¢; has starting
point Sy) and ending point Rgi) for 1 < i < C4; 1; has starting point Sgi) and ending point
Rg) for 1 <i < Cy. Let Gy denote the resulting graph and w be the number of weakly connected
components (which means connected components when disregarding the orientation) in Go. Now for
any 1 <i < j < (4, we identify S{i) and S{j ) if they belong to the same component and we perform
similar operations on Rgi)’s, Séi)’s and Rg)’s. Let G derAlote the resulting graph, which consists of w
connected components. Note that the i-th component G; is in fact a minimal (Cy;,C2,4,1,1,...,1)-
N

t;
graph, where > 7, C1; = Cy, >.7 Co; = Cyand > ;. t; =t — 1. Notice that for any i, at least
one of C1;, Cy; and t; is nonzero, but some Cy;’s, Ca;’s, t;’s can be zero, for which case, a
(C14,C24,1,1,...,1)-graph can be interpreted as if all zero-valued parameters are simply dropped.

—
t;
For each component G;, by the induction hypothesis, we have
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2(C1,;Co +t;) i Cry,Coy > 1,
- 2(Co +t;—1) ifCr1;=0,C9; > 1,
H(G) < (Cayi + ) 1 C1,; =0,Cq,
Q(Cl,i +t;,—1) if Ci1; >1,C9; =0,
(

2(t; — 1) if 017,', 0272' = 0.
Notice that the right hand side of the above inequality can be unified as

2 [Cl,i + CQ,Z' + (Cl,i — 1)+ . (C277; — 1)+ +t;, — 1] ,

for any Cy;,Ca; > 0; here, (-)* = max{-,0}.
A hub in G is said to be new if it is not a hub in G. Notice that the path 5; “meets” each
component at most once, yielding at most two new hubs (more precisely, it meets one edge in Gj,

then departs from one edge in CA}'Z-, and thereafter, it will never meet any edge in é, again), otherwise
G is not minimal. Hence,

H(G) < 2w+ f: H(G)
=1

< 2w + Z 2 [Cl,i +Co + (Cl,i — 1)+ . (02,2- — 1)+ +t;, — 1]
i=1

<wH2C1+Cott—1-w)+2|) (Cri—DF|- [Z(CQ,Z- - 1)+]
i=1 i=1
< 2(C1 +Co+1t— 1) + 2(01 — 1)(02 — 1)
= 2(0102 + t).
The “>” direction: It suffices to construct a minimal (Ci,C,1,1,...,1)-graph with
—

2(C1Cy + n) hubs; see Figure 5 for an example. It turns out the graph G, described below in
S3  Rs Sy Ry

| 1]

(53 Ya 54

51 52

3

RQ 2,2 R1
Figure 5: A minimal (2,2, 1, 1)-graph with 12 hubs.

detail, is such a graph: G is naturally orientable; there is C vertex-disjoint paths ¢1, ¢, ..., ¢c,
from S; to Ry, Cy vertex-disjoint paths 1,9, ...,%¢c, from Ss to Re, and a path f; from S; to
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R; for 3 <i < n+ 2; paths ¢; and v; meet at vertex \; ; and depart at vertex p; ; for 1 <i < 4
and 1 < 5 < (C5; paths §; and ¢1 meet at vertex ; and depart at vertex §; for 3 < i < n + 2.
Furthermore, in G, we have

e for 3 <i <n+ 2, on path g,
Vi < 03

e on path ¢,
Y3 <03 < Ya <04 < < Ypga < Opga <A1 < 1 < A < pio <o < Aoy < LGS
e for 2 < i < (4, on path ¢;,
Aig < pir < Aig < i <o < Aoy < i Oy
o for 1 < j < (s, on path 1y,
Ay <pig < Aoy <poj<--< Aoy <My,

It can be easily checked that this graph is minimal. The proof is then complete. O

Theorem 6.3.
H(2,2,2) =12.

Proof. First, it can be verified that the graph in Figure 6 is a minimal (2, 2, 2)-graph with 12 hubs,
which implies that
H(2,2,2) > 12.

R3 Sl

SQ RQ

Rl 53
Figure 6: a minimal (2,2, 2)-graph with 12 hubs

So we only need to prove the other direction. By contradiction, suppose that a minimal (2, 2, 2)-
graph G has at least 13 hubs, and there exists a set of two vertex-disjoint path ¢ = {¢1, 2} from Sy
to Ry, a set of two vertex-disjoint paths ¢ = {11,152} from S5 to Ry, and a set of two vertex-disjoint
paths & = {&1,&2} from S3 to Rs.
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Rg R2

Figure 7: A minimal but reroutable (2,2, 2)-graph: the graph is minimal, but we can choose either
{e1oegoer,egoegoeg} or {ejoes0eg, eg0eq0er} to be a set two vertex-disjoint paths from Ss
to Rs.

Here, we note that when there are three pairs of sources and sinks, the equivalence statements
as in Theorem 2.1 do not hold any more: it turns out that a minimal graph can be reroutable (see
Figure 7).

We first consider the case (G is minimal and non-reroutable. Let G4, be the subgraph of
G induced on the edges of ¢-paths and v-paths; similarly, we define G¢ and Gye. By Theorem 2.1,
these three subgraphs are all minimal, since they are all non-reroutable. Suppose G4, has the most
hubs among them. Every hub in G belongs to at least one of these three subgraphs, so we have

13 <H(G) < H(Gyy) + H(Gye) + H(Gye) < 3H(Gyy),

and hence H(Ggy) > 5.

Now, we transform G, into a corresponding graph G;d} by shrinking each public edge into a
vertex (this can be regarded as the “inverse” operation of Step 2 in Section 3). In more detail, for
a public edge (v1,v2), say e; = (vi,u1),e2 = (v1,us) are two private edges incident with v, and
es = (v2,u2), e4 = (v2,uq) are two private edges incident with vy. Then we delete edges eq, eg, e3,
e4 and vertices v, v2, and then add a new vertex v and edges (v,u1), (v,u2), (v,u3), (v,us). If Gy
has at least five hubs, then as shown in Figure 8, up to isomorphism, G;d} has three possibilities
(note that the first and second are different).

Next, we examine in the ways one can add &-paths into Gy to form G such that G is minimal.
In the following, a hub in G is said to be new if it is not a hub in G4y, and an edge is said to be
new if it does not belong to G4, and not incident with S3 or Rs.

Case 1: This case is shown in Figure 8(a), where each edge is labeled. Since Gy, has four
hubs, G4y has at most eight hubs. And since H(G) > 13, &1, & have to be added to generate at
least 5 new hubs. Without loss of generality, say, & contains at least three new hubs. Observe
that each of these new hubs is incident with exactly one &1-edge that does not belong to any ¢ or
1-path, and S5 and Rj3 are also incident with one such &;-edge. So at least [(3 + 2)/2] = 3 edges
of & are exclusively owned by &, and thereby at least one of them, say (v1,v2), is a new edge (not
incident with S3 or R3). We next discuss the possible locations of (v1,v3); here, notice that it is
possible that either v; or v is not a new hub.

Suppose v1 € ¢§ (this means vy is one of vertices in ¢§, including its two end vertices). Then,
one verifies that if v9 € (ﬁll’, {09, qﬁg, S, VY, wll’, 7,95 or 1/13, then ¢ is reroutable; if vy € ¢ or ¥,
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Figure 8: Three possibilities of G;np

then 1 is reroutable. For example, if v € 15, then we can find another two vertex-disjoint 1)-paths

Y1 =1,
Yy = 2[Sa, A] 0 ¢o[A, v1] o (v1,v2) 0 Phalva, Ro]

from Sy to Ra, and thus Gy, is reroutable. And if vy € ¢, then we can find another two vertex-
disjoint paths

¢y = ¢1[51, B] o Y2 B, A] 0 $2[A, Ry,
Py = $2[S1,v1] 0 (v1,v2) © P1[va, Ry

from S7 to Ri, and thus Gy is reroutable.

Suppose v; € ¢4. Then, one verifies that if vo € ¢, #S, ¢%, 85, ¢S, V¢, 8, g or ¥h, then ¢ is
reroutable; and if vy € qblf, Y§ or 5, 1 is reroutable.

By symmetry, if v € ¢%, @8, ¢S, ¢5, 1%, 18, 0§, 1%, 4 or 1S, Gy is reroutable.

Hence, we only need to check the last possible case: all new edges (including (v, v2)) are incident
with public edges in Ggy. By symmetry, say, v1 € A. Then, if vo € A or B, 1 is reroutable; if
vg € C, ¢ is reroutable; if vo € D, there must be a new edge (v}, v5) of & with (v] € B and v}, € C)
or (vf € D and v}, € A) (see Figure 9(a)(b)), since otherwise G \ {(v1,v2)} is still in N (2,2,2),
which contradicts the fact that G is minimal. However, in both cases, we can still find another two
vertex-disjoint paths

¢y = ¢1[S1,v1] o (v}, v5) 0 dalvy, Ryl
Py = $2[S1,v1] 0 (v1,v2) 0 P1[va, Ry

from S7 to Ri, and thus Gy is reroutable.

Case 2: This case is shown in Figure 8(b). Similarly as Case 1, we can find a new edge (v1,v2)
of 51.

Suppose v1 € ¢{. Then, one verifies that if vy € ¢, l{, qﬁg, S g,wi’,wl{,wg,wg,wg or wg, then
¢ is reroutable; if vy € ¢§, then 1 is reroutable.

Suppose v1 € ¢§. Then, one verifies that if vy € qﬁl{, 3, qﬁg, S g,wi’,wl{,wg,wg,wg or wg, then
¢ is reroutable; if vy € ¢f, then v is reroutable.
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Figure 9: The possible locations of the new edge (v}, v}).

Suppose v € ¢g. Then, one verifies that if vy € ¢7, l{, g,qﬁg, S g,wi’,wl{,wg,wg,wg or 1/13,
then Gy, is reroutable.

By symmetry, if v; € qﬁl{, 95, qﬁg, Yy, 1/111’, Vg, wg, Y5 or wg, then Gy, is reroutable.

Hence, we only need to check the last possible case: all new edges (including (v, v5)) are incident
with public edges in Ggy. By symmetry, say v1 € Aor B. If v; € A and v € A,C or D, then
¢ is reroutable; if v1 € A and vy € B, then v is reroutable; If v1 € B and vy € A, B or D, v is
reroutable; If v; € B and vy € C, there must be a new edge (v],v4) of & with vj € B and v, € C
(see Figure 9(c)), since otherwise G \ {(v1,v2)} is still in AV (2,2,2), which contradicts the fact that
G is minimal. However, we can still find another two vertex-disjoint paths

¢} = ¢1S1,v1] o (v1,v2) 0 galva, R1,
P = pa[S1,v5] 0 (vh,v7) 0 P1[v], Ry

from S1 to Ry, and thus Gy, is reroutable.

Case 3: This case is shown in Figure 8(c), where each edge is also labeled. Since GY, has
three hubs, G4, has at most six hubs. And since H(G) > 13, £, & have to be added to generate
at least 7 new hubs. So at least [(7 + 2 x 2)/2] = 6 edges of &; and & do not belong to any ¢ or
y-path, and thereby at least two of them, say, (vi,vs) and (v],v}) are two new edges. We next
discuss their possible locations.

Suppose v1 € ¢f. Then, one verifies that if vy € QS‘f,(;Sl{, f,(;ﬁg, i‘,?[)i’ﬂﬁ%, S,A or C, then ¢ is
reroutable; if vo € ¢5,1] or B, then 1 is reroutable.

Suppose v € qbli. Then, one verifies that if vy € QS‘f,(;Sl{, 0, 09, j‘,?/)i’,¢§,¢12’,14 or C, then ¢ is
reroutable; if vy € QSg, { or B, then 1 is reroutable.

Suppose v € ¢3. Then, one verifies that if va € @2, ¢, #%, ¢4, 8, ¥, ¥§, ¢4, B or C, then ¢ is
reroutable; if vy € ¢f, 9] or A, then 9 is reroutable.

Suppose v; € A. Then, one verifies that if vo € ¢, 4%, 05, ¥§, %, ¥, 95, A or C, then ¢ is
reroutable; if v € ¢, QSg, { or B, then 1 is reroutable.

By symmetry, if v; € ¢, wll’ or 15, then Gy is reroutable.

Let Gp be the subgraph of G induced on the edges of 11[B, Re] and ¢3[B, R;] and G¢ be
the subgraph induced on the edges of ¢1[C, Ri] and ¢2[C, Ry]. If vi,vs € Gp, either ¢ or ¢ is
reroutable, and hence v; € G or vy € Gp. Similarly, we deduce that v; & G¢ or v2 € G¢. Then
we just need to check the last possibility: v1,v] € Gp and va, v} € G¢, for which we can also easily
rule out the subcases when (1) v € ¢ and v] € ¥y (2) vy € ¢ and vh € Yy (3) v1,v] € B (4)
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ve,vh € C' (5) v1,v] € ¢ and va,vh € ¢1 (6) vy, v] € ¢y and vg,vh € ¥y. So, in the following, we
examine the remaining two subcases:

(1) v1,v] € ¢ and vg, vl € 1)9. By symmetry, we assume that v1 < v} on ¢s in 8@&- If vy < v,
then ¢ is reroutable; If vo > v}, then ¢ or & is reroutable.

(2) v1,v] € 11 and ve, v) € ¢1. By symmetry, we assume v1 < v] on ¢ in 8@#- If vy < v}, then
¢ is reroutable; If v > v}, then v is reroutable. Now, we are ready to conclude that any minimal
and non-reroutable graph in N (2,2,2) has at most 12 hubs.

We next consider the case when G is a minimal but reroutable (2,2, 2)-graph. Suppose
§ is reroutable in the subgraph Gy¢. By Theorem 2.1, there exists a §-consistent cycle

P10€10P20€20:--0pPqOEy,

where each p; is a subpath of some ¢-path and each e; is a private 1-edge (in Gye). We further
assume that d (the number of private ¥-edges) is the smallest among all possible £-consistent cycles
in Gy¢. Then, each e; belongs to a different i-path, which implies d < 2. Since G is minimal,
each {-private edge (in Gyg¢) in p1,pe,...,pq must belong to ¢-paths as well. So, each edge of the
&-consistent cycle in G belongs to either some ¢-path or i-path. Note that for any edge e of this
cycle, Gyy'\{€e} does not belong to N(Cy, Cs), since otherwise, together with the observation that
¢ can be rerouted using edges in G\{e}, we deduce that G\{e} € N (C1, Cs, C3), which contradicts
the minimality of G. Then we can find a minimal subgraph CAJW of Gy, which is of either Case 1
(when d = 2) or Case 2 (when d = 1). Let G¢ be the subgraph induced on the edges of ¢-paths.
Then G = é@l} U G¢, by the minimality of G. Notice that all contradictions in Case 1 and Case
2 arise from the rerouting of ¢ or t-paths. So we can follow similar arguments and conclude
H(G) < 12. The proof is then complete. O
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