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This paper provides a test for the equality of multiple Sharpe ratios. First we
extend the multivariate Sharpe ratio statistic of Leung and Wong for the case when
excess returns are independently and identically distributed. We then provide a
test that holds under the much more general assumption that the excess returns
are stationary and ergodic, making use of the generalized method of moments
and heteroscedasticity and autocorrelation consistent estimation of covariance
matrixes. We repeat Leung and Wong’s testing for equality of the Sharpe ratios
of 18 iShares using our new tests and conclude that the hypothesis of equality
cannot be rejected at the 1% level.

1 INTRODUCTION
Sharpe (1994) defined the Sharpe ratio (SR) as:
_ _ E[RF — R3]
(Var[RF — Rp])'/?

(1.1)
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where R is the arithmetic return on fund/stock/asset F over one time interval and
Rp is the arithmetic return on benchmark asset B over the same interval. Subtracting
Rp from Rp gives the differential (or excess) return, d. SR, then, is the expected
value of d divided by its standard deviation. This definition is an improvement on
the first version of the SR, introduced in Sharpe (1966) and then called the reward-
to-variability ratio. The more recent definition takes into account the possibility that
Rp may vary over time.

Sharpe (1994) gives several examples where choosing the best fund to invest in
(in terms of maximizing the return on investor’s assets) is equivalent to choosing
the fund with the highest SR. One example is when the investor has cash in a bank
account and the benchmark asset is a risk-free bond. However, other examples where
the SR is not sufficient to decide which fund is best are also given. In particular, if an
investor’s assets are correlated with each of a selection of funds, choosing the fund
with the highest SR may not be optimal (Sharpe 1994). Nevertheless, Sharpe ratios
are commonly used as arguments for (or against) investing in a fund or asset.

Hypothesis tests for the equality of funds’ Sharpe ratios depend critically on the
assumptions made of the excess returns. Jobson and Korkie (1981) developed pairwise
and multivariate tests for equality assuming that the funds’ excess returns are well
modeled by a multivariate normal distribution. Memmel (2003) later improved their
pairwise test, again assuming normality. Ledoit and Wolf (2008) provide a pairwise
test that, via a bootstrap approach, allows for returns of a time series nature and
returns with heavy tails. As such, their test is of greater practical use than the previous
pairwise tests. Leung and Wong (2008) sought a multivariate test that only assumes
excess returns to be independent and identically distributed (iid), but we shall see that
their test statistic is valid only under the assumption of normality. In this paper we
will address this issue and present the correct test statistic.

In addition, we will also provide a test that requires the excess returns to be sta-
tionary and ergodic and which therefore permits the returns to exhibit properties that,
although violations of the iid assumption, are common to financial returns, such as
autocorrelation and conditional heteroscedasticity. We achieve this by employing the
generalized method of moments estimators of Hansen (1982), an approach to creating
hypothesis tests for Sharpe ratios that was outlined in Lo (2002).

The funds we use to illustrate our test for equality of multiple Sharpe ratios are those
used in Leung and Wong (2008) and Gasbarro et al (2007), namely 17 iShares and
Standard & Poor’s depository receipts. The iShares began trading on the American
Stock Exchange in March 1996 as world equity benchmark shares and are designed
to track the Morgan Stanley Capital International foreign stock market indexes. The
Standard & Poor’s depository receipts track the S&P 500 index and began trading in
January 1993 and shall be used as an American stock market index.
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Gasbarro et al (2007) administered the pairwise test for equality of Sharpe ratios of
Memmel (2003) on all possible pairs on the 18 tradable securities and found that “none
of the Sharpe Ratios are significantly different”. Leung and Wong (2008) repeated
these tests and drew the same conclusion. However, they also applied their multivariate
test for equality to the same data set and concluded that “the Sharpe ratios of some
iShares are different from the others for each year as well as the entire sample”. We
shall test for the equality of the Sharpe ratios a third time, using the updated and more
general version of Leung and Wong’s (2008) multivariate test.

This paper is structured as follows. In Section 2 we derive the asymptotic distribu-
tion of multiple Sharpe ratios, under the assumption that the excess returns of each
fund are iid. The relevant calculations are given in Appendix A, which also shows how
our results reduce to existing results when we consider only one stock and to the test of
Leung and Wong (2008) when returns are multivariate normal. In Section 3, we derive
the hypothesis test for the equality of multiple Sharpe ratios in the iid case, following
Leung and Wong’s (2008) lead, itself following a standard statistical procedure found
in Johnson and Wichern (2007). Also included is a simulation study that demonstrates
the inappropriateness of Leung and Wong’s (2008) test when returns are nonnormal.
In Section 4, we use the generalized method of moments of Hansen (1982) and the
heteroscedasticity and autocorrelation robust (HAC) inference methods outlined in
Section 3.1 of Ledoit and Wolf (2008) in the bivariate case to develop a hypothesis
test that does not require excess returns to be iid. We apply this test to the 17 iShares
and depository receipts used in Leung and Wong (2008) and Gasbarro et al (2007).
Finally, in Section 5 we summarize the results and conclude.

2 ASYMPTOTIC DISTRIBUTION OF THE SHARPE RATIO

Before the distribution of the Sharpe ratio can be derived, assumptions must be made
about the distribution of the underlying random variable of which the Sharpe ratio is
a function: the excess return.

We shall consider k£ funds and their daily excess returns over the past n days. Fund
i has excess return X;; on day ¢. Consider the sample mean of the excess returns and
the sample mean of the squared excess returns for fund i:

N 1 n N 1 n
= - Y Xi; and b= - > (X2, 2.1
j=1 J=1

which are unbiased estimators for the first and second moments (m’ and m?) of X;,
respectively. We shall assume that the daily k-variate vectors of excess returns are
iid and that the daily excess return for each fund has a finite fourth moment. These
conditions are general enough to include a wealth of return models (including Lévy
processes) and are required in order for the central limit theorem to be used.
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The multivariate central limit theorem states thatif Y ;,Y,,..., Y, are vectors of
independent observations from any population with mean vector p and finite covari-
ance matrix X then

V(¥ =) 2 NQ D), 2.2)

where Y is the sample mean vector and 5 represents asymptotic convergence in
distribution.

With the above result in mind, we define the 2k x 1 vector X, which has entries X,
for rows 1 to k and X7, for rows k + 1 to 2k. Thus X, contains the historical excess
returns and squared excess returns for all funds on day 7. Our assumptions for the
behavior of the excess returns permit the use of the multivariate central limit theorem,
which, in turn, tells us the asymptotic distribution of the sample mean vector (X,,) of
X, In this case, mean vector  has entries m} for rows 1 to k and m!, for rows k + 1
to 2k. Covariance matrix X m_ay be written in terms of three k x k submatrixes 4, B

and C where
A C
Y = 2.3
- (CT B) (2.3)

and A is the covariance matrix for the k excess returns, B is the covariance matrix for
the k squared excess returns and C is the covariance matrix for the k& excess returns
and their squares.

The Sharpe ratio for fund i, SR;, is equal to the mean excess return m‘1 divided by
the standard deviation of the excess return v/ mé - (m’1 )2. As we know the asymptotic
distribution of X,, we may use the multivariate delta method to find the asymptotic
distribution of the k x 1 vector of Sharpe ratio estimates. Let @ be a k x 1 vector
with entries it} /~/}, — (i1)? for each row i. Thus the ith component of SR is the
natural estimator for the Sharpe ratio of fund i.

Define vector function f by the following:

S R?* > R* and for x = (x1,x2,...,%2%)",
Xi .
fi=(f(x); = —— fori=1,...,k. 2.4)
- V Xk +i _xiz

It is clear that i(X”) is equal to @ sincefori =1,...,k
i —~
fi = A—IAZ = (SR);, (2.5)
Vi — (it}
which is the estimator for the Sharpe ratio of fund i. The multivariate delta method
states that if f has a differential at 4 and
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then the asymptotic distribution of f° (X,) is given by

T
V(f (Xn) = f () 2 N(Q, (%)E(%) ) Q2.7)
Calculating the entries of the Jacobian matrix, we find that
0 if j £Aiorj #i+k,
Xk+j e
s, =ik

so it is certainly true that f has a differential at u as each fund has a nonzero stan-
dard deviation. Hence the delta method may be applied and we find the asymptotic
distribution of our vector of estimates of Sharpe ratios for the k funds:

V(SR — SR) = N(0. DX DY), (2.9)
where D is a k x 2k matrix
1
my
(]~ 27 " "
0 m3
(m3 — (nD))P2
0
0 m;
T 1 (mk — (mk)2)3/2
0 . 0
20m5 = (m))H?7
0 mult
20m3 = (3272
0
_n/lllC
0 k ky\2\3/2
Z(mz - (ml) )3/
(2.10)

It is with respect to the asymptotic covariance matrix D X' D that our result differs
from Leung and Wong (2008). In their paper, the authors derive the asymptotic dis-
tribution for the 2k x 1 vector § := (X1, X2, ..., Xk, 87,83, ...,57)", where X; and
si2 are the sample mean and variance of the excess returns of fund i. Quoting from
the paper:
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According to the standard asymptotic distribution theory, we have

Sl — 0 2N, 5)

P 0
Y =
2

4 2
oy ... Ok 2070 ... 204}
21 = s 22:

where

is a 2k x 2k matrix such that

o1k --- alf 2012k e 2(7]‘{‘
and 0 is a k x k matrix of zeros.

However, this is only true if the excess returns for each fund are normally distributed.
The zero matrixes in X' correspond to independence of the sample mean and sample
standard deviation, a property unique to the normal distribution. Having applied the
delta method, Leung and Wong (2008) show that their asymptotic variance agrees
with those found in Lo (2002) and Memmel (2003), but both these papers assumed
excess returns to be normally distributed. Therefore Leung and Wong (2008) does
not provide the asymptotic distribution for multiple Sharpe ratio when excess returns
are iid, but only when they follow a multivariate normal distribution. In Appendix A
we calculate the entries of D X DT explicitly and show that they are equivalent to the
entries of the covariance matrix in Leung and Wong (2008) only when returns follow
a multivariate normal distribution.

3 A HYPOTHESIS TEST FOR THE EQUALITY OF MULTIPLE
SHARPE RATIOS: IID CASE

In this section we follow Leung and Wong (2008) and derive a hypothesis test for
the equality of multiple Sharpe ratios that adheres to a repeated-measures design for
comparing treatments, explained in Chapter 6 of Johnson and Wichern (2007). It was
proven in the previous section that if the daily excess returns of k different funds are
iid with finite fourth moments, then when n (the sample size) is large, the distribution
of the k x 1 vector of sample Sharpe ratios of each fund is well approximated by
a multivariate normal distribution. In other words, if n is large, we are justified in
writing

— 1
n

where Ny, refers to a multivariate normal distribution with k variables and 2 is equal
to DXDT.
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We wish to test the hypothesis that the Sharpe ratios of k different funds are equal.
Thus, our null hypothesis Hj is the following:

HQI SR1 =SR2 ="'=SRk.

Let us define (k — 1) x k contrast matrix Q as

I -1 0 0
o 1 -1 ... 0

o=, . 32
0 I -1

and note that if the k Sharpe ratios are equal, QSR = 0. Thus, a hypothesis test for
equality of k& Sharpe ratios may be formulated as

Hy: OSR =0 versus H;: QSR # 0.

According to Johnson and Wichern (2007) if X |, X,,..., X

n
a multivariate normal distribution with k variables, mean vector p and covariance

is a sample from

matrix X we reject Ho: 1 = pp = -+ = pg if
- - - — k-1
72 = (@ £0T (0" (0% > DD @, 63)
mn—k+1

where F_1 n—k+1(c) is the upper (100a)th percentile of an F'-distribution with k —1
and n—k + 1 degrees of freedom and 2 is the sample covariance matrix, the estimator
for X.

In our case we do not know for sure that the X; follow a multivariate normal
distribution. However, it is true that for large n — k,

n(X, — E)T(E)_I(Xn — |) is approximately )(,2(,
which in turn implies that
T? = n(QX,)"(QZ Q") (QX,) is approximately yj_,

and thus our (100«)%-level hypothesis test for the equality of multiple Sharpe ratios
under the assumption of iid returns is as follows:

Reject Hy: SRy = SR, =--- = SRy
if
T? = n(QSR)" (020" (QSR) > xi_ (), (3.4)
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TABLE 1 Empirical rejection probabilities (%) for Leung and Wong’s (2008) test (LW) and
the test described in this paper (WYY) when applied to iid returns generated from various
multivariate distributions.

k=5 k=10 k=20

o o o

Distribution Test 1% 5% 10% 1% 5% 10% 1% 5% 10%

Normal Lw 0.7 45 9.5 11 52 1041 11 5.0 1041
WYY 07 4.7 9.7 1.2 56 109 14 62 11.9

18 LW 28 102 172 3.8 127 213 50 16.1 25.9
WYy 1.1 54 108 15 6.2 120 16 6.8 127

Ig Lw 54 146 238 8.1 203 305 131 29.7 410
WYy 13 59 11.0 16 63 121 22 87 154

14 LW 241 394 492 394 564 659 589 747 823
Wwyy 21 80 139 35 106 181 68 173 26.9

where )(i_l is the upper (100)th percentile of a y2-distribution with k — 1 degrees
of freedom and £2 is obtained from the sample covariance matrix and is the estimator
for £2.

As an illustration of the difference between the test advocated in this paper and that
of Leung and Wong (2008), we conduct a simulation study similar to that in Ledoit
and Wolf (2008), with the objective of computing empirical rejection probabilities
under the null hypothesis. We simulate 2000 returns from k assets from a multivariate
distribution with mean vector u and covariance matrix V. We take u as a k-vector
of ones and V as a k x k matrix whose diagonal values are all one and off-diagonal
values are all one half (these arbitrary values are extensions of the values used the
simulation study of Ledoit and Wolf (2008)). We then apply Leung and Wong’s (2008)
test (LW) and our test (WY'Y) using the 72 statistic given in (3.4) for the equality of
the Sharpe ratios of the k assets. The p-value of each test is recorded and we note
whether the null hypothesis is rejected at the 1%, 5% and 10% levels.

The simulation and testing of returns is repeated 10000 times and the empirical
rejection probabilities are recorded. The multivariate distributions we consider are
the multivariate versions of the normal, #4, #¢ and tg distributions. According to the
theory detailed above, the WYY test should handle the nonnormal returns better than
the LW test.

The results presented in Table 1 strongly suggest that this is the case. As a rule of
thumb, the LW test is at least twice as likely to reject the null hypothesis at a given

Journal of Risk 16(4)
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confidence level when the returns have heavy tails. The heavier the tails and the more
assets under consideration, the greater the error of the LW test compared to the WYY
test.

The test we derived in this section generalizes previous tests for the equality for
multiple Sharpe ratios that were only suitable for multivariate normal iid returns. The
WYY test holds for iid returns with finite fourth moments and although this extension
is helpful, it falls short of being practically useful as in reality many returns exhibit
time-series properties. We address this issue in the next section.

4 A HYPOTHESIS TEST FOR THE EQUALITY OF MULTIPLE
SHARPE RATIOS: NON-IID CASE

As an empirical example of the applicability of their hypothesis test, Leung and Wong
(2008) tested the equality of the Sharpe ratios of 17 iShares and Standard & Poor’s
depository receipts which they treated as the 18th, American, iShare for comparison.
They used the daily returns of all 18 securities from March 19, 1996 to December 31,
2003 (obtained from the Center for Research in Security Prices) and the three month
T-bill (downloaded from Datastream) as the benchmark asset.

We have shown that their test requires returns to be iid with a multivariate normal
distribution. Although the WYY test developed in Section 3 is an improvement, its
requirement of iid returns may be overly restrictive. Autocorrelation, for example, is
a noted feature of financial returns, but the WYY test, in its current version, cannot
handle it.

Let us see if the iShares data used in Leung and Wong (2008) exhibits significant
autocorrelation. In the univariate case, the Ljung—Box statistic (Ljung and Box 1978)
tests the null-hypothesis of no autocorrelation in a time series. Its multivariate ver-
sion, developed in Hosking (1980, 1981) and Li and McLoed (1981), tests the null
hypothesis

Hozglzgzz---zgm:(_) “4.1)

where P is the lag-i cross-correlation matrix of the returns of k-assets, against the
alternate hypothesis that P, # 0 for some i € {1,...,m}. The test statistic Q(m) is
calculated according to equation (6.1) of Hosking (1980). Applying this test to the
iShares data set (choosing m = 8 & In(1961)), we find that the multivariate series is
strongly serially correlated. The results are shown in Table 2 on the next page.
Clearly any test assuming the iShares returns to be iid could produce misleading
results. It behooves us to generalize the necessary conditions of our multiple Sharpe
ratio test further, in order to at least provide a test that is safer for practitioners to use.
Two papers have already provided hypothesis tests for the Sharpe ratio under more
general conditions. Lo (2002), in the section on non-iid returns, finds the asymptotic

Research Paper www.risk.net/journal

11



12

J. A. Wright et al

TABLE 2 Results of testing iShares returns for autocorrelation.

Lag m 1 2 3 4 5 6 7 8

Q(m) 2115 2534 2969 3404 3841 4264 4696 5074
p-value 0 0 0 0 0 0 0 0

distribution of a generalized method of moments (GMM) estimator of a single Sharpe
ratio under the assumption that the distribution of the returns is stationary and ergodic
(and also satisfies some regularity conditions). Section 3.1 of Ledoit and Wolf (2008)
meanwhile, starts with the asymptotic distribution of the difference between two
Sharpe ratios under similar general assumptions for the excess return and discusses
various methods of estimating the limiting covariance matrix via heteroscedasticity
and autocorrelation consistent (HAC) estimation. Both the GMM and HAC estimation
methods can be readily extended to the case of multiple Sharpe ratios and thus we
can weaken the assumptions required of the WYY test. We do so in this section.

The pattern for defining a test for the equality of multiple Sharpe ratios under more
relaxed assumptions for the underlying excess return processes is the same as that
in the previous section: find a multivariate asymptotic distribution for the estimators
of interest; apply the multivariate delta method; use contrast matrixes to construct
the hypothesis test. Lo (2002) begins by using the limiting distribution of the GMM
estimator, as proven in Hansen (1982) and so shall we. Specifically, Theorem 3.1 of
Hansen (1982) applies and we repeat it here.

THEOREM 4.1  Stochastic process {Y,: — oo < n < +o0o} has k components.
& is a parameter space that is a subset of RY. E 0 is the element of 8 we wish to
estimate. We consider function h : RP x 8 +— R”, with r = q. Function h provides
an expression for the r orthogonality conditions that emerge from the parameters we
wish to estimate. We make the following assumptions.

() {Y,, : —oo < n < +o00} is stationary and ergodic.
(2) 4 is an open subset of R? that contains éo'

(3) h(-, B) and dh/3B(-, B) are Borel measurable for each p € § and dh/Ip(Y )

is continuous on & for each Y € R?.

(4) 0h/0B(Y ") is first moment continuous at ﬁo’ and E[0h/dp (Y, ﬁo)] exists,
is finite, and has full rank.

Journal of Risk 16(4)
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(5) Letw, = Q(Zn,ﬁo)for —00 < n < 400 and
v, = E[wo | W_; W_j_q,.. ] _EMO | Wi 1:W_j 5, ] forj =0
and assume
(a) Elwowg] exists and is finite;
(b) Elwlw_;,w_;_,,...] converges in mean square to zero;
(c) 2720 E[y}yj]l/z is finite.
We also define the following terms.
N
° gy(B):=/N)>—  h(Y,. B).

o Let{ay : N = 1} be a sequence of q by r random matrixes that converges in
probability to a constant matrix ag; which has full rank.

e Define the GMM estimator to be a sequence of random vectors {by: N = 1}
that converges in probability to o Jor which the sequence {~'Nay g N (by) :
N = 1} converges in probability to zero.

o dy:=E[h/p(Y,. B,

e R,(j):=Elwow” Jand S,, := Y722 R, (j)-

j=—00 22w

Supposing the assumptions above are satisfied, then {~/N (by — B 0) N = 1}
converges in distribution to a normally distributed random vector with mean zero and
covariance matrix (ajd ) 'agS,,as (asdy)

As Lo (2002) notes, Theorem 3.1 of Hansen (1982) allows us to consider the asymp-
totic distribution of estimators of parameters of excess return processes that exhibit
non-iid characteristics such as “serial correlation, dependence on such factors as the
market portfolio, time-varying conditional volatilities, jumps, and other empirically
relevant phenomena”.

Let us apply the above theorem for our purposes. As before, we define the 2k x 1
vector X, which has entries X;; for rows 1 to k and X l.2t for rows k + 1 to 2k. The
parameters we wish to estimate are m’ and m}, fori € {1, ...k}, which are also the
entries of the 2k x 1 mean vector u, the expected value of X ,. Parameter space 4§ is

a subset of R2¥ that contains . Define vector function 4 as follows:
h: R?* x 8 R%*

and for x = (x1,...,x)" € R%¥ and B = (B1s....Baw)T € 8,

]’l,‘ =xl-—,31- fori = 1,...,2k.
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It is clear that (0h/0B)(Y, ) = —1,; where I, is the identity matrix of dimension
n. Thus, assumption; (3) and (4) of the theorem above are trivially satisfied and
in our case matrix d, = —1I,;. Using the notation of Section 2, we easily see that
8y B) = Xy — B and so by choosing ay, = I, and by = Xy forall N, we satisfy
the conditions required of random matrix sequence (a},) and GMM estimator (b ).
Thus, assuming that our excess returns satisfy assumptions (1) and (5) we have that

(X = ) > N, S,,). 4.2)

Recall vector function f defined in (2.4). As in Section 2, we may apply the
multivariate delta method with i to find the asymptotic distribution of SR, the vector
of estimates of Sharpe ratios for the k funds:

V(SR — SR) = N(0, DS, D), 4.3)

where D is the k x 2k matrix defined in (2.10). From this, we formulate a hypothesis
test for the equality of the Sharpe Ratios of k funds in the same fashion as Section 3:

Reject Hp: SRy = SR, = -+ = SRy
if
T? =n(QSR)" (020" (OSR) > x;_,(a). (4.4)

where Xlzc—l is the upper (100 )th percentile of an y2-distribution with k — 1 degrees
of freedom, Q is the contrast matrix defined in 3.2 and Q is an estimator for DS, DT.

Application of the test thus requires estimation of matrixes D and S,,. Matrix D
can be estimated by replacing the moments of the excess return that appear in its
definition by the sample means of the excess returns and their squares. Finding a
consistent estimator for covariance matrix S,, however requires a more sophisticated
technique. Lo (2002) uses Newey and West’s (1987) procedure. Section 3.1 of Ledoit
and Wolf (2008) provides a good summary of HAC estimators of covariance matrixes,
of which there are many. We shall follow Lo (2002) and use the Newey—West estimator
for S w-» our estimator for S, . Thus for our purposes the Newey—West estimator is
given by

m .
~B J A ~T
s, —z0+;(1——m+1)m, + 0] @5
where
1 N
_ > v \T
V= 2 b, Xnh(X,, Xn)". (4.6)

t=j+1

We shall choose m = | N 1/ 3|, as suggested in Newey and West (1994).

Journal of Risk 16(4)
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TABLE 3 Results of applying the three tests to the iShares data.

Lw WYY iid WYY non-iid

Year p-value p-value p-value
1996 0.880 0.836 0.416
1997 0.421 0.460 0.253
1998 0.919 0.906 0.464
1999 0.546 0.490 0.049
2000 0.992 0.991 0.802
2001 0.992 0.991 0.842
2002 1 1 0.994
2003 0.987 0.983 0.867

All 0.998 0.998 0.974
years

We are now in a position to apply the test derived in this section (WY Y-non-iid)
to the iShares data set. For comparison we, also apply Leung and Wong’s (2008) test
and the test derived in Section 3. Thus, we shall use exactly the same set of data as
Leung and Wong (2008): 1961 daily (and therefore excess) returns for each of the 18
securities. The excess return of security i on day 7, d;;, was calculated by subtracting
that day’s daily return on the three month T-bill, r;, from the daily return without
dividends of security i, y;;. Thus each iShare has 1961 excess returns, from which
their estimated Sharpe ratio is calculated as follows:!

1961
SR, = [1/1961] 3,2} dis ' 438
JO/1961) S15 2 — ([1/1961 125" di, 2

For further comparison with Leung and Wong (2008), we calculate a test for equality
of the Sharpe ratios for each year in the sample, making the corresponding changes

to our estimators, as well as for the whole sample. The results are summarized in
Table 3.

! Leung and Wong (2008) use
S [1/19610 525 yie — 17
| =
JI/1961 1950 52— ([1/1961] 1251 y;)?

for each iShare i, where ry is “the three-month T-bill rate”. However, this benchmark return varies
over time so it is unsure as to what value r¢ takes. Our estimator for SR; is the modified estimator
recommended in Sharpe (1994) as it takes into account the possibility that the benchmark rate of
return may change and emphasizes the importance of the differential (or “excess”) return, d.

%))
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Firstly, we note the contradiction between the results of Leung and Wong (2008)
which strongly rejected the null hypothesis of equality and the results of our applica-
tion of their test (LW) in Table 3 on the preceding page. With high p-values for each
year and for the entire sample, we are unable to reject the null hypothesis that the
Sharpe ratios of the iShares are equal. We used a slightly different definition of the
Sharpe ratio to Leung and Wong (2008) (see footnote 1), but it is unlikely that this
explains the discrepancy. Our findings agree with the finding of Gasbarro et al (2007),
who tested the equality of each possible pair of Sharpe ratios individually using the
methods derived in Jobson and Korkie (1981) and Memmel (2003) and found that the
null hypothesis of equality could not be rejected for any of them.

Secondly, it is interesting to note the similarity of the p-values given by the LW
and WY Y-iid tests. Finally, application of the test derived in this section would reject
the null hypothesis at the 5% level for one year only. Although the p-values given by
the WY Y-non-iid test are noticeably different to those of the other two tests, they are
not small enough for us to infer that the Sharpe ratios of the iShares are not the same.

5 CONCLUSIONS

The Sharpe ratio is an often used indicator of an asset’s worth as an investment.
Statistical procedures designed for the purpose of testing whether Sharpe ratios of
various funds or securities are equal are therefore of practical interest. Research has
been conducted in this area, but much of it has focussed on pairwise tests of equality
or has assumed that returns to be normal in nature (Jobson and Korkie 1981 and
Memmel 2003). Leung and Wong (2008) sought to apply the repeated measures
design (see Johnson and Wichern 2007, Chapter 6) and derive a hypothesis test for
the equality of multiple Sharpe ratios under the more general assumption that returns
are independently and identically distributed. However, their asymptotic distribution
of the vector of Sharpe ratio estimates only holds true when returns are normally
distributed and their application of their test to 17 iShares and Deposit Receipts uses
an old estimator for the Sharpe ratio.

This paper extends the work of Leung and Wong (2008) by finding the asymptotic
distribution of multiple Sharpe ratios firstly under the assumption of independently
and identically distributed returns and secondly under the more general assumption
that the returns are stationary and ergodic. It is shown that when returns are assumed
to be normal, the distribution boils down to that in Leung and Wong (2008). Using
these new hypothesis tests, we repeated the empirical example of Leung and Wong
(2008), testing for the equality of the Sharpe ratios of 18 securities. The results suggest
that the hypothesis that the Sharpe ratios are all the same cannot be rejected at the 1%
level, in contrast to the main finding of Leung and Wong (2008).
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It is hoped that our test may be of practical value to practitioners. Future versions
could include different HAC estimators for the limiting covariance matrix. Alterna-
tively, an alternate test under general assumptions could be derived via the time series
bootstrap approach developed in Ledoit and Wolf (2008).

APPENDIX A. CALCULATING THE ENTRIES OF COVARIANCE
MATRIX D X DT

Firstly we show that our results under the iid assumption replicate the known asymp-
totic distribution when k = 1. The asymptotic variance in this case has been proven
by Bentkus et al (2007). In that paper, the authors derived the limiting distribution of
the noncentral ¢ statistic T,, defined by

N

T, = ,
n Sn

where X and S, are the sample mean and sample standard deviation respectively
of a sequence X, X2,..., X, of independent and identically distributed random
variables. We rewrite their Theorem 2.1 below.

THEOREM A 1 Let X1,...,Xn, X, Sy, T, be as described above. Let X be an
independent copy of X1. Assume E[X*] < oo. Then, unless X is a specific linear
function of a standardized Bernoulli random variable, we have

oy (’JI‘,, - ﬁﬁ) 2 N, ),
o
where 3 denotes convergence in distribution, @ = E[X], 0 = Var[X], y3 is the

skewness of X, y4 is the (excess) kurtosis of X and finally

2 2

2 Knys . H7Y4 124
-1 KB Ll

% o + 402 + 202

Referring to our paper, if k = 1, then matrix D is a 1 x 2 matrix:

mo —n
b= ((mz — (m1)2)32 2(my — (m1)2)3/2) ’

where m; = E[X /], the jth raw moment of the return of the single asset under
construction. Matrix X, the asymptotic covariance for the mean vector (7 72 )T, is

5 my—m3  mz—mims
= m3—mimy  mg—m3 |’

given by
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Calculating D ¥ DT we find the asymptotic variance of the Sharpe ratio estimator SR
to be

2. 3 2,2 2 3
oy = (4m; —mim5 — 4mymams + mima) /407,

where o is the standard deviation of return X. As stated previously, Bentkus et al
(2007) prove the asymptotic variance of the estimator to be

og =1 —myy3/o +miys/o* —m3/(40?)

where y3 and y4 are the skewness and kurtosis of return X. By expressing y3 and y4
in terms of raw moments my, m»,, m3 and m4 as

ys = (2m; — 3mymy + m3) /o>,

V4 = (—3m‘1t + 6m%m2 —4myms + m4)/04

and plugging these into Bentkus et al’s variance, we recover 012. Thus, our asymptotic
variance D X DT recovers existing results in the case when k = 1.

We shall now calculate the entries of our covariance matrix D X DT explicitly and
see how they compare to the entries of the covariance matrix £2 found in Leung and
Wong (2008). If D = [D; : D] then it follows that

DD = (D1 D) (cAT ;) (g;)

= D1AD + DzCTDl + D1CDy + DyBD>. (A.1)

Matrix A is the covariance matrix of the excess returns of each fund. Thus the (7, j)th
entry of A, a;; is Cov(X;;, Xj;) := 0;. Since the i th diagonal entry of D is equal to
(07 + p?) /07 where o; is the standard deviation of the excess return of fund i and y;
is its mean, simple calculations show that the diagonal terms of the matrix Dy AD;
are given by

of + u? 52 of +ui _ (07 +ud)?

D1ADy)i; = A2
( 1 l)ll 0i3 1 O'l.3 O'l.4 ( )
and the off-diagonal terms are given by
o +u? o7+l
(D1ADy);; = +——t0i;-—~
of o;
(07 + uD) (0} + pi)o)

= ———555—— = (D14Dy);i. (A3)

3 3
0;0;

Matrix B is the covariance matrix for the squared excess returns of each fund. We
shall denote the (i, j)th entry of B, Cov(X2, X jzl), by s;; and the standard deviation

it
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of X2 by s;. The ith diagonal entry of D is equal to —; /207, simple calculation
reveal that the diagonal entries of the matrix D, BD, are given by

2.2
—Hi o Hi My S;
Dy;BD»);; = Si—s = ——— A4
( 2 2)11 20_[3 1 20_[3 40'1.6 ( )
and the off-diagonal terms are given by
—Hi i HilLjSij
DyBD»3)ij = —=Sij—= = = (D2BD»);j;. A.S
( 2 2)1] 20i3 ij 20_i3 40,'30—1'3 ( 2 2)]1 ( )

Matrix C is the covariance matrix of the k excess returns against the k squared
excess returns. We shall denote the (i, j)th entry of C, Cov(X;;, X jzt), by g;; and
Cov(Xis, X I.Zt) by ql.z. Again, tedious calculations show that the diagonal entries of
D1CD; are given by

of +p} =i _ —pi(of +p})a?
DiCDy);i = - gt — = — L 177 A6
( 1 2 ) il O_i3 q; P O’i?’ 20_1.6 ( )
and the off-diagonal terms are
2 2 2Y,..
(D\CD,);; = 0; + W; wi  —mjilof + )CIU' (A7)

01'3 o 20]-3 N 201.301-3
Since D,CTD; is the transpose of D;CD,, its entries are easily found and we find
the entries of the symmetric matrix D,CT Dy + D{CD, as follows: on the diagonal

we have 5 5
—Hi (0] + 147)4;

(D2C"Dy + D1CDy);; = 6 (A.8)
i
and off the diagonal we have
—w;i (02 + u?)qi; — wi(0? + n?)q;i
(D,C"Dy + D1CDy);j = R0 T Ry — R0) TR )

33
201. o;

Summing the matrixes together, we find that the diagonal entries of our asymptotic
covariance matrixes are

_ 402(0F + 77 + pis? — 4w (o + ui)g?

40i6

(DEDY); (A.10)

and the nondiagonal entries are
1

(DED);; = W(‘W’f + 1] + 1)oy + it sij
iYj

=2 (07 + ) qij — 21 (07 + pgji)- (A1)
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Let us calculate D X DT under the assumption that the excess daily returns for the

k funds follow a multivariate normal distribution, so that the daily excess return for

fund i has mean p;, standard deviation o; and covariance o;; with the daily excess

return of fund j. By the formula for the raw moments of the normal distribution, we
know that

s? =207 +4uo? and qF =2u;07. (A.12)

After plugging these values into (D X D7T);;, we see that the diagonal entries of the
asymptotic covariance matrix when the excess returns are multivariate normal

2
i

2
0;

(DED);i =1+ =1+ 1SR?. (A.13)

To find the off-diagonal terms in the normal case, we need to express s;; and g;; in
terms of the parameters of the multivariate normal distribution, u;, 0; and covariance
oi;. To that end, we use Isserlis’s theorem (Isserlis 1918), from which it follows that

E[(Xie =) (Xje—11)*] = 0 and  E[(Xie—p)*(Xje = t)*] = 0707 +2(03)).
(A.14)
Expanding and rearranging the above we find two relations:

E[Xi X1 = 20 + pio] + pifi3, (A.15)
E[X7 X7 = 2 B[Xi: X 7] 4 20, E[X; X7
—4pipjoi; — Uiz“jz_ — le-zojz — 3,u,-2,uj2 + 0,-20]-2 +2(0i;)%,  (A.16)
and after yet more calculations we find
sij = 2(0i7)% + 4pipjoij and qij = 2504 (A17)
Inserting these into the expression for the nondiagonal entries reveals

(DED);; = pij + +SR;SR; p;. (A.18)

where p;; is the correlation between the excess returns of funds i and j. Thus
(DX D);;, when excess returns are assumed to be normally distributed, is equal
to the asymptotic covariance matrix found in Leung and Wong (2008).
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