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Gas Discharge Lamps Are Volatile Memristors
Deyan Lin, Member, IEEE, S. Y. Ron Hui, Fellow, IEEE, and Leon O. Chua, Life Fellow, IEEE

Abstract—Discharge lamps can be classified as high-pressure
and low-pressure lamps, which operate under different scientific
principles. They have exhibited the well-known fingerprints of
memristors. This paper describes the mathematical models of both
of high- and low-pressure discharge lamps based on their respec-
tive physical nature and behaviors, and then explains how these
models can be unified into a generalized mathematical framework
that confirms their memristor characteristics. Practical and
theoretical results from high-pressure and low-pressure lamps
are included to illustrate their 3 fingerprints of the memristor
characteristics. The results indicate that gas discharge lamps are
not ideal but volatile memristors.

Index Terms—Gas discharge devices, memristors, modeling.

I. INTRODUCTION

M EMRISTOR, a two-terminal circuit element named by
Leon Chua in 1971 [1] as a missing electric element,

was realized by Hewlett Packard in 2008 and has been identified
as “the fourth element” [2], [3]. With both resistive and memory
properties, one main fingerprint of a memristor when subjected
to a bipolar periodic signal is a pinched-hysteresis loop. This
special feature has been explicitly observed in a number of de-
vices including electric discharge lamps [4]. Hysteresis refers
to the dependence of a system on the history of its state. It is a
phenomenon observed in some systems and devices that possess
inertia and memory [5]. The dynamic hysteresis characteristics
of discharge lamps were observed by Reich and Depp in 1938
[6] and analyzed by V. J. Francis in 1948 [7]. Gas discharge
lamps exhibit hysteresis in their voltage-current characteristics,
because the time required for the ionization and deionization of
gas molecules depends not only on the instantaneous current,
but also on the past current and the rate of change of current.
In this paper, the physical nature and differences of high-pres-

sure and low-pressure lamps are first addressed with the exam-
ples of a high-intensity discharge (HID) lamp (high-pressure
type) and fluorescent lamps (low-pressure type) [8]–[15]. Their
respective mathematical models are explained and then unified
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into a common mathematical framework. Finally, this frame-
work is put into the memristor format for evaluation and con-
firmation of the memristor characteristics. Since the physics of
discharge lamps has been well established and reported in the
literature, this paper primarily focuses on thememristive aspects
of the discharge lamps.

II. MEMRISTOR & ITS THREE FINGERPRINTS

Ideal memristors can be classified as either charge-controlled
or flux-controlled ones [3]. For a charge-controlled memristor,
the relationship between the flux and charge is [16]:

(1)

where is a piecewise-differentiable function. The ter-
minal current and voltage obey Ohm’s Law:

(2)

(3)

Whilst (1)–(3) use the resistor concept to describe the mem-
ristor, in general, “ ” and “ ” can be other variables of a phys-
ical system that exhibits memristor characteristics and need not
be charge and flux respectively.
The memristor studied in this paper is a natural extension of

the ideal memristor, and is defined by:

(4)

(5)

where and denote voltage and current respectively; the scalar
state variable denotes the gas temperature in the high-
pressure lamps and electron temperature in the low-pressure
lamps. Here denotes the memristance in Ohms,
denotes a complicated nonlinear function of the state variable
and the device current , along with other device parameters (to
be defined in Section III).
The three fingerprints of memristors have been previously

identified [16]–[18]. This section summarizes their properties.

A. Identical Zero-Crossing Property

The voltage waveform and current waveform of a
memristor characterized by have identical
zero-crossing points with the time axis (Fig. 1) [18], [19].

B. Pinched Hysteresis Loop Property

The versus loci corresponding to any periodic memristor
waveforms must pass through the origin, and must
have a typical hysteresis loop as shown in Fig. 2 [19], [20].
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Fig. 1. Example of the and waveforms of a memristor with identical
zero crossings. Image reproduced from [19].

Fig. 2. Example of a pinched hysteresis loop [17], [18].

Fig. 3. Typical variations of the pinched hysteresis loop of a memristor as the
frequency increases [19].

C. Frequency-Dependent Pinched Hysteresis Loop Property

The shape of the pinched hysteresis of a memristor varies
with the frequency of the periodic input waveform and tends
to a single line as the frequency [19], [20], as shown in
Fig. 3. where A is the peak amplitude of input voltage .

III. PHYSICAL MODELING OF GAS DISCHARGE LAMPS

In order to evaluate the memristive nature of the discharge
lamps, only physics-based mathematical models [8]–[15] will
be used for this study. Curve-fitting and empirical lamp models
are not considered. High-pressure and low-pressure lamps
driven by practical circuits are used to confirm the validity of
the models. There are two common types of driving circuits
for gas discharge lamps, namely, the low-frequency magnetic
ballast (Fig. 4(a)) and the high-frequency electronic ballast
(Fig. 4(b)). The high-frequency ballast enables the operating
frequency to be altered for dimming purpose. Such feature
provides us a tool for evaluating the hysteresis loop of the
V-I characteristics of both low-pressure and high-pressure
discharge lamps.

A. High Pressure Discharge Lamp Model

In [10], the model for a high-intensity discharge (HID) lamp,
which is a type of high-pressure lamps, is described with several
physical equations. Unlike a low-pressure discharge lamp, the

Fig. 4. Gas Discharge lamp operating circuit: (a) mains frequency magnetic
ballast; (b) high-frequency electronic ballast (with the equivalent lamp circuit
model represented in the dotted box).

discharge column of a HID lamp is under local thermal equi-
librium. The energy balance equation applied to the discharge
column of an HID lamp is:

(6)

where is the temperature of the gas inside the lamp tube
when the HID lamp is under local thermal equilibrium (LTE)
state [21], is a coefficient, is the discharge current, is the
discharge arc resistance, is the radiation loss and is the
thermal conduction loss. The term can be considered as the
input power to the lamp arc.
Under the local thermal equilibrium state, both Boltzmann

[22] and Saha [23] equations can be applied to describe the
excitation and ionization processes inside the lamp. The radi-
ation loss equation based on the Boltzmann’ formula with the
assumption that the radiation is optically thin is:

(7)

where is the magnitude of electron charge, is the Boltz-
mann’s constant; and are two coefficients. If the radiation
is not optically thin, the contribution to the energy balance due
to absorption of photons can be included in the thermal con-
ductivity through the adjustment of the coefficient in the fol-
lowing thermal conduction loss equation:

(8)

where is the temperature at the wall of tube that contains
the plasma discharge (typically around 1000 K). The lamp dis-
charge resistance equation based on the Saha equation is:

(9)
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TABLE I
ADJUSTABLE MODEL CONSTANTS FOR DIFFERENT TYPES OF LAMP

where is the length of the arc discharge, is the cross-sectional
area of the arc, is the electrical conductivity of the arc
discharge, and and are two coefficients.
When the lamp is driven by the ballast, the ballast circuit

equation can be expressed as:

(10)

where is the input voltage of the ballast circuit, is the
ballast inductance, is the ballast resistance and is the elec-
trode voltage drop. Equations (6)–(9) do not include the effect
of the loss rate of electrons by diffusion to the wall of the lamp
tube. The coefficient is introduced to long tubular fluores-
cent lamps in [11]. For high-pressure lamps, however, the tube
length is much shorter than fluorescent lamps. The ratio of the
arc length and lamp tube diameter is normally low. The loss
rate of electron by diffusion to the tube wall can therefore be
ignored. The coefficient is 1.0 for HID lamps.
The model coefficients for a 150 W HID lamp are

listed in Table I. It is important to note that the ballast circuit is
not part of the memristor. In the following figures, only the lamp
characteristics such as voltage and current waveforms are dis-
played for evaluating their memristor characteristics. The lamp
voltage is measured directly across the lamp terminals as shown
in the equivalent lamp circuit in Fig. 4. It is equal to the sum of
the lamp arc voltage and the electrode voltage drop. Mathemat-
ically, the lamp voltage (including the electrode voltage drop) is

. The lamp arc voltage is ,
where is the lamp arc resistance.
For the high-frequency circuit in Fig. 4(b), the resonant ca-

pacitor Cp is used to create a high resonant voltage to ignite
the lamp. Once the lamp is turned on, the lamp arc resistance
is much smaller than the impedance of the resonant capacitor.
Thus, the capacitor current is negligible. Fig. 5 shows the ex-
perimental and simulated lamp voltage and lamp current wave-
forms when the HID lamp is driven by a magnetic ballast at the
mains frequency.
For the HID lamp, the profile of the electrode voltage drop

for the positive half-cycle and the negative half-cycle can be
mathematically approximated as:

(11)

where the time variable is reset to zero at the beginning of
each half-cycle. and are model parameters and is
the operating frequency [10]. According to [10], is a constant
value; , and are functions of frequency

, when Hz, else
.

Fig. 5. Simulated and experimental lamp voltage and current waveforms of 150
W HID lamp at 50-Hz operating frequency: (a) lamp voltage; (b) lamp current.

B. Low Pressure Discharge Lamp Model

Unlike the HID lamp which is a high-pressure discharge
lamp, a fluorescent lamp is a low-pressure discharge lamp
which operates under a non-thermal equilibrium state. There-
fore, the Saha equation does not apply to low-pressure lamps.
The low-pressure discharge process cannot be described as
a function of a single gas temperature as in the case of a
high-pressure lamp (see (6)).
It has been pointed out [11] that the electron temperature of

a fluorescent lamp is much higher than the gas temperature .
The much higher electron temperature means that electrons are
dominant in the energy conversion processes. Also, the elastic
collision loss and UV radiation loss can occupy about 93% of
the total energy losses. Thus, as an analogy to (6) for gas tem-
perature, the energy balance equation for a fluorescent lamp in
terms of the electron temperature can be expressed in the form
of:

(12)

where is the elastic collision loss, is the UV radia-
tive loss and is a coefficient.
The UV radiation power loss can be expressed as:

(13)

where and are coefficients and is the Boltzmann’s con-
stant.
The elastic power loss is proportional to the electron temper-

ature. It can be expressed as a linear function as follows:

(14)

where is a coefficient and is the gas temperature.
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The electrical conductivity of a low-pressure discharge fluo-
rescent lamp is proportional to the ionization rate per electron
per atom. The dominant ionization process is a two-stage ion-
ization which can be described as an algebraic and exponential
function of the electron temperature [24]. When ignoring the al-
gebraic dependence, the lamp arc resistance can be expressed as
(15) [11]:

(15)

where and are lamp dependent coefficients.
Finally, the ballast circuit equation of the fluorescent lamp

has the same format as that of the HID lamp,

(16)

According to the plasma ionization balance equation, the rate
of change of electron density is determined by the balance of
the production rate of electrons by ionization and the loss rate
of electrons by diffusion to the lamp tube. When compared with
the high-pressure lamps, the low-pressure lamps such as the
tubular fluorescent lamps are usually characterized by a very
large ratio between arc length and lamp tube diameter. The
smaller the lamp tube diameter is, the higher the loss rate of
electrons caused by diffusion becomes. Equations (12)–(15) do
not include the effect of the loss rate of electron by diffusion.
When the lamp tube diameter is reduced, the predicted current
will be higher than the experimental value. The coefficient
is introduced in [11] to account for the loss rate of electrons by
diffusion. It is equal to 1.0 for fluorescent lamps with large di-
ameter (e.g., T12 lamps) in which the loss of electrons through
diffusion is small. For fluorescent lamps with narrow tubes,
is larger than 1.0 (e.g., for T8 lamps). Numerically, an
higher than unity means that a smaller effective lamp voltage

(i.e., ) appears across the lamp
terminals. So accounts for the loss of electrons by diffusion
in fluorescent lamps made of narrow tubes. The model coeffi-
cients – for a T8 36W fluorescent lamp are listed in Table I.
Fig. 6 shows the experimental and simulated lamp voltage and
lamp current waveforms for the circuit in Fig. 4(a). Again, their
good agreement confirms the validity of the low-pressure dis-
charge lamp model.
For the T8 36 W fluorescent lamp, the electrode voltage drop

is:

(17)

The units for and are and respectively.
Coefficients and have no unit.

C. Generalized Discharge Lamp Model Framework

Despite the fact that high-pressure and low-pressure dis-
charge lamps operate under different lamp pressure and
operating principles, it is important to note that their model
equations have similar structures. Such similarities are also
reflected by the similar waveforms in their lamp voltage and
current. Table II compares the model equations of the HID
(high-pressure) and fluorescent (low-pressure) lamps. The

Fig. 6. Simulated and experimental lamp voltage and current waveforms of T8
36W fluorescent lamp at 50-Hz operating frequency: (a) lamp voltage; (b) lamp
current.

TABLE II
COMPARISON OF HID LAMP MODEL AND FLUORESCENT LAMP MODEL

major difference is that the gas temperature is used for the
HID lamp model whilst the electron temperature is used for
the fluorescent lamp model.
Whilst the high-pressure and low-pressure discharge lamps

are different in their scientific mechanisms in generating light,
the same “mathematical” structures shown in Table II clearly
indicate that a generalized set of model equations for both high-
pressure and low-pressure discharge lamps can be formed. The
equation set (6)–(10) has the same format as the equation set
(12)–(16). This generalized discharge lamp model set will be
turned into the memristor equation format in the next section
for analysis.
Note that this generalized model can be applied not only to

mains-frequency (50 H or 60 Hz) as shown in Fig. 5 for a HID
lamp and Fig. 6 for a fluorescent lamp, but also to high-fre-
quency operation as reported in [11].
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Fig. 7. Experimental -q curve of fluorescent lamp at mains frequency.

D. Generalized Discharge Lamp Model in Memristor Form

The generalized discharge lamp model equations are now
used to check their three fingerprints of memristor as specified in
[17]. Based on (4), the relationship between the discharge lamp
arc voltage and current is:

(18)

where is the lamp arc resistance which is:

(19)

From (5) the scalar state variable is . Note that is related
to the current through the following equation,

(20)

For (18)–(20), is the gas temperature for high-pressure
lamps and electron temperature for low-pressure lamps;
is the tube-wall temperature for high-pressure lamps and the gas
temperature for low-pressure lamps. The charge is related
to the current by:

(21)

The discharge process is a highly complex and nonlinear
process. Equations (18)–(20) are coupled nonlinear equations
and it is difficult to obtain a simple analytical solution. How-
ever, these equations can be solved numerically. Finally, the
flux is expressed as:

(22)

IV. EVALUATION FOR MEMRISTOR FINGERPRINTS

The generalized discharge lamp mathematical framework
has been applied to a T8 36 W fluorescent lamp. Experimental
and simulated characteristics of a T8 36 W fluorescent lamp

are used to evaluate its memristor characteristics. These results
are shown in Figs. 7 to 10. The lamp voltage includes the
voltage across the lamp arc resistance and electrodes. All the
experimental and simulated waveforms are captured when the
root-mean-square value of the lamp current are controlled to
400 mA.
Since the flux versus charge curve in Fig. 7 is not a single-

value curve, the discharge tube is not an ideal memristor, but
a generalized memristor defined by a temperature-controlled
memristance where the state variable for high-pressure
lamps and for low-pressure discharge lamps.
For a memristor, the - curve is one of the most important

characteristics. Unlike some memristors with a single-valued
- curve, the T8 36 W fluorescent lamp has two different -
curves at mains frequency, one is for the increasing charge and
the other one is for the decreasing charge, respectively, as shown
in Fig. 7. Discharge lamps involve complicated processes of
electro-chemical, ionization, species diffusion inside the lamp
tube during the lamp operation [10], [15].
The 3 fingerprints of a memristor [16], [19] are:
i. Identical zero-crossing property;
ii. Pinched hysteresis loop property;
iii. Frequency-dependent pinched hysteresis loop property.
All of these properties can be evaluated with the use of

the Lissajous figure [25]. By using the model mentioned in
Section III, practical tests and simulations have been conducted
to obtain the voltage-current Lissajous figures of the T8 36 W
fluorescent lamp for a wide frequency range from 5 Hz to 32
kHz. Figs. 8(a)–(e), show the measured and simulated results
for the Lissajous figures obtained at 5 Hz, 50 Hz, 300 Hz, 1
kHz and 32 kHz, respectively. Several important points can be
observed.
1) All the voltage-current Lissajous figures of the discharge
lamps are pinched at the origin. This is the identical zero-
crossing property and the first fingerprint of a memristor.

2) Hysteresis loops are observed in the dynamic voltage-cur-
rent Lissajous figures, except at very low-frequency close
to dc operation (such as 5 Hz in Fig. 8(a)) and at very
high-frequency (such as 32 kHz in Fig. 8(e)). So the second
fingerprint of a memristor that device exhibits pinched hys-
teresis property is confirmed.

3) The lobe area of the hysteresis loop initially increases
from very low frequency. After reaching a certain value, it
reduces as operating frequency increases. The hysteresis
loop approaches a single-valued curve as the frequency
becomes very high (Fig. 8(e)). The frequency dependency
of the lobe area is thus confirmed. However, the proposed
model does not capture the nonlinearity of the -
curve when the lamp is under high frequency operation.

To further examine the memristor characteristic of the dis-
charge lamp and accuracy of the generalized mathematical
framework, the measured Lissajous figures at different fre-
quencies in Fig. 9(a) are compared with their simulated ones in
Fig. 9(b). These results confirm the accuracy of the generalized
discharge lamp model framework except some nonlinear effects
at high frequencies.
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Fig. 8. (a) Experimental and Simulated V-I hysteresis loop of the fluorescent
lamp operating at 5 Hz, (b) Experimental and Simulated V-I hysteresis loop of
the fluorescent lamp operating at 50 Hz, (c) Experimental and Simulated V-I
hysteresis loop of the fluorescent lamp operating at 300 Hz, (d) Experimental
and Simulated V-I hysteresis loop of the fluorescent lamp operating at 1 kHz,
(e) Experimental and Simulated V-I hysteresis loop of the fluorescent lamp op-
erating at 32 kHz.

Fig. 9. V-I hysteresis loop comparison at 5 Hz, 300 Hz and 32 kHz for the T8 36
W fluorescent lamp: (a) experimental Lissajous figure; (b) simulated Lissajous
figure.

Fig. 10. Experimental and simulated V-I lobe area for a T8 36 W fluorescent
lamp over a wide frequency range.

Now the hysteresis loop area of the T8 36W fluorescent lamp
is examined. The lobe area can be obtained graphically
from the V-I hysteresis loops recorded at different frequencies.
Fig. 10 shows the variation of the lobe area of the hysteresis

of the T8 36 W fluorescent lamp from 5 Hz to 32 kHz when the
rms value of the lamp current is kept at 400 mA. The lobe area
increases from virtually zero at DC and reaches a maximum at
about 300 Hz before it starts to decrease with increasing fre-
quency. When the frequency reaches 32 kHz, the lobe area be-
comes very small. Further increase in frequency causes the lobe
area to approach zero.
Under high frequency (32 kHz) operation, the V-I character-

istics of the T8 fluorescent lamp over a dimming range (i.e., with
different lamp current rms values) are recorded in Fig. 11(a).
The corresponding simulated results are shown in Fig. 11(b).
The averaged slopes of the measured curves can be determined
from the two extreme points of the measurements. The aver-
aged slopes of the measured and simulated curves are shown in



2072 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 61, NO. 7, JULY 2014

Fig. 11. Experimental and simulated V-I curves of the fluorescent lamp at 32
kHz over a dimming range: (a) experimental curves; (b) simulated curves.

Fig. 12. Relationship of the slopes of the V-I curves at 32 kHz over a dimming
range.

Fig. 12. The good agreements between the measured and theo-
retical results confirm the validity of the generalized mathemat-
ical framework of discharge lamps for memristor studies.

V. CONCLUSION

Discharge lamps exhibit memristor characteristics as pointed
out previously [4]. Due to the highly complex and nonlinear na-
ture, there has not been a generalized mathematical framework
to prove that all discharge lamps (i.e., both high-pressure and
low-pressure gas discharge lamps) are memristors. This paper
fills this theoretical gap by generalizing a mathematical frame-
work that suits both high-pressure and low-pressure lamps, de-
spite their different physical operating principles. Such a frame-
work is then studied in the mathematical format of a memristor.

The generalized discharge lamp framework offers theoretical re-
sults that satisfy the three fingerprints of a memristor. Practical
results obtained from a discharge lamp have been included to
confirm the validity of the proposed mathematical framework.
Since the simulated results are based on the generalized dis-

charge lamp model, the mathematical framework provided in
this paper offers the theoretical basis to support the idea that all
discharge lamps, regardless of being high-pressure or low-pres-
sure, are memristors. As the ionized state of the gas inside a dis-
charge lamp will revert to the neutral state when the excitation
is removed, the operating point will return to the origin of the

- plot. Therefore, discharge lamps are strictly speaking
volatile memristors.
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