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Abstract—This paper is concerned with the finite-horizon
recursive filtering problem for a class of nonlinear time-varying
systems with missing measurements. The missing measurements
are modeled by a series of mutually independent random
variables obeying Bernoulli distributions with possibly different
occurrence probabilities. Attention is focused on the design of a
recursive filter such that, for the missing measurements, an upper
bound for the filtering error covariance is guaranteed and such
an upper bound is subsequently minimized by properly designing
the filter parameters at each sampling instant. The desired filter
parameters are obtained by solving two Riccati-like difference
equations that are of a recursive form suitable for online
applications. A simulation example is exploited to demonstrate
the effectiveness of the proposed filter design scheme.

I. INTRODUCTION

The past few decades have seen a surge of research in-
terest on the filtering or state estimation theories due to
their extensive applications in a variety of practical areas
including weather forecasting, economics, radar tracker and
global positioning system. Up to now, a great deal of efforts
has been delivered to the design issues of various kinds of
filters, for example, Kalman filters [2], [16], [22], extended
Kalman filters [9], [11], [24], [25] and H, filters [1], [6], [10],
[12], [15], [23], [28]. Among them, the traditional Kalman
filter has been shown to be an optimal one in the sense of
minimum variance for the linear systems, and the extended
Kalman filter has been developed to serve as an effective way
for handling the nonlinear estimation problems. Recently, the
robust extended Kalman filtering problem has been tackled in
[24] for a class of nonlinear systems, and a filtering algorithm
has been presented in a recursive form suitable for online
applications.

Most traditional filter design approaches rely on the assump-
tion that the measurement signals are perfectly transmitted.
Such an assumption, however, is conservative in many en-
gineering practice presented with unreliable communication
channels. For example, due to temporal sensor failures or
network congestions, the system measurements may contain
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noise only at certain time points and the true signals are simply
missing. As such, the control and filtering problems with
missing measurements have received considerable research
attention, see e.g. [5], [8], [13], [14], [18]-[21], [27]. A
common way for modeling the data missing is to introduce
a random variable satisfying the Bernoulli binary distribution
taking values on either 1 or 0, where 1 is for the perfect
signal delivery and O represents the measurement missing.
Most of the aforementioned results have been based on the
hypothesis that all sensors have identical failure characteristics
[8]. However, such a hypothesis may not be true in the case
that the signals are observed by multiple sensors and each
individual sensor may have different failure rate.

It is worth mentioning that most existing results regarding
the missing measurements have concentrated on linear sys-
tems. It is well known that the nonlinearity is a ubiquitous
feature in almost all practical systems, and the occurrence of
the nonlinearity inevitably degrades the system performance
and even leads to instability [25], [26]. However, so far, the
filtering problem for general nonlinear stochastic systems with
missing measurements has not been thoroughly investigated
yet, not to mention the case where multiple sensors undergo
probabilistic missing measurements. It is, therefore, our aim
of this paper to shorten the gap by initiating a study on such
a challenging issue.

Motivated by the above discussions, we aim to investigate
the recursive filtering problem for a class of nonlinear time-
varying systems with missing measurements. A series of mutu-
ally independent random variables are introduced to describe
the phenomenon of missing measurements where individual
sensor is allowed to have different missing probability. The
finite-horizon filter is designed such that an upper bound on
the filtering error covariance is guaranteed and such an upper
bound is subsequently minimized by the designed filter at each
sampling instant. The proposed filter scheme is given in terms
of the solutions to two Riccati-like difference equations, and
therefore the algorithm is suitable for recursive computations.

929



Notations. The notations used throughout the paper are
standard. R™ and R™*™ denote the n-dimensional Euclidean
space and the set of all » X m matrices, respectively. For a
matrix P, PT and P! represent its transpose and inverse,
respectively. tr(-) stands for the trace of a matrix. o is the
Hadamard product defined as [A o B];; = A;; - Bi;. E{z}
stands for the expectation of the stochastic variable x. I and 0
represent the identity matrix and the zero matrix with appro-
priate dimensions, respectively. diag{ X1, X», ..., X,,} stands
for a block-diagonal matrix with matrices X, X»,..., X, on
the diagonal. Matrices, if their dimensions are not explicitly
stated, are assumed to be compatible for algebraic operations.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider the following class of time-varying nonlinear
systems:

[ (@r) + Dywi (1)
ErCrar + v (2)

Tk+1
Y =

where z;, € R™ is the system state to be estimated, the initial
value zo has mean To and covariance Ppyo, yx € R™ is
the output vector, wy € R" is the process noise with zero-
mean and covariance @@ > 0, and v, € R™ is the zero-mean
measurement noise with covariance V' > 0. The nonlinear
function f (zy) is analytic everywhere with known form, Cj,
and Dy are known and bounded matrices with appropriate
dimensions. Z = diag{¢},£2,...,£m} is to account for the
missing measurements where the mutually uncorrelated (in &

and i) random variables £ € R (i = 1,2,...,m) take values
of 1 and 0 with
Prob {¢, =1} = E{&} =9}, 3)

Prob{¢, =0} =1-E{§}:=1-9;. @&

Here, 192 € [0,1] is a known constant, f,i is assumed to
be independent with wy, v, and xg. Also, the noise signals
mentioned above are uncorrelated with each other.

In this paper, we design a filter of the following form:

Epgrpe = f (Erpw) » &)
Tt k1 = Torage + Krrr (k1 — Err1Cr1Zp41)5) (6)

where Ty, is the estimate of xy at time k with Zg;9 = To,
Zpy1)k is the one-step prediction at time k, Kyyq is the
filter parameter to be determined, and =y := E{Ej41} =
diag{¥; 1,971, -, 97 -

The objective of this paper is twofold. First, we aim to
design a finite-horizon filter of form (5)-(6) such that, for
the missing measurements, an upper bound for the filtering
error covariance is guaranteed, i.e., there exists a sequence of
positive-definite matrices ;11,41 (0 < k < NV) satisfying

E { (Tha1 = Togrjesr) (Trgr — i‘kﬂ\kﬂ)T}

(7
<kt1jkt1

Second, we shall minimize such an upper bound X5, 41 by

appropriately designing the filter parameter at each sampling

instant.

Remark 1 In the model (2), Cx) represents the measure-
ment output subject to probabilistic information loss charac-
terized by the matrix =y, and vy is the random exogenous
noise acting on the measurement output. In other words, the
model (2) is comprehensive to include the practical cases
of probabilistic missing measurements and external additive
disturbances, thereby reflecting the engineering practice in a
more realistic way.

Remark 2 In this paper, the phenomena of measurements
missing is considered. Owing to the sensors aging and/or
sensor temporal failure, the missing measurements may occur
intermittently. In (2), =) is introduced to characterize the
missing measurements where the random variable & (i =
1,2,...,m) corresponds to the i sensor operating at the kth
sampling time point. For different sensors, it would be more
reasonable to allow multiple sensors to have different missing
probabilities (or failure rates [8]).

Before ending this section, we recall the following lemmas
which will be frequently used in subsequent developments.

Lemma 1 [7] Let A = [a;j]nxn be a real-valued matrix
and B = diag{by, ba,...,b,} be a diagonal stochastic matrix.

Then
E{b?}  E{bib} E{bb,}
E{BABT} = E{b?bl} E{;bQ} E{b?bn} °
E{b;lbl} E{b;lbz} E{Ei}

where o is the Hadamard product.

Lemma 2 [22] Given matrices A, H, G and F with
appropriate dimensions such that FFT < I. Let X be a
symmetric positive definite matrix and « be an arbitrary
positive constant such that y~'I — GXG? > 0. Then the
following inequality holds

(A+ HFG) X (A+ HFG)"
< A(X'=4GTG) AT 44t HHT.  (8)
Lemma 3 [17] For 0 < k < N, suppose that X = X7 > 0,

Sk (X) = SF(X) € R™*™ and Hy, (X) = HI (X) € R,
If
Sk(Y)> S (X), VX<Yy=YT )
and
Hy (Y) > Sk (Y), (10)

then the solutions Mj and Nj to the following difference
equations

M1 = Sk (M), Nig1=Hyp (Ng), Mog= Ny >0 (11)
satisfy M} < Nj.

IIT1. MAIN RESULTS

In this section, a sufficient condition for the design of
filter parameters is established by solving two Riccati-like
difference equations.
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To proceed, denote the one-step prediction error as
Tpqik = Th+1 — Tpq1)x and the filtering error as Ty 1p41 =
Tp41 — Trt1)k+1- Subtracting (5) from (1), we obtain

Trprpe = [ (xr) = f (Brk) + Dirws. (12)

By using the Taylor series expansion around Zy;, we
linearize f (xy) as follows:

f (i) = [ (&rk) + AeZrpp + o(|Zxx]) (13)
where
_Of (k)
A = e |wk=wk\k’

and o(|Zy,y|) stands for the high-order terms of the Taylor
series expansion. For presentation convenience, along the
similar line of [3], [25], the high-order terms are transformed
into the following easy-to-handle formulation:

o(|Zrk]) = B LTk, (14)

where By, is a bounded problem-dependent scaling matrix, Ly
is a bounded matrix for providing an extra degree of freedom
to tune the filter, and {2 is an unknown time-varying matrix
accounting for the linearization errors of the dynamical model
and satisfies

QL <1 (15)

Remark 3 In traditional extended Kalman filter algorithms,
the Taylor series expansion is employed to linearize the
nonlinearity f(zj), and the linearization errors are simply
neglected which would inevitably lead to conservatism in
certain cases. Recently, a new approach has been proposed
in [3] to describe the higher-order terms in the Taylor series
in terms of parameter uncertainties. In this paper, as in [3],
[24], we use the deterministic matrix {2; and the scaling
matrix By, in (14)-(15) to account for the linearization errors in
obtaining the matrix Ay. For more details we refer the reader
to Appendix C of [3] where a nice interpretation has been
given. It is worthwhile to further mention that, in practice, the
high-order terms in the Taylor series expansion are commonly
bounded and it is reasonable to regard them as deterministic
uncertainties affecting the system matrix Ay.

It follows from (12)-(14) that the one-step prediction error
is given by

Tpg1e = (Ax + BeQu L) Ty + Dywye. (16)

On the other hand, it follows from (6) that the filtering error
Zp41|k+1 can be described by

Tpa1|kr1
= (I = Kp41Zx41Chp1) Tpgr i — Kpy 10 a7
— Kit1 (Zr41 — Ent1) Crg1Tr41

Based on (16) and (17), we are ready to present the follow-
ing lemmas which give the recursion of the one-step prediction
error covariance and filtering error covariance, respectively.

Lemma 4 The one-step prediction error covariance Pk
obeys the following recursion:
Pyy1 = (Ag + By Ly,) Py, (Ay, + B Ly,)"

18
+ DQDY 1o

where Py, = E{Zy kiz‘ .} is the filtering error covariance.
Proof Since (18) follows from (16) directly, the proof is
omitted for brevity.
Lemma 5 The filtering error covariance Py 1)1 is given
as follows:

Prey1jk

= = T
= (I = K41E541C41) Prgijp (I = Ki41Zk41Chpr)” (19)
+ Kiy1 (Jep + V)KL

where

Jk+1 Z:ék+1 @) (Ck+1E {karlszrl} Cg+1) 5
Eppr i=diag{¥) 1 (1 - 041) 9550 (1-0741),
O (L= 9 )

Proof According to (17), we have

(20)

Pk+1|k+1
= = T
= (I = Ki41554+1Ck41) Prsape (I — Ki41Z541Ch41)
—_ = T T
+ K1 E{(Zk+1 — Eit1) Crt125412 511 Crigr
X (:k+1 — ‘:‘k’+1)}Kk+1 + Kk+1VKk+1.

2

Next, applying Lemma 1 and together with the property of
conditional expectation, we obtain

E{(Zks1 — Ek1) Crr1Tr12h g4
X Ciy1 (Bre1 — Er1)}
:ék+1 e} (Ck+1E {$k+1f££+1} Cg+1)

where ék+1 is defined in (20). Therefore, (19) follows directly
from (21) and (22), and the proof of this Lemma is complete.

Remark 4 It can be seen that the linearization has been
enforced to facilitate the recursive filtering algorithm develop-
ments. From Lemmas 4-5, the filtering error covariance can
be obtained for the missing measurements provided that the
matrix equations (18) and (19) are solvable. Unfortunately, due
to the consideration of the nonlinearity, (18) and (19) are con-
taminated by some uncertain terms ) and E {xkﬂx}:ﬂ},
which lead to essential difficulty in determining the accurate
value of the filtering error covariance Py 1|51- In the follow-
ing, an alternatively way is employed to design an appropriate
filter parameter Ky, such that there exists an upper bound
for the filtering error covariance.

Now, we are in a position to present our main results. In
view of Lemmas 2-5, the filter parameter is designed such that
an optimized upper bound for the filtering error covariance is
achieved at each sampling instant.

Theorem 1 Consider the one-step prediction error covari-
ance and the filtering error covariance in (18)-(19), respec-
tively. Assume that (15) holds. Let 7, and € be positive scalars.

(22)
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If the following two Riccati-like difference equations
Ykt1lk
=A; <E,;ﬁ€ - %L;{Lk)
+ DrQDY,

1
AL+, ' ByB] (23)
and

L1 lk+1
= (I = Ki+1Z541Ch41) Skp1jk

= T
X (I = Kg41Z641Cht1) " + Kiqa 24
X | Zks1 0 (Crp1Pry1eCipr) + V[ Kjpy

with initial condition Yo = Py > 0 have positive-definite
solutions ¥y 1|, and ¥y k41 such that, forall 0 <k < N,
the following constraint

vi T — LS Li > 0, (25)
are satisfied where

Pprp = (1+&) Spyrp + (1+e71) @k+1\k-i'£+1|k7 (26)
then with the filter parameter K given by

K1

T —_ —_ T =
=2p 1)k Cra1Zk+1 [:k+1ck+12k+1kck+1:k+1 27

-1
+Egt10 (Ck+1‘1>k+1\kaT+1) + V}

the matrix 3 jx41 is an upper bound for Py qjp41, i€,

Pret1jk+1 < Vkajk+1- (28)

Moreover, the filter parameter /K ; given by (27) minimizes
the upper bound ;4 qx41.

Proof Note that the covariance matrices Py, and
Py 1)k+1 can be rewritten as the functions of Py 3, and Py 1.,
respectively. Then, it is not difficult to verify that the condition
(9) in Lemma 3 is satisfied.

Now, we are ready to deal with the terms of the right-hand
side of (19). Considering the following elementary inequality

(6%@“% - 57%ik+1|k~) (5%@“% - 57%5%k+1|k-)T >0,
we can obtain the following inequality
jkﬂ\kj;{ﬂm + i"kﬂlki‘gﬂ\k
Sgikﬂlkjgﬂw + 6_1£k+1|kj£+1\k
with € > 0 being a scalar, which yields
E {$k+1$£+1}
<E {(1 +8) T pThap + (T+e71) §3k+1|ki’£+1|k} (29)

=(1+2) Pogap + (1 +e77) Erapig e

Then, the last term of the right-hand side of (19) can be
determined as

K1 (Jes1 + V)KL

- (30)
<Kpt1|Ekt10 (Ck+1Mk+1|kaT+1) + VKL,

where where
Mk+1|k = (1 + E) P/c-i—l\k + (1 + 571) ik+1|k£f+1\k~
It then follows from (19) and (30) that

Pr 1k
< (I = Ki41Zk41Cht1) Prsaji

= T
X (I—KkJrl.:kJrleJrl) + K41 3

X ék—i—l o (Ck+1Mk+1|kC/z+1) +V Kg+1

Combining (23), (24) and (31), we can show that the
condition (10) in Lemma 3 is satisfied. Therefore, it follows
directly from Lemmas 2-3 that

Prepijrr1 < Zhgijksr-

Having determined the upper bound ¥ 1|11, We are now
ready to show that the filter parameter given by (27) is optimal
in the sense that it minimizes the upper bound Xy jx41-
Taking the partial derivative of (24) with respect to Ky and
letting the derivative be zero, we have

otr (Spg1je41)
0K i1

=—2(I — Kj41Zk41C%+1) Skt 16Cr1 St (32)

+ 2K41 Ek+1 o (Ck+1q>k+1\kaT+1) +V
=0.

From (32), and through straightforward algebraic manipula-
tions, the optimal filter parameter K can be determined as
follows:

K1

T = = T =
=2 pt 1)k Crr1Zk+1 |::k+lck+lzk+1ko}g+1:k+l (33)

-1
+ Zkt1 0 (Cr1®ppkCiiyy) + V]

Obviously, the filter parameter Kj; in (33) is identical to
(27). To this end, the optimal filter gain Ky, is designed
in the sense of minimizing the upper bound ¥ ;4 for
the filtering error covariance and, therefore, the proof of this
theorem is complete.

Remark 5 At each sampling instant, the filter parameter
K41 is designed in Theorem 1 to minimize the upper bound
of filtering error covariance. The consideration of the multiple
missing measurements constitutes the main difference between
our work and the work of [24]. In our main results, the
constants ¥% (i = 1,2,...,m) are there for the missing
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measurements where all sensors are allowed to have differ-
ent missing probabilities. Furthermore, the proposed filter is
derived in terms of the solutions to two Riccati-like difference
equations, which is recursive and therefore suitable for online
applications.

IV. AN ILLUSTRATIVE EXAMPLE

Consider the following nonlinear system with missing mea-
surements:

Try1 = f(ar) + Dywy
Y = ExCrar + vp

where
e = [hone o]
D=1 003 £'8.65e*5k } :
oo [0
and xp = [ Tik T2k ]T is the state vector with z;

(1 = 1,2) being the i-th element of the system state, wy, € R
and v, € R? are zero-mean Gaussian white noises with
covariances 0.5 and 0.0215, respectively.

In the simulation, set the initial value of estimation as Zgg =

Zo = [ 08 0.2]" and X0 = 10I. Assume that S, =
diag{0.95,0.90}. The other parameters are chosen as Bj, =
diag{0.1,0.2}, L, = 0.1I5, v, = 0.005, and £ = 0.35. By
solving (23) and (24), the filter parameter can be obtained
recursively and the simulation results are shown in Figs. 1-4.
Here, MSE-i (i = 1,2) denotes the mean square error (MSE)
for the estimation of the state.

4 T

;
MSE1
~ — — Upper bound

3t il

Log( Mean square error )

—4 L 1 I I

.
5 10 15 20 25 30 35 40
No. of samples. K

Fig. 1. MSEI and its upper bound

In the figures, Figs. 1-2 show the upper bounds Eillk and
Eilzk as well as the MSE for the states 7 and z2 j, which
confirm that the MSE stay below their upper bounds. The
trajectories of the actual states x; , and their estimates &; j

(i
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1 ) and its estimation

9, and its estimation

1,2) are plotted in Figs. 3-4, which illustrate that the

Log( Mean square error )

. ;
——\ISE2
— — — Upper bound

2+ 4

. .
5 10 15 20 25 30 35 40
No. of samples. K

Fig. 2. MSE2 and its upper bound

T T
—%— Actual state z)
—O— Estimated state &

. .
5 10 15 20 25 30 35 40
No. of samples. K

Fig. 3. The actual state =1 and its estimation 21

T T
—%— Actual state zo
—O— Estimated state &)

. .
5 10 15 20 25 30 35 40
No. of samples. K

Fig. 4. The actual state z2 j and its estimation £



presented scheme can perform well to estimate the system
states.

V. CONCLUSIONS

In this paper, the finite-horizon filter design problem has
been investigated for a class of time-varying nonlinear systems
with missing measurements. A series of mutually independent
random variables that obeys Bernoulli distribution has been
introduced to describe the missing measurement phenomenon.
A filter has been designed to guarantee an optimized upper
bound on the filtering error covariance by means of solving
two Riccati-like difference equations. Finally, a numerical
example has been provided to illustrate the effectiveness of the
main results. Further research topics include the extension of
the main results to the recursive filtering problem for general
nonlinear stochastic systems, to the finite-horizon H, filtering
problem with fading measurements, and so on.
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