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Abstract A plane strain problem for two magnetoelectroelastic (MEE) half-planes adhered by a thin
isotropic interlayer is considered. A novel crack model, i.e., a magnetoelectrically permeable interface
crack with pre-fracture zones is introduced for MEE bimaterial system. The stresses in pre-fracture zones and
the lengths of pre-fracture zones are unknown, which are determined by solving the corresponding Hilbert
problem and solving nonlinear equations introduced by yielding condition on the pre-fracture zones. Some
particular cases are further analyzed and numerically discussed. In the suggested model, any singularities
connected with the crack are eliminated, and the results presented in this paper should have potential
applications to the design of multilayered MEE structures and devices.
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1. Introduction

Magnetoelectroelastic (MEE) materials have been widely used in electronics industry. In the design
of MEE structures, it is important to take into account the defects/imperfections, such as cracks,
which are often pre-existing or are generated by external loads during the service life. Therefore, in
recent years, research on fracture mechanics of MEE materials has drawn a lot of interest, and lots
of achievements have been made for two-dimensional (2-D) internal crack problems [1-5] and 2-D
interface crack problems [6-8]. It is noted that in the works of [7] and [8], the contact zone model is
firstly extended to interface crack problems of MEE materials.

However, all the above-mentioned works related to interface crack problems, the singularity
behavior on the crack tips always exists. On the other hand, two kinds of MEE materials, as well
known, generally cannot be connected directly. Thus, in this study, a novel interface crack model for
MEE bimaterial, i.e., the model of interface crack with pre-fracture zones is put forward. For
simplicity, the interface is assumed to be magnetoelectrically permeable. The problem is reduced to
solve a Hilbert problem and two nonlinear equations introduced by Mises yielding condition. The
particular cases of symmetric loads and identical MEE material are further analyzed, and some
numerical results are presented. These obtained results and/or conclusions could be of interest to the
analysis and design of smart sensors/actuators constructed from MEE composite laminates.

2. Statement of the problem

Referring to Ref. [9], it is assumed that the MEE half-spaces are adhered by means of an isotropic
interlayer with shear modulus g, Poison’s ratio v and yield limit o, . Furthermore, the

half-spaces are assumed to be loaded at infinity with uniform stresses o33’ =o,, ol =1,,

uniform electrical displacement D{™ =d, and magnetic induction B{™ =b, (m=1 stands for the

upper domain, and m=2 for the lower one). In this paper, although the interlayer thickness will not
be taken into account as usual, the properties of the interlayer and its influence upon the fracture
process will be considered by means of introduction of pre-fracture zones with cohesive stresses. As

shown in Fig. 1, the pre-fracture zones are, respectively, denoted by [a,a] and [b,b ], and the



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

open part of the crack is denoted by [a, b].
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Figure 1. An interface crack with pre-fracture zones between two semi-infinite MEE planes

Assume that the MEE materials are poled in the x,—direction. As pointed out before [8], the
displacement u, decouples in the(x,,x,)—plane from the displacement components u,, u,,
electrical potential ¢ and magnetic potential ¢. And in present study, our attention will be
focused only on the generalized plane strain problem for the components u,, u;, ¢ and ¢.

Thus, for the considered magnetoelectrically permeable interface crack, the continuity and
boundary conditions at the interface can be written in the form

[[ul], [u], [e], [¢]]T:O’ [[031]’ [o], [Ds], [BS]]T:O' X ¢(a,b), (1)

[¢]=0. [D,]=0, [¢]=0, [B,]=0, x (ab), 2
o x<[a,al, 7 xela,al,
o5 (%,0)=p(x) =10, xe[bb] o5 (%,0)=p,(x)=17. xe[bh], ®)
0, xe[anb], 0, x e[a,b],
where T denotes transposition, [H]=H(x1+i0)—H(x1—i0)(H=u1,u3,etc) and the values o,

7, o' and 7’ are unknown to be determined.
In addition, as pointed out in Ref. [9], because the interlayer is usually much softer than the MEE
materials, the interlayer yielding or damage will appear firstly. Thus, some law of interlayer

material yielding or damage, for example, f(a,r,o-l)zo for the right pre-fracture zone and
f(a',r',a{):O for the left pre-fracture zone, respectively, should be satisfied. For simplicity,

o, =0, =20, areassumed in present study [9].
Up till now, boundary conditions (i.e., Egs. (1-3)) together with the known governing equations (see
Ref. [8]) have formulated a plane strain problem of linear fracture mechanics for a crack [ai, bl]

between two half-planes, where the components & , r , o' and ¢’ at the crack faces and the
positions of point &, and b, are all unknown to be determined.

3. The magnetoelectroelastic solution

From the early work [8], it is known that for the case of plane strain, the following expressions at
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the interface hold true:
Vi) = [V VeV VT =[x (%) (). (%) T =W (%) =W (x,),
t9(x,0)=[c®, o¥, DY, BY| =GW’(x)-GW (x),
where W(z)=[W,(z), W,(z), W,(z), W&.,(z)]T is an introduced unknown vector function,
and W ( 1)_ (x1+|0), W (x,)=W/(x,—i0); the matrix G has been given in Ref. [8].
Considering  that the crack is  magnetoelectrically  permeable, and that
t* =t*(%,0)|,. =(G- ) (2) with t”={z,, o, do, by}, we easily get

{ } Wsz{(e—e)lt”}4.

Taking into account that W4( )=constand W, (z)=constand noting the structure of G, we can
further obtain

= X+IX —>0

o) (%,0)+imof) (%.0)=t,[ @7 (%) +7;@;(x)]. (4)
[uf () J+is; [ us (%) ] = @7 (%)~ @3 (%) (5)
where
2i (@/?AW4 + @/%Ws)
t(1+7;)

g6 +m. 94 ]
2o t=6a-m6p j=13,

b

D, (2)=9Q,(2)+0], ®f= ., =13,

Q,(2)=W(2) +isWs(2), 7=~

[u{] =Wl+ -W, m,=m,/-— g//ig/{is » S35 =—My3,

and Q{? are the elements of G.

Considering that @7 (X )=d;(x)=d;(x) for x &(a,b), it follows from Eq. (4) that

d)j(z)|z_m=(0'0+imjro)/tj(1+}/j). (6)
Using Eq. (4) for j=1 and the corresponding interface conditions (3) yields the following Hilbert
problem
©; (x)+71®; (%) =P(x)/t, xe(a,hb), (7)
where
P(Xl) = pl(xl)+imlp2(xi)'
The solution of Eq. (7) satisfying Eq. (6) can be expressed as

1 1mP(H)X (1)
q)l(z)_—ZEiX(Z){CO-FClZ—i_tl D, dt |, (8)

X(z)=(z _a1)0.57ig(2 _b1)0,5+ig |

o +imz, a1+b1 . o, +imz,
C, =27 0( |glj, L =27i—2—20 ¢=Iny /27, |,=b -a.
t1(1+7/1) 2 ' t(1+y) " / '

Substituting Eq. (8) into Eq. (4) and noting that @7 (x,)=®;(x)=®,(x) for x ¢(a,b), the

following relation at the interface can be derived

where

-3-
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Py X( ){ 7fi(><1—a1—;b1—iefllj(aoJrimlro)Jr
t

9)
X () X

(1+y1){(a +imz )Ial x dt+(a+|mlr)_|.b th :

Noting the finiteness of the stresses at the point a, and b, we can further obtain the following

system of linear algebraic equations

iy zil _ 4| 1+2i
{ +!m }z ' (oo +imz, )[N] {—(:—22)}’ (10)

o+imz | 1+y,

o3 (%,0)+imoy; (x,,0) =

where the components of matrix N = [N] i, j=1, 2) have the following form

NM:E[(t—bl)/(t— 05+|g t, 12 J-[ }osngdt, (11a)
N = [ [(t=a)/(t-0) " dt, Ny = [ [(t—a1>/<t—b1>]°'5’” dt. (11b)

For the sake of simplicity to calculate, Eq. (11) can be further approximated (see Ref. [9]).
After substituting Eq. (10) into yielding conditions, a system of nonlinear equations is then derived
as

Y, (A,, A, 0,,7,)=0 i=12, (12)
where A, =a-a, and A, =b —b are the pre-fracture zone lengths.
Using Eq. (5), (7) and using (8), one arrives at the following equation on displacement jumps

[ul(xl)]_’_isl[u :I_ {27“ O'O+|mlz-o)(xl_a1)0-5—i6(xl_b1)0,5+i5+

27r|7/t1
y . 1-» (13)
(e )[(o"+ime) 3, (1) (o +ime) 3, () [} - (x)
where
Jl(xj-):J-:x:EV)'[:)i (V)dtdv J,(%)= '[:Xl(v)jbbl f:(\j)dtdv,h(xl):I:P(t)dt.

The integral for h (x) can be calculated analytically, and the integrals for J,(x,) and J,(x,)

can be presented via hyper-geometric functions. As well known, for a real MEE bimaterial, & is
very small [6] and the influence of the oscillation on the value of J,(x) and J,(x,) is

negligibly small. Therefore by assuming ¢ =0 inevaluating J,(x) and J,(X ), one gets [9]
3,(5) % 3 (x) =cos™ (e )(x—a,) (b, x) + = H (3, b, x.2),
Jz(xi)z‘]zo(x):cosl(“l)\/(x_ai)(bl_x)_%H(avbuxlb)’

where o, =(b +a,—2a)/l,,and H(a,b,x &) isaknown function given in [9].
Thus, Eg. (13) can be rewritten as _ _
[u, (%) J+is [ uy (%) ] =(0p +imaz ) (% —a )™ (% ~b,)"*" /it +

(1+71)[(0' +imz')Jy (%) +(o+ime)Jd, ]/27“}/1'[1 h(x) l—}/l)/Zyltl.
Crack opening displacements (COD) at the initial crack tlps are defined as follows

:[ul(a)], 53a=[u3(a)]' @bz[ul(b)]' 5§’=[u3(b)}. (15)

-4-
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After substituting x, =a,b, respectively, into the expressions of [u,(x,)], [u,(x)]and the COD

in Eqg. (15) will be then acquired as well. In addition, carrying out a similar derivation to the one
given in [9], the expressions for the electrical displacement and magnetic induction at different
segments of the interface can be easily obtained (omitted here).

It is remarked that both the electrical displacement D{’(x,,0) and magnetic induction B{’(x,0)
are not singular as well at either the initial crack tips or the points a, and b,. Thus, the proposed

model removes singularities in all components of the magnetoelectromechanical field. On the other
hand, it should be pointed out that both the electrical displacement and magnetic induction in the
pre-fracture zone are not only directly related to the material parameters of MEE bimaterial and the

applied tension load, but also related to [ul’(xl)] and the normal stress in the pre-fracture zone,

and that the electrical displacement in the pre-fracture zone depends on the applied electrical load,
and magnetic induction on magnetic load. However, both the normal and shear stresses in the
pre-fracture zone are independent of the applied magnetoelectrical load.

4. Simplified case of symmetrical loads

For the case of symmetrical loads, i.e., 7, =0, placing the apex of the coordinate system in the
middle point of the crack, one has a=-b, a =-b, 7'=-7, o'=0c.InEq. (10), only one of the
equations is necessary, which can be expressed as

(a—imlz')st‘l'm+(G+imlr)N23§'m=—2mb100(1—2i5). (16)
1+
where
1 —05+is 15-is 1 05-is 05+is
NY™ = -2 -b . NI =— 2 b- .
iyl Y C ) 2 = o5rigin)  (0-h)

Extracting the real and imaginary parts of Eq. (16), we arrive at the system of linear algebraic
equations with respectto o and 7. The solution of the obtained system can be expressed as

o=rmo,(2¢a,-a,), 7=ro,(2sa,+a,), (17)
where the expressions for r and a;(i, j=1,2) are the same as those given in [9]. It is worth
noting that the values of r, a; and consequently o and z all depend on the pre-fracture zone
length g =b/b,.

Substituting Eq. (17) into the second equation of Eq. (12) and taking into account that A, =A, in
the considered case, one arrives at a transcendental equation with respectto g as follows

2 2
4
{ml(ztc:a22 —qz)—% +4(2¢a, +a,) =?[Z—:] ,
where the Mises yielding condition f(o,7,0,)=(c-0,) +47° —%ai =0 and o,=20, are
used [9].
From Eq. (14), the displacement jumps for X, € (—bl, bl) can be then obtained as
[u1(x1'0)] +i S1[“3 (Xvo)] ~ 0y (X1 + b1)0.57ig (X1 _b1)0.5+i8/71t1
+(1+ yl)[(a—i mz)Jda" () +(o+imz) Iy (Xl)]/Zﬂ'l rt—h(x)(-2)/2nt,,
where J3"(x)=J,0(%)(i=12) with a=-b, a =-h . And the electrical displacement and
magnetic induction can be expressed as
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mu(x)]+ 8880, xe(a,a)U(bb),
DY (x,,0) = —84.86i0, +d, + mlu(x)], x € (ab),
#8003 (x.0),  xe(a.b),
U (%) ]+ 86850, x e(
BYY (x,,0) = -8486i0, +b, + nz[u’ ] X, € (
868603 (%.0), X &
where 7, =6 - 880/86. 7, =84 - 9684/ .

5. Case of equivalent properties of the upper and lower bimaterial components

Inthis case, y, =1, £=0 hold true and Eq. (9) takes the form

o, +imz, (Xl—a1+le+

o (%,0)+imoy) (x,,0) =

X 2
1 i Xq (1) X, (1) (18)
r o [2 Mo . b Ag
+m|:(0 +|m1’l' )J.al t_xl dt+(0+|mlT)J.b th:|, Xig(ailbl)l
where X, (z)= \/(z—al)(z—bl) :
Using Eq. (10), the pre-fracture zone stresses can be calculated by the following formula
o' +imiu’ il ) L)1
= N .
{0 +imir } 2 (GO +|m1T0) {_1}
Components of the matrix N can be written exactly as
N, = i%[«/l—af +cos’1(a1)] N,, = IEl[cos (az)—«/l—azz]
N,, = i%[w/l—af ~oos(a)] N =—i%[cos‘l(a2)+«/l—a21 ,
where o, =(2b-b, —a,)/l, .
For this case, the expression for the displacement jump has the following form
[u1(><1,0)]+isl[u3(x1,0)]=(oo+imfo)J(><1—a1 )(x-b) /4 )

+[ (o' +imz')dyp (%) +(o+imz) I, (%) ] /7it,, X e(a,b).
And &, 53, 6’ and &; can then be obtained easily.
In this case of homogeneous material with symmetrical loading, onehas r=7"=0 and o'=0c.In
the coordinate system with apex in the middle of the crack, o$}(x,0)=0, a=-b, a =-b, hold

true. And only one equation of Dugdale —type o =0, [10] can be considered. In addition,
according to the von Mises yielding condition given before, o, is related to the material

parameters of interlayer, which can be taken as 2(1+1/\/§)0Y. Furthermore, for this case
a, =a, =b/b, and Eq. (18) can be reduced as

a;;><x1,0)=ﬁ{aoxl+—(j o ey

-6-
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By setting the expression in the brackets to zero, one gets the following equation

b_ —cos 220, (21)

by 20,
Thus, the pre-fracture zone length can easily be determined from Eq. (21). By the way, it is easily
known that for internal crack problem of identical MEE material, although the length of pre-fracture

zone depends on o,, o in the pre-fracture zone is independent of it.
It is worth noting that after evaluating the integrals in Eq. (20) and using (21), one gets [9]

) O | win-1 bl L b2+ xb
o5 (%,0)= a+ﬂ{sm b (% - b) —sin —bl(x1+b)} x (a,h).

Considering only imaginary part of Eq. (19) and noting [ul(xl)] =0and Eq. (21), we have

l
The COD at the initial crack tip can be obtained for x, =b and can be written in the form
55 =— 2bo, In [cos "% j (23)
1S) 20'C

It is important to note that for the case of isotropic upper and lower bimaterial components with
t = 2,u/(1+ k), s, =1 [11], Egs. (22) and (23) formally coincide with the associated equation of

Panasyuk [12], and that the expressions for the electrical displacement and magnetic induction at
the interface can be expressed in a simple form (omitted here).

6. Numerical results and discussion

In this section, for simplicity, numerical calculations only for the case of symmetric loads are
carried out. As an example, material combination A/B of material A (upper material) and B (lower
one) is mainly investigated. The material constants of them for material A with volume fraction
vi=0.3 and for material B with volume fraction v¢=0.5 are given by Sih and Song [13]. The interface
layer was assumed to be elastic-perfectly plastic material with yield stress o, =220MPa[9]. In

addition, loading combination parameters A, =d, e /(ovaly) and A, =b,hQ /(o u)) are
introduced to reflect the applied electrical and magnetic loads, respectively.

0.040-

0.035

0.030+ —— A/A and B/B material combnations

0.0254 - - - - A/B material combnations

& 0.020-
0.015-
0.010-

0.005+

0.000
0.05 010 015 020 025 030 035 040 045 050

k

Figure 2. Relative pre-fracture zone lengths versus the applied tension load

The numerical results for the relative pre-fracture zone lengths, stresses in pre-fracture zones and
-7-



13th International Conference on Fracture
June 16-21, 2013, Beijing, China

the CODs at the initial crack tips with respect to the normalized applied normal load for different
material combinations are presented in Figures 2-6, where k=0,/c,, |=(b-a)/2, 4, =4,/

and A, =4, =0. And if no special explanation is given, all the curves in these figures consider

only A/B combination. It is remarked that because of the symmetry, only the corresponding
numerical results for the right pre-fracture zone are plotted.

Figure 2 shows that the pre-fracture zone length of all current material combinations increases with
the increasing of applied tension load and it is interesting to note that the pre-fracture zone length of
A/B material combination is only slightly larger than that of A/A or B/B material combinations.
Besides, the values of pre-fracture zone length are much smaller than the crack length, even for a
relatively large external load. Figure 2 also indicates that for the internal crack problem of identical
MEE material, the pre-fracture zone length is independent of the material properties of MEE
material.

(@) 3145- () -0.07-

3.140- -0.08+

-0.09 +

3.135+
-0.10 1

3.130 1 -0.11 1

G/GY
S
r/cY
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-0.14 1

3.1154 0151
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k k

Figure 3. Normalized (a) normal stress and (b) shear stress in the pre-fracture zone versus the applied

tension load
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Figure 4. Normalized CODs at the initial crack tip versus the applied tension load

From Figure 3, it can be seen that for A/B material combination, the normal stress in the
pre-fracture zones increases with the increasing of normalized normal load k , while the magnitude
of shear stress decreases with the increasing of normalized tension load. The similar phenomena
have been observed by Loboda et al. [9] for interface crack problem of piezoelectric bimaterial.

As shown in Figure 4, with the increasing of normalized normal load, although &, is negative, the
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magnitude of & at initial crack tips increases for A/B combination, and &; increases for A/B,
AJ/A and B/B combinations. It should be pointed out that, as expected, for the considered loading
cases, o, is much larger than &;. In addition, it is interesting to note from Figure 4b that for A/B
combination, & is slightly larger than that of both A/A and B/B combinations, which is a novel
phenomenon different to the one observed in [9] for piezoelectric bimaterial problem.

(@ 32 _ o () 20-
o —— A/A material combination —— A/A material combination
og i ~..  k=0.1 - - - A/B material combination 18 k=0.1 - - - A/B material combination
t o e B/B material combination 2 R N, B/B material combination
24} i 167 3
720N ‘\ ) - 14 !
204 " Y k=03 ==+ AJA material combination \‘.\h —-—-- AJA material combination
. \ ‘-.\\ \(=Y-2 -..-. A/B material combination 12 %), k=0.3 _... A/B material combination
i NN e B/B material combination o [ T i inati
,:E 164 'l AN ,f\:) 104 Y B/B material combination
2 o NN 2 m *
\ et o™
ERETERY N el 70 2,=2,=0.25 LR W 570 3,7,=0.25
R 64 ..
8 il N
T : 44
44 TTeRImoaoo 5

1.00 1.01 1.02 1.03 1.04 1.05 20 25 3.0 1.00 1.01 1.02 1.03 1.04 1.05 20 25 3.0
xlll xlll

Figure 5. Normalized (a) electrical displacement and (b) magnetic induction along the interface
under different tension loads

In Figure 5, the distributions of normalized electrical displacement Dgl)(xl,o)/d0 and normalized

magnetic induction Bs(l)(xl,o)/b0 along the crack face are presented, where A, =4, =0.25. For
k=0,/0,=0.1 and 0.3, the pre-fracture zone lengths can be easily determined by Eq. (21). They
are, respectively, 4, =4, =0.00124 and 0.01124, which, in fact, are the same as those given by

Loboda et.al [9] for piezoelectric crack problem with pre-fracture zone. As shown in Figure 5, on
one hand, the applied tension loads have significant effects on both the electrical displacement and
magnetic induction in the pre-fracture zone. On the other hand, for a definite tension load, both the
electrical displacement and magnetic induction in the pre-fracture zone are almost unchanged. In
addition, with the increasing of x /I, both the electrical displacement and magnetic induction

decrease rapidly, and as expected, the values of D{”(x,,0)/d, and B{(x,0)/b, finally approach
to 1.

6. Conclusion

A plane strain problem for two MEE half-planes adhered by means of a very thin isotropic
interlayer has been considered. A novel interface crack model, i.e., an interface crack with both
open part and pre-fracture zone is put forward. The crack surfaces are assumed to be
magnetoelectrically permeable. The problem is firstly reduced to a Hilbert problem on the unknown
normal stress and shear stress in the pre-fracture zones, which can be solved exactly. By introducing
Mises yielding conditions on interface layer, a system of nonlinear equations is established to
determine pre-fracture zone lengths. Finally, the corresponding results for both cases of symmetric
load and equivalent properties of the upper and lower bimaterial components are further obtained.
From the theoretical and numerical results, the following conclusions can be drawn:

« For the suggested model, all mechanical, electrical and magnetic characteristics are limited in the
near-crack tip region, i.e., all singularities connected with the model are eliminated.

-9-
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« For the magnetoelectrically permeable interface crack with pre-fracture zones, &, plays a very

important role in the fracture analysis of the interface crack because it is much larger than & . And

in general, increasing tension loads will cause crack growth and propagation.

* For the internal crack problem of identical MEE material under symmetrical load, the pre-fracture
zone lengths are independent of material properties, and the normal stress in the pre-fracture zone is
independent of applied tension load.
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