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DENSITY ESTIMATES ON COMPOSITE
POLYNOMIALS

WAI SHUN CHEUNG, TUEN WAI NG and CHIU YIN TSANG
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Abstract

J.F. Ritt introduced the concepts of prime and composite polynomials and proved three
fundamental theorems on factorizations (in the sense of compositions) of polynomials in

1922. In this paper, we shall give a density estimate on the set of composite polynomials.

2010 Mathematics subject classification: primary 30C10; secondary 15A60.
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1. Introduction and Preliminaries

Let p be a non-linear polynomial in one complex variable. We say that
p is prime if and only if there do not exist two complex polynomials ¢; and
¢2 both with degree greater than one such that p(z) = q1(g2(2)). Otherwise,
p is called composite or decomposable.

Clearly, for a given polynomial p, one can always factorize it as a compo-
sition of prime polynomials only and this factorization will be called a prime

factorization. In 1922, J.F. Ritt [13] proved three fundamental results on
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the factorizations of complex polynomials. Since then many people have
tried to give different proofs or generalizations of Ritt’s theorems to certain
classes of rational functions (see for example, [6], [8], [5], [16], [9],[2],[11] and
[10]).

It is worth pointing out that the factorizations of entire or meromorphic
functions have also been considered by many people. For a detailed discus-
sion of this topic, we refer the reader to [7], [4] and [3]. One can also find a

discussion on factorizations of infinite Blaschke products in [15].

The set of critical values of a polynomial plays an important role in
determining if the polynomial is prime or not (see for example Theorem A
below). By considering the number of distinct critical values of a polynomial,
Beardon [1] showed that for each fixed positive integer n, the set of degree
n composite polynomials lies in some hypersurface in C"*! which implies
that the set of composite polynomials is of measure zero and hence almost
all polynomials are prime. In this paper, we shall give a density estimate
on how small the set of degree n composite polynomials is. This kind of
density estimation was first used by Smale in his work on the efficiency of
Newton’s method [14] . In fact, Smale found a density estimate on a set
Vpn of ‘bad’ polynomials of degree n which fail to arrive at an approximate
zero when applying the Newton’s method a certain fixed number of times.
(A point zg is called an approximate zero of p if zg — z*, p(z*) = 0 and

Ip(2n)/P(2n-1)| < & for all n € N, where 2,41 = 2, — ;:,((Z)).)

Smale’s Density Estimate ([14, Theorem 5.(1)]). For any R > %,

Vol(V,.n N P(R))

volpm) < 02 (1)

where P(R) denote the polycylinder of radius R. We call

Vol(V,.n) N P(R)
Vol(P(R))
the density of V.



2. The main result

Without loss of generality, we may assume that p is a normalized poly-
nomial of degree n > 2, that is, p(z) = 2" +an_12"" '+ +a;2. Now w is
a critical value of p if and only if p’(z) = 0 and p(z) —w = 0 have a common
root if and only if the resultant Res(p — w, p’) = 0. Denote Res(p —w, p’) by
®(w). Clearly, ®(w) is a polynomial in w of degree n — 1 and p has n — 1
critical values (may not be distinct). Now we state the theorem proved by

Beardon [1].

Theorem A ([1, Theorem 3.2]). If a polynomial p of degree n > 2 has more
than L%J distinct critical values (here |x| is the integer part of a real number
x), then it is prime. In particular, if p has n — 1 distinct critical values,

then it is prime.

If p is composite, then p has at most n — 2 distinct critical values by
Theorem A, and this is equivalent to saying that ®(w) = 0 has a repeated

root or equivalently,
U(ay, - ,an—1) := Res(®,d') = 0.

Let W, = {(a1, -+ ,an—1) € C" 1 : ¥(ay, -+ ,a,—1) = 0}. Then the set
Cn = {(a1, -+ ,an_1) € C" 1 : 2" +a, 12" 1 + .- + a1z is composite} is
contained in W,,.

Now we are going to obtain a density estimate on C,. Let P, be the
set of normalized polynomials of degree n, that is, P, = {p : p(z) = 2" +
an-12""t 4+ --- +a1z,a; € C}. Thus P, can be identified with C"~1 =
{(a1, -+ ,an—1) : a; € C}. Let P(R) be the polycylinder defined by {a =
(a1, ,an-1) € Py :]a;| < R,i = 1,---,n — 1}. To obtain the volume

of P(R), we consider the standard volume on C*~! = R?"~2 for P,. Let



a; = z; + iy; and D;(R) = {(z},y;) € R?: {L‘? + yj2 < R?}. Then we have
Vol(P(R)) = / da = / . / day - - dap—1
P(R) lan—1|<R la1]<R
= / day | --- / dan—1
la1|<R lan—1|<R
= / dxidyy | --- / dx,_1dyn—1
Di(R) D, _1(R)

= (7R*)" L,
Let S be any subset of W,, and let p be any positive real number, define
Up(S) = | Un(fo).
foeS

where U,(fo) = {f € Pu : |f'(0) — f,(0)] < p, f"(2) = fi(2) for all z}.
Clearly, U,(Cy,) C U,(W,,). Now we can state our main result.

Theorem 1. For any R > p > 0,

Vol(Uy(Cn) N P(R)) _ Vol(Uy(Wh) N P(R))

n(n — 2)p*
Vol(P(R))  —  Vol(P(R)) '

R2

< (2.1)

Remark 1. By comparing the exponents of p in (1.1) and (2.1), for a fixed
positive integer n, the upper bound in the estimate in Theorem 1 is much

smaller than the one in Smale’s estimate for sufficiently small p > 0.

Remark 2. We shall see in Section 3 that the constant % in the esti-
mate
Vol(U,(Cn) N P(R)) < n(n — 2)p?
Vol(P(R)) - R?

is far from being sharp because Cy, is in general a small subset of W,,.
To prove Theorem 1, we need the following lemma.

Lemma 1. The subset W,, C P, is a complex algebraic hypersurface defined
by the polynomial equation W(ay, -+ ,an—1) = 0, where ¥ is a polynomial of

degree n(n — 2) in a;.



Proof of Lemma 1. Let us recall the definition of the resultant. For any two
polynomials u(2) = U 2™ +Um_12" "1+ - - +ug and v(z) = v 2"+ - -+ v,
the resultant Res(u(z),v(z)) of u and v is defined to be the determinant of

the following (m + n) x (m + n) matrix

0 U UL Ul [ 0
0 0 Um  Um—1 Um—2 ug
vn Un—l PR PR ’L)O 0 PR 0
0 U, U1 U0 0
0 0 Un  Un—1 Up—2 ()
As
-1
p(z)—w=z2"+ap_12"" "+ taz—w
and

2

P(z)=nz""1 4+ (n—Dap,_12" 2+ +2a22 +ay,

we can see that ®(w) := Res(p — w,p’) is the determinant of the following
(2n — 1) x (2n — 1) matrix

1 An_1 e as a1 —w 0 e 0

0 1 as asz ai —w e 0

0 0 e 1 An_1 An—2 Ap_3 -+ —W

n (n—1an-1 -+ 2a2 a1 0 e 0] (22
0 n - 2a2 a 0 - 0

0 0 n o (n—1an1 a1 0

0 0 0 n (n_l)an_l . ai

Clearly, ®(w) is a polynomial in w of degree n — 1 whose leading coefficient



is (—=1)""1n", e,

where F,,_1(ay,---

: ,CLn_l)’w )

Jan_1) = (—1)"1nn,

To find the coefficient of a in Fj, we consider the determinant of the

matrix in (2.2). By subtracting the (n — 1 + %) row from the i*" row for

the determinant of the matrix in (2.2) (i =1,--- ,n —

®(w) is the determinant of the following (2n — 1) x (2n — 1) matrix

1-n (2—n)an—1 —az
0 1—n —2&3
0 0 1—n
n (n—1)an—1 2az
0 n 30,3
0 0 n
0 0

It is easily seen that

0 —w 0
—as 0 —w
(2—n)an-1 B—n)an—2 (4—n)an—3
al 0
2@2 al 0
(n—1)an-1 a
n (n—1)an-1

1), we can see that

ai

n—1
Fy(ar,az, -+ an-1) = (-1)" '(n=1)"""af+ > Gi(az, -+ ,an_1)ai, (2.3)
=0

where G; is a polynomial in the variables ao, -, a,_1.

Now we show that for ¢ = 1,--- ,n —

some a; for j =2,---,n — 1. To prove this, consider

2, each term of F; must involve




D|gy=zay_1=0(W)

1—n 0 0 0 —w O 0
0 1—n 0 0 0 —w 0
0 0 1-n O 0 0 —w
=| n 0 0 ap O 0
0 n 0 0 a o --- 0
0 0 n 0 -+ - a 0
0 0 0 n 0 - - oa
(2n—1)x(2n—1)
~ a (1 — n)In_l —an_l " 1 n_ln (1 — n)In_l —’U)In_l ’
nln_1 ayln—q nly_1 arJl,

where the last equality holds by expanding the last row of the above de-
terminant and here I,,, and J,, denote the m X m identity matrix and the

m x m Jordan block with eigenvalues 0 respectively. Using the fact that

A B
det =det(AD — ACA™'B) if A,B,C,D € C™™ and A is invert-
C D

ible, we have

®’a2:"':an71:0(w)
= aydetfar (1 —n) 1 +wnJy 1] + (=1)" *ndet[a; (1 — n)J | +wnl, 1]

=(1—n)""taf + (—=1)" T In".
In particular,

Fj(a1,0,---,0)=0, for j=1,---n—2.
Therefore, for j =1,--- ,n — 2,

Fj(a’la az, - .- aanfl) = Z Hgg,m Sn_1 (al)a§2 e aan—ill’ (24)
Sgtetsp—12>1
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where H§27... .sn_1 1s a polynomial in the variable a;.

As

and

' (w) = (n— 1) Fpqw™ 2+ (n — 2)Fpgw™ > + -+ Fy,

it follows that W(ay,- -+ ,a,—1) is the determinant of the following (2n —
(2n — 3) matrix
Fn1 Fn_2 Iy P Fo 0
0 Fn_1 F3 Fy I Fo
0 0 o Fn—l Fn—2 Fn—S Fn—4
(n—1)F,-1 (n—2)Fp_2 --- 2F> FF 0

0 (n—1)F,_1 3F3 2F, 3 0

0 0 o (M=1)Fn_1  (n—2)Fn_s

0 0 e 0 (n—=1)Fn_1 (n—2)Fn_o
Therefore,

‘Il(ah"' aan—l)

= (n— )" R

r Tn—2
+ § : P”‘lz"'yT'rLfZ(FO’anl)Fll FnZQ ’
ritetrp_22>1

3) x

F1 0
I |

(2.5)

where Py, .., , is a polynomial in the variables Fy, F,,—1. By (2.3) and

(2.4), the first term in (2.5) is

(n— 1)y
n(n—2)—1

= ()" = ) DG O N T(ag, e a1 )ad

1=0

and the second term in (2.5) is

Id Tn—2
E : Prl:"'y"‘n72(F07Fn_1)F11 FnZQ
ri4trp_2>1

t tn—
= Y Quesei(a)af eal,

tot-ttp_12>1




where T; is a polynomial in the variables ag, - ,an—1 and Qy,. ... ¢, , is a

polynomial in a; only. Then

\Il(alv"' 7an—1)
n(n—2)—1
2 _ .
= (=" = ) NGO T Tiay, o aga)af
=0
+ Y Que st (a)al - aln (2.6)

to4ttn—12>1

In particular, we can see that W has degree at least n(n — 2) in a;.

On the other hand, by expressing ¥ in term of the zeros wi, -+, wp_1

of ®(w), that is,

U(ar, - an—1) = F7 ] [(ws — w;)?,
1<j
we can show that ¥ has degree at most n(n —2) in a;. This suffices to show

that for any fixed ao, -+ ,ap_1,
\Ila27... 7(7%71(0,1) — \Il(a17 e 7an_1) S O(’a1|n(n72)).

To prove this, we need to use a theorem which gives an upper bound for
the zeros of a polynomial in terms of the coefficients of the polynomial. To

state this result, we need the following

Definition ([12, Definition 8.1.2]). Let f(z) = co + c1z + -+ + 2" be
a polynomial of degree n > 1. Then the Cauchy bound of f, denoted by
plf], is defined as the unique positive root of the equation |co| + |c1|x +
cen—1]z™t = |eq|z™ when f is mot a monomial, and as zero otherwise

(the uniqueness of the root was proved in [12, Lemma 8.1.1]).

Theorem B ([12, Corollary 8.1.8]). If f(z) = co + c1z + - - + ¢ 2", where
cn £ 0, then
)"

Cy

Cn

n< g (-

T 0<v<n—1




Remark 3. Notice that all the zeros of the non-constant polynomial f lie
in the closed disk with centre at the origin and radius p|f] (see [12, Theorem
8.1.9]).

Let r; (i =1,--- ,n — 1) be the zeros (which may not be distinct) of p’.
Applying Theorem B to f(z) = p/(2) = nz" 1 + (n — Dap_12"2 + - +
2a0z + a1 for any fixed ao, - - - ,a,, then we have

1
(-1 (G e
il < o) < na | (VD) T < gl

Note that p(r;) is a critical value of p and therefore ®(w) = 0 if and only if

w = p(r;). Hence

U(ay, -+ an-1) = F27 [ (o(ri) — p(ry))? = n?0n2) H(p(ri) —p(ry))*.

i<j 1<j

As

(p(r) = p(r))? < O(|an|>7)
and there are exactly W%M distinct pairs of p(r;) — p(r;) for i < j, we
have

Uaoroan_1(@1) = ¥(ay, -+ ,an_1)
= 020D T (p(ri) = p(r))? < O(laa[""?),  (2.7)
1<j

for any fixed a9, - - , an.

By (2.6) and (2.7), ¥ has degree n(n — 2) in aj, more precisely, there

exist polynomials Ry, -, Rym—2) € Clag, -+, an—1] such that
n(n—2)
\Il(alv"' aanfl) — Z Ri(QQ,“' )a/’nfl)allv
i=0

where R, ,_g) # 0. Therefore W, is the complex hypersurface defined by
the polynomial equation ¥ = 0, where V¥ is of degree n(n — 2) in a;. This

completes the proof of Lemma 1. O
Now we are ready to prove Theorem 1.
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Proof of Theorem 1. Let x : C"' — {0,1} be the characteristic function
of U,(Wp,). By Lemma 1, we observe that for a generic (ag, -+ ,an—1) €
C"2, the intersection of W, with the one dimensional coordinate plane
{(z,a2, -+ ,an—1) : z € C} consists of at most n(n — 2) points. Hence we

have

V | x(ai,a2, -+ ,ap_1)dai| <
a1|<R

/ x(a1, a2, ,an—1)day
lai]|<oo
< n(n —2)mp>.

By the Fubini’s theorem,
Vol(U,(Wa) N P(R))
Vol(P(R))
=y
2T Sy M

1 / /
= (rR2)n—1 x(a, -+ an—1)day | dag - - dan—
(WRZ)H ! laz], - s|an—1|<R [ la1|<R " "

< — n(n — 2)wp°ldag - - - day—1
(WRQ)H_I \a2\7~~-,|an,1|<R[ ]
1 no  n(n—2)p?
= (ﬂ'Rz)n*l [n(n - 2)7Tp2] (ﬂ-R2) ? = R2

Since, U,(C,) C Uy(Wh), we have

Vol(U,(C,) N P(R)) - Vol(U,(W,) N P(R)) - n(n — 2)p?
Vol(P(R)) - Vol(P(R)) - Rz

3. Composite polynomials of small degrees

3.1. Degree 4 polynomials By considering composite polynomials of
degree 4, we shall see that the density estimate of C4 in Theorem 1 is not
sharp. In fact, by Theorem 1, we have

Vol(U,(C1) N P(R)) _ 8p?
Vol(P(R))  — R®

However, we actually have the following

11



Proposition 1.

Vol(U,(Ca) N P(R))
Vol(P(R))

2
p
SR
To see this, note that if p(z) = 2% + az2® + a22? + a1z is composite, then
V(ay,az,a3) = 0. By using mathematical software such as Mathematica, we

obtain

U(ay,as,a3) = —4096(@% — 4dazas + 8a1)2
x (108a? — 108azaza; + 27a5a; + 32a5 — 9a3a3)3.

2

From the proof of Theorem 1, we know that the upper bound % comes

from the fact that W(ay, as,as) is of degree 8 in a;. We can get a much better
2

bound % by showing that p(z) is composite if and only if a% —4azas+8a =
0.

To prove this, suppose that p is composite, then there exist some A, B €

C such that
2 azB a2 a1z = (22 +A2)o (22 +B2) = 22 +2B23 + (A+ B%) 22 + ABz.

Comparing the coefficients, we have a3 = 2B, as = A+ B%,a; = AB. After
eliminations of A and B, we have ag —4azas + 8a; = 0.

Conversely, suppose that ag — 4aszag + 8a; = 0. Then

2 _aj’ 2, @3\ 4 3 2 _aj as
(2° + (a2 4)z)o(z+22)—z + azz” 4+ azz” + (a2 4)(2)2

=24+ a3z3 + a2z2 + ayz.
So p is composite. Hence C4 = {(a1,as,a3) € C3 : aj — dazas + 8a; = 0}.

Proof of Proposition 1. Note that aj — 4agas + 8a1 is of degree 1 in ay,
hence for any (az, as3) € C?, the intersection of C; with the one dimensional
coordinate plane {(z,a2,a3) : z € C} consists of exactly one point. Hence

we have

12



<

/ x (a1, az,as)day / x(a1, a2, a3)dar| = 7p*.
la1|<R la1|<oo

It then follows from the proof of Theorem 1 that

Vol(U,(Ca) N P(R))
Vol(P(R))

2
P
S R

This proves Proposition 1. ]

Remark 4. AsCy C Wy, a3 —4azaz+8a; = 0 implies that ¥ (a1, az, a3) = 0.
So there should be certain relation between a% —4dagao + 8aq and V. In fact,

recall that

U(ay,az,a3) = —4096(a3 — 4azas + Sap)?

x (108a% — 108azaza; + 27a3a; + 32a5 — 9a3a3)?.
It follows that a% — 4asag + 8ay is a factor of ¥ with multiplicity 2.

3.2. Degree 6 polynomials By considering composite polynomials of
degree 6, we also see that the density estimate of Cg in Theorem 1 is not
sharp. In fact, by Theorem 1, we have

Vol(U,(Cs) N P(R)) - 24>
Vol(P(R)) - R

However, we actually have the following

Proposition 2.

Vol(U,(Co) 1 P(R)) _ 2
Vol(P(R))  — R%

To see this, note that if p(z) = 2 + a52® + as2? + a3z + a2z + a1z is
composite, then ¥(aq,as,as,aq,as5) = 0. By using mathematical software

such as Mathematica, ¥ can be factorized to the following form:

U(a1, a2, a3, as,a5) = Clq(ar, az, a3, as, a5)]*[r(a1, as, as, as, a5))?,

13



for some constant C' and some polynomials ¢q,r € Clay, ag, a3, as, as] such
that ¢ has degree 4 in a; and r has degree 6 in a;. From the proof of

2

Theorem 1, we know that the upper bound T comes from the fact that
2 2

U(ay,asz,as) is of degree 24 in a;. We can get a much better bound % by

showing the following
Lemma 2. The polynomial p(z) = 25+ a5z’ + agzt + a3z + a9z + ayz is
composite if and only if

5a§ + 27a3 — 18asaq = 0

ag — 3a§a4 + 27asa0 — 8la; =0
or
a2 — 8aday + 8alaz + 16asai — 32a4a3 + 64a; = 0 (3.2)
3.2
5ai — 24akay + 32a5a3 + 16a3 — 64az = 0
Proof of Lemma 2. Suppose that p(z) = 204+a52°+as2* +azz®+asz?+ay 2 is

composite, without loss of generality, we only need to consider the following

two different kinds of factorizations:
1. 2% 4+ a52® + agz? + a32® + a22® + a12 = (23 + A2%2 + B2) o (22 + C2);
2. 28+ a52® +agzt 4+ a32® + a2 + a1z = (22 + Az) o (23 + B2? + C2).
For case 1,
28 + a5z5 + a4z4 + a323 + a222 + a1z
=25 43C2° + (3C% + A)z* + (C? +2AC0)2% + (AC? + B)2? + BC=.

Comparing the coeflicients, we have

,

as = 3C

as =3C%+ A

az = C3 +24C
as = AC?* + B
(a1 = BC

14



After eliminations, we obtain two equations 5a§ + 27a3 — 18asa4 = 0 and
ag — 3a§a4 + 27asas — 8layp = 0.
Conversely, suppose that 5a3 + 27a3 — 18asas = 0 and a? — 3aday +

27&5&2 — 81(11 = 0. Then

2 2 4
(2° + (a1 — %)22 + (a2 — a59a4 + %)z) o (22 + %z)
5a2 2 50 43
=204 a5z5 + a4z4 + (—2i75 + %)23 +agz2 + (% . 03;14 a53a2)z

=50 + a5z5 + a4z4 + a323 + a222 +ayz.

So p is composite.

For case 2,

26 + a5z5 + a4z4 + a3z3 + a222 + a1z

= 2% +2B2° + (20 + B?)2" + (A +2BC)2* + (C? + AB)2* + AC=.

Comparing the coeflicients, we have

as = 2B
ay = 2C + B?
a3 =A+2BC
as = C?+ AB
a1 = AC

After eliminations, we obtain two equations a2 — 8aZay + 8a2as + 16asa3 —
32a4a3 + 64a; = 0 and 5ai — 24a2ay + 32a5a3 + 16a3 — 64as = 0.

Conversely, suppose that a2 —8a3as +8a2as+16asa3 —32asa3+64a; = 0
and 5ai — 24a2ay + 32asa3 + 16a3 — 64az = 0. Then

3 2
TR+ Do P+ T2+ (F - D))
S5af  3a2a a?  asa
_ .6 5 4 3 205 Oa5a4 4 503
=2"+ a5z’ + agz” + azz +(64 5 1 5

5 3 2 2
a aza asa aza asa

_'_(_754_54_54_53 43)2

64 8 4 8 2

=25 + a5z5 + a4z4 + a323 + a222 +arz.

(22 + (a3 —

)22

15



So p is composite. O

Let
Rgl) (ala az,as, a4, CL5) = 5(1% + 27&3 — 18&5@4,
Rgl)(ala az,as, a4, as) = ag - 3ag’a4 + 27a5a9 — 8lay,
R§2) (a1,a2,a3,a4,a5) = a;?; — 8a§a4 + 8a§a3 + 16a5ai — 32a4as3 + 64aq,
RéQ) (a1, a2, a3, a4,a5) = Sag — 24aias + 32asa3 + 16a3 — 64as.
By Lemma 2,

Cs = {(a1, az,as,a4,as) € C°: Rgl) = Rél) —0or R&Z) - Rg) =0}
= {(a1,a2,a3,a4,as) € Co: Rgl) = Rgl) =0}
U{(a’lﬂa’23a3’a4;a5) 6 C5 . Rgz) p— RéZ) = 0}
=cPuc?,
Where Cél) = {(a17a27a37a47a5) S (C5 : R:(ll) = Rgl) o O} and CéQ) —

{(al,a2aa3,a4,a5) e C®: R%Q) = R(QQ) = 0}.

Now we look at some examples of composite polynomials of degree 6.

1. Let p(z) = 20 + 22% 4+ 22, It is easily seen that (0,1,0,2,0) € C>
satisfies both (3.1) and (3.2). Hence (0,1,0,2,0) € Cél) ﬂCé2) C Ce.

Therefore, there are two different kinds of factorizations for p:

42422 = (B 42224 2) 022 =220 (23 + 2).

2. Let p(z) = 28 + 2% 4+ 22, It is easy to check that (0,1,0,1,0) € C°
satisfies (3.1), but not (3.2). Hence (0,1,0,1,0) € Cél) \CéZ) C Cs.
Therefore,

S22 = (24224 2) 022
and 25424+ 22 cannot be written in the form (224 Az2)o(23+Bz2+C%z).

16



3. Let p(2) = 26 4+22* + 234+ 224 2. It is easy to verify that (1,1,1,2,0) €
C? satisfies (3.2), but not (3.1). Hence (1,1,1,2,0) € ¢S\ ¢tV c ¢s.

Therefore,
B2+ B 4224 2= (24 2)0(2B +2)

and 2% + 22% + 23 4 22 + 2 cannot be written in the form (23 + A2? +

Bz)o (22 + C2).

From the above examples, we have Cg = Cél) U CéQ), where Cél) N Cém # 0,
eI\ el # 0 and ¢\ ct £ 0.

Proof of Proposition 2. It follows from (3.1) and (3.2) in Lemma 2 that for

any (as, a3, ay,as) € C*, there exists at most one ay € C such that
(a},az,as,a4,a5) € Cé1)7

and similarly there exists at most one a} € C such that
(af,az,a3,a4,as) € CéQ).

Therefore, the intersection of Cg with the one dimensional coordinate plane

{(z,a2,a3,a4,0a5) : 2 € C}

consists of at most two points. Hence we have

<

2
‘/ X(alaa2aa3aa4aa5)dal / X(alaa2aa3aa4ua5)dal S 27TP .
la1|<R la1]|<oo

It then follows from the proof of Theorem 1 that

Vol(U,(Co) N P(R)) _ 20
Vol(P(R))  — R%’

This proves Proposition 2. O
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Remark 5. As Cg C W, Rgl) = R(21) =0 or RgQ) = Rg) = 0 implies that
U = 0. So there should be certain relation between REI), Rél), R§2), Rg2) and
V. Now we discuss such relation. Recall that W can be factorized to the

following form:
U(ay, as, as, as, as) = Clg(a1, a2, a3, as,a5))*[r(a1, az, as, as, as)]?,

for some constant C' and some polynomials q,r € Clay,az,as,aq,as]. Let

I and 1® be the ideals < Rgl),Rgl) > and < Rgz),Rg) > generated

by Rgl), Rgl) and R?), RgQ) respectively. Using mathematical software such
as Mathematica, we find a Groebner basis G for IV and a Groebner
basis G2 for I®. When dividing r by GN) and G2 respectively, both the
remainders are zero. Hence r € IV and r € I or equivalently,

P = DR DR = PR o2 R

for some rgl),rél),r?),rém € Clay, a9, as,aq,as]. Therefore

U(ay,as,as,aq,as) = C’q?’(Tgl)Rgl) + Tél)Rgl))Q = Cq3(r§2)R§2) + T§2)R§2))2.
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