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A dissipative time-dependent quantum transport theory is developed to treat the transient current
through molecular or nanoscopic devices in presence of electron-phonon interaction. The dissipa-
tion via phonon is taken into account by introducing a self-energy for the electron-phonon coupling
in addition to the self-energy caused by the electrodes. Based on this, a numerical method is pro-
posed. For practical implementation, the lowest order expansion is employed for the weak electron-
phonon coupling case and the wide-band limit approximation is adopted for device and electrodes
coupling. The corresponding hierarchical equation of motion is derived, which leads to an efficient
and accurate time-dependent treatment of inelastic effect on transport for the weak electron-phonon
interaction. The resulting method is applied to a one-level model system and a gold wire described
by tight-binding model to demonstrate its validity and the importance of electron-phonon interac-
tion for the quantum transport. As it is based on the effective single-electron model, the method
can be readily extended to time-dependent density functional theory. © 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4802592]

I. INTRODUCTION

Time-dependent quantum transport is an important sub-
ject of research.1–9 The existence of rigorous first-principles
method for open electronic system was proved based on the
time-dependent holographic electron density theorem (TD-
HEDT).3, 10 As an extension of Runge-Gross theorem11 to
open system, TD-HEDT established one-to-one mapping be-
tween electron density of reduced system and time-dependent
external potential, thus laid the foundation of time-dependent
density functional theory (TDDFT) for time-dependent quan-
tum transport. Consequently, a practical scheme to study the
time-dependent quantum transport was developed by the com-
bination of TDDFT and non-equilibrium Green’s function
(NEGF) method, which was termed as TDDFT-NEGF and has
been applied to study current response to ac bias voltage.12

However, the TDDFT-NEGF method employs the adiabatic
wide-band limit (AWBL) approximation to simplify the dis-
sipation functional,3 which limits its application to low and
slow-varying bias. In order to improve the performance of
TDDFT-NEGF, a hierarchical equation of motion (HEOM)
was proposed to solve the dissipation functional by the insight
from recent progress in HEOM approach of quantum dissipa-
tion theory.13 The resulting TDDFT-NEGF-HEOM is an exact
formalism for the time-dependent quantum transport within
the TDDFT framework,4, 6 which can be applied to both finite
and zero temperature systems. In addition, TDDFT-NEGF-
HEOM is able to go beyond the AWBL approximation used
in Ref. 3.

However, previous studies in the TDDFT for quantum
transport did not take the dissipation due to electron-phonon
interaction (EPI) into account. In the presence of phonon,
electron has the probability of being scattered off inelasti-
cally by phonon. Inelastic scattering of transport electron and
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energy dissipation play a vital role in device characteristics,
working performance, and stability. Its effects in the single
molecule junction have attracted a lot of attention both exper-
imentally and theoretically.14–26 There are existing models to
deal with inelastic scattering due to EPI in molecular junc-
tions, like Fermi’s golden rule (FGR),27 self-consistent Born
approximation (SCBA) with NEGF method.28 SCBA has
demonstrated good agreement with exact scattering theory29

in the weak coupling limit. However, the expensive com-
putational cost of SCBA not only limits the system size of
static simulation, but also renders time-dependent studies in-
tractable. A reasonable approximation is important for prac-
tical purpose. The lowest order expansion (LOE) has been
proposed to reduce the computational cost of SCBA.16–19 It
simplifies the SCBA at the conditions: (i) EPI is weak; (ii)
density of states (DOS) of the leads and device are slowly
varying over a few phonon-energies around the Fermi energy
εf, i.e., they assumed energy-independent retarded Green’s
function Gr

0(ε) ≈ Gr
0(εf ) and line-width function �L/R(ε)

≈ �L/R(εf). It is shown that LOE simulations compare closely
with those obtained with SCBA simulations.28

While the majority of studies on quantum transport with
EPI focus on steady state, it is also important to study tran-
sient effects and response to dynamic external fields. In this
work, TDDFT-NEGF-HEOM method is extended to include
EPI’s effect. This is achieved by including the self-energy
contributed by EPI. Due to the computational cost of TDDFT-
NEGF-HEOM method, the WBL approximation for leads is
adopted in this work (TDDFT-NEGF-HEOM-WBL). As DFT
or TDDFT can be regarded as an effective single-electron
model, the general NEGF-HEOM-WBL formalism will be
developed in the framework of a single-electron model with
EPI. For weak EPI case, the LOE is used, and correspond-
ing NEGF-HEOM-WBL formalism is established. The LOE
used in this work is slightly different from that in Refs. 16–19
where the non-interacting Green’s function and line-width
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function are both regarded as energy independent. While the
current method only assumes energy independent line-width
function. To demonstrate the validity of the new formal-
ism, the tight-binding model is adopted to simulate the tran-
sient currents through one-site model and a gold monoatomic
chain.

The paper is organized as follows. Section II introduces
the NEGF-HEOM-WBL formalism for time-dependent quan-
tum transport with EPI from a single-electron Hamiltonian.
Numerical studies and related discussion are given in Sec. III.
Section IV summarizes the method developed in this work.

II. METHODOLOGY

Since DFT or TDDFT can be regarded as an effective
single-electron model, we confine ourselves to the effective
single-electron Hamiltonian as follows:

H = HD +
∑

α

[Hα + HαD], (1)

where Hamiltonian for the device region is

HD =
∑
μν

hμνd
†
μdν +

∑
q

ωqb
†
qbq +

∑
q,μν

γ q
μνd

†
μdνBq. (2)

The EPI is taken into account in harmonic approximation, d†
μ

and dν are the electronic creation and annihilation operators in
the device region, respectively; and hμν is the corresponding
single-electron Fock matrix. Bq = (b†q + bq), where b

†
q and bq

are phonon creation and annihilation operators, respectively.
ωq and γ

q
μν are phonon frequency and electron-phonon cou-

pling constant, respectively. Phonon modes in leads should in
principle be considered, as they have effects on the phonon
modes of device region. However, phonon modes are only as-
sumed to exist in device region for simplification. Their cou-
pling with phonon modes in leads can be considered in a phe-
nomenological way, for instance, introducing a rate equation
for the phonon occupation number which accounts for the
coupling. The Hamiltonian of lead α is Hα = ∑

k εkα
c
†
kα

ckα

and the Hamiltonian for the coupling between device and
lead α is HαD = ∑

kα,μ(Vkαμc
†
kα

dμ + H.c.). c
†
kα

and ckα
are

the electronic creation and annihilation operators in the lead
α, respectively; Vkαμ is the device-lead coupling strength.

A. NEGF-HEOM-WBL scheme without EPI

NEGF-HEOM is an exact formalism for non-interacting
systems.4 In order to reduce the computational cost and apply
it on large systems, WBL approximation is usually adopted.
WBL assumes infinite and energy independent band-width.
The resulting NEGF-HEOM-WBL scheme provides an effi-
cient way to simulate the realistic systems.4, 5 In absence of
EPI, the equation of motion (EOM) of reduced single elec-
tron density matrix (RSDM) is

iσ̇ (t) = [h(t), σ (t)] −
∑

α

[
ϕα(t) − ϕ†

α(t)
]
, (3)

where the auxiliary density matrix ϕα(t) is

ϕα(t) = i

∫ t

−∞
dτ

[
G<(t, τ )�>

α (τ, t) − G>(t, τ )�<
α (τ, t)

]
,

(4)
where α = L, R. G< and G> are the lesser and greater Green’s
functions of device, and �<

α and �>
α are the lesser and greater

self-energies due to the lead α, respectively. The first term of
Eq. (4) is interpreted as the outcoming rate of electron from
device to lead α. While the second term of Eq. (4) is inter-
preted as the incoming rate of electron from lead α to de-
vice. Hence, ϕα(t) corresponds to the net rate of electron go-
ing through the interface between lead α and device. Hence,
transient current can be evaluated by taking the trace of the
auxiliary density matrix,

Iα(t) = iTr
[
ϕα(t) − ϕ†

α(t)
]
. (5)

Within the WBL approximation, the finite-temperature self-
energy is

�<,>
α (τ, t) = ±2i

∫
dεf ±

α (ε)ei
∫ t

τ
[ε+�(t1)]dt1�α, (6)

where f ±
α (ε) = 1/(e±β(ε−μα ) + 1). �α = π

∑
kα

|V |2
δ(εf − εkα

) is the line-width function due to the lead α at
Fermi energy εf. Applying the Padé approximation, Fermi
distribution function is expanded as30

f ±
α (ε) ≈ 1

2
∓

N∑
k

1

β

2ηk(ε − μα)

(ε − μα)2 + (ζk/β)2
, (7)

where ±iζ k/β + μα are the kth Padé poles in the upper and
lower half plane, respectively; ηk/β is the corresponding co-
efficient. Hence, the integration in Eq. (6) can be obtained
analytically through contour integral and residue theorem, the
resulting expression of self-energy is

�<,>
α (τ, t) ≈ ±1

2
iδ(t − τ )�α + x

∑
k

�x
α,k(τ, t), (8)

where x = + for t ≥ τ and x = − for t < τ . The sign x corre-
sponds to upper (+) and lower half plane (−) contour integra-
tion. �±

αk(τ, t) is defined as �±
αk(τ, t) = 2

β
ηke

i
∫ t

τ
ε±
αk(t1)dt1�α ,

ε±
αk(t) = ±iζk/β + μα + �α(t). Based on the approximation

on self-energy described in Eq. (8), the auxiliary density ma-
trix is rewritten as

ϕα(t) = i[σ (t) − 1/2]�α +
∑

k

ϕ̃αk(t). (9)

The first term on the right hand side (RHS) of Eq. (9) comes
from the integration over lesser/greater Green’s function and
delta function, and

ϕ̃αk(t) = −i

∫ ∞

−∞
dτGr (t, τ )�+

αk(τ, t) (10)

is the component of first-tier auxiliary density matrix, which
is evaluated through its EOM. Within WBL, time derivatives
of Gr(t, τ ) and �+

αk(τ, t) are linear equations of themselves.
It is straightforward to write down the EOM of the first-tier
auxiliary density matrix as

i ˙̃ϕαk(t) = −i
2

β
ηk�α − [

Gr (ε+
αk)

]−1
ϕ̃αk(t), (11)
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where [Gr (ε+
αk(t))]−1 is defined as [Gr (ε+

αk(t))]−1 = [ε+
αk(t)

− h(t) + i�], and � = ∑
α�α is the total line-width func-

tion. Hence, Eqs. (3), (9), and (11) constitute a practical and
efficient scheme for simulation of transient dynamics of non-
interacting system. The number of auxiliary density matri-
ces is determined by the truncation of Padé expansion. The
EOMs can be numerically solved by employing the fourth
order Runge-Kutta method with corresponding initial condi-
tions. Transient current at each time step can be obtained by
solving Eq. (5).

B. NEGF-HEOM-WBL scheme with EPI

1. Exact EOM of RSDM with EPI

We consider transport electrons as a system interacting
with phonon in the device region. The EPI can be treated
by the standard perturbation theory on the Keldysh contour.
Starting from the electron Green’s function G0(τ , τ ′) with-
out EPI (the electronic coupling between device and lead has
been considered), the self-energy to electron caused by EPI,
�ep(τ , τ ′), can be obtained through the perturbation theory
by summing over the Feynman diagrams into infinite order.
The resulting electron Green’s function is given by the Dyson
equation (A simplified notation [G0�epG](τ , τ ′) is used in-
stead of

∫
dτ 1dτ 2G0(τ , τ 1)�(τ 1, τ 2)G(τ 2, τ ′).),

G(τ, τ ′) = G0(τ, τ ′) + [G0�epG](τ, τ ′), (12)

where the self-energy �ep(τ , τ ′) is the functional of phonon
Green’s function D(τ , τ ′) and electron Green’s function
G(τ , τ ′). The self-energy to electron caused by EPI contains
Hartree component and Fock component with vertex part as
shown in Figs. 1(a) and 1(b),31–33 then the self-energy is ex-
pressed as

�ep(τ, τ ′) = i
∑

q

γq

[
δ(τ, τ ′)

∫
dτ1D(τ, τ1)G(τ1, τ1)

+
∫

dτ1

∫
dτ2D(τ, τ1)G(τ, τ2)�(τ2, τ1; τ ′)

]
γq,

(13)

where D(τ , τ ′) is the dressed phonon Green’s function and
�(τ 2, τ 1; τ ′) is the vertex part as shown in Fig. 2, detail dis-
cussions about vertex part can be found in Refs. 31 and 33.
The first term and second term on the RHS of Eq. (13) repre-
sents the Fock component with vertex part and Hartree com-
ponent, respectively. The vertex part �(τ 2, τ 1; τ ′) contains
infinite number of irreducible Feynman diagrams, its expres-
sion is not given explicitly here since it is nontrivial to write
down an exact expression for this part. Similar to electron
Green’s function, phonon Green’s function can also be evalu-
ated through the Dyson equation,

D(τ, τ ′) = d0(τ, τ ′) + [d0�D](τ, τ ′), (14)

where d0(τ , τ ′) is bare phonon Green’s function, �(τ , τ ′) is
the self-energy to phonon caused by the interaction with elec-
tron, its expression is not considered here. Equations (12)–
(14) provide a self-consistent scheme for the evaluation of

FIG. 1. Feynman diagram presentation of self-energy to electron caused
by EPI. The arrow is dressed electron Green’s function; the wiggly line is
dressed phonon Green’s function; the dashed line is bare phonon Green’s
function and the dashed arrow is bare electron Green’s function; the blob is
vertex part. (a) The Fock component with vertex part; (b) the Hartree compo-
nent; (c) the Fock component within SCBA scheme; (d) similar to (c) except
the phonon Green’s function is the bare one; and (e) the LOE scheme, both
phonon and electron Green’s function are the bare ones.

electron and phonon Green’s functions through Dyson equa-
tion in terms of the corresponding self-energies which are de-
pendent on electron and phonon Green’s functions. The EOM
of RSDM can be derived through the time derivative of lesser
electron Green’s function which is obtained by projecting the
G(τ , τ ′) on to real-time axis. The resulting EOM of RSDM
reads

iσ̇ (t) = [h(t), σ (t)] −
∑

α

[
ϕα(t) − ϕ†

α(t)
]
, (15)

where α = L, R, ep. Equation (15) has the same form as
Eq. (3). The difference lies in the inclusion of ϕep(t) which
arises from EPI. The expression of auxiliary density matrix
ϕα(t) is

ϕα(t) = i

∫ t

−∞
dτ

[
G<(t, τ )�>

α (τ, t) − G>(t, τ )�<
α (τ, t)

]
.

(16)
Compare to Eq. (4), Green’s function in Eq. (16) contains the
dissipative effect due to EPI. ϕL/R(t) represents the interaction
between electron of device and that of leads; ϕep(t) describes
the dissipative process of electron in presence of EPI. And
Eq. (15) is the EOM for RSDM matrix of the open electronic
device interacting with both electron in leads and phonon in
device. Considering ϕα(t) can be determined exactly, Eq. (15)
gives exact solution to density matrix and therefore any phys-
ical quantities.

In order to ensure the particle conservation or current
continuity, Tr[ϕep(t) − ϕ

†
ep(t)] has to be zero since there is

no particle dissipation due to EPI. Exact self-energy, i.e.,

FIG. 2. Feynman diagram presentation of vertex part.
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Eq. (13), guarantees this fundamental conservation law. Ac-
tually, Eq. (13) can be written as the functional derivative of
�-derivable functional:

�ep[G](τ, τ ′) = δ�[G]

δG(τ ′, τ )
.

The exact �[G] functional can be obtained by summing
over all skeleton diagrams, i.e., all closed diagrams as de-
scribed by Luttinger and Ward.34, 35 As shown by Baym and
Kadanoff,36, 37 self-energy ensures the conservation law when
it can be written as the functional derivative of �-derivable
functional. For an open system, conservation law implies the
current continuity, i.e., the time-derivative of density is equal
to the sum of currents flowing in and out of the system. The
validity of the conservation law for �-derivable functional
is guaranteed by the invariance of � functional under gauge
transformations. If the Hamiltonian of system is changed by
an arbitrary gauge function �, Green’s function becomes

G[�]ij (τ, τ ′) = e−i�i (τ )Gije
i�j (τ ′). (17)

Since � functional is made up of all closed diagrams in terms
of Green’s function G(τ , τ ′), the exponential factors cancel at
each vertex, i.e., �[G] functional is gauge invariance. There-
fore,

0 = δ�[G]

δ�(τ1)
=

∫
dτdτ ′

[
�[G]

δG(τ ′, τ )

]
δG(τ ′, τ )

δ�(τ1)

=
∫

dτdτ ′�ep(τ, τ ′)
δG(τ ′, τ )

δ�(τ1)
, (18)

inserting the derivative of Green’s function with respect to
�(τ 1) from Eqs. (17) to (18) gives

0 = i
∑
ij

∫
dτdτ ′[�ep,ij (τ, τ ′)Gji(τ

′, τ )

−G(τ, τ ′)ij�ep,ji(τ
′, τ )]�i(τ ). (19)

Since it is true for arbitrary �, it ends up with

Tr

{
i

∫
dτ ′[�ep(τ, τ ′)G(τ ′, τ ) − G(τ, τ ′)�ep(τ ′, τ )]

}
= 0.

(20)
Projecting Eq. (20) on real-time axis gives Tr[ϕep(t)
− ϕ

†
ep(t) = 0, i.e., particle conservation or current continuity

is satisfied whenever self-energy can be written as the func-
tional derivative of �-derivable functional.

2. EOM of RSDM with EPI within the scheme of SCBA

Even though Eq. (13) provides a systematic way for the
evaluation of self-energy to electron caused by EPI, it is im-
practical to sum over the Feynman diagrams in the vertex part
into infinite order. One approach is to truncate the vertex part
to the first order, �(τ 2, τ 1; τ ′) ≈ δ(t2, τ ′)δ(τ 1, τ ′), the self-
energy becomes

�(τ, τ ′) = i
∑

q

γq

[
D(τ, τ ′)G(τ, τ ′)

+δ(τ, τ ′)
∫

dτ1D(τ, τ1)G(τ1, τ1)

]
γq. (21)

This is the widely used SCBA scheme. Since the second
term on the RHS of Eq. (21) only contributes to the en-
ergy shift of electron, it is usually ignored.28, 38 The result-
ing self-energy is represented as Fig. 1(c). In principle, both
electron and phonon are non-equilibrium and are dressed
by EPI. However, since characteristic time scale of elec-
tronic process is much smaller than that of phonon process,
EPI dissipative of phonon is ignored for simplification, i.e.,
phonon is assumed in equilibrium and unperturbated by elec-
tron. Therefore, the EPI dressed electron Green’s function
G(t, τ ) and bare phonon Green’s function d0(t, τ ) are used
to construct the self-energy �ep(t, τ ) as shown in Fig. 1(d).
The bare lesser phonon Green’s function is d0,<

q (t, τ )
= −i

∑
± N±

q e±iωq (t−τ ), here N±
q = Nq + 1

2 ± 1
2 . Nq and ωq

are occupation number of phonon and phonon frequency for
the qth mode, respectively. Hence, the interacting self-energy
is39

�<
ep(t1, t2) =

∑
q,±

γqN
±
q e±iωq (t1−t2)G<(t1, t2)γq. (22)

Within the SCBA scheme, the EOM of RSDM and expression
of auxiliary density matrix are same as Eqs. (15) and (16),
respectively. The difference is that self-energy to electron
caused by EPI is evaluated within SCBA scheme. Since EPI
does not cause any particle dissipation, iTr[ϕep(t) − ϕ

†
ep(t)]

should be zero in order to ensure the current continuity.
Within the SCBA,

Tr[ϕep(t)]=Tr

{
i

∫ t

−∞
dτ

∑
q,±

N±
q

[
e∓iωq (τ−t)G<(t, τ )

× γqG
>(τ, t)−e±iωq (τ−t)G>(t, τ )γqG

<(τ, t)
]
γq

}

= Tr

{
− i

∫ t

−∞
dτ

∑
q,±

γqN
±
q

[
e±iωq (τ−t)G>(t, τ )

× γqG
<(τ, t) − e∓iωq (τ−t)G<(t, τ )γqG

>(τ, t)
]}

= Tr
[
ϕ†

ep(t)
]
, (23)

i.e., current continuity is satisfied within the SCBA scheme.
The second equality in Eq. (23) is obtained by using the in-
variant property of trace under cyclic permutation; The third
equality is ensured by the fact that the second line is the
Hermitian of the first line. Unlike the Büttiker’s virtual probe
model which adopted virtual probes to mimic the dephasing
process and the current continuity is satisfied by adjusting the
chemical potential of each virtual probe,40 SCBA ensures the
current continuity from a more natural way.

3. NEGF-HEOM-WBL with EPI within scheme of LOE

Even within the scheme of SCBA, evaluation of auxil-
iary density matrix ϕα(t) is nontrivial as the self-energy to
electron caused by EPI is constructed by the dressed elec-
tron Green’s function and time derivative of Green’s func-
tion in return depends on the integral of self-energy �α and
Green’s function G. This results in an infinite set of hierar-
chical equations. Fundamental reason of the infinite set of
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hierarchical equations is that, for the many-body problem,
EOM of single-particle Green’s function depends on two-
particle Green’s function, EOM of two-particle Green’s func-
tion relies on three-particle Green’s functions and so on. Since
it is nontrivial to solve the infinite set of hierarchical equa-
tions, an approximation is necessary for the practical studies.
In this work, EPI is taken into account at the level of LOE.
LOE expands the EPI dressed Green’s function to the lowest
order with respect to γ q. The approximation is valid for sys-
tems with weak EPI. There are many types of experiments fo-
cus on single-molecule device connected to metallic contacts,
which typically have weak EPI strength. Based on LOE, a
time-dependent theory for quantum transport with weak EPI
strength is established. The bare electron Green’s function
G0(t, τ ) and bare phonon Green’s function d0(t, τ ) are used to
construct the interacting self-energy �ep(t, τ ). Starting with
G0(t, τ ) and within the scheme of LOE, the EPI dressed re-
tarded electron Green’s function is

Gr (t, τ ) = Gr
0(t, τ ) + [

Gr
0�

r
epGr

0

]
(t, τ ), (24)

where the interacting self-energy is

�<
ep(t1, t2) =

∑
q,±

γqN
±
q e±iωq (t1−t2)G<

0 (t1, t2)γq. (25)

Within the scheme of LOE, the EOM of RSDM is also same
as Eq. (15), while the auxiliary density matrix ϕα(t) becomes

ϕα(t) = i

∫ t

−∞
dτ [G<(t, τ )�>

α (τ, t) − G>(t, τ )�<
α (τ, t)],

for α = L, R and

ϕα(t) = i

∫ t

−∞
dτ

[
G<

0 (t, τ )�>
α (τ, t) − G>

0 (t, τ )�<
α (τ, t)

]

for α = ep. All these auxiliary density matrices ϕα(t) are in
order of γ 2

q due to LOE. The auxiliary density matrix ϕL/R(t)
is responsible for the electron exchange between device and
leads. Hence, the transient current going through each lead
can be obtained by tracing auxiliary density matrix as de-
scribed by Eq. (5). ϕep(t) represents the electron-phonon in-
teraction which cause the inelastic scattering of electron and
energy dissipation to phonon. Following the same procedure
as Eq. (23), it can be proven that current continuity is also
satisfied within the LOE scheme.

Since the phonon is treated as unperturbed by electron,
this method cannot be applied to heating of the phonon sub-
system. The energy transfers from electron is interpreted as
being absorbed by the external thermal bath instantaneously,
this can be regarded as the extremely damping limit. If heat-
ing of phonon system is considered, the number of phonon Nq

has to be time dependent. One way to include non-equilibrium
heating is to give a rate equation for Nq, including an external
damping rate of phonons.16, 17, 41

When α = L/R, the auxiliary density matrix is related
to the current flow. As described in Sec. II A, the lesser and
greater self-energy are decomposed into two parts under the
WBL approximation and Padé expansion for Fermi distribu-
tion function. The auxiliary density matrix can be rewritten
as ϕα(t) = i[σ (t) − 1/2]�α + ∑

kϕαk(t), where ϕαk(t) is the

component of the first-tier auxiliary density matrix:

ϕαk(t) = −i

∫ ∞

−∞
dτGr (t, τ )�+

αk(τ, t). (26)

Its expression is same as non-interacting case, i.e., Eq. (10),
the difference is that the retarded Green’s function is replaced
by EPI dressed Green’s function. EOM of the ϕαk(t) is

iϕ̇αk(t) = −i
2

β
ηk�α − [

Gr (ε+
αk)

]−1
ϕαk(t)

−i

∫ ∞

−∞
dτ

∫ ∞

−∞
dt1�

r
ep(t, t1)Gr

0(t1, τ )�+
αk(τ, t).

(27)

Compared with Eq. (11), an extra term arises in the pres-
ence of EPI, which is responsible for the dissipative effect of
the electrons caused by EPI. Since the interacting self-energy
is obtained by summation over the phonon modes, the last
term in the RHS of above equation can be decomposed as∑

q,x γqϕ
x
αk,q(t), here x = ± and ϕx

αk,q(t) is

ϕx
αk,q(t) = i

∫ t

−∞
dt1

∫ ∞

−∞
dτeixωq (t−t1)

[
Nx

q G<
0 (t, t1)

−N−x
q G>

0 (t, t1)
]
γqG

r
0(t1, τ )�+

αk(τ, t), (28)

where ϕx
αk,q(t) is the second-tier auxiliary density matrix

which contribute to the EOM of first-tier auxiliary density ma-
trix. Similarly, taking time derivative of this term, the EOM of
second-tier auxiliary density matrix is obtained

iϕ̇x
αk,q(t) = [

N−x
q + xσ0(t)

]
γqϕ̃αk(t)

− [
Gr (ε+

αk + xωq)
]−1

ϕx
αk,q(t)

− x
∑
α′k′

ϕ
qx

α′k′,αk(t), (29)

where ϕ
qx

α′k′,αk(t) is the third-tier auxiliary density matrix. Use
notation a = (αk), ϕ

qx

α′k′,αk(t) is expressed as

ϕ
qx

a′,a(t) = i

∫ t

−∞
dt1e

ixωq (t−t1)
∫ ∞

−∞
dt2�

−
a′(t, t2)

×Ga
0(t2, t1)γq

∫ ∞

−∞
dτGr

0(t1, τ )�+
a (τ, t). (30)

The third-tier auxiliary density matrix satisfies [ϕqx

a′,a(t)]†

= −ϕ
q,−x

a,a′ (t) and its EOM terminates to itself:

iϕ̇
qx

a′,a(t) = −ϕ̃
†
a′(t)γqϕ̃a(t) + [

ε−
a′ − xωq − ε+

a
]
ϕ

qx

a′,a(t),
(31)

where ϕ̃α′k′(t) is the non-interacting first-tier auxiliary density
matrix as described in Sec. II A.

ϕep(t) is the dissipation term arises from EPI, it is re-
lated to the energy exchange between electron and phonon,
i.e., phonon absorption and emission. As the interacting
self-energy is decomposed according to phonon mode, this
EPI auxiliary density matrix can be decomposed as, ϕep(t)
= ∑

qx ϕx
q (t)γq , where x = ± and

ϕx
q (t) = i

∫ t

−∞
dτeixωq (t−τ )

[
Nx

q G<
0 (t, τ )γqG

>
0 (τ, t)

−N−x
q G>

0 (t, τ )γqG
<
0 (τ, t)

]
. (32)
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It is obvious that ϕx
q (t) satisfies the Hermitian relationship

[ϕx
q (t)]† = ϕ−x

q (t). Therefore [ϕq(t)]† = [ϕx
q (t) + ϕ−x

q (t)]†

= ϕq(t). This actually ensures the current continuity. Now,
the main task is to obtain a solution to ϕx

q (t). The EOM of
ϕx

q (t) is expressed as

iϕ̇x
q (t) = −[

Nx
q σ0(t)γqσ̄0(t) − N−x

q σ̄0(t)γqσ0(t)
]

− [xωq − L ]ϕx
q (t) +

∑
αk

{[
ϕ−x

αk,q(t)
]† − ϕx

αk,q(t)
}
,

(33)

where σ̄0 = 1 − σ0 and σ0 = −iG<
0 (t, t) is the non-

interacting RSDM. The Liouville operator L is defined as
L A = [h(0) − i�]A − A[h(0) + i�].

Hence, NEGF-HEOM-WBL scheme terminates at the
third-tier when EPI is taken into consideration. In practice,
the EOMs of RSDM and all the auxiliary density matrices
are propagated together. Time-dependent charge density and
current are then evaluated via the time-dependent RSDM
and auxiliary density matrices. The most time-consuming
and memory requirement part is the evaluation of ϕ

qx

a′,a(t).
According to the Hermitian relation between ϕ

qx

a′,a(t) and

ϕ
q,−x

a′,a (t), only ϕ
q+
a′,a(t) has to be propagated. Consequently,

a total of 4N2
k Nq third-tier auxiliary density matrices have to

be evaluated, where Nk and Nq are number of terms in Padé
expansion and number of phonon modes, respectively.

It should be pointed out that the EOM of density matrix
can also be derived from the standard Kadanoff-Baym (KB)
kinetic equations39 for lesser Green’s function since σ (t)
= −iG<(t, t ′)|t ′=t . The KB kinetic equations are

i∂tG
<(t, t ′) = hG<(t, t ′) + I<

1 (t, t ′),

−i∂t ′G
<(t, t ′) = G<(t, t ′)h(t ′) + I<

2 (t, t ′), (34)

where I<
1 (t, t ′) and I<

2 (t, t ′) are the so-called quantum colli-
sion terms which have the forms

I<
1 (t, t ′) =

∫
dt1�

r (t, t1)G<(t1, t
′)

+
∫

dt1�
<(t, t1)Ga(t1, t

′) (35)

and I<
2 (t, t ′) = [I<

1 (t ′, t)]†. Compared with the KB kinetic
equations, the NEGF-HEOM-WBL method has the advan-
tage that all the variables, density matrix, and auxiliary ones,
in the NEGF-HEOM-WBL are one-time functions, and time
complexity of propagation of these variables is linear-scaling
against the simulation time. While the variables involved in
the KB kinetic equations, such lesser Green’s functions and
quantum collision terms, are two-time functions. Numerical
implementation of KB kinetic equations requires calculation
and storage of Green’s function G<(t, t′) for different t and
t′, making the time and memory costs goes up quickly with
larger t and t′. Moreover, the simulation time of integration in
quantum collision terms increases with t and t′. Therefore, the
time-complexity and memory costs of KB kinetic equations is
superlinear against the simulation time.42 Hence, the NEGF-
HEOM-WBL scheme developed in this work is more efficient
than the standard KB kinetic equations.

4. Initial condition

To ensure the accuracy of the time propagation, initial
value should be well prepared. At the initial time, the sys-
tem is at equilibrium state and each physical quantity stays
unchange with time. Thus, the time-derivative of the density
matrix and auxiliary density matrix should be zero. Hence,
initial condition for density matrix and auxiliary density ma-
trix are obtained by solving their linear or nonlinear equa-
tions. According to their EOMs, it is straightforward to show
that ϕ

qx

αk,α′k′(0) is

ϕ
qx

α′k′,αk(0) = 1

ε−
α′k′ − xωq − ε+

αk

[ϕ̃α′k′(0)]†γqϕ̃αk(0), (36)

where ϕ̃αk(0) is −i 2
β
ηkG

r (εαk)�̃α . Substitute Eq. (36) to
Eq. (29), ϕx

αk(ωq, 0) can be expressed as

ϕx
αk,q(0) = Gr (ε+

αk + xωq)

{[
N−x

q + xσ0
]

− x
∑
α′k′

1

ε−
α′k′ − xωq − ε+

αk

[ϕ̃α′k′(0)]†
}
γqϕ̃αk(0).

(37)

According to the EOM of the first-tier auxiliary density ma-
trix ϕαk(t), the initial condition for first-tier auxiliary density
matrix ϕαk(0) can be obtained after a simple algebra,

ϕαk(0) = −i
2

β
ηkG̃

r (εαk)�̃α, (38)

where G̃r (εαk) = Gr (εαk)[1 + �r (εαk)Gr (εαk)]. �r(εαk) is
the retarded electron-phonon interacting self-energy, which
accounts for the dissipative effect due to EPI. Its expression is

�r (εαk) =
∑
qx

γqG
r (ε+

αk + xωq)

{[
N−x

q + xσ0
]

−
∑
α′k′

x

ε−
α′k′ − xωq − ε+

αk

[ϕ̃α′k′(0)]†
}
γq. (39)

Finally, initial value of RSDM is evaluated from this dressed
Green’s function

σ (0) = 1

2
I +

∑
αk

2

β
ηkRe[G̃r (εαk)], (40)

where I is identity matrix.
For the initial value of EPI functional ϕx

q (0), it satisfied
the nonlinear equation

[xωq − L ]ϕx
q (0) = [

N−x
q σ̄0(0)γqσ0(0) − Nx

q σ0(t)γqσ̄0(0)
]

+
∑
αk

{[
ϕ−x

αk,q(0)
]† − ϕx

αk,q(0)
}
. (41)

This nonlinear equation can be solved by the bi-conjugate gra-
dient stability method.43 Using the method described above,
the initial condition for density matrices and auxiliary density
matrices can be readily determined.
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III. NUMERICAL APPLICATION

To show the validity and gain further insight of proposed
method, two simple models are used to illustrate the physics
of proposed theory. In the following model simulation, linear
drop of voltage across the device region is assumed.

A. One-level model

The NEGF-HEOM-WBL scheme is applied to one-level
model which is coupled to one phonon mode, i.e.,

HD = ε0d
†d + ωb†b + γ d†d(b† + b). (42)

In the simulation, on-site energy ε0 = 0 eV; line-width func-
tion is �L = �R = 0.1 eV; Time-dependent bias voltage
V (t) = 0.1(1 − e−t/0.01) eV is applied on the system; Tem-
perature T is set to 300 K.

First, steady state current is calculated from NEGF-
HEOM-WBL and compared with results obtained from Meir-
Wingreen formulation.1, 39 Table I shows the comparison be-
tween the two methods. IA is evaluated from Meir-Wingreen
formula; IB is obtained by NEGF-HEOM-WBL. A small
term in retarded self-energy �r

ep(ε) which is proportional to
the coupling constant and phonon frequency in the Meir-
Wingreen calculation is neglected for simplification38 (See
the Appendix for details). This is the reason why there is a
slight difference between the currents calculated from the two
method and the steady state current from Meir-Wingreen for-
mula approaches the NEGF-HEOM-WBL result when γ 2ω is
very small. The comparison in Table I indicates the validity of
the steady state current obtained from NEGF-HEOM-WBL
approach. Next, transient current is demonstrated, Fig. 3
shows the transient currents obtained from NEGF-HEOM-
WBL corresponding to the cases listed in Table I. With the
same phonon frequency, the system with larger EPI coupling
constant results in lower current. Besides, when the EPI cou-
pling constants are same, the system with lower phonon fre-
quency has smaller current. The reason is that the occupation
number is larger for the system with lower frequency which
results in larger scattering effect to electron.

Figure 4 shows the temperature effects on current. Since
the occupation number of phonon varies at different tempera-
ture, in turn affects the EPI self-energy, i.e., changes the dissi-
pative effects on electron and affects the transport properties.

TABLE I. Steady state current calculated from two methods on different
phonon frequencies and electron-phonon coupling constant. IA is evaluated
from Meir-Wingreen formula; IB is obtained by the NEGF-HEOM-WBL.
The results indicate the validity of the steady state current obtained from the
NEGF-HEOM-WBL method. See text for other parameters.

ω (eV) γ (eV) γ 2ω IA (nA) IB (nA) �(%)a

0.10 0.10 1 × 10−3 3493.67 3373.92 3.43
0.05 0.10 5 × 10−4 3052.55 2967.69 2.78
0.05 0.05 1.25 × 10−4 3498.08 3467.78 0.87
0.005 0.05 1.25 × 10−5 1859.55 1857.12 0.13
0.01 0.01 1 × 10−6 3599.30 3598.99 0.01
0.0 0.0 0 3634.61 3634.48 . . .

a� = |IA − IB|/IA × 100%.

FIG. 3. Transient current corresponding to the cases listed in Table I.

Our results show that conductance decreases with increasing
temperature. This phenomenon arises from the fact that higher
temperature excites more phonons, i.e., increases Nq, result-
ing in stronger scattering effect to electron.

B. Multi-sites model: Gold wire

One-dimensional gold wire is chosen as a simple illustra-
tion of our method. In tight-binding model, electronic Hamil-
tonian of gold wire in device region is

HD =
∑

i

εid
†
i di +

∑
ij

tij (d†
i dj + h.c.), (43)

where εi is the on-site energy and tij is the hopping element
between localized orbitals |i〉 and |j〉. The hopping element ex-
plicitly depends on the displacement of nuclear (phonon). Su-
Schrieffer-Heeger (SSH) model is chosen to describe the dis-
placement effect on electron hopping.44 SSH model expands
the hopping element to first order in terms of displacement,
tij = t0

i,j + t ′ij (Qi − Qi+1) where t ′ij = −t ′ji . And nuclear is
described by the following Hamiltonian:

Hph =
∑

i

1

2
miQ̇

2
i + 1

2
ki,i+1(Qi − Qi+1)2, (44)

FIG. 4. Transient current at different temperature. On-site energy is 0;
�L = �R = 0.1; ω = 0.05 and γ = 0.1. Voltage is V (t) = 0.1(1 − e−t/0.01).
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FIG. 5. Differential conductance for a 10-atom wire, G0 is the quantum con-
ductance 2e2/h.

where mi is the mass of ith nuclear and ki, i + 1 is the spring
constant between two nuclear and only nearest neighbor
spring is included in this model. In the second quantiza-
tion expression, the hopping element is ti,j = t0

i,j + ∑
q γ

q

ij

(b†q + bq). The EPI coupling matrix γ
q

ij is defined as γ
q

ij

= t ′ij
√

mj eiq−√
miejq√

mimj

√
¯

2ωq
, where eiq is the ith element of nor-

mal mode vector eq . The normal modes and phonon frequency
can be obtained by diagonalizing Hessian matrix which is re-
lated to the spring constant and nuclear mass.

Parameters used in this simulation are as follows: εi

= 0 eV; t0 = 1.0 eV; t ′ = 0.6 eV/Å; m = 197 amu and
k = 2.0 eV/Å, which is same as Ref. 17. In the follow-
ing simulation, the atoms at two ends of the device region
are fixed. Thus, only N − 2 atoms are allowed to vibrate,
where N is the number of atoms in the device. Figure 5 plots
the conductance of a 10-atom gold wire, A notable dif-
ference can be found between zero temperature and finite
temperature conductance. The steps of conductance at zero
temperature is smoothed at finite temperature. At zero temper-
ature, four conductance steps are found due to the excitation
of four phonon modes at 4.44 meV, 8.34 meV, 11.24 meV
and 12.79 meV, respectively. When bias voltage V is larger
than phonon energy ωq, transporting electron can excite the
corresponding phonon mode and provide an inelastic trans-
port path, which is represented by a step in differential
conductance at zero temperature.45 Compared to ballistic
transport, it is indicated that these four phonon modes have
major contribution to the conductance changes. The conduc-
tance calculation agrees qualitatively with experiment.15

Figure 6 shows the transient current of various number
of atoms at bias voltage 15 meV at which all the phonon
modes are excited. Since we assume phonon system is in equi-
librium, the transient regime for electron transport is in the
time scale of femtosecond. The inset plots steady state cur-
rent against number of gold atom included in device region.
As shown from the inset of Fig. 6, the current and hence con-
ductance drops linearly with the increasing number of atoms.
This indicates that EPI has a significant effect on electron
transport even though the EPI coupling constant is weak. In
this study, heating effect is not included, the phonon occupa-
tion number is constant along the time evolution. However, if
heating of phonon system is included, the phonon occupation
number becomes bias and time dependent, which will also af-
fects the transient and steady state current.

FIG. 6. Transient current of various number of atoms within SSH model;
The inset graph is the corresponding steady state current against number of
atoms; bias voltage is 15 meV.

IV. SUMMARY

In summary, a time-dependent transport theory is estab-
lished to investigate the dissipative transport in the presence
of EPI. The EPI Green’s function is perturbatively evaluated
by the LOE with respect to EPI coupling constant γ q. This
LOE approximation ensures the current continuity law and
is valid for the weak coupling system. Starting from LOE
and single-electron Hamiltonian, EOMs of density matrix and
corresponding auxiliary density matrices are formulated, re-
sulting in a three-tier NEGF-HEOM-WBL scheme. Numeri-
cal studies indicated inelastic effect have significant effect on
current compared to ballistic transport.

Although the results shown in this work are only for
model systems, the methodology can be readily extended to
TDDFT due to the fact that TDDFT can be regarded as an
effective single-electron model. Within TDDFT, Kohn-Sham
Hamiltonian reads HKS

e = ∑
ij hij d

†
i dj , where h is Kohn-

Sham Fock matrix. hij = 〈i|ĥ(r)|j 〉 is the element of effec-
tive single-electron Fock operator ĥ(r) with respect to atomic
basis. ĥ(r) = − 1

2∇2 + Veff (r), here Veff (r) is the effective
potential which contains external potential Vext (r), Hartree
potential VH (r), and exchange-correlation potential VXC(r).
Since atomic basis set and Fock operator depend on atomic
nuclei, phonon Hamiltonian and electron-phonon interaction
Hamiltonian arise naturally from Born-Oppenheimer approx-
imation. Starting from total energy surface E(R), phonon
modes are calculated from the mass-weighted second deriva-
tive of E(R), i.e., Hessian matrix. And electron-phonon cou-
pling matrix is obtained by expanding electronic Kohn-Sham
Hamiltonian respect to nuclei oscillation.28 With the Kohn-
Sham Fock matrix, phonon frequencies and electron-phonon
coupling matrix known, the NEGF-HEOM-WBL method de-
veloped in Sec. II, can be readily applied for the investigation
of dissipative time-dependent quantum transport through re-
alistic systems from first-principles.

In this work, the phonon is assumed to be in equilibrium.
This method can be extended to study the time-dependent
heating effect when current flows through the junction. The
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simplest way to include non-equilibrium phonon is to intro-
duce a rate equation for phonon occupation number Nq, in-
cluding a external damping rate. When the rate equation is
included, Nq becomes bias and time dependent, it can be eval-
uated by the propagation method same as the density matrix.
Furthermore, the time derivative of third-tier auxiliary density
matrix is small and can be safely neglected, the third-tier aux-
iliary density matrix can then be expressed by non-interacting
auxiliary density matrix as shown by Eq. (36). This simplifi-
cation can greatly reduce the computational time and mem-
ory cost and can be applied on larger realistic systems com-
bined with first-principles method. Besides, similar statistics
of photons and phonons implies that the developed framework
can also be readily extended to treat the photon excitation and
emission in molecular junction.
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APPENDIX: STEADY STATE CURRENT CALCULATION
FROM MEIR-WINGREEN FORMULA WITH EPI

Within Meir-Wingreen formula, the steady state current
Iα can be expressed as1, 39

Iα =
∫

dεTα(ε), (A1)

where Tα(ε) = Tr[�<
α (ε)G>(ε) − �>

α (ε)G<(ε)]. The lesser
and greater Green’s functions are related to the retarded and
advanced ones via the equation

G≷(ε) = Gr (ε)
[
�

≷
L (ε) + �

≷
R (ε) + �≷

ep(ε)
]
Ga(ε). (A2)

Substitute Eq. (A2) into Eq. (A1), the expression for current
Iα can be divided into two parts. Taking IL for instance, the
expression for current IL is then rewritten as IL = I el

L + I inel
L

where

I el
L =

∫
dε[fL(ε) − fR(ε)]Tr[�LGr (ε)�RGa(ε)], (A3)

I inel
L =

∫
dεTr

[
�<

L (ε)Gr (ε)�>
ep(ε)Ga(ε)

−�>
L (ε)Gr (ε)�<

ep(ε)Ga(ε)
]
. (A4)

Here I el
L is the elastic part, which is same as that in the

Landauer-Büttiker formalism; I inel
L is the inelastic part of the

current due to EPI.
Next, expression for current under LOE will be derived.

With LOE, the retarded and lesser interacting self-energies are

�<
ep(ε) =

∑
q,±

γqN
±
q G<

0 (ε ± ωq)γq, (A5)

�r
ep(ε) =

∑
q,±

γq

[
N∓

q Gr
0(ε ± ωq) ± i

∫
dε′G<

0 (ε − ε′)

× 1

ε′ ∓ ωq + iη

]
γq, (A6)

where Gr
0(ε) and G<

0 (ε) are the Green’s functions without
EPI,

Gr
0(ε) = [

εI − hD − �r
L(ε) − �r

R(ε)
]−1

,

G<
0 (ε) = Gr

0(ε)
[
�<

L (ε) + �<
R (ε)

]
Ga

0(ε). (A7)

With WBL approximation for leads, retarded and lesser self-
energies are �r

α(ε) = −i�α and �<
α (ε) = 2ifα(ε)�α , respec-

tively.
By using the identity 1

ε+iη
= P 1

ε
− iπδ(ε), where P

stands for Cauchy principal value integral, Eq. (A6) is trans-
formed to

�r
ep(ε) =

∑
q,±

γq

[
N∓

q Gr
0(ε ± ωq) ± G<

0 (ε ∓ ωq)
]
γq

+ δ�r
ep(ε), (A8)

where

δ�r
ep(ε) ≡ i

∑
q,±

(±)P
∫

dε′γq

1

ε′ G
<
0 (ε − ε′ ∓ ωq)γq. (A9)

This term can be approximated as

δ�r
ep(ε) � −2i

∑
q

P

∫
dε′ 1

ε′ γq

∂G<
0 (ε − ε′)

∂ε
ωqγq. (A10)

It is obvious that this term is proportional to the phonon fre-
quencies and electron-phonon coupling constant γ

q
q ωq , which

is small compared to the electron energy scale. Therefore, it
is reasonable to omit this term from the retarded self-energy,
which simplifies the calculation of retarded self-energy.38

Within LOE, the EPI dressed retarded Green’s function
is then

Gr (ε) = Gr
0(ε) + Gr

0(ε)�r
ep(ε)Gr

0(ε). (A11)

Substitute Eq. (A11) into Eq. (A3), the elastic current is fur-
ther split into two parts I el

L = I
el,0
L + δI el

L ,

I
el,0
L =

∫
dε[fL(ε) − fR(ε)]Tr

[
�LGr

0(ε)�RGa
0(ε)

]
,

δI el
L = 2

∫
dε[fL(ε) − fR(ε)]

× Tr
[
�LGr

0(ε)�r
ep(ε)Gr

0(ε)�RGa
0(ε)

]
, (A12)

The inelastic part of current within LOE is

I inel
L =

∫
dεTr

[
�<

L (ε)Gr
0(ε)�>

ep(ε)Ga
0(ε)

−�>
L (ε)Gr

0(ε)�<
ep(ε)Ga

0(ε)
]
. (A13)

Obviously, the elastic and inelastic parts of current are both in
order of γ 2

q due to LOE.
The numerical procedure for the calculation of current is

as followed: (a) First, retarded and lesser Green’s functions
without EPI are obtained from Eq. (A7); (b) then, retarded
and lesser self-energies due to EPI are evaluated through
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Eqs. (A5) and (A8), respectively; and (c) finally, current is
calculated from Eqs. (A12) and (A13).
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