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convexifying the Pareto rate region over other existing techniques in
terms of resultant user rates. Then, the MCO problem has been trans-
formed into a single-objective optimization problem by using NB. A
variety of characteristics for NB in MIMO interference systems such as
the uniqueness and the optimality of different NB solutions have been
considered. A sufficient condition ensuring the uniqueness of the pure-
strategy NB solution in MIMO interference systems has been derived.
A method to determine the optimality among FP- and TDM-based NB
solutions has been presented as well. Finally, the convexity of the rate
region and the existence of the FP-based NB solution have also been
demonstrated via numerical studies.

REFERENCES

[1] R.M. Beeson and W. S. Meisel, “The optimization of complex systems
with respect to multiple criteria,” in Proc. IEEE Syst., Man Cybern.
Group Ann. Symp., Anaheim, CA, Oct. 1971, pp. 144-149.

[2] L. Zadeh, “Optimality and non-scalar-valued performance criteria,”
IEEE Trans. Autom. Control, vol. AC-8, no. 1, pp. 59-60, Jan. 1963.

[3] E. Larsson and E. Jorswieck, “Competition versus collaboration on the
MISO interference channel,” IEEE J. Sel. Areas Commun., vol. 26, no.
7, pp- 1059-1069, Sep. 2008.

[4] A.Leshem and E. Zehavi, “Bargaining over the interference channel,”
in Proc. IEEE ISIT, Seattle, WA, Jul. 2006, pp. 2225-2229.

[5] J. Gao, S. A. Vorobyov, and H. Jiang, “Cooperative resource allocation
games under spectral mask and total power constraints,” IEEE Trans.
Signal Process., vol. 58, no. 8, pp. 4379-4395, Aug. 2010.

[6] J. E. Nash, “The bargaining problem,” Econometrica, vol. 18, no. 2,
pp. 155-162, Apr. 1950.

[7] A.Leshem and E. Zehavi, “Cooperative game theory and the Gaussian

interference channel,” [EEE J. Sel. Areas Commun., vol. 26, no. 7, pp.

1078-1088, Sep. 2008.

M. Nokleby, A. L. Swindlehurst, R. Yue, and Y. Hua, “Cooperative

power scheduling for wireless MIMO networks,” in Proc. IEEE

GLOBECOM 07, Washington, DC, Nov. 2007, pp. 2982-2986.

G. Arslan, M. F. Demirkol, and Y. Song, “Equilibrium efficiency

improvement in MIMO interference systems: A decentralized stream

control approach,” IEEE Trans. Wireless Commun., vol. 6, no. 8, pp.

2984-2993, Aug. 2007.

[10] F.R.Farrokhi, G.J. Foschini, A. Lozano, and R. A. Valenzuela, “Link-
optimal space-time processing with multiple transmit and receive an-
tennas,” IEEE Commun. Lett., vol. 5, no. 3, pp. 85-87, Mar. 2001.

[11] M. J. Osborne and A. Rubinstein, 4 Course in Game Theory. Cam-
bridge, MA: MIT Press, 1994.

[12] W. Yu, W. Rhee, S. Boyd, and J. M. Cioffi, “Iterative water-filling for
Gaussian vector multiple-access channels,” IEEE Trans. Inf. Theory,
vol. 50, no. 1, pp. 145-152, Jan. 2004.

[13] Z. Chen, S. A. Vorobyov, C.-X. Wang, and J. Thompson, “Pareto re-
gion characterization for rate control in multi-user systems and Nash
bargaining,” Tech. Rep., 2010 [Online]. Available: http://arxiv.org/abs/
1006.1380

[14] X. Hong, Z. Chen, C.-X. Wang, S. A. Vorobyov, and J. Thompson,
“Cognitive radio networks: Interference cancellation and management
techniques,” IEEE Veh. Technol. Mag., vol. 4, no. 4, pp. 7684, Nov.
2009.

[15] Z.Chen, C.-X. Wang, X. Hong, J. Thompson, S. A. Vorobyov, F. Zhao,
and X. Ge, “Interference mitigation for cognitive radio MIMO systems
based on practical precoding,,” Elsevier Phys. Commun. 2012 [Online].
Available: http://dx.doi.org/10.1016/j.phycom.2012.04.007

[16] E. Telatar, “Capacity of multiantenna Gaussian channels,” AT&T Bell
Lab., Tech. Memo, 1995.

[17] S. Boyd and L. Vandenberghe, Convex Optimization.
U.K.: Cambridge Univ. Press, 2004.

[18] G. Scutari, D. P. Palomar, and S. Barbarossa, “Optimal linear pre-
coding strategies for wideband noncooperative systems based on game
theory—Part I: Nash equilibria,” IEEE Trans. Signal Process., vol. 56,
no. 3, pp. 1230-1249, Mar. 2008.

[8

=

[9

—

Cambridge,

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 57, NO. 12, DECEMBER 2012

Worst-Case Mahler Measure in Polytopic
Uncertain Systems

Graziano Chesi, Senior Member, IEEE

Abstract—The Mahler measure provides a way to quantify the un-
stable and plays a key role in stabilization problems. This technical
brief addresses the computation of the worst-case Mahler measure in
systems depending polynomially on uncertain parameters constrained
in a polytope. A sufficient condition for establishing an upper bound
of the worst-case Mahler measure is provided in terms of linear matrix
inequality (LMI) feasibility tests, where a homogeneous parameter-depen-
dent quadratic Lyapunov function (HPD-QLF) is searched for. Moreover,
it is shown that the best upper bound guaranteed by this condition can be
obtained by solving generalized eigenvalue problems. Then, the conser-
vatism of this methodology is investigated, showing that the upper bound
is monotonically nonincreasing with the degree of the HPD-QLF, and that
there exists a degree for which the upper bound is guaranteed to be tight.
Some numerical examples illustrate the proposed results.

Index Terms—Linear matrix inequality (LMI), Mahler measure, net-
worked control system, robustness, uncertainty.

1. INTRODUCTION

The Mahler measure [1], i.e., the absolute product of the unstable
eigenvalues of a matrix, provides a way to quantify the unstable in dis-
crete-time linear systems, see in particular the recent work [2]. This
measure plays a key role in control systems. For instance, in networked
control systems, an important issue is stabilization with information
constraint in the input channel, see e.g., [3]-[6]. This information con-
straint can be modeled in several ways including data-rate constraint
[7], [8], quantization [9], and signal-to-noise ratio [10]. As it has been
shown in the literature, solutions for this issue can be obtained in terms
of the Mahler measure of the system, see e.g., [11], [12].

Unfortunately, the model of a control system is not exactly known in
general. In fact, its coefficients can be affected by uncertain parameters,
for instance representing physical quantities that cannot be measured
exactly or that are subject to changes. This means that analysis and
control issues should consider not just one model but instead a family
of admissible ones. In terms of the Mahler measure, hence, it appears
important to determine the worst-case value among all the admissible
models.

Systems with uncertainty can be modeled in various ways. One of
the most used in the literature is known as polytopic description of the
uncertainty and consists of expressing the coefficients of the system as
functions of uncertain parameters constrained into a bounded convex
polytope. This description includes the standard case of uncertain sys-
tems affected by scalar parameters constrained into intervals, and has
been adopted for addressing numerous issues in systems with uncer-
tainty, such as robust stability, robust performance, and robust con-
trol, see e.g., [13]-[17] and references therein among many contribu-
tions. Before proceeding it is worth mentioning that the uncertainty can
be modeled also in other ways, e.g., through quadratic forms as done
in [18].
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This technical brief investigates the Mahler measure in uncertain
systems affected by polytopic uncertainty. Specifically, a discrete-time
linear system is considered, whose coefficients are generic polynomial
functions of an uncertain vector constrained in a bounded convex poly-
tope. The problem consists of determining the worst-case Mahler mea-
sure of the system for all the admissible uncertainties. A sufficient
condition for establishing an upper bound of the worst-case Mahler
measure is provided in terms of linear matrix inequality (LMI) feasi-
bility tests, where a homogeneous parameter-dependent quadratic Lya-
punov function (HPD-QLF) is searched for. Moreover, it is shown that
the best upper bound guaranteed by this condition can be obtained
by solving generalized eigenvalue problems. Then, the conservatism
of this methodology is investigated, showing that the upper bound is
monotonically nonincreasing with the degree of the HPD-QLF, and
that there exists a degree for which the upper bound is guaranteed to
be tight. Some numerical examples illustrate the proposed results.

The technical brief is organized as follows. Section II introduces
the problem formulation and some preliminaries on the representation
of polynomials. Section III describes the proposed results. Section IV
presents some illustrative examples. Lastly, Section V concludes the
technical brief with some final remarks.

II. PRELIMINARIES

A. Problem Formulation

The notation used throughout the technical brief is as follows: R:
space of real numbers; C: space of complex numbers; 0,,: 7 X 1 null
vector; Rj: R* \ {0,}; I.: » x n identity matrix; A’: transpose of
matrix 4; A > 0 (A > 0): symmetric positive definite (semidefinite)
matrix A; (4); ;: entry of matrix A in position (7, j);conv{A, B....}:
convex hullof 4, B....;diag{ A, B,...}: block diagonal matrix with

blocks A, B,...; Re(a) (Im(a)): real (imaginary) part of « € C;
|a]: magnitude of @ € C, ie., |¢|] = /Re(a)? +Im(a)?; sq(a):
(a2,...,02), a € R™.

We consider polytopic uncertain discrete-time linear systems of the
form

x(t+ 1) = A(p)x(t) 1)

where ¢ is a nonnegative integer, x(¢) € R" is the state vector, p € R*
is the uncertain vector, and A : R? — R"*" is a matrix polynomial of
degree 6. The uncertain vector p is constrained according to

peEP 2)
where P is the polytope

P = conv {p(l’), . ,p(\'ﬁ)} 3)

andp'", ..., pl") € R? are given vectors.

Let us introduce the Mahler measure. This measure provides a way
to quantify how unstable a matrix is (for discrete-time systems). Specif-
ically, let X € R™*™. The Mahler measure of X is defined as

n

M(X) = [ max{1, [\:(X)[} 4)

1=1

where A;(X) € C is the ¢-th eigenvalue of X .

1) Problem: The problem that we consider in this technical brief
consists of determining the worst-case Mahler measure of the system
(1)—(3), i.e., the quantity

w=sup M(A(p)). %)
pEP
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B. Representation of Polynomials

Before proceeding, we briefly introduce a key tool that will be ex-
ploited in the next sections to derive the proposed conditions. For s &€
R™, let V(s) = V(s) € R“** be a symmetric matrix homogeneous
polynomial of degree 2m. Let st € R™(") be a vector containing
all monomials of degree equal to m in s, where o (1) is the number of
such monomials given by

_ (r+m—1)!

O'(I'll) = m. (6)

Then, V' (s) can be written as

V(s) = (s{’"} 5 Iu) (W + L(a)) (s{m} ) I) )

where W = W' c Huo‘(m))(uo‘(m)’ L(Q) — L((k)’ € Huo‘(m)xuo(m)
is a linear parametrization of

Lim,u) = {L =L (s{m} ¢ Iu) L (s{m} ) Iu) = ()} ®)
and a € R*C"™ is a vector of free parameters, where
wim,u) = %'u (c(m)(uoc(m)+ 1) — (u+ Do(2m)). (9)

The representation (7) is known as square matricial representation
(SMR) for matrix polynomials and extends the Gram matrix method
to the representation of matrix polynomials. In particular, it turns out
that V' (s) is a sum of squares (SOS) of matrix polynomials if and only
if there exists a satisfying the LMI

W+ Lia) > 0. (10)

See, e.g., [16] and [19] for details.

III. PROPOSED RESULTS

This section provides the proposed results. Let us start with the fol-
lowing theorem, which provides an equivalent reformulation of the
Mahler measure.

Theorem 1: Let X € R™*™ . Forany integer k satisfyingl < k < n
define

(X)) = ax A 11
Tl = oo )
where Tl (X) € R“**“* is a matrix function with size given by

n!

gy = — 12

FZ = k)R (12
and whose (i, j)-th entry is defined as

(T(X)), ; = det(¥Vi(X.i. 7)) (13)

where Y,.(X, 7, j) € R*** is the submatrix of X built with the rows
indexed by %(i) and the columns indexed by y(j), where y({) is the
I-th k-tuple built with increasing integers in [1, »]. Then

max{1, fr(X)}.

M(X) = max (14)

Proof: Let k be an integer satisfying 1 < % < n. From the
construction of IT; (X') it follows that [20]:

k
spe(TTx (X)) = {H Ay 1<y <y iy #Fip Vi # l}

=1
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where A; € C is the i-th eigenvalue of X'. Moreover, let us observe
that

max{l, fi(X)} < M(X)

if the number of eigenvalues of X with magnitude larger than or equal
to 1 is different from %, while

max{l, fx(X)} = M(X)

if this number is equal to k. Therefore, M (X) satisfies (14). g

Theorem 1 provides a certain equivalence of the Mahler measure
of a matrix X' with the spectrum of some matrices obtained by X,
specifically showing that the Mahler measure is the maximum between
1 and the largest absolute eigenvalue of these matrices. We can ex-
ploit Theorem 1 to determine the worst-case Mahler measure of the
system(1)—(3) defined in(5) as follows. First, let us observe that the
system(1)—(3) can be equivalently rewritten as

w(t+1) = A(s)a(t) (15)
where s € R" is a vector constrained according to
sES (16)
where S is the simplex
S:{SEHT:isizl,siZO} 17)
i=1

and 4 : R — R"*" is the matrix homogeneous polynomial of degree
& satisfying

(18)

A(s)y=A <Z ,ei]J(i)> Vs €S.

=1

Second, let & be any integer satisfying 1 < % < n and let us define
the matrix homogeneous polynomial of degree 6%

Bi(s) = T (A(s). (19)

If there exist ' € R and Fi : R” — R“**“* such that

0D <
0D <

Fi(s) cq
ka(s) _ Bl.(ﬁ)/F}.(b)B;(b) } V.S € 8 (20)

then one can conclude that

v (A(s)) < Vu Vs € S. 1)
This suggests that we can start by looking for a matrix function Fr(s)
satisfying (20). To this end, we focus our attention on matrix polyno-
mials of a generic degree. Let us observe that, since s € S, we can
assume without loss of generality that F(s) is homogeneous. Such a
Fj(s) defines a Lyapunov function candidate of the form

B(x(t)) = 2(t) Fu(s)3(1) (22)

for the system

(23)
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where # € R“*. In particular, this class of Lyapunov functions is
known as HPD-QLFs, see e.g., [16], [21]. Hence, the problems are how
to check the existence of a HPD-QLF satisfying (20) for a given w,
and how to compute the smallest w for which (20) can be satisfied by
a HPD-QLF.

To this end, let Fi(s) = Fx(s)’ € R°**“% be a symmetric matrix
homogeneous polynomial of degree m, where m is a nonnegative in-
teger. We can parametrize F(s) as

Fi(s) = Qu(2) (s{m} @ IL-,;) (24)

where () (=) is a linear parametrization of the subspace

Ql" = {QL = (Qlf,ls e Ql‘,o’(m,)) . Ql.:,i c RCk XC}“.,
Qri=Qh;. i=1

and z is a vector. Then, let us define

71(8) = By (s) Fi.(5)Bi(%) (26)
and let B (z) be the matrix defined by
Gi(s) = Ru(2) (s{er%k} 9 Ik) : (27)
Let us express Qr (=) and Ry (=) as

Qk(z) = ((—2/»,1(2)7 ceen (21.',.0(:”1) (3))

Bi(z) =(Ba(2)e oy Bro(mtasn (2)) (28)
where Qkﬁl (:)- st Qk‘n'(m,) (7)) € RekXek and
Rea(2) .oy Ry opmtzsm (7) € R ™% and let us define

Ck(:) = dla‘g ((—2/«',1(5)~ s (—glf,a'(rn,:)(:))
D}'(;) = diag (Rl.l(:) ..... Rl-"ﬂm+26k (;/)) . (29)

Let Ly («) and My (3) be linear parametrizations of L£(rn,c;) and
L(m + 26k, ¢t.), respectively, and let us define

Ep(z,a) = (N, @ ck)’ (diag(vr) @ (Cr(z) + Li(a)))

x (Np«l,) (30)
where v is the vector defined by
r 28k
'Ui.s{%k} = < si> (31)
1=1
and [V}, is the matrix defined by
s1206 o glmb — y, glm2ek) (32)

Theorem 2: Let us consider the system (1)—(3). Let »n be a nonneg-
ative integer and w € R a given scalar. Suppose that, for all integers &
satisfying 1 < k < n, there exist z, o and 3 satisfying the following
LMIs:

0 < Cr(z)+ Li(a) (33)
0 < wEy(z.a) — Di(z) + Mi(3).
Then, (20)—(21) hold. Consequently
< max{1, w}. (34)
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Proof: Suppose that the inequalities in (33) hold. Forany s € Ry,
let us post- and pre-multiply the first inequality by s} ¢ I, and its
transpose, respectively. We get

0< (s{m} Ick) (Ch(2) + Ly () (s{m} ® Ick>
= Fi(sas))

i.e., Fi(sq(s)) is positive definite. Then, let us post- and pre-multiply
the second inequality by st™T2%%} 5 1., and its transpose, respec-

tively. By defining
” 26k
= (Z s,') Fi(s)
=1

and observing that
one gets
0< (s{’"“‘”‘} ® I) (wEg(z, 0

x (s 5 7, )
= Ji(sa(s))

!

Ei(z.a) (8{771-}-25].»} @ Lm-)

Dk( ) + ."‘/[k(/,:}))

i.e., Ji(sq(s)) is positive definite in s, where

Ji(s) = wHi(s) — Gi(s).

Since F.(s) and Ji.(
that:

(s) are homogeneous in s, it follows (see e.g., [16])

0 < F;L(S’)} -
0 < Juls) Vs €S

Then, let us observe that

Je(s) = wFe(s) — Bi(s) Fu(s)Br(s) Vs € 8.
This means that (20) holds, which implies that also(21) holds. There-
fore, from Theorem 1, it follows that an upper bound of ;¢ can be ob-
tained from w according to (34). O
Theorem 2 provides a sufficient condition for establishing whether
a given scalar is an upper bound of the worst-case Mahler measure.
This condition requires to check whether, for all integers % satisfying
1 < k < n, there exist variables z, « and J satisfying the LMIs (33).
This condition is built for given m and w:, which define the degree of
F.(s) and the candidate upper bound of j¢, respectively.
Let us define the best upper bound of i provided by Theorem 2 for
a chosen m as

o(m) = max{1, Vw*} (35)
where
Wi e i (6)
and
wy :inf w
s.t. Iz, 0,3 : (33) holds. 37
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[t turns out that computing w};, involves the solution of a bilinear matrix
inequality (BMI) because w multiplies z in (33). One way to handle this
problem is to perform a line-search on w where the LMI condition (33)
is checked for any fixed w, for instance via a bisection algorithm. An-
other way to compute w:}; is to observe that (37) is a generalized eigen-
value problem: indeed, the first LMI in(33) ensures that Ex(z, «) > 0,
and consequently (37) is a generalized eigenvalue problem which be-
longs to the class of quasi-convex optimization problems [22].
The following result provides a monotonicity property for the upper
bound ¢(rn) with respect to .
Theorem 3: Let us consider the system (1)—(3), and let m be a non-
negative integer. Then
o(m + 1) < ¢(m). (38)
Proof: From the definition of ¢ () in (35), the property (38) can
be proved by showing that, if the inequalities in (33) are feasible for
some m = mq and for any w and % satisfying 1 < & < n, then they
are feasible also for m = mo + 1 and for such w and k. To this end,
let us denote in the sequel of this proof the quantities corresponding to
the case mn = mo + 1 with the “hat” symbol, i.e., 77¢ = mo + 1. Let
us observe that there exists Z such that

Fi(s) = <Z 51) Iy (s)
=1

since Fy(s) is a generic symmetric matrix homogeneous polynomial
of degree 1 parametrized by Z. Moreover, one can write

Ick)/ i (s{’“ Ick)

Fi(sq(s)) = (s{m} 2
where
Cr = (N(m) 2 I,,,\) (I, & (Cr(2) + Li(a))) (N(m) @ Ik)

and N (m) is the matrix defined by

{n)} _ v\ (777) {m}

Since NM'(m) is a full column rank matrix and since C'; (=) + Li(a) is
positive definite, it follows that Cy is positive definite, and hence there
exists & such that

Cv(3)+ Li(a) = Cr > 0.

Next, as F(s) is replaced by B, (s), one has that the matrices Gy (),
H; (s) and Ji(s) are replaced by

B FL Q)Bk

28k
Ji g} (s) = ( ) (ks)

Jk(s) :'u:Hk(s) - Gk(.s .
This implies that

jk.(sq(s)) =wH(sq(s)) — éﬂsq(s))

(Z ) Ti(sa(s))

=1

_ (S{ﬁ7,+25k} = qu)/ Dy (s{'ﬁ"‘_%k} % Ick)
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where

Dy = (N‘(m 25k) Ick) (I, © (wEw(z,a) — Di(2)

FMU) (N‘(m 26k @ Ick) .

Since w £y, (z,a) — Dy (2) 4+ M. (3) is positive definite, it follows that
Dy, is positive definite, and since

I:Ik(sq(s)) = (S{ﬁ#%k} ¥ L,\_)/ Er(2.4) (s{erEM} L;,\,)

one can conclude that there exists /f§ such that

wE(2,8) — De(3) + Mi(3) = Dy > 0.

|
Theorem 3 states an interesting property of the upper bound ¢(m)
of p1, specifically that ¢(m ) is monotonically nonincreasing with m.
At this point the question is whether and how ¢,,, approximates the
sought worst-case Mahler measure depending on m. The following
result provides an important answer to this question.
Theorem 4: Let us consider the system (1)—(3). Then, there exists a
nonnegative integer 1o such that
o= o(m)Vm > my. (39)
Proof: Let k be any integer satisfying 1 < k < n.Letw € R be
any scalar satisfying (21), i.e.,

max

y |A] < Vi Vs € 8.
A€spe(By(s))

This means that there exists a matrix function P(s) = P(s)' such that

P(s)

0 <
2ok P(s) — Bi.(s)' P(5)Bi(s)

0 < w(Xl ) bues.

Such a matrix function P(s) can be obtained from the equation

., 26}
w (Z 5i> P(s) — Bp(s) P(s)Bi(s) = I,

which also says that P(s) is a matrix rational function. Let us express
P(s) as

p2(8)

where P (s) and p2(s) are homogeneous, with p2(s) > 0 forall s €
&. For a nonnegative integer a let us define

Py(s) = (Za) pa(5)P(s).
=1
It follows that Ps(s) is a matrix polynomial and that
0 < P(s)

r 28k _ _ Vv, S
0<w (Z si) Py(s) — Bi(s) P3(s)By.(s) 5 €
i=1
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Consequently, there exists « such that the coefficient matrices of P;(s)
(say Ps1, Pos. .. ) and w (27—, 5:)" Py(s) — Be(s) Pa(s)Bi(s)
(say Pii, Pia,...) are positive definite (see e.g., [19]). Hence, let m
be the degree of P;(s), and let = such that Fi,(s) = Pi(s). Let us
observe that

'
Fu(sq(s)) = (s{”"} :g> 1%) Ci (s{’"} = Ick)
where

CA» :diag(Pgl,ng,. B )

which is positive definite, and hence there exists « such that C. (=) +
Li (o) = C) > 0. Then, let us observe that

Ju(sq(s)) = (S{erzsk} 2 Ick) D, (3{7n+26k} & Ick)

where

Dy, Idi&{_’;(Pu, P/127 .. )

which is positive definite, and hence there exists 3 such that w £ (z) —
Di(z)+ M, (3) = D, > 0. Therefore, there exists rn such that the
condition (21) is equivalent to the existence of z, o, 3 satisfying (33).
From Theorem 3 we conclude that(39) holds. O

Theorem 4 states an important result, specifically that the upper
bound & (m) coincides with the sought worst-case Mahler measure
of the system (1)—(3) for a sufficiently large integer m.

IV. ILLUSTRATIVE EXAMPLES

In this section we present two illustrative examples of the proposed
results. The matrices in the condition (33) have been generated with
the algorithms reported in [16]. The computations have been done in
Matlab.

A. Example 1
Let us consider the uncertain system
x(t+ 1) = A(p)z(t)
A(p) = Ao + pA,
p €1[0,1]

34 29 —2.9 —4.1
Ao = (—1.6 —1.6> ch = ( 45 0.3 )

and the problem of determining the robust Mahler measure 4 in (5).
This system can be rewritten as in(15) with

2(t+1) = A(s)z(t)
A(s) = .Slril + Szrig
sES

- 34 29\ - 0.5 —1.2
A= <—1.6 —1.6)" Az = <2.9 —1.3)‘

For all % satisfying 1 < & < 2, we compute the matrix Bj,(s). We find
that

k=1— B1(b) = f].(b)
k=2— Bs(s) = —0.657 — 15.55s7 s2 + 2.8355.

Hence, we compute the upper bound ¢(m) in (35). With m = 0 we
find w] = 16.152 and w3 = 12.724, which provide ¢(0) = 4.019.
Hence, we increase mn, and with m = 1 we find w{ = 6.037 and
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wy = 12.724 which provide the new upper bound ¢(1) = 3.367. It
is possible to verify that this upper bound is indeed equal to the sought
robust Mahler measure, i.e., ¢(1) = p.

B. Example 2

Let us consider the uncertain system

x(t+1) = A(p)a(t)
{P €[-1.1]
0.1 1.4 1.3-0.5p
A(p) = -13 0.8 0.4
—0.84+p 0.5 0.1

and the problem of determining the robust Mahler measure g in (5).
This system can be rewritten as in(15) with

{ x(t+ 1) = A(s)a(t)
s€S8
0.15; +0.152  1.4s5) + 1.450 1.8s; + 0.832
A(s)=| —1.35) — 1.352 0.85 4+ 0.850 0.4s( + 0.452
—1.85, +0.252 0.55; +0.552 0.1s; + 0.132

We compute the upper bound &(#¢) in (35). Withrn = ) we find wi =
4.928, w5 = 24.256 and wi = 0.341, which provide ¢(0) = 4.925. 1t
is possible to verify that this upper bound is indeed equal to the sought
robust Mahler measure, i.e., ¢(0) = p.

V. CONCLUSION

This technical brief has investigated the Mahler measure in systems
depending polynomially on uncertain parameters constrained in a poly-
tope. It has been shown that a sufficient condition for establishing an
upper bound of the worst-case Mahler measure can be obtained in terms
of LMI feasibility tests, where a HPD-QLF is searched for, and that
the best upper bound guaranteed by this condition can be computed
through generalized eigenvalue problems. Moreover, it has been shown
that the upper bound is monotonically nonincreasing with the degree of
the HPD-QLF, and that there exists a finite degree for which the upper
bound is guaranteed to be tight.
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