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Finite-Width Feed and Load Models
Yat Hei Lo, Li Jun Jiang, Member, IEEE, and Weng Cho Chew, Fellow, IEEE

Abstract—We demonstrate a new method of applying the feed
model for the method of moments (MoM) formulation for the elec-
tric field integral equation (EFIE). The model is based around a
previously reported magnetic ribbon current model which is accu-
rate and allows for a finite width of the feed port. However, with
proper approximations, one can reduce the formulation such that
the magnetic field operator can be removed in order to simplify
computations arising from the curl of the dyadic Green’s function
and its singularities. We show here that the new feed model can
also be used to model a lumped element.

Index Terms—Delta-gap source, EFIE, input impedance, mag-
netic-current source, variational formula.

I. INTRODUCTION

T HE study of wire antennas and antennas of arbitrary shape
has always been an important topic, where intensive re-

search has been consistently carried out [1]–[4]. The modeling
of wire antennas, antennas of arbitrary shapes, and many circuit
designs involve the requirement of a source or feed model. Re-
garding the construction of the feed model, there has been com-
promise between the accuracy and simplicity to the formula-
tions applied. One of the most common formulations used is the
electric-field integral equation (EFIE) together with the method
of moments (MoM) [5]. In most cases for MoM, a delta-gap
feed model is used. The excitation is considered as a small
port, where its gap width is assumed to be zero. When using
the Rao–Wilton–Glisson (RWG) basis function set [6], the feed
port becomes a voltage jump across a set of edges that assemble
the delta-gap. Although unphysical, this feed model allows very
simple implementation of the source [7], and therefore is very
commonly applied.
However, the delta-gap is nonideal since no physical feed can

have zero gap. The port impedance, for example, can be far from
accurate when the feed is assumed to have zero gap width. Ef-
forts to model a more realistic feed port has been made [8]–[11].
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Fig. 1. Equivalent excitation models for a voltage applied at a feed port.

An accurate feed model shall be one that is derived from the
equivalence principle [12]. An ideal voltage source is equiva-
lent to enclosing the feed port with a circulating magnetic ribbon
current, while filling the gap of the port by PEC [8]. An accu-
rate model based on this magnetic ribbon current formulation
is numerically demonstrated in [9]. Since magnetic current is
involved, the excitation is calculated using the magnetic-field
operator, or the -operator [13]. The singularity treatment of
the -operator [14] is also required since the magnetic ribbon
resides on the surface of the feed port. This increases the com-
plexity and difficulty of implementation.
In this paper, we start from the accurate model based on the

magnetic ribbon current presented in [9]. The excitation can be
further simplified as an incident electric field that lies on the sur-
face of the feed port. This way, we remove the implementation
of the -operator, and, hence, the formulation becomes more
friendly to EFIE. The new model allows a finite width of the
feed port. Moreover, this model can be modified to allow one
to insert lumped passive load elements with a finite width. The
lumped elements are essentially the current-dependent voltage
source. We also demonstrate here that using variational formu-
lation of the input impedance, the convergence of any iterative
solver can be accelerated.

II. FORMULATION

Consider an arbitrary PEC object as shown in Fig. 1(a), where
the feed port is essentially a voltage that is applied at the gap.
The voltage source is equivalent to shorting the gap with a thin
wire enclosed by a circulating magnetic ribbon current [8]. As
far as the value of the voltage is concerned, the wire can be as
wide as the gap itself such that the entire gap can be filled with
PEC like a thick wire, as shown in Fig. 1(b), with the magnetic
ribbon current that circulates around it.

0018-926X/$31.00 © 2012 IEEE
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Fig. 2. Electric field generated by the magnetic ribbon current around the feed
gap.

The magnetic ribbon is analogous to the case of an electric so-
lenoid, where a circulating magnetic current produces an elec-
tric field. The electric field produced inside the gap is thus the
incident field for the EFIE formulation. We denote the magnetic
ribbon current as and the electric field inside the gap as .
Then, their relation is given by [9]

(1)

where is the unit surface normal vector. The values of and
can be determined from the applied voltage given by

(2)

across the feed port. In [9], is assumed to be uniform across
the gap, provided that is much smaller than the wavelength.
Hence

(3)

The choice of such uniform provides a proper incident
field where (2) is valid. Using , the excitation for the EFIE
can be determined using the magnetic field Green’s function and
the -operator as

(4)

where is the dyadic Green’s function.
The electric field generated by the magnetic ribbon is analo-

gous to the case of an electric solenoid, where an electric cur-
rent loop generates a circulating magnetic field around it. Here,
a series of magnetic current loops around the feed generates an
electric field, as illustrated in Fig. 2. One can determine the -
component of the electric field just inside and just outside the
ribbon, denoted by and , respectively, which are shown
in Fig. 3. It can be shown that

on (5)

on (6)

where the integral of the -component of the electric field along
yields the voltage applied at the feed gap. The same integral

along shall be zero.

Fig. 3. Electric field along -direction just inside and just outside
the magnetic ribbon.

The at becomes the excitation field on the PEC,
and it will induce a current on the PEC that produces to
exactly cancel on the surface, i.e., on the PEC
surface. One can show that

(7)

For a PEC cylinder with a constant radius of , the EFIE of
the scattering of the cylinder driven by a ribbon current is given
by

(8)

where is the incident electric field generated by the mag-
netic ribbon current on as given by (4). In the weak form,
the above becomes

(9)

where is a set of testing or weighting function, and
.

In the weak form, does not have to be exactly equal to
, but they are equal to each other in the weighted sense

when tested by . The most important physics of the ribbon
current is to induce a voltage drop given by (6), and hence the
current that produces a voltage rise given by (7). To calculate

using (4), it is often difficult due to the curl operator
on the Green’s function and its singularity. It is also time con-
suming since the incident field over the entire object is calcu-
lated. However, from Fig. 3, one can approximate the on
to a more easily defined function and yet suffices to produce
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Fig. 4. The excitation field (top) and the corresponding induced current and
electric field (bottom) of an antenna excited by a uniform field as the finite-width
feed. denotes the feed (aperture) region.

the required voltage. One simple function would be the pulse
function defined as

otherwise
(10)

since and are sufficiently localized near , as
seen from Fig. 3. The above definition of truncates the
incident field into the gap area and still results in the validity
of (6) and (7), i.e., the integral of the incident field across the
vicinity of the feed equals the voltage applied.
The general EFIE is given by

(11)

where and , similarly defined
using (10).

III. VARIATIONAL FORMULA FOR INPUT ADMITTANCE

One way to determine the input impedance of an antenna is to
calculate the ratio between the applied voltage and the current
that flows across the gap. It might be more straightforward to
determine the input admittance. Fig. 4 shows the antenna where
the region denotes the feed gap or aperture. denotes the
uniform incident electricfield that is defined at the aperture only.
After the induced current is solved for, the input admittance
is given by

(12)

where is the induced current, which generates , the scat-
tered electric field that cancels the incident field at the aper-
ture.
The above is a direct form of the input admittance, which

is not variational. To make it variational, an additional term is
introduced. This additional term shall be zero when is exact.
Hence, (12) becomes

(13)

where is the total electric field, given by

(14)

where is the incident field and is the scattered field. For
an exact solution, the scattered field shall exactly cancel the in-
cident field. Hence, is zero and does not affect the value of
.
To prove that (13) is variational, we take the first-order vari-

ation about the exact solution, which becomes

(15)

where the additional subscript denotes exact solutions. By
reciprocity, we have

(16)

Using (16) and (14), (15) can be written as

(17)

The above is true because the exact solution completely
cancels tangentially and results in zero . Hence, when
a first-order error of exists, the error of remains zero
to the first order. This variational formulation yields a more
accurate calculation of the input admittance, thereby the input
impedance. In many cases when iterative solver is used, it
can also reduce the number of iterations as long as the input
impedance is considered. Using (14), (13) can also be written
as

(18)

where is readily obtained from theMoMmatrix system
itself. Hence, the above form for determining requires little
additional computation.

IV. LUMPED IMPEDANCE (LOAD) ELEMENTS

For most models involving circuits or antennas, one needs to
introduce additional passive elements such as capacitors, induc-
tors, or resistors in a distributive network. For example, resis-
tors and capacitors are often used to suppress reflections and
impedance matching. In general, it is equivalent to inserting
lumped elements into the model with given impedance values
to each element.
Previously, the lumped elements were modeled in a similar

fashion as the delta-gap feed port [15]. An element with an in-
finitesimally small width is inserted, which causes a voltage
drop across the associated edges. Since the voltage drop is de-
pendent on the current, the elements in the impedance matrix
corresponding to lumped elements are modified accordingly.
In this method, the current and voltage drops are both associ-
ated with the same basis function that assembles the delta-gap
lumped element. Hence, only some of the diagonal elements in
the MoM matrix are affected.
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Fig. 5. Equivalent lumped element model with a finite width.

Here in our formulation, the treatment for the lumped element
is similar to that of the finite-width feed port. A finite-width
element is considered as a port that causes a voltage drop given
by

(19)

where is the impedance of the lumped element; is the cur-
rent that flows through the element. As with the case of the feed
port, the lumped element is replaced by closed PEC, as shown
in Fig. 5. We consider the case of the method of moments using
the RWG basis and Galerkin testing [6], where is expressed
as

(20)

where is the RWG basis function. While a lumped ele-
ment is inserted, there exist two special sets of basis functions:
, which is within the region of the lumped element, and ,

which is the edge connecting the lumped element and the normal
PEC outside the gap. This is illustrated in Fig. 5(b), where the
shaded area indicates the position of the lumped element. Here,
are the basis functions within this shaded area, and are those

edges at the boundary between the shaded and unshaded areas.
Recall that the voltage depends on the current , in turn
, which is the unknown to be solved for. This means that the

excitation vector is dependent on the unknown itself. Hence, the
terms in the excitation vector that are associated with lumped
elements are corrected by introducing additional terms in the
corresponding elements in the impedance matrix. To do so, one
should first notice that the current flowing across the element is
given by

(21)

at either end of the element, where and are the corre-
sponding edge length and the coefficient of basis functions.
From Fig. 5(b), the current can be determined from either
or . Their values shall be equal for gaps of small widths,
i.e., the current entering the element is equal to that of leaving
the element. This follows from the current continuity. Given

, and , assuming the current flows
along the axis, then for every entry in the impedance matrix
, where and intersect, the value of the matrix entry is
corrected by

(22)

(23)

(24)

before the matrix is solved. Notice the factor in the above
equation is inserted since has been used to weight the un-
known of the MoM system.

A. Lumped Elements With Loop-Tree Decomposition

The EFIE breaks down at very low frequencies. This is very
common for most circuit and electrically small structure prob-
lems. It is because when (11) is applied, the EFIE operator
( -operator) is broken into two terms given by [13]

(25)

where is the scalar Green’s function. The first term
above is due to vector potential, and the second term comes
from the scalar potential, and is also called the charge term. It
can be seen that for low frequencies, the second term domi-
nates. However, there exists such that and
resulting in a null-space. The eigenvalues of the second term
are very large or zero while the eigenvalues of the first term are
small. Hence, the matrix becomes ill-conditioned.
One way to overcome this issue is to apply the loop-tree

decomposition, frequency normalization, and basis rearrange-
ment. These procedures are done to improve the condition of
the matrix, and thus can be regarded as applying a sequence of
pre- and postconditioning matrices. The resulting system is then
solved using an iterative solver.
When decomposing the original matrix containing the RWG

basis set into the matrix containing the loop-tree basis set, the
following operation is performed [16]:

(26)
where

(27)

(28)

(29)

Here, contains only the first (vector potential) term and
contains only the second (scalar potential) term from

(25). and are connection matrices that convert the
RWG basis set to loop and tree basis sets. For a system with

RWG basis functions (unknowns), then it is always true
that

(30)
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where and are the number of loop bases and tree bases,
respectively. Hence, has a dimension of ,
has a dimension of , and has a dimension of

, same as that of the impedance matrices
and . In (26), any within the RWG basis set that
forms a loop is zero. In another word, any matrix element in

that contains a loop basis has its equal to zero.
From (24), if there exists any lumped elements, one needs

to insert the correction term for the lumped element into the
impedance matrix. Essentially, this is equivalent to adding an
additional term into the corresponding entries in . When
constructing ; however, is decomposed into

two matrices and . The correction term can be
inserted into only one of the two matrices. It can be seen that

only connects to the block for tree-tree bases in-
teraction. It does not completely contribute to . On

the other hand, connects to the entire using
. Therefore, it is appropriate to insert lumped element cor-

rection terms in , and through , the correction values
are included into the correct entries of the newly constructed
impedance matrix, .

V. RADIATION FROM FEED

It is interesting to note that, in common practice, one con-
siders the radiation of an antenna solely from the electric field
generated by the currents on the antenna only. It was never con-
sidered that the feed itself is also radiating. Previous formula-
tions do not allow study of the radiation from the feed since it
was modeled as a nonphysical voltage jump only. Here, when
the feed is formulated around a finite width, it is straightforward
to determine its radiation.
To benchmark the radiation of the antenna, the radiation pat-

tern is compared between the field generated from the antenna
and the feed. The radiation pattern is determined from its far-
field radiation. For a dipole antenna along the axis, the elec-
tric far-field radiation pattern on the – plane is given by

(31)

where , , and . The above is de-
rived from the first term of (25) with some approximation due to
far-field calculations. Moreover, in common practice, the field
pattern is normalized against its maximum. Therefore, the coef-
ficient outside the integral is not considered, especially when
tends to infinity. At the feed, when only magnetic ribbon current
is considered as the source, the electric far-field pattern is given
by

(32)

Once the model is set up and the resultant MoM problem is
solved for, (31) and (32) can be used to determine the contri-
bution of the radiated field from the antenna itself and the feed
using magnetic ribbon current.

Fig. 6. Section of the strip antenna model.

TABLE I
VALUES OF OF A HALF-WAVELENGTH STRIP DIPOLE

Fig. 7. Input impedance of the half-wavelength strip dipole.

VI. NUMERICAL RESULTS

A. Strip Antenna With Single Feed

We first verify our formulation using a half-wavelength
dipole antenna. The antenna is a strip of 2-m length and 20-mm
width. A section of the strip is shown in Fig. 6, where it is
modeled as an open surface. The feed port is located at the
center of the strip, denoted by the shaded region. In this case,
it shows a feed port of 20-mm width. The corresponding
working frequency is 75 MHz. We compare both delta-gap and
our finite-width models. Table I shows the value of the input
impedance determined from different models, also shown are
some values previously reported [7] for comparison. Our new
model is consistent with the delta-gap model where the values
fall within the range previously presented.
Fig. 7 shows the input impedance of the dipole over a range of

frequencies up to 300 MHz. Results from both the finite-width
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Fig. 8. S11 of the half-wavelength strip dipole.

feed and delta-gap feed are shown. Due to the finite width of
the strip, the resonant frequency is expected to be slightly lower
than 75 MHz. We can see using the S11 graph of the antenna
shown in Fig. 8. Our result indicates that the first resonant wave-
length is about 70.4 MHz. Moreover, one usually operates the
antenna at a frequency where the reactance diminishes, i.e.,

. In general, it happens when the length of the an-
tenna is about to [10]. It was found in our case
that when , the frequency is around 70.7 MHz,
which agrees well from prediction, and is consistent with both
the new finite-width and delta-gap feeds.

B. Cylindrical Structures

There are many cases when the delta-gap feed model fails to
provide an accurate result. For example, when determining the
impedance of a feed port, the width of the port greatly affects the
calculation result. Here, we show a cylindrical structure with a
feed applied at the center. With this model, we show different
dimensions of a cylinder that correspondingly represent a half-
wavelength dipole antenna, a parallel disk capacitor, and others.
Table II shows the input impedance of the cylinder func-

tioning as a half-wavelength wire antenna, along with an equiv-
alent model to the case of the strip dipole described in case A.
The cylinder has a 2-m length and 5-mm radius. The operating
frequency is 75 MHz. We show different width of the feed port
from 10 to 40 mm. A more accurate feed model using mag-
netic ribbon current [9] is also applied for comparison. As can
be seen, there is a clear dependence of the port impedance on the
width of the feed port. The result is consistent between the new
finite-width feed and the ribbon current feed. The delta-gap feed
model, however, does not handle the finite width of the feed and
hence cannot properly determine the port impedance of a phys-
ical feed port.
It is interesting to note that in [7], it states that a strip an-

tenna model is equivalent to a corresponding wire model with
, where is the width of the strip, and is the radius of

the wire. Here, comparing the values in Tables I and II, the dis-
crepancy between the wire and strip models are obvious. How-
ever, as a quick measure and the approximation of the antenna
parameter, the strip model may still be convenient in many cases

TABLE II
VALUES OF OF A HALF-WAVELENGTH WIRE DIPOLE

TABLE III
VALUES OF OF A SHORT WIRE OF LENGTH 100 mm, CALCULATED FROM

FINITE-WIDTH FEED AND RIBBON CURRENT FEED

Fig. 9. A parallel-plate capacitor modeled with the finite-width feed excitation.
The entire gap between the two plates are closed and filled with PEC.

since it involves much fewer unknowns than the wire model.
The wire model should be used in cases where higher accuracy
is required.
When the cylinder becomes shorter, the effect of the feed

size becomes more significant. Table III shows the same wire
antenna but with a length that is just 100 mm. In this case,
the delta-gap feed results in an input impedance of

, which is far from the results obtained from
the finite-width feed and the magnetic ribbon current models.
Again, as the width of the feed varies, the impedance changes
accordingly. The delta-gap is unable to show the effect of the
feed width.
Fig. 9 shows another cylindrical configuration that represents

a parallel disk capacitor. Using the new finite-width feed model,
it appears as a thin solid circular disk since the gap area is
also filled with PEC. The corresponding model using delta-gap
should be created as the one shown in Fig. 10, where a strip is
used to connect the two disks (as the highlighted region shown),
and a delta-gap is fed at the center of the strip. This is the
common practice of modeling such parallel-plate configuration
using a delta-gap. The radii of the disks are 100 mm, and they
are separated by 20 mm. The expected value of the capacitance
of this model is 18.347 pF [17]. Using a frequency of 1 kHz,
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Fig. 10. The parallel-plate capacitor modeled with the delta-gap excitation. A
small strip is inserted to connect the two disks, with a delta-gap at the middle
of the strip.

Fig. 11. The electric field inside the parallel plate capacitor calculated from the
two models of feed. The blue rim indicates the edge of the parallel plates. (a)
From the finite-width feed and (b) from the delta-gap feed.

and the low-frequency treatment as mentioned before [18], the
capacitance determined using the new finite-width feed and the
delta-gap models are 18.315 and 18.189 pF, respectively. In this
case, the configuration of the delta-gap can accurately model the
capacitance of the parallel plate.
For the case of the delta-gap excitation, although the feed is

applied at a small section of the edge of the plate, instead of
uniformly around the plate as in the case of the new feed model,
the resultant electric field in between the parallel plate is indeed
uniform. This is shown in Fig. 11. The delta-gap does result in
a spot of very strong electric field around the feed. However, it
does not affect the electric-field distribution overall. The value
of capacitance calculated using the delta-gap feed is also rea-
sonably close to the theoretical prediction, although not as ac-
curate as that of the new finite-width feed model. Therefore, it
has been accepted as the common practice of capacitance cal-
culation using the delta-gap. Note, however, that there must be
a strip being set up to connect the air space between the two
plates. This is not easily feasible for many other cases such as
the antenna shown previously, since it generates edges attached
to more than two triangular patches and creates nonindepen-
dent basis functions. Hence, it causes more complexity when
modeling other structures using delta-gap on strips. Note also
that in this case, when one applies the ribbon current model as
in Fig. 9, the incident electric field resulting from the ribbon
current changes rapidly around the edge of the disk. This rapid
change of the incident field causes breakdown of the MoM for-
mulation and thus cannot provide a correct result. The finite-
width feed model, however, does not have such problem.

Fig. 12. Convergence of the input impedance of the half-wavelength strip
dipole model using BiCG iterative solver, loop-tree decomposition, and
variational formulation.

C. Variational Formulation

The basis elements in the strip antenna are small compared
to the wavelength. When using iterative solvers, the problem is
best solved with loop-tree decomposition, frequency normaliza-
tion, and basis rearrangement. This results in a well-conditioned
matrix system requiring greatly reduced number of iterations.
Here, we used the bi-conjugate gradient (BiCG) method as the
iterative solver. The value of the input impedance is calculated
during each iteration using the variational form given in (18),
as well as the direct form given in (12) for comparison. Fig. 12
shows the convergence of the BiCG solver. In addition to the
relative residue shown in Fig. 12, the relative error of the input
impedance to the exact value are shown for comparison. The
input impedance is calculated from the direct form (labeled as
Direct) using (12) and the variational form (labeled as Varia-
tional) using (18). The exact value of the input impedance is
calculated using direct LU decomposition. In this problem, the
matrix system contains 1010 unknowns.
Fig. 12 shows the expected behavior of BiCG, where the

residual decreases reasonably monotonically. Due to the use
of the low-frequency treatment, convergence can be easily
achieved within 100 iterations. It can be seen that the conver-
gence of using variational formulation is much faster than
that of the residual, where the relative error of reaches a
minimumwithin 60 iterations. Moreover, the variational formu-
lation enhances the accuracy of the value of input impedance by
at least two orders of magnitude compared to the direct form.
In addition, the direct form shows larger fluctuation because it
is more susceptible to inaccuracies from machine precision.

D. Finite-Width Lumped Elements

To demonstrate the implementation of the lumped elements
formulation, we take the same half-wavelength strip dipole as
used previously. A pair of 100- resistors of 20-mm lengths are
inserted at 0.5 m, that is, centered between the feed port and
each ends. With the two loads introduced, the input impedance
at 75 MHz is determined. Table IV shows the resultant input
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TABLE IV
VALUES OF FOR A LOADED STRIP DIPOLE

Fig. 13. Normalized radiation patterns of a half-wavelength dipole antenna,
and its 20-mm feed.

impedances determined from different models. Again, the cal-
culations from the new finite-width feed and load models are
consistent with the delta-gap models. The results also show that
the values are closer to that of the reference given by [7].

E. Radiation Patterns

In order to analyze the contribution of the radiation arising
from the feed, the radiation patterns from the antenna and the
feed were determined separately. Here, we apply a 20-mm feed
to the half-wavelength dipole antenna of length 2 m. Fig. 13
shows the typical radiation pattern of such antenna. The for-
ward direction of radiation is at 0 and 180 . It is shown that
the radiation pattern from the antenna and the feed are slightly
different. The radiation pattern of the antenna is equivalent to
the analytical form of a line antenna with a sinusoidal current
distribution given by [19]

(33)

On the other hand, due to the small size of the magnetic ribbon
feed, the radiation pattern is shown to have the same form as a
Hertzian dipole, which has the form

(34)

Again, the antenna radiation is defined as the electric field
generated from the electric current of the antenna given by
(31). The feed radiation is the electric field generated by the
magnetic ribbon current of the feed, given by (32). Fig. 14 shows
the ratio of the forward radiation between two cases, over a fre-
quency range of up to 300 MHz.
The operation frequency of the antenna is around 75 MHz.

At this frequency, the radiation from the antenna is over 90 dB
stronger than that from the feed. The radiation from the antenna
is more than 60 dB higher than the feed up to at least the third

Fig. 14. Ratio of the forward radiation by the feed and the half-wavelength
dipole antenna.

harmonics (225 MHz). The result shows that for the case of the
object acting as a radiating antenna, the radiation from the feed
can be safely ignored, which is the general practice. In many
cases when the structure is smaller than the wavelength, the feed
radiation may also be negligible. However, from Fig. 14, over
the extreme cases where the frequency is very high, the effect
from the feed starts to become significant. Its radiation should
also be considered.

VII. CONCLUSION

In this paper, we have presented a new model for the feed
ports for the purpose of an antenna or circuit design system. The
formulation is based on a variational form around the EFIE and
the MoM. A more accurate model uses a physical finite-width
gap and lumped elements. The simplicity of the newmodel com-
pared to the previous models avoids the requirement of the im-
plementation of the magnetic field operator and its singularities.
At the same time, it can capture the effect of a finite feed width
to the port impedance. Moreover, it allows implementation of
lumped load elements easily. The new feed and load models
are compatible with the low-frequency treatment for integral
equation, namely the loop-tree decomposition, frequency nor-
malization, and basis rearrangement. Using variational formu-
lation, one can speed up calculations with an iterative solver by
reducing the number of iterations required, due to the higher ac-
curacy of the variational form of the equation. We have shown
that with the new model, we can achieve better accuracy com-
pared to the conventional delta-gap source and faster conver-
gence.
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