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Abstract

In this paper, we study the discounted free Gerber-Shiu function for the compound binomial
risk model with by-claims and randomized dividend policy. Specifically, explicit expression for
the discounted free Gerber-Shiu function is obtained. This result allows us to derive formulae
for some useful insurance quantities, including the ruin probability, the probability function of
the deficit at ruin, the joint probability function of the surplus immediately before ruin and the

deficit at ruin, and the probability function of the claim causing ruin.
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1 Introduction

Research concerning the compound binomial risk model with i.i.d. claims began from Gerber
(1988), in which he derived formulae for the ruin probability, the distribution of the deficit at
ruin, and the distribution of the surplus immediately before ruin when the initial surplus is zero.
Since then, this topic has been extensively studied by many authors including Shiu (1989), Willmot
(1993), and Pavlova and Willmot (2004). Since the independence assumption imposed on claims in
the classical model is not realistic, generalizations of the model with various kinds of dependency
were considered in the literature. Among others, Yuen and Guo (2001) considered the compound
binomial model with the so-called by-claims, that is, every (main) claim causes a by-claim whose
time of occurrence may be delayed to the next time period. In their paper, they stated the practical
background of the model and obtained the recursive formula for the finite time ruin probability
as well as the explicit expressions for ultimate ruin probabilities in special cases. Recently, Xiao
and Guo (2007) studied the by-claim model further, and derived the recursive formula for the joint
probability function of the surplus immediately before ruin and the deficit at ruin. For continuous-

time risk models with delayed claims, see, for example, Yuen, Guo and Ng (2005). Instead of
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introducing dependency to the claims, Tan and Yang (2006) modified the compound binomial
model in the way that the insurer may pay dividend with a certain probability if the surplus
is greater than or equal to a fixed nonnegative integer. They derived the recursive formula and
asymptotic estimate for the discounted free Gerber-Shiu function for their model with the so-called
randomized dividend policy.

In the present paper, we consider the compound binomial risk model with by-claims under
the randomized dividend policy. Besides adopting the by-claim set-up in Yuen and Guo (2001),
we assume that the insurer may pay a randomized dividend of 1 with a certain probability at
the beginning of every time period until ruin occurs. Different from all the above-mentioned
references in which explicit formulae are derived only in the special case of zero initial surplus, we
obtain explicit formula for the discount free Gerber-Shiu function for all nonnegative initial surplus.
Furthermore, based on the derived formula, we study some useful insurance quantities including
the ruin probability, the probability function of the deficit at ruin, the joint probability function
of the surplus immediately before ruin and the deficit at ruin, and the probability function of the
claim causing ruin.

The rest of this paper is organized as follows. In Section 2, we introduce the compound bi-
nomial risk model with by-claims and randomized dividends. In Section 3, explicit formula for
the discounted free Gerber-Shiu function is derived. In Section 4, we study some useful insurance

quantities using the formula obtained in Section 3.

2 The model

The discrete-time risk model considered in this paper is

t t
Uy=ut+t—> Clu_s0— Y Zi, t=0,12..., (2.1)
i=1 i=1
where
Zr = &(Xhi+mh)
Zi = &L(Xi+nY)+&1(1—mim)Yi, i=2,3,.... (2.2)

Here, the nonnegative integers u and t are the initial surplus and time period, respectively. A
premium of 1 is received at the beginning of every period, and 14 is the indicator function of an
event A. Main claim amounts X; and by-claim amounts Y; are positive integer-valued i.i.d. random
variables with probability functions, P(X = k) = fr and P(Y = 1) = g, for k,l = 1,2,..., and
means E(X) = ux and E(Y) = py. Furthermore, (;, &, and 7; are indicator random variables.
Specifically, ; = 1 with probability « indicates that a dividend of 1 is paid at the beginning of the
1th period if ruin does not occur, and {; = 0 with probability 1 — « indicates that no dividend is
paid at the beginning of the ith period; £ = 1 with probability p indicates that there is a main
claim in the ith period (main claim amount is payable at the end of the ith period), and & = 0 with
probability 1 — p indicates that there is no main claim in the ith period; n; = 1 with probability
f indicates that the by-claim induced by the main claim in the ith period is paid at the the end
of the ith period (both the main claim and its induced by-claim are payable at the end of the ith
period), and n; = 0 with probability 1 — 6 indicates that the by-claim induced by the main claim



in the ith period is paid a period later. As a result, Z; defined in (2.2) is the total of the main
claim and by-claim amounts payable at the end of the ith period. As usual, it is assumed that {¢;},
{&}, {ni}, {Xi} and {Y;} are independent. On the other hand, it is clear that every two successive
claims Z;_1 and Z; are correlated. Additionally, we set ZZ = 0 if @ > b, and assume that the
positive safety loading condition 1 — a — p(ux + py) > 0 holds to guarantee that ruin does not
occur with probability 1.

In risk model (2.1), if & = 0, the model reduces to the by-claim model without dividends in Yuen
and Guo (2001), while if § = 1, by-claims always occur together with their corresponding main
claims and hence the model collapses to that in Tan and Yang (2006) with zero dividend-bound
and claims Z; = X; +Y;. Certainly, if # = 1 and a = 0, model (2.1) degenerates to the classical
compound binomial model which has been studied extensively.

Gerber and Shiu (1998) introduced the expected discounted penalty function with respect to
the time of ruin, the surplus immediately before ruin and the deficit at ruin, which has proved to
be a powerful analytical tool in risk theory. Let 7 = inf{t; U; < 0} be the ruin time of model (2.1),
with 7 = oo if ruin does not occur. Then, given 7 < co, U,_ is the surplus immediately before ruin,
and |U;| is the deficit at ruin. For any nonnegative bounded function w(v1,v2) and any discount
factor 0 < v < 1, the Gerber-Shiu expected discounted penalty function for model (2.1) is defined
as

my(u) = E (v w(Ur—, |Ur|)1(7<00)[Uo = u) . (2.3)

Here, we only consider the case with v = 1 and study the discounted free Gerber-Shiu function

m(u) = E (w(Ur—, |Ur|) 1 (7<00)|Uo = u) . (2.4)

3 Explicit expression for m(u)

Following Yuen and Guo (2001), we define an auxiliary process

t t
Ul=ut+t—> Glar >0~ Y%~ Y gz, (3.1)
i=1 i=1
where Y’ has the same probability probability function as ¥;’s. Denote by m/(u) the discounted free
Gerber-Shiu function for U/. We will see that the process U/ plays an important role in deriving

our main results.

For model (2.1), there are several cases at time 1 according to whether a main claim occurs or
not, whether the associated by-claim occurs simultaneously or occurs in the next period, whether
the dividend is paid or not, and whether ruin occurs or not. Taking into account all these cases

and using the law of total probability, we have



u+1
m(u) =q(1 — a)m(u+ 1) + gam(u) + pd(1 — ) Z m(u+1—Fk—1)frg,

k=2
+pf(1 — ) Z wu+1,k+1l—u—1)frg, + pba Z m(u—k—1)frg,
k+l=u+2 k+1=2
[e’e) u+1
+pba Z w(u,k+1—u)frg, +p(1—0)(1 — ) Zm (u+1-k
k+l=u+1
+p(1—6)(1 —a) Z wu+1Lk—u—1)fr+p(l—0) Zm u—k
k=u+2
+p(1=0)a Y wluk—u)fi. (3.2)
k=u+1
Similarly, for model (3.1), we obtain
u+1 [ee] u
W@ =g(1— ) mu+1-Dg +e1—a) 3 wlut1,l—u—1)g +ga> mu—1lg,
1=1 I=u+2 =1
u+1
+qa Z u)g, +pd(1 — ) Z m(u+1—1—k—n)g,frg,
l=u+1 l+k+n=3
+pb(1 — ) Z wu+Ll+k+n—u—1)g, frg, —l—pQQZm(u— l—k—n)g,frg,
I+k+n=u+2 l+k+n=3
) u+1
o0 Y wlultk+n—u)g feg, +p(1—0)(1—a) > m'(u+1—k=1)fg,
l+k+n=u+1 k+1=2
+p(1=0)(1—a) Y wu+Lk+l—u—1fig +p(l—0a > m'(u—k—1)fg,
k+l=u+2 k+1=2
+p(1 -0 Z w(u, k+1—u)frg,. (3.3)
k+l=u+1
Let
oo
Wi(u) = Z w(u, k+1—u)fry,, (3.4)
k+l=u+1
oo
Wau) = Y wlu,k —u)fy, (3.5)
k=u+1
o
Wg(U) = Z w(uvl - u)gn (36)
l=u+1
o0
Wy(u) = Z w(u,l +k+n—u)g, frg,, (3.7)
l+k+n=u+1

and denote by fi * fo the convolution of fi and fo with fi % fa(u) = Y"1 o fi(u — @) f2(¢). Then,
(3.2) and (3.3) can be simplified as



(1 —ga)m(u) = ¢g(l —a)m(u+1)+pd(1l —a)mx f*xglu+ 1)+ pbam *x f * g(u)
+p(1 = 0)(1 —a)m' x f(u+1) +p(1 — O)am’ * f(u) + pd(1 — )Wy (u + 1)
+pOaWi(u) + p(1 — 0)(1 — a)Wa(u + 1) + p(1 — 0)aWs(u),

and

m' (u) = q(1 —a)m=*g(u+ 1)+ qam * g(u) + ph(1 — a)m * f * g*z(u + 1) 4+ plam * f g*2(u)
+p(1 =) (1 —a)m’ * fxglu+1) +p(1 —0)am’ * f*g(u) +p(1 —0)(1 — a)Wi(u+1)
+p(1 = 0)aWi(u) + q(1 — a)Ws(u + 1) + gaWs(u) + pf(1 — a)Wy(u + 1) + paWy(u).

(3.9)

In the rest of this paper, we put a tilde on top of a function to denote its generating function,
for example f(2) = D222 fi, Wi(z) = D22, 2'W1 (i), and so on. Multiplying (3.8) and (3.9) by
21 and summing over u from 0 to oo, we obtain

(1= ga)z = q(1 = @) = pb(1 = ) F(2)3(2) - pha=f(2)3(=) | (2)
= [P =0)(1 = a)f(2) + p(1 = O)azf()| ' (2) + [p0(1 — @) + paz| Wi (2)
+[p(1 0)(1 —a)+p(l— 9)%]”72(@ —q(1 = a)m(0) = pd(1 — a)W1(0)
—p(1 = 6)(1 — a)W>(0), (3.10)
and

(1 = )3(2) + qaz(2) + pO(1 — ) F(2)5%(2) + pba=F(2)5% (=) (2)
= [z p(1=0)(1 - ) F(2)5(2) - p(1 = 0)az[(2)5(=)] ' (2) = [a(1 - ) + qaz| Wa(2)
—[p1=0)(1 = @) + p(1 = B)az| Wi (2) — [pB(1 — @) + phaz| Wi(2)
+p(1 = 0)(1 — a)W1(0) + q(1 — a)W3(0) + pA(1 — o) W4(0). (3.11)
Then, it follows from (3.10) and (3.11) that
[(1 - qa)z = pazf(2)3(2) — a(1 = @) = p(1 = @) F(2)g(2) | (=)
= [(p00 = P01 - 0)a’ [(2)5(2) + (1 = 0)°a° F(2)) 2 + (p0(1 — @) = 2°0(1 — O)a(1 — @) f(2)g
1202 (1 - 0)%a(l - ) f()) + (11 — 071 = ) (=) — P61~ )(1 ~ )* [(2)3(2)) ;| T (2)
+[(p(1 = 0)a = p*(1 - 9)2a2f( )3(2)) 2 + (p(1 = 0)(1 = a) = 2°(1 = 0)a(1 - @) (2)3(2) )

—p’(1 - 60?1 —a)?

—~
I\
~—

)z
]

N\»—l

+[p0 = 602 F(2)= + 201 = B)a(1 — @) (=) + p(1 — 6)(1 — @)*F (=) | (W (=) + 6T (=)
(a1~ @) = pa(1 ~ D)1 ~ @) F(2)3(=) ~ pa(1 ~ 0)(1 ~ ) F(2)3(2) ;| m(0)
~[(p0(1 = @) = p0(1 = 0)a(1 — ) J(2)3(2) + P*(1 = 0)a(l — @) (2) )
+(rP0 - 02— ) (2) ~ #2601~ )1 — ) [(2)3(2)) 1 | W1 0)
~[(p1 =01 0) = (1~ 020l ~ ) F)(=)) ~#(1 ~ 621~ @) F(2)(2) ;| Wa(0)

~[p1 = 0)a(1 = ) F(2) + p(1 — 0)(1 — @) (=) 1] (aWa(0) + pWa(0)). (3.12)
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It is easy to see that if we set z = 1 in (3.12), then the left-hand side of (3.12) becomes 0 and

hence
[p0(a +p0) +p*(1 — ](ZWI ) +aWi(0)) +p(1 - O)( q+pa(§:w2 +aW2(0))
+pq(1—0)(ZW3i)—i—an(O))—i—p@1— (Zm ) +aWi(0))
m(0) = =1

q(q+po)(1 - a)
(3.13)

Moreover, by comparing the coefficients of z%*! on both sides of (3.12), one can derive a recursive

formula for m(u). For notational convenience, write
hi=P(X+Y =1i)=fxg(i), i=2,3,.... (3.14)
Then, after some tedious calculation and rearrangement, we obtain from (3.12) that
a1 — a)m(u+1)
~(1 - ga)m i ()| (1-0)hussrt ahu—i|-pa(1-6) 1=0)m(0) | (1-0)husat @b |
b [(1 — )Wilu+1) +aW; (u)} —p(1—0) [(1 — a)Walu+1) + aWQ(u)]

1p2(1 - B)alow(0) + (1 - Q)WQ(O)} [(1 — a)hypr + ahu}

& ——

(1 -0)] [awl(’) (1- Q)Wg(i)] [(1 — 0)?hy_iis + 20(1 — Q)hy_is1 + a%H]

=1
(1= O)W1(0) + qWs(0) + poWa(0)] [(1 = @) fuss + ]

'—|\§/ @
=

—p(l -

—

u+
—p(L = O [p(-O)Wi (k1 qWs (k) pOWa (k)] | (1-0)2 fu-sat 20(1-0) fuirt 02 fu-i|.

=1

o

(3.15)

So, combining (3.13) and (3.15) gives a recursive formula for m(u).
Use capital letters to denote distribution functions, and capital letters with a bar on top to
denote survival functions. For example, F(n) = ) fr, F(n) =1—F(n) = Y72, ., fx and so

on. For any ¢ > 0, summing u from ¢ to oo in (3.15) and rearranging terms yield

0=p Z m(u) + (1 — ga)m pZZm [1—@ — i+1+ahu,i] — pA(t)
u=t+1 u=t 1=0
=p > m(j)+(l—qa)m pzm +pzm [ )+aH(t—J—1)}—pA(t)
j=t+1
=«1—wmw—pE)Mﬁﬁl—wﬁ@—ﬂ+aﬁa—j—n]—num (3.16)
=0



where

A(w)= g(1 = 0)(1 = )m(0)[(1 = ) H(u+ 1) + aH (u)|

-wﬁfﬁl—mwuj+n+awuﬁy+u—w§§kl—mwuj+n+awaﬁ}
—p(1 - O)a [9W1(o) T (1- 9)W2(o)} [(1 — a)H(u) + oH (u — 1)}

oo

—0) XJ: {QWI — 0)Wa(i )} [( —a)?hj_ito + 2a(1—a)hj_i11 + CYth—z}

Jj=u i=1

+(1-0)a [pu — O)W1(0) + qW3(0) + pem(o)} [(1 — a)F(u) + oaF(u — 1)}

SD»>

TTM+‘

[PO=0) W1 (o aWs ()+ pOWi ()| [ (1) st 20(1=a) fi 1+ 02 f ]

(3.17)

Note that the second equality in (3.16) is derived by interchanging the order of summation in the
third term in the first line of (3.16). Putting ¢ = u in (3.16), we have

q(1 —a)ym(u) = pZm(j) [(1 —)H(u—j)+aH(u—j— 1)] + pA(u). (3.18)

Finally, m(u) can be solved explicitly from (3.18) using the technique of generating functions.

Theorem 3.1 For every u = 0,1,2,..., the discounted free Gerber-Shiu function m(u) for model
(2.1) can be expressed explicitly as

p o p-Axo(u)
m(u) = Alu—7)o(j) = , 3.19
(u) 1—04—P(I~Lx+MY)j§0( 9)old) 1—a—plux + py) (3.19)
where
( A p - 1 \" ..
o(0) = 1+A+1+A;(1+/\> P (0);
(3.20)
G = L) ) =1
U.] 1+A 1+)\ p .77 .]_ » < )
with )
pla+ px + py)
and .
V=— |1 -aHG) +aHG-1)|, j=01,2,.... 3.22
p0) = o (- HG) +aH G =), (3:22)
Proof. Using (3.21) and (3.22), one can rewrite (3.17) as
) = 2> m(u—)[(1 - @) + QB - 1) + L Afw)
1—qaj:0 1—qa
= Y = iel) + B (3.23)
= 1+>\j:0mu 7)p(g T u), .



where B(u) = A(u)/(a+ px + py). From (3.23), it is easy to see that

_ B(z)
=7 3.24
m(z) e (3.24)
On the other hand, it follows from (3.20) that
F(z) = i Ao(j) = S (3.25)
= 1+ X —p(2)
Then, substituting (3.25) into (3.24) leads to
_ 1., |
m(z) = Xa(z)B(z). (3.26)
Thus, matching the coefficients of z* on both sides of (3.26) yields (3.19). O

4 Applications

In this section, we apply explicit expression (3.19) to derive some important actuarial quantities

which are just special cases of m(u) with different choices of w(vy, v2).
4.1 Ruin probability
We first consider the ruin probability ¥(u) defined by
\I!(u):P(T<oo‘U0:u>. (4.1)

From (2.4), m(u) reduces to ¥(u) if w(vy,v2) = 1. In this case, (3.4)-(3.7) become

Wi(u) = > hi=H(u), with Wi(0)=1, (4.2)

Ws(u) = > g,=G(u), with Ws(0)=1, (4.4)

Wiu) = > 7 =T(u), with Wy(0)=1, (4.5)

where
vj = P(X1 + Y1+ Yy = j) = f* g*%(j). (4.6)

Similar to (3.14) and (4.6), let
vy =P(X1+ X2+ Y1 =j) = [ xg(j),

7‘(‘]-:P(X1+X2+Y1+)/2:j):f*2*g*2(j)'



Then, we have, for v = 0,1, 2,

oo J oo J oo j—14v

ZZWI(Z jH-V*ZZ ]H—V*Z Z J_Z+Vhi

Jj=u =1 Jj=u =1 j=u i=v

oo
= Y PX1+Yi+Xo+Ye>j+v, Xo+Yo<j—1+v)
Jj=u

{ XrPH+Xd+E>]+V)<HXT¥E>j—1+m}

D18HP18

[g+u @—1+m} (4.7)

Along the same hne, we obtain

oo j+1 00
> Wk Sy = Y [T +0) = FlG ~1+v)], (4.8)
Jj=u k=1 Jj=u
ZZWQ(i)hj_i+y = Z [ﬁ(] +V) —H(] —1 —|-I/)], (4.9)
j=u i=1 j=u
joo J+1 Joo
> Walk)fys = Y [HG +v) = FlG = 1+v)]. (4.10)
Jj=u k=1 j=u
and
oo j+1 00
SO Wik ke = 3 [T +0) — F(j — 1+)]. (4.11)
j=u k=1 j=u

Substituting (4.2)-(4.5) and (4.7)-(4.11) into (3.18), we get
A (1) = —q(1 — 0)(1 — a) (1 — T(0)) [(1 —a)Hu+1)+ oH(u ] Z )+ aH(u). (4.12)

This together with Theorem 3.1 yields the following corollary.

Corollary 4.1 For every nonnegative initial surplus u, the ruin probability for risk model (2.1) is

u

= b Y(u—7)o(j .
Y = T ) 2 70 (413)

where o(j) and AY (u) are defined in (3.20) and (4.12), respectively.

When the initial surplus u = 0,

_ p N
Wm)—l_a_pr+uﬂA(Mdm. (4.14)

From (3.20)-(3.22), one can show that
A A/ 1 \"
0) = ——+-25S(——) p™(0
o (0) 1+A+1+An:<1+A>p ©)
1—a-— 1 n
a—p(px + py) 1+§:< a+ux+uw> < )
1—-qa o+ px + py
1—a—plpx + py)

1 —gqa
= o1 —a) . (4.15)




Also, by (4.12), we have
AY(0) = q(1 —0)(1 — ) T(0) + pux + py — (1 — @) [1 +q(1 - 0)]. (4.16)
Finally, substituting (4.15) and (4.16) into (4.14) gives

phx+uy—ﬂ—aﬂl+ﬂl—®ﬂ
o= dla+ 01— a) ‘ e

Remark 4.1 If a =0,
—1-q(1—6
‘wm:pmx+uy ¢ —9)]
q(q + po)

which coincides with (15) of Xiao and Guo (2007). Note that a main claim occurs with probability

q rather than p in their paper. And, if 0 =1,

ooy -ty —( )]

which is equivalent to (5.3) of Tan and Yang (2006). O

4.2 Probability function of the deficit at ruin

Set w(v1,v2) = L(y,—y) in (2.4) for y = 1,2,.... Then,

m(u) = P(|Us] =y, 7 < o0[Up = u) = f(ylu),

which is the probability function of the deficit at ruin. In this case,

Wi(u) = Y Lumyhi = husy, with Wi (0) = hy, (4.18)
i=u+1
Waw) = Y Lgmumyfo = fury, with Wa(0) = f,, (4.19)
k=u+1
Ws(u) = > 1wyt = Guty, with W3(0) = gy, (4.20)
l=u+1
Wi(u) = > Lumy) Vi = Yury,  With Wy (0) =y, (4.21)
Jj=u+1
and for v =0,1,2,
oo J o u—1
SN Wi(hjivy =H(y) = > hipyH(u—i—1+wv), (4.22)
j=ui=1 i=1
oo Jj+1 - u
SN Wik fjmbrr = Hy) = Y by Flu—k—1+v), (4.23)
j=u k=1 k=1
oo J o u—1
DY Walihjivy = F(y) =Y firyH(u—i—14w), (4.24)
j=ui=1 i=1
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oo j+1

ZZWg fj k+v = G ng+y u—k— 1+V) (4.25)
j=u k=1 k=1
oo j+1
SN Walk) fi-krw =T(y Z’Yk-f—y (u—k—=14v). (4.26)
j=u k=1 k=1
By inserting (4.18)-(4.26) into (3.18), we have
AL ()

= 1= 0)(1 - a)f(y10)[(1 — ) H(u+ 1) + aT(u)]
+ 0T () + (1= O)F (u+9)] + [0y + (1= 0)fury|
—p(1 = )a[ohy + (1= 0)1,] [(1 = ) H(w) + aH(u—1)]
0)a[p(1 = 0)hy + a9, + payu} (1= @)F(u) + aF(u - 1)]

~0)|0H(w) + (1= 0)F ()| + (1= 0) |[p(1 = OH(y) +4G(v) + pIT(v)|

+p(1— ) [9hz+y+( 0) ny} [(H@?H(u i 1)+ 2a(1-)H(u — i) + ®H(u —i — 1)]

Il
—

—(1-6) [p(l—@)hk+y+ kg p@’yk+y] [(1—a)2F(u — ke + 1)+ 2a(1-) F(u — k)}+ o®F(u — k — 1)} .

k=1
(4.27)
So, we have
Corollary 4.2 For risk model (2.1), the probability function of the deficit at ruin is
Fylu) = P S AT 0 o), w=1a. (48)
1 —a—plpx +py) =
where o(j) and Al )( ) are defined in (3.20) and (4.27), respectively.
In particular,
0
AT 0) = 41— )1~ o) 50)
+(q+p0) [0H(y) + (1= O)F(y) |+ (1= ) [p(1 — 0)H(y) + ¢G(y) + pT(y)]
+(q+pO)a[oh, + (1= 0)f, [+ (1 = O)a[p(L = O)h, + ag, + p0, -
(4.29)
Combining (4.29) with (4.15) and (4.28), we obtain
p(a+p0) [0H(y) + (1 = O)F (y) |+ p(1 - ) [p(1 — O)H(y) + 4G (y) + pOT(v) |
+p(q +pO)a[0hy, + (1= 0)f, |+ p(1 = O)a[p(1 = O)h, +ag, + P07, |
f(yl0) = (4.30)

q(q +pd)(1 — o)
Remark 4.2 If 6 =1 in (4.30), then

_ p[H(y) +ahy)
f(y|o) = -
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and the corresponding distribution function is given by

y
F(y|0) = Z ) + ahy]

]=1

which is equivalent to (5.9) of Tan and Yang (2006).

O

4.3 Joint probability function of the surplus immediately before ruin and the

deficit at ruin

Now, let w(v1,v2) = 1(y,—gpo—y) in (2.4) for  =0,1,... and y = 1,2,.... Then,

m(u) = P(Ur- =2, |U;| =y, 7 < o0|Up = u) = f(z,ylu),

which is the joint probability function of the surplus immediately before ruin and the deficit at

ruin. In this case,

o

Wiw) = Y Lucicumyhi = Luea) by,  with Wi(0) = 1,_g)hy,
i=u+1

[e.e]

WQ(U) = Z 1(u=x,k—u:y)fk = ]-(u:m)f:c-‘rya with WZ(O) = 1(x:O)fy’
k=u+1

o0

Ws(u) = Z 1(u:x,l—u:y)gl = 1(u:x)gﬂf+ya with  W3(0) = 1($:O)gy7
l=u+1

W4(u) = Z 1(u:z,jfu:y)7j = 1(u::1:)’7$+y7 with W4(0) = 1(:E=O)’7y7
j=u+1

and for v =0,1, 2,

co ]
SO Wi hyivy = 1z {1(u§x)hx+y + Loty haoryH(u—2 — 1+ V)]7
j=u i=1

oo j+1

Z Z Wi(K) fj—ktr = 1(x>l)|: (w<z—D ety + Lz hepyFlu —z — 14 V)}
Jj=u k=1

Z Z Wa(i)hj—itv = 1(z>1) |:1(u§x)fai+y + Luzatt) foryH(u —2 — 1+ V)_ ;

Jj=u i=1
oo J+1

Z Z W3 f] k+v = 1(x>1) |:1(u§w—1)gz+y + 1(u2x)gx+yf(u —r—1+ l/) )
j=uk=1 i

oo j+1

Z Z Wa(k) fi—krv = 1> |:1(u§x71)7a:+y + Loy YoryFu— 2 — 14 v)).
j=u k=1 )
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(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)



Inserting (4.31)-(4.39) into (3.18) yields
@ yl) ()
=q(1 = 0)(1 = @) f (2, y10) | (1 = ) (- V- T (W) |+ 04y + (1= 0) oty || Lo 1) + 0L fuma |

—p(1 = 0)ad ;o) [ehy +(1-0) fy] [(1 — a)H(u) + oH (u— 1)]

+(1 = 0)alyeo) [p(1 — O)hy + qgy + p@’yy} [(1 — a)F(u) + oF (u — 1)}

“p(1 = )Ly Oy 1 = 0) fary|[Lsarn H(w =+ 1) + Luse)

+0l(yzain) (2= )hu i1 + ahu,z)}
+(1=0)1>1 [P(lﬁ)hw@ﬂr qGz+yt p9%+g} {l(uZx)F(u —z+1)+ Ly<u

+O‘1(u2m) ((2 - a)fu—w+1 + afu—w>:| .
(4.40)

Thus, we have

Corollary 4.3 For risk model (2.1), the joint probability function of the surplus immediately before
ruin and the deficit at ruin is

B p —~ [z, ylu) o B B
f(xay‘u)_ 1*Ol*p(,UzX+MY) ]:OA (u—])O’(]), 53—0,1,,?/—1727, (441)

where o(j) and ATt (u) are defined in (3.20) and (4.40), respectively.
For u = 0,

Flaz) [0+ POty + (1= O fosy b (1= O)[p(L = Oy + Gy + P07

+al (z—0) [(q +p0)[0hy + (1 = 0) fyl+ (1 = 0)[p(1 — O)hy + qgy +p97y]} :
(4.42)

Combining (4.42) with (4.15) and (4.41) leads to

+pale=o) [(q +p0)[0hy + (1 = 0) fyl+ (1 = O)[p(1 = O)hy + qgy + pﬁ’yy]}

PLazt) (@4 P0)0hory + (1= 0)fory b (L= O)[p(1 = Dby +agisy + POV 1] }
4.43
dla+ P01 - ) (49

f(x,y[0) = {

Remark 4.3 If o =0 in (4.43),

PLiz>1) [(q +p0)[0hziy + (1 = 0) foryl+ (1= 0)[p(1 = 0)hoty + qGriy +p9%+yﬂ

f(x,y[0) = EETT) ,

which is equivalent to (14) of Xiao and Guo (2007).

Remark 4.4 (4.30) can also be derived by summing x from 0 to oo in (4.43).
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4.4 Probability function of the claim causing ruin

Finally, consider w(v1,v2) = L(y, 4y,—s) in (2.4) for s = 1,2,.... Then,
m(u) = P(UT, +|Ur| =5, 7 < 00|Upy = u) = fu(s|u),

which is the probability function of the claim causing ruin. In this case,

oo

Wiu) = Y Li—ghi = Lucs—pyhs, with Wi(0) = hy,
1=u+1

Wau) = Y e fr = Luzs—nyfo,  with Wa(0) = f,,
k=u+1

Wa(u) = > li—gg = Lucs-1gs:  with W3(0) = gs,
l=u+1

oo

Wiu) = Y 1G=9 = Lugs—1)Vs;  With Wi(0) =75,
j=u+1

and for v = 0,1, 2,

o J 0o
DD Wi(Dhyoivn = Liszahs [1<u§s—1>(#x oy +1 =)+ Lz D H(—s+v)

j=ui=1 j=u

Mg

Flugs—(s —u—1) =Y H(G—1+ V)},

] u

oo j+1

SN WA(k) fimkir =1(sz2)hs |:1(u<s 2)(Hx +2—v) + Lu>s-1) Z (J—s+v)
j=u k=1 j=u

F(]—l—l—u)},

Mg

+1(u§573) (8 —UuU— 2)

<.
Il
5

Z Z Wa(i)hj—izr = 1(s>2) fs {l(ugs—l)(ﬂX Fpy +1=v) + Ly Zﬁ(j —s+v)

j=u i=1 j=u

Mg

sz (s—u—1) = Y H(j—1+v)],

<.
I
IS

oo j+1 00
ZZWS fj k+1/—1(s>2)gs|:1(u<s 2)(/~LX+2_1/ +1(u>s 1) Z ]_S+U

Jj=u k=1

+1(ugs,3)(s—u—2) Zf(j—l—l—y)},
ji=u
oo j+1
ZZW4 )fi- k+l/*1(s>2)79|:1(u<.s 9)(bx +2—v) + 1>, 1)ZFJ*S+ v)
Jj=u k=1 j=u

+1(u<é 3)S*U* Z ]71+V:|
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(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)



Inserting (4.44)-(4.52) into (3.18), we get
Aol
= g1 —0)(1—a)f.(s]0) [(1 —a)H(u+1)+ aﬁ(u)}
+ {Hhs +(1- G)fs} {(1 —)lyu<s—a)(s —u—1) + alyu<s—1)(s — u)}
(1 - f)a [ehs +(1-0) fs} [(1 — a)H(u) + oH (u — 1)}
+(1 = 0)a[p(1 = Ok, + ag, + po7.] [(1 = @) F(w) + aF(u—1)]
—p(1 = 0)1(,5a [9h +(1- 9)f8} { [1@3571)(% +py — 1)+ 1z Zﬁ(j —5+2)

oo

+1(u§52 s—u—l Z j+1:|

+201 (y<s—1) + (2 — @) |:1(qu)[—[(“/ —s+1)— F(u)}

+a? [1(u2s>ﬁ(“ —8) - Hu- 1)} }

+(1 - 0)1(822) |:p(]_49)hs+ q9s+ p073] { |:1(u§s—2),uX + 1(u2$—1) ZF(J — s+ 2)
j=u

Flicsg(s —u—2) =S F(j+ 1)]

+201 (s + (2 — @) [1<u23_1)F(u st 1) - F(u)}

+a? [1(@,1@“ —§)— F(u— 1)} } (4.53)

Therefore, we have the following result.

Corollary 4.4 For risk model (2.1), the probability function of the claim causing ruin satisfies

_ p UG P
f*(s\u)—l_a_p(MXJrW)jZ_gA (w—o(), s=12,..., (4.54)

where o(j) and Al (u) are defined in (3.20) and (4.53), respectively.

Again, for u =0,

AP0 ) — g1 - 01— a1 s10)
+(s—1+a) [(q +p0)[0hs + (1 — 0) f )+ (1 — 0)[p(1 — O)hs + qgs +p9~ys]} .
(4.55)
Combining (4.55) with (4.15) and (4.54), we have
(s = 1+ a)p|(a+p0) [0hs + (1 = 0) ]+ (1 = 6) [p(1 = O)h, + qg. + pO7.]|
f«(s]0) = . (4.56)

q(q+p9)(1 - a)

Remark 4.5 If 6 =1 and o = 0 in (4.56), then f.(s|0) = (p/q)(s — 1)hs which is equivalent to
the last relation in Pavlova and Willmot (2004). O
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Remark 4.6 All the formulae for the case of zero initial surplus, including (4.17), (4.30), (4.43) and
(4.56), can also be obtained directly from (3.13). The reason why we utilize (3.19) is to illustrate
the usage of Theorem 3.1. U
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