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1 Notations and preliminaries

The setting for this article is #-dimensional Euclidean space R"(n > 2). Let " denotes

the set of convex bodies (compact, convex subsets with non-empty interiors) in R"

We reserve the letter u for unit vectors, and the letter B for the unit ball centered at

the origin. The surface of B is S”". The volume of the unit #-ball is denoted by w,,.
We use V(K) for the n-dimensional volume of convex body K. h(K,-) : S*! — R,

denotes the support function of K e K% ie., for u[ S

h(K,u) = Max{u - x : x € K}, (1.1)

where u - x denotes the usual inner product u# and x in R™

Let 0 denotes the Hausdorff metric on K", i.e., for K,L € K",8(K, L) = |hx — hi|so
where | - |.. denotes the sup-norm on the space of continuous functions C(S™").

Associated with a compact subset K of R", which is star-shaped with respect to the
origin, is its radial function p(K,-) : S"—1 5 R, defined for ul s by

p(K, u) = Max{r > 0:Au € K}. (1.2)
If p(K; -) is positive and continuous, K will be called a star body. Let S” denotes the

set of star bodies in R". Let § denotes the radial Hausdorff metric, as follows, if K, 1l
§", then §(K, L) = |px — prl (See [1,2]).

1.1 L,-mixed volume and dual L,-mixed volume
If K, L € K" the L,-mixed volume V,(K, L) was defined by Lutwak (see [3]):

Vy(K,L) = % /S . h(L, u)PdSy(K, u), (1.3)

where S,(K, -) denotes a positive Borel measure on st
The L, analog of the classical Minkowski inequality (see [3]) states that: If K and L
are convex bodies, then
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V,(K, L) > V(K)"=Pmy(Lypin, (1.4)

with equality if and only if K and L are homothetic.
IfK, Le S" p > 1, the L,-dual mixed volume V_,(K, L) was defined by Lutwak (see
(4]):

, 1
V(K L) = / p(K,u)"™" p(L, 1) dS(u), (1.5
Sn—1

where dS(u) signifies the surface area element on §"tat u.
The following dual L,-Minkowski inequality was obtained in [2]: If K and L are star
bodies, then

V_p(K,L)" > V(K)™PV(L)?, (1.6)

with equality if and only if K and L are dilates.

1.2 Mixed bodies of convex bodies
If Ky,...,Ky,—1 € K", the notation of mixed body [Kj,..., K,, 1] states that (see [5]): cor-
responding to the convex bodies Kj, ..., K,_; € K" in R", there exists a convex body,
unique up to translation, which we denote by[Kj,..., K,.1].

The following is a list of the properties of mixed body: It is symmetric, linear with
respect to Minkowski linear combinations, positively homogeneous, and for
KieK"i=1,...,nL; € K"and A;> 0,

(1) Vl([1<1! ) I<n—1]! I<n) = V(I<1: weey I<n-1: I<n)!
(2) [1<1 + Ll: 1(21 ) Kn—l] = [[(b K2r ) I<n—1] + [le 1(27 oo I(n—l];
(3) [ﬂ‘ 1 K 19 oo ln»ll<n»l] = 2’1“' )‘n»l N [[<11 veer I<n»1];

(4)[\12..,K]=K'

n—1
The properties of mixed body play an important role in proving our main results.

1.3 Polar of convex body
For K e K", the polar body of K, K* is defined:
K'={xeR':x-y<1,ye€K}.
It is easy to get that

o(K,u)™" = h(K*, u). (1.7)

Bourgain and Milman’s inequality is stated as follows (see [6]).
If K is a convex symmetric body in R”, then there exists a universal constant ¢>0
such that

V(K)V(K*) > "w?. (1.8)

Different proofs were given by Pisier [7].

Page 2 of 5



Zhao et al. Journal of Inequalities and Applications 2012, 2012:90 Page 3 of 5
http://www.journalofinequalitiesandapplications.com/content/2012/1/90

2 Main results
In this article, we establish some new inequalities on polar duals of convex and star
bodies.

Theorem 2.1 If K, K3, ..., K,,.1 are convex bodies in R'and let L = [K3, ..., K,,.1], then
the L,-mixed volumes V,(K, L), V,(K* L), V,(B, L) satisfy

V(K, L)V, (K*,L) > V,(B,L)*. (2.1)
Proof From (1.1) and (1.2), it is easy

h(K,u) > p(K,u), KeK" (2.2)
By definition of L,-mixed volume, we have

1
V(KoL) = [ WK udsy(tin) 2.3)
Sn—l

and

1
Vp(K* L) = - / h(K*, u)PdS,(L, u). (2.4)
Sn—l

Multiply both sides of (2.3) and (2.4), in view of (1.7) and (2.2) and using the Cau-
chy-Schwarz inequality (see [8]), we obtain

n?V,(K,L)V,(K* L)

1
= h(K, u)?dS,(K, ..., Ku_1; /7ds Ki,....Ky_1;
\s/l (K, u)’dSy(Kq 1;U) oK 1) o (Kq 1;u)

n—1

2

IV

P
/ h(K,u)2 -%dSP(KI,...,Kn,l;u)
- p(K, u)2

> / dSp(Kl,...,Kn_l;u)
\gn—1
=n’V; (B, L).

Taking p = n - 1 in (2.1) and in view of the property (1) of mixed body, we obtain
the following result: If K, Ky, ...,K,—1 € K", then
V(K,Ky, ..., Ky )V(K*, Ky, ..., Ky) = V(B Ky, ..., Kn1)™ (2.5)

This is just an inequality given by Ghandehari [9].
Let L = B, we have the following interesting result:
Let K be a convex body and K* its polar dual, then

Vy(K, B)V,(K*, B) > w}. (2.6)
Taking p = n-1 in (2.6), we have the following result which was given in [9]:

W1 (K)Wyo1 (K*) > o,
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with equality if and only if K is an n-ball.
Corollary 2.2 The L,-mixed volume of K and K* V,(K, K*) satisfies

Vo(K*, K)" = won PV (K)2 ", 2.7)

Proof In view of the property (4) of the mixed body, we have
Vo(K, [K, ..., K]) = V,(K,K) = V(K).
Form (1.4) and taking for K; = K, = ... = K,,.,; = K in (2.1), we have
V(K)V,(K*, K) > V; (B, K)
2n=p) 2
>V(B) n V(K)n
2(n—p) 2p
=w, ™ V(EK)N.
Taking p = n-1 in (2.7), we have the following result:
V(K*K,...,K)" > «2V(K)" 2.
n—1

This is just an inequality given by Ghandehari [9]. The cases p = 1 and n = 2 give
Steinhardt’s and Firey’s result (see [7]).
V(K*,K,...,K)

—_——

n—1

A reverse inequality about was given by Ghandehari [9].

V(K K, ..., K)" < w?V(K)"2
N —
n—1

Theorem 2.3 Let K be a star body in R", K* be the polar dual of K, then there exist a
universal constant ¢>0 such that

VIKY" V(K" K)" = ("l)™, (2.8)

where c is the constant of Bourgain and Milman’s inequality.
Proof From (1.6) and (1.8), we have

n+p P
V_,(K*K) > V(K*) n V(K) n
n+p n+2p
= (VK)V(K) n V(K) n
n+p n+2p

> (Cwp) V(K)o
The following theorem concerning L,-dual mixed volumes will generalize Santalé
inequality.
Theorem 2.4 Let K| and K, be two star bodies, Kiand Kibe the polar dual of K, and
K, then there exists a constant c, L,-dual mixed volumes V_,(Ky, Ky)and
V_p(K1, K2)V_p (K%, K3) > "l satisfy

V_p(K1, K2)V_p(K%, K3) > " (2.9)

Page 4 of 5



Zhao et al. Journal of Inequalities and Applications 2012, 2012:90 Page 5 of 5
http://www.journalofinequalitiesandapplications.com/content/2012/1/90

Proof From (1.6), we have

n+p p

_ _= 2.10
V_p(Kl,Kz) > (Kl) n V(Kz) n, ( )
For Kj and K3, we also have
n+p P
V(K5 K 2 VKD 1 VIRS) . .

Multiply both sides of (2.10) and (2.11) and using Bourgain and Milman’s inequality,

we obtain
r P
Voo (K1, K2)V_p(K}, K3) = (V(K)V(KT)) n(V(K)V(K3)) n
n+p p
> () 1 (dwf) n
= "w?.

Taking for K; = K, = K in (2.9) and in view of V_,(Ky, K») = V_,(K, K) = V(K), (2.9)
changes to the Bourgain and Milman’s inequality (1.8).
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