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Abstract—TIn this paper, we investigate maximum mutual infor-
mation design for multi-hop amplify-and-forward (AF) multiple-
input multiple-out (MIMO) relaying systems with imperfect
channel state information, i.e., Gaussian distributed channel
estimation errors. The robust design is formulated as a matrix-
variate optimization problem. Exploiting the elegant properties
of Majorization theory and matrix-variate functions, the optimal
structures of the forwarding matrices at the relays and precoding
matrix at the source are derived. Based on the derived structures,
a water-filling solution is proposed to solve the remaining
unknown variables.

I. INTRODUCTION

It is well-established that the deployment of relays can
enhance the coverage of base station and improve the qual-
ity of wireless links [1]. With these benefits, cooperative
communication has been adopted as a standard transmission
technique in the future wireless standards such as LTE-A, etc.
Specifically, amplify-and-forward (AF) multiple-in multiple-
out (MIMO) relaying technology has received a lot of attention
of academic and industrial researchers [2]—[4].

Transceiver design for AF MIMO relaying systems, of great
importance for system performance, is widely studied [2]-
[5]. There are various design criteria with different goals.
The most commonly used criteria are capacity maximization
[2], [4] and data mean-square-error (MSE) minimization [3],
[4]. In most of the previous works, channel state information
(CSI) is assumed to be perfectly known. In practice, channel
estimation errors are inevitable because of limited length of
training sequences. To mitigate the negative effect of channel
estimation errors, robust designs are necessary for practical
applications.

For linear channel estimators, the estimation errors can be
shown to be random with Gaussian distribution [6]. Recently,
Bayesian robust transceiver design minimizing weighted MSE
for dual-hop AF relaying systems under Gaussian channel
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estimation errors has been reported in [6], [7]. On the other
hand, information rate maximization for dual-hop AF relaying
systems with imperfect channel state information (CSI) has
been addressed in [8].

In this paper, we take a further step. Maximization of mutual
information for multi-hop AF MIMO relaying systems is
investigated. Taking the Gaussian distributed channel errors
into account and based on Bayesian philosophy, the robust
design is formulated into a a matrix-variate optimization
problem. Using majorization theory and the elegant properties
of matrix-monotone functions, the optimal structures of the
precoder at source, multiple forwarding matrices at the relays
are derived first. Then a water-filling solution is given for the
remaining unknown variables.

The following notations are used throughout this paper.
Boldface lowercase letters denote vectors, while boldface
uppercase letters denote matrices. The notation Z" denotes
the Hermitian of the matrix Z, and Tr(Z) is the trace of the
matrix Z. The symbol I, denotes the M x M identity matrix.
The notation Z'/? is the Hermitian square root of the positive
semidefinite matrix Z, such that Z/2Z1/2 = 7 and Z/? is
also a Hermitian matrix. For two Hermitian matrices, C > D
means that C — D is a positive semi-definite matrix.

II. SYSTEM MODEL

In this paper, a multi-hop AF MIMO relaying system
is considered. There is one source with Ny antennas, one
destination with Mp antennas and K — 1 relays. The Eth
relay is equipped with M, receive antennas and Ny transmit
antennas. At the source, a N x 1 data vector s with covari-
ance matrix Ry = E{ss''} = Iy is transmitted through a
precoder matrix P;. The received signal x; at the first relay
is x; = HiP1s+n;, where H; is the MIMO channel matrix
between the source and the first relay, and n; is the additive
Gaussian noise vector at the first relay with zero mean and
covariance matrix R,,, = 02 gy

At the first relay, the received signal x; is first multiplied
by a forwarding matrix Py and then the resultant signal is
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transmitted to the second relay. The received signal xs at the
second relay is given by

x2 = HoPoxy + ny = HoPoH Pys + HoPony +ny, (1)

where Hs is the MIMO channel matrix between the first relay
and the second relay, and ny is the additive Gaussian noise
vector at the second relay with zero mean and covariance
matrix R,,, = 02 I,. Similarly, the received signal at k™
relay can be written as

xp = HpPrxp—1 +ny (2)

where Hj, is the channel for the k" hop, and ny, is the additive

Gaussian noise with zero mean and covariance matrix R,,, =
b |

O"Ilk My, -

Finally, for a K-hop AF MIMO relaying system, the re-
ceived signal at the destination is

y = Lf[lHkPk s+K21H ﬁ H,P,

k=1 l=k+1

nk} +ng, Q)

where Hlezk denotes Zy X --- x Z1. In order to guarantee
the transmitted data s can be recovered at the destination, it is
assumed that Ny, and M), are greater than or equal to NV [7].

In practical systems, because of limited length of training
sequences, channel estimation errors are inevitable [12]. With
channel estimation errors, we can write

H, = ﬁk —+ AHk, 4)

where Hy, is the estimated channel in the k" hop and AH}, is
the corresponding channel estimation error whose elements are
zero mean Gaussian random variables. Moreover, the M}, x Ny
matrix AHj can be decomposed using the widely used
Kronecker model AHy, = X1/ *Hy, /% [6], [7], [9], [10].
The elements of the M), x Nj, matrix Hyy, are independent
and identically distributed (i.i.d.) Gaussian random variables
with zero mean and unit variance. The specific formulas of the
row correlation matrix X and the column correlation matrix
W, are determined by the training sequences and channel
estimators being used [6].

At the destination, a linear equalizer G is employed to
detect the desired data vector s. The resulting data MSE
matrix equals to ®(G) = E{(Gy — s)(Gy — s)!}, where
the expectation is taken with respect to random data, channel
estimation errors, and noise. Following a similar derivation in
dual-hop systems [7], the MSE matrix is derived to be

®(G)

=E{(Gy —s)(Gy —s)"'}

= GHKPxR,, PLIHY + Tr(PxRy,  PLE )Tk

K H K

H H,P, H H, P,
k=1

+ R, JGH + 1y — Gl -G
k=1

’

®)

where the received signal covariance matrix Ry, at the Eth

relay satisfies the following recursive formula

R,, = H,P,R,, ,PIH! + Tv(P R,  PI®)Z, +R,,,
(6)

and Ry, = Rs = Iy represents the signal covariance matrix
at the source.

Xk—1 Xk—1

III. PROBLEM FORMULATION

Maximizing mutual information is one of the most im-
portant and widely used performance metric for transceiver
design. Denoting the received pilot for the channel estimation
as r, the channel capacity between the source and destination
is I(s; y|r) [13]. Unfortunately to the best of our knowledge,
the exact capacity of MIMO channels with channel estimation
errors is still open even for point-to-point MIMO systems
[10], [13]. To proceed, a lower bound of capacity is usually
exploited [8]

—log|®(G)| < I(s; y[r), )

where the equality holds when the CSI is perfectly known [2],
[11]. For imperfect CSI, the tightness of this bound is exten-
sively investigated in [10], [13]. Based on this lower bound, the
robust transceiver design maximizing mutual information can
be replaced by minimizing the following objective function
[10]

g log|®(G)]

st. Tr(PyRy, P <Py, k=1,--- K (8)

where the objective function log|®(G)| is a real-valued
matrix-variate function with ®(G) as its argument. Further-
more, log|®(G)| is a matrix-monotone increasing function
[14].

For (8), there is no constraint on the equalizer G. We can
differentiate the trace of (5) with respect to G and obtain the
LMMSE equalizer

H
[HxPxRy, PRAL

K
] f5:Ps
k=1
+ Tr(PxRy, ,PRU)SK +R,]7L (9

GLMMSE =

with the following property

®(Grmuse) < @(G). (10)

Because log|®(G)| is a matrix-monotone increasing function,
(10) implies that Gryvse minimizes the objective function
in (8). Substituting the optimal equalizer of (9) into ®(G) in
(5), ®(G) equals to

H

K
Pusy = In — [H H,Py| [HxPxRy, PrHy

k=1

K
+ Tr(PxRy, PR Sk +R,, ]! [H H,P),
k=1

(1)
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For multi-hop AF MIMO relaying systems, the received
signal at k' relay depends on the forwarding matrices at all
preceding relays, making the power allocations at different
relays couples with each other (as seen in the constraints of
(8)), and thus the problem (8) difficult to solve. In order to
simplify the problem, we define the following new variable in
terms of Py.:

F, 2 PkKlF/jl
x (Kp PHy F o FIL AL KL 41y, )2

A
=101

12)

where Kp, £ Tr(F,FJ®,)%, + o2 I,,. Notice that

F, = P;. With the new variable, the MSE matrix ®ysg

is reformulated as

K H

PysE = Iv — H 1_1,21/21(1;;/2P_I;€F,C
k=1

K
<[] 1, PKg P HFy
k=1

2A,

=Iy-— Al A% AL .. AL (13)
Meanwhile, with the new variables Fj, the corresponding
power constraint in the £ hop can now be rewritten as

Ti(FFY) < P (14)
It is obvious that with the new variables F'}, the constraints
become independent of each other. Putting (13) and (14) into
(8), the transceiver design problem can be reformulated as

P1: min log|lIy —©
Fr Q. glIn \

st. @=A'.. AN AL A

Te(FyF) < Py, k=1,---, K. (15)

From the definition of Ay in (13) and noticing that Ky, =
Tr(FFIWw, )3, + aZkIMk, it can be seen that F; appears
at multiple positions in the objective function. Therefore, the
optimization problem is much more complicated than the
counterpart with prefect CSI. Indeed, as demonstrated by
existing works, robust transceiver design for point-to-point or
dual-hop relaying MIMO systems is much more complicated
and challenging than its counterpart with perfect CSI [6], [9],
[10].

IV. OPTIMAL STRUCTURE OF ROBUST TRANSCEIVER

The objective function of (15) can be directly replaced by a
function of A(®) = [A\{(®), -+, An(©)]T, where the symbol
Ai(Z) represents the i'" largest eigenvalue of Z. Thus the

optimization problem becomes

P 2: mi A(© M Jog(1 = \i(©
s min gA®O)] = log(1 - Xi(O))
st. ©@=A... AR AL .. A

Tr(FiF)) < P (16)

where Aj’s are defined in (13). In order to further simplify
the optimization problem, we make use of the following two
additional properties.

Property 1: As g(e) is a decreasing and Schur-concave func-
tion, the objective function in P 2 satisfies

9g(A(©)) > g(m(®) ---w(O)]") (17)
2v(©)

with ~;(©) £ /\i(AII{{AK))\i(AI[{(_lAK—l) e )\i(Ai{Al)’

(13)

where the equality in (17) holds when the neighboring Ag’s
satisfy

Va, =U4s, ,, k=2,--- K. (19)

In (19), unitary matrices U 4, and V 4, are defined based on
the singular value decomposition (SVD) A, =Uyx, A Akvgk
with A4, \.

Proof: See Appendix A. B

Notice that the achievement of equality in Property 1 does
not affect the constraints in P 1, as (19) in Property 1 only
needs to introduce several unitary matrices from F’s while
the constraints of F’s in P 1 are unitary-invariant.

As g(e) is a monotonically decreasing function with re-
spective to its vector argument, the optimal solutions of the
optimization problem P 2 always occur on the boundary
Tr(FFI) = Py [7]. Notice that this coincides with intuition,
but intuition cannot be used as theoretical basis. Everything
should be carefully proved.

Property 2: Defining

N £ Tr(FkFII;I‘I’k)ak + 0?2%- 20)

with a, = Tr(Xy)/M), which is a constant, Tr(F,Fil) = P,
is equivalent to

Te[FyF} (anPe ¥y + o), In,)]/np, = P

Proof: See Appendix B. B

Based on Properties 1 and 2 , the optimal solution of
the optimization problem (16) is exactly the optimal solution
of the following new optimization problem with different
constraints

P 3: min  g[y(O)]

21

st Tr[FRF (e Pe®s + o2 In)] /0 = D
©=A' . AtAx. .. A

Va,=U,, ., k=2,--- K. (22)

Noticing that g(e) is a monotonically decreasing function,
solving P 3 gives the following structure for the optimal
solution.
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Conclusion 1: Defining unitary matrices Uy, and Vg,
based on the following SVD

(Kr, /)" PHi(an Py + 02 Iy, ) V% = Usg Ay, VY,
with Agg, N\, and Ug, = Upyp, (23)

when W, o« I or ¥, o< I, the optimal solutions of the
optimization problem (22) have the following structure

Fropt = VE(AF, ) (0 Pe®y + 02 In, )"/ *Vay, NAF,
xUg, |~ (24)

where V4, v and U, n are the matrices consisting of the
first N columns of V4, and Uy, respectively, Uap, is an
arbitrary N x N unitary matrix and Az, is a N X N unknown
diagonal matrix. The scalar £, (A, ) is a function of A, and
equals to

& (Ax,) =0p, {1 — o Tr[Viy, y(ePo®y +0p Iy, )" /?

X U (nPe®y +0p, Ing) Vo, nAF 1} =1,
(25)

Proof: See Appendix C. B

In the optimal structure given by (24), the scalar variable
&,.(Ax,) is only a function of the matrix Az, and therefore
the only unknown variable in (24) is Az, . The remaining
unknown diagonal elements of Az, can be obtained by water-
filling alike solution as discussed in the next section.

Remark:

(a) From Conclusion 1, it can be seen that with channel
estimation errors, the optimal transceiver structure is totally
different from its counterpart with perfect CSI [5]. The results
given in [5] cannot be transferred to our proposed solution.
Even for point-to-point MIMO systems, the robust transceiver
design with column correlations is derived lately based on a
complicated discussion from KKT conditions [10].

(b) We also want to highlight that the design with perfect CSI
is a special case of the proposed robust design. With perfect
CSI, the main difference between our work and the pioneering
works [4], [5] is that we do not need a common rank constraint
on the all transceiver matrices, which is a prior condition of
the proofs in [4], [5].

(c) The formulation of the optimization problem P 1 reveals
the relationship between AF MIMO relaying systems and
traditional point-to-point MIMO systems. It is obvious that
a point-to-point MIMO system is a special case of the consid-
ered AF MIMO relaying system.

(d) The formulations given by this paper can be directly
extended to multi-user cases by changing the transceiver
matrices into block diagonal matrices.

V. COMPUTATIONS OF A £,

Based on the optimal structure given by Conclusion 1, the
optimization problem (22) can be written as

25

20

Sum-rate (Bits/s/Hz)

—O— The proposed robust design
—— The algorithm based on estimated CSI only

51‘0 1‘5 2‘0 2‘5 3‘0 3‘5 40
SNR (dB)

Fig. 1. Sum-rates of a three-hop AF relaying system when o« = 0.6 and

( [Ty 203, )
Tl (f2,h2,+1)

N
no ) lo
N

s.t. Zf,“_ . (26)
=1

Because this optimization problem is nonconvex, there is no
closed-form solution [15] and therefore an iterative water-
filling algorithm can be used to solve for f, ; with convergence
guaranteed. More specifically, when f; ;’s are fixed with [ # k,
fx,i 1s computed as

, 1 [ + \/a%yi +4(1 — ag,i)ag,ihi i/
MR, 2(1 — ag,)
with ag; = [[ f2h2,/(Fhi +1) 27)
1#£k

where i, is the Lagrange multiplier which makes Zf\il f,fz =
Pk hold.

VI. SIMULATION RESULTS AND DISCUSSIONS

For the purpose of comparison, the algorithms based on the
estimated channel only (without taking the channel estimation
errors into account) are also simulated. In the following,
we consider a three-hop AF MIMO relaying system where
all nodes are equipped with 4 antennas. Furthermore, the
estimation error correlation matrices are chosen as the pop-
ular exponential model [7] ie., [¥4);; = o2l and
[£]i; = Bl"9l. are chosen based on the popular expo-
nential model [7], [9], and Jg denotes the estimation er-
ror variance. The estimated channels Hj’s, are generated
based on the following complex Gaussian distributions Hj, ~
CNat, v, (Oas, ny s (1 — 02) /028, @ W), such that channel
realizations H;, = Hj, + AH;, have unit variance. We define
the signal-to-noise ratio (SNR) for the k' link as P/ J%k

Fig. 1 shows the sum-rates resulting from the proposed
algorithm and the algorithm based on estimated CSI only with
different SNRs (SNR = Py /o7 k) It is assumed that the SNRs
at various hops are the same. The correlation coefficients in
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the channel estimation errors are taken as o« = 0.6 and 3 = 0.
It can be seen that the performance of the proposed algorithm
is better than that of the corresponding algorithm based on
estimated CSI only. Furthermore, as the estimation errors
increase, the performance gap between the two algorithms
becomes larger.

VII. CONCLUSIONS

Maximum information design for multi-hop AF MIMO re-
laying systems under Gaussian distributed channel estimation
errors was considered. Using majorization theory and the prop-
erties of matrix-monotone functions, the optimal structure of
transceivers was derived. Then, the transceiver design problem
was significantly simplified and the remaining unknowns were
obtained by an iterative water-filling solution. The perfor-
mance advantage of the proposed design was assessed by
numerical results.

APPENDIX A
PROOF OF PROPERTY 1

First notice that for two matrices A and B with compatible
dimension, A\;(AB) = X\;(BA) [14, 9.A.1.a]. Together with
the fact that for two positive semi-definite matrices A and B,
[T, M(AB) < TT_, Mi(A)\(B) [14, 9.H.1.a], we have

k
[TriAT -
=1 i
<[] rA¥
1=1

Repeating this process we have the following inequality
k
H Ni(AY - AR

k
H (AR AN (AR A ) aAlAy).

AI;I(AK~~~A1)

AL Ak - A)\(A AT, (28)

A Ay)

£7i(®)
(29)
This is an important and useful conclusion for transceiver

design for AF MIMO relaying systems.
Based on (29) and 5.A.2.b in [14], we directly have

AAY - AR A - Ar) <0 [11(©) 12(©) - (O)]"
(30)
with equality holds if and only if the neighboring Ay’s satisfy
VAk:UAk,1) szva (31)

where U4, and V4, are defined based on the SVD A; =
UAkAAngk with AAk, \,

As g(e) is a decreasing and Schur-concave function, it can
be concluded that [14]

gA(®)] > g[v(©)],

where v(©) = [11(©) ---
if and only if (31) holds.

(32)
v (©)]T, and with equality holds

APPENDIX B
PROOF OF PROPERTY 2
Defining 7y, = oy, Tr(FFIW,)+02 | when Tr(F,Fl) =
Py, we can write

ng?

Wfk = OékTI‘(Fka \I’k) + O',Lk
= Tr(FpFy ) + op, Te(FFY)/ Py
~—— —

=1

= TI‘(Fka (apP®y + O’ I))/Pk, 33)
based on which it can be directly concluded that
Tr[FyF} (o Pu ¥y, + 0 D)) /np, = Py (34)

On the other hand, when Tr[FyFl(apPP) +
> I)]/np, = Pi, with the definition of 7y, we have

Te[FF (ar Pe®y, + 02 1)) = o B Te(FRF LWy + 02 Py,

(35)
which means Tr(F,F}) = P.
APPENDIX C
PROOF OF CONCLUSION 1
Problem reformulation: Note that
K HigH1o — 113
N(FoH KL H.F
( kAL Bp ik k) (36)

71(6) = = 11 )
kl;[l 1+ X\ (FIHIKE 'HLFy)

based on which ~;(®) is a function of A(F}H} Kz H,Fy).
Unfortunately, F;, appears in multiple positions. In particular,
Ky, is a function of Fj, which complicates the deriva-
tion of optimal solutions. In order to simplify the problem,
AFPHI K, 'HF}) is reformulated as
)\(FHFIHK*I_{;CF;C)
=AFY (P + op Iny )" VPH (K, /1y,) 2
x (Kr, /np,) P He(ar Pe®y + oy, Iy, )"V Fy], (37)

2,
where f‘k is defined as

= 1/‘/77fk (akpk‘:[’k + U?LkINk)lka.

The right hand side of (37) is easier to handle than the left
hand side. This is becguse when W, o< Iy, or Xj o< Iy,
H i, is independent of F,. In the following, we will prove this
in detail.

It is obvious that H, being independent of Fy, is equivalent
to Ky, /7y, being independent of Fy,. First consider ¥y o
Iy,.ie., ¥, = Bily,. With the definitions of Kg, in (12)
and 7y, in (20), Kg, /15, equals to

(38)

KFk- /Ufk
=Bk T (FFi) e + o, 1), 1/ [Bran Te(FLFy) + o7
P 2
Br Py o T T, (39)

+
akﬁkpk + O-nk ak/BkPk: + U’nk
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where the second equality is based on the fact that
Tr(FkFI,j) = Pi. On the other hand, when X, o I, (e,
3 = aplay), Kr, /0y, equals to

KFk /Wfk
=[a Tr(FpF W)Ly, + o2 In,]/[an[Tr(FRFL®,) + o7 ]
=Iy,. (40)

Therefore, when Wy o< Iy, or X; oc Iny, Kg,/ny, is
independent of F.
Using the substitution (38), the optimization problem (22)
is reformulated as
min  g[y(©)]
Fy
- ﬁ \i(FUHH,EL)
S+ N (FEHIHLF)
®::A§~~A§AK~«A1
Ay = (MG FoFIHE + 10 ) V231, Fy,,
Ua, =Va, ,, k=2, K

Tl"(ﬁkﬁg) = Pk,

s.t. '71'(6

(41)

where U 4, and V 4, are defined based on the singular value
decomposition Ay, = U:AkAAngk with A~Ak N

Structure of optimal F;: For the optimal Fj, denoted as
Fkyopt, based on the following singular value decompositions

HiFropt = Unpy Anr, Vi, with Apg, N\ (42)
Hi = Usp Az, Vi, with Agg, N\, (43)

we can construct a matrix Fk
Fi =V, Ax, Vi, (44)

where Ax, is an unknown diagonal matrix with the same rank
as Apr, and Ay, Ax, /b= Apg,., and the scalar b is chosen
to make Tr(F,Fl) = Py hold.

Because Hj is independent of unknown variable, using
Lemma 12 in [11], we have

FEHI};IHka > Fg’optﬂgﬂkﬁk,opt 45)

Taking  eigenvalues of both  sides, we  have
N(FIHEHFL) > N (FY M HeFrop) [14]. Since
~i(®) is an increasing function of &(f‘g’]—t?%kf‘k),
we directly have that ¥(®lg _5 ) > 7(@\15)6:]}&@).
Furthermore, as the objective function g(e) of
(41) is a decreasing function, we finally have
gy®Olg, 5 < ghv(Olg, 5, )] Because Fjop

is the optimal solution, F, ,,¢ must be in the form of F..
Therefore, the structure of optimal F is given by (44)
Fk,opt - V’Hk, AXkVHMk

Notice that Vs, is still unknown. Substituting Fk,opt into
the definition of Ay in (41), we have Vs, = Qr_1Uy,_,.
It can be seen that the value of Qj does not affect the
value of ® in optimization problem (41). Without loss of

generality, it is set as Qg opt = Ing,. As a result, Vg, =

Uy, , and Vg, = Ugq. For the considered system model,
Rank(Ax,) < N, and thus only the N x N principal
submatrix of Ax, can be nonzero, which is denoted as A r, .
In summary, f‘k,opt has the following structure

Fropt = V’H,k,NA}'kU}i{-Lk,hN (46)

with Uy, = Uq.
Structure of optimal F: Based the relationship between F,

and Fy, given in (38),
Fropt = VN1 (ax Py + JZkINk)_1/2Fk,opt~ 47

Putting the structure of Fy op¢ in (47) into 7y, in (20), and
7y, can be solved to be

np =02, {1 - Te[Viy, n(anPe¥y + o2 In,) /20,

X (g Py ¥y + UikINk)_l/QVHk,NA.?Fk]}'
(48)

As in (48) ny, is a function of Az, , it is denoted as 7y, =
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