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Multi-objective optimization for a conventional suspension
structure
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Abstract—This paper investigates the multi-objective opti-
mization of ride comfort, suspension deflection and tyre grip
performance measures for a conventional suspension structure
by deriving the analytical solutions for a quarter-car model.
The optimization results are compared with two other con-
figurations, one having the same complexity in construction
but employing an inerter while the other being the simplest
suspension network with one damper and one spring only. The
motivation is to investigate the possibility and situations where
the inerter can be replaced by some cheaper element such
as the spring. The results show that for a low static stiffness
and in the situations that ride comfort is less important than
suspension deflection and tyre grip (such as race cars), the
considered structure would be a reasonable alternative for the
one employing an inerter.

Index Terms— passive vehicle suspension; quarter-car model;
inerter

I. INTRODUCTION

Vehicle suspensions play a major role in a vehicle system
and decide the overall vehicle performance like ride comfort,
vehicle safety and handling. Generally, suspension systems
can be divided into three categories, namely, passive sus-
pension systems, semi-active suspension systems and active
suspension systems. The advantage of the passive suspension
system is its simplicity and low energy consumption.

Inerter is a recently proposed concept and device with the
property that the applied force at the terminals is proportional
to the relative acceleration between them [6, 12]. The inerter
extends the class of mechanical realizations of complex
impedances compared to the ones using only springs and
dampers and has been applied to various mechanical systems,
including vehicle suspensions [2, 13], motorcycle steering
systems [7] and building vibration control [15]. It has also
rekindled interest in passive network synthesis [1, 3-5].

The advantage of using the inerter for some performance
requirements has been well demonstrated. However, since
the performance optimization for a vehicle suspension is a
compromise among a number of factors such as ride comfort,
suspension deflection and tyre grip and for different kinds of
vehicles, the requirements for suspension are different, for
example, it is reasonable to improve tyre grip and suspension
deflection performance at the cost of ride comfort for race
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cars. The problem that in which situations the inerter is not
essential for suspension performance or the inerter can be
replaced by other mechanical elements such as springs has
not been considered, but such an issue is important since
inerter is more expansive and complex to construct.

This paper investigates the multi-objective optimization of
ride comfort, suspension deflection and tyre grip performance
for a conventional suspension structure, which has been used
in [8]. After deriving the analytical solutions for a quarter-
car model and comparing it with the simplest suspension
structure [10, 13] and one having a similar complexity but
employing an ineter [10], the conditions where the considered
structure would be an alternative choice compared the one
with inerter are obtained and some general guidelines for
practice are highlighted.

The rest of the paper is organized as follows: Section II
introduces the relevant background on suspension structures
and performance measures. Section III derives the optimal
performance measures for ride comfort, suspension deflection
and tyre grip individually for the considered conventional
structure. Section IV investigates the multi-objective per-
formance optimization and compares the three structures
considered. Conclusions are drawn in Section V.

II. VEHICLE MODEL, SUSPENSION NETWORKS, AND
PERFORMANCE MEASURES

The quarter-car model presented in Fig. 1 is the simplest
model for suspension design. It consists of a sprung mass
mg, an unsprung mass m, and a tyre with spring stiffness
ky [11]. Here, the suspension strut supplying an equal and
opposite force on the sprung and unsprung masses is a passive
mechanical admittance Q(s). The equations of motion in the
Laplace domain are:

mes’s, = F,— sQ(s)(2s — Zu),
sQ(8)(2s — 2u) + k(2 — Z4)-

Fig. 2 is the suspension configuration under consideration,
which is also a conventional suspension layout employed in
[8]. The configuration contains a ‘center spring’ k; [13] and
a ‘relaxation spring’ ko [9]. The static stiffness is

K=k+ (k' 4+ k)™t (1)

The configurations C'y and C's shown in Fig. 3 are used for
comparison. Cs is the simplest layout and has been discussed
in [10, 13]. Cs is the S5 layout in [10], which is similar to
the considered structure but employing an inerter.

mus22’u =
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Fig. 1.

The performance measures used in this paper are discussed

in detail in [1, 14]. For ride comfort, we use the root-means-

square (rms) of body vertical acceleration in response to road
disturbances, defined as J; as follows

A quarter-car vehicle model.

1

J1=2n(Vk)2|[sTs, -z, |2,

where V' is the speed of the car, x is the road roughness
parameter. 73 _,; denotes the transfer function from the road
disturbance Z,. to the displacement of the sprung mass Z4 and
| ||2 is the standard Hs norm. The rms suspension deflection
parameter Jo is defined as

Jy = 2m(VK)?

7TZA7'_>(25_£1L)
§ 2

The rms tyre grip parameter Js is defined as

Js = 2m(VE)?

1
gTéT—”W (511, _27‘)

The parameters for the quarter car model and performance
measures in this paper are (unless otherwise stated): mg =
250 kg, k; = 150 kNm™!, k = 5 x 1077 m3cycle !, V =
25 ms~! and m, = 35 kg or 20 kg. Throughout the paper,
F, is equal to O since here we are only interested in the
responses resulting from the road disturbances.

III. OPTIMIZATION OF J;, Jo AND J3 INDIVIDUALLY FOR
THE CONSIDERED STRUCTURE

In this section, we derive the analytical solutions of optimal
C1 for Jy, Jy and Js respectively in the approach of [10].

An analytical expression of the Hs-norm of the (stable)
transfer function G(s) can be computed from a minimal
state-space realization G(s) = C(sI — A)"'B as ||G||2 =
(CLCT)'Y/2) where the matrix L is the unique solution
of the Lyapunov equation AL + LAT + BBT = 0. The
performance measures are given by J; = 2n(VkH )1/ 2
where H = CLC”. We evaluate H algebraically as follows.

A. Jy optimization results

Let mg, m,, k; be fixed and positive. K is the static
stiffness shown in (1). Then

He, g, (K1, kay e, K) = cie+ cac ™, 2

SRR

C, C;

Fig. 2. The conven-
tional configuration.

Fig. 3. The comparison configurations.

where ¢; = d1k52 + dz(kl + kg)il + dgkg(kl -+ kg), Coy =
dy(k1 + ko)?ky %, and

ke K2 Kk, k
dy = d2:m7§’d3:27m§’

(my + ms)K?
2m?2

2m2’ di =

For any K > 0, the minimum of H¢, j, is achieved with

1/2
kyl=0, 6= (m“+m> K. 3)
ki

The result is consistent with the conclusion of [10] that
the relaxation spring itself is not an advantage for ride
comfort. When considering the ride comfort performance
alone, the optima of C'; and C5 coincide, while for mixed
performance measures discussed in Section IV, the relaxation
spring should not be neglected.
B. Jy optimization results

Let mg, m,, k; be fixed and positive. K is the static
stiffness shown in (1). Then

He, g, (1, ko, ¢, K) = erky *c + ea(ky + k2)?ky 2™t (4)
where e; = k;/2 and eo = (ms + m,,)/2. For K > 0,
min He, 7, = 0 with ky; ' =0 and ¢! = 0.
C. J3 optimization results

Let mg, m,, k; be fixed and positive. K is the static
stiffness shown in (1). Then
Hey gy (k1 ke, ¢, K) = csc + cac™ &)

where c3 = a1k§_2+a2(k1+k2)71+a3k§(k1 +l€2)72, cy =

a4(k1 + k‘2)2k‘g , and
2 72
muK kt mukt 2
= 2K — 2Kk
“ 2m?2 2my ( t)
+kt(K2 — Kk + k?)
2 b
Kkym? 2Kkymy, — k?my, 1
ay = t;nu+ ¢ £ +Kkt**kt27
ms Mg 2
(M, + M) ky
az = o,
2m?
- (m3 +m3)K?  m2(3K —2k)K
2m?2 2my
ma(3K? — 2Kk, + k?)
5 .
Denote Ko = % For K > Ky, min He, j, =
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2(azaq)'/? for ky = 0, k52 = 0 and ¢ = (as/a3)"/?. The
network is effectively reduced to C5. For K < Ky, the unique

ays(4aza; —a3)

1/2
" ) and the minimum

minimum of Hc¢, j, is (
is achieved with

2a a c 1/2
>—a—1, klz—(2k§+k2), c=(2) . (6)
2

k
2 2(11 C1

From the analytical solution of J3, C performs better than
C5 for K < Kj. The result is shown in Fig. 4.

IV. MULTI-OBJECTIVE PERFORMANCE OPTIMIZATION

We have obtained the analytical expressions of C for op-
timal J;, J2 and Js, respectively. The analytical expressions
of C5 and C3 for optimal J; and J3 are obtained in [10]. J
performance measure for C5 and C'5 can be derived similarly
to the Cy case. The analytical expressions of Cy and C'3 are
shown below.

Heyy, = dac+dyct, (7)
Heyy, = (ds+dsb™' +dgb™?)e+ ((dr +dsb™" +
dob™2)k? — (ds + 2dgb™ )k +dy)c™t,  (8)
Heygy = esc )
He,y, = esb 2+ ((eab ™ +esb 1 )k? —2e3b 'k
+eg)c (10)
He,py = asc + agc”t, (11)
He,;, = (az+ashb ' +agb?)c+ (a7 +agb™ +
agh™)k? — (a5 + 2a6b™ )k + aq)c™, (12)
where
(my +mg) K (ms +my)2K? + kym?K
ds = -— 5 , de = 5 )
m2 2m2k;
& = My, + Mg dg = _2(ms +my)2 K +m2k
2m?2 "’ 2m2k; ’
4y — (Mg +my )2 K? + 2m2(mg + my )k K + mik‘f7
2(mgky)?
o — K(my +mg)? + kym? o m?2
2Kk, Y A
o — (Mg +ms) K2 + 2(my + mg)kem?K + k2m?
9K 2k? 7
P — (M +mg)3 K + mymg(ma, +mg)ky
m2 ’
- (Mmy +ms) K2 + (my +mg)?(ms — 2my )msk K
2m2k,
m2ky (mg +my)?
9 T T omz
. — —2(my + M) K + mg(my, + mg)?(2m., — mg)ky
5 2m2ky
ag = w((mu +mg) K2 4 2mg(my + mg)?(ms

2m2k?

—m )k K+ (M2 — mamy, +m?)(mske)?).

b

tyre grip performance measure for C1 and C2

] 1 2 3 6 7
static stiffness K (kN/m)(x 10%)

Fig. 4. J3 performance for C1 and Cb.

A. Mixed performance of J1 and J

We now derive the global optimum for a combined mea-
sure Hoi12 = (1—a)He, 5, +am?He, 5,, where o € [0, 1]
is a weighting between J; and .J. The scaling factor m? is
inserted to approximately normalize the measures.

1) Mixed performance of Jy and Jo for Cy: Let mg, my,
k; be fixed and positive. K is the static stiffness in (1).
Consider the mixed performance

Heya (ki koye, K) = (1 —a)He, g, +am2He, gy, (13)

where Hc, 5, and H¢, j, are given by (2) and (4). For any
fixed K and «, He,.1,2 has a unique minimum with

(1 —a)ds + am?es 1/2 1
B ( (1—a)ds > -
The optimal mixed performance of J; and J, for C requires
ky L' =0, then C; reduces to C5 and gives no improvement
compared with Cj.

2) Mixed performance of J1 and Js for Cy: Let myg, my,
k; be fixed and positive. K is the static stiffness in (1).
Consider the mixed performance

ky'=0, ¢

ch§172(cv K) = (1 - Q)HCQJl + OémiHCQJza (15)

where Hc, s, and Hc, s, are given by (7) and (9). For any
fixed K and o, Hc,.1,2 has a unique minimum with
B (1 — a)dy + am?e, 1/2
© - ( (1—a)ds ) '
3) Mixed performance of Jy and Js for C3: Let myg, my,
k: be fixed and positive. Consider

Hegio = (1—a)Hey g, +am?Hey g, = fic+ fac™t, (17)

(16)

where He, 5, and He, s, are given by (8) and (10),

fi = (1—a)(dz+dsb ' +dsb™?) + am?esb 2,
f2 tak® + t1k + to,
where
ty = (1—a)(dy+dgb™ ' + dob™?)
+am?(esb™? +esb 1),
tq —(1 —a)(ds + 2dgb™ ) — 2am?esb™*,
to (1 — a)dy + am?es.
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For any fixed K and «, Hc,.1,2 has a unique minimum by

b =10 and
1/2
k:—t—l and ¢ = (f2> . (18)
f1

Let Q be the set of real positive solutions of function
obtained by substituting (18) into (17) and differentiating
with respect to b=, With by = WZT—W, b is given
by bg or Q((0,bp).

4) Numerical example: We simulate the cases with static
stiffness K = 15, 35, 55 kNm™1, respectively. Fig. 6 and
Fig. 7 are given by m, = 35 kg.

Fig. 5 shows that the performance difference is decreasing
with increasing static stiffness. The use of inerter (C'3) can
improve ride comfort performance greatly compared with C
and C5, which is shown in Fig. 6. However, as Fig. 7 shows,
C:1 and Cy requiring less suspension deflection than Cj
does. In some situations that the suspension travel distance
is limited or suspension deflection is more essential than ride
comfort performance, C; and C5 are better.

B. Mixed performance of J1 and Js

In this section, we derive the global optima for a combined
measure Heiq3 = (1 — a)m2He, , + aHg, j,, where a €
[0,1] is a weighting between .J; and .J3. The scaling factor
m? is inserted to approximately normalize the measures.

1) Mixed performance of Jy and J3 for Cy: Let mg, my,
ks be fixed and positive. K is the static stiffness in (1).
Consider the mixed performance

HC1;1,3 = (1_a)m§HC1J1 +aHC1J3 = f30+f4c_la (19)

where
f3 = ((1 —a)m?d; + aal) ks + (1 — a)m2dy +
aas)(ky + ko)~ 4 (1 — a)ym?ds +
aaz)ks (k1 + k)72,
fa = ((1 — a)m?dy + aa4) (k1 + k2)2k§2.
Denote
K - akymg(2my, + my)
2(m2 + 2am,ms + am?)’
Ky — 2 (m2di(1 — @) + aay) -

m2ds (1l — a) + aas

For K > K1, H¢, 1,3 has a unique minimum given by

kyt=0, c= (1 — a)m2dy + aay\'/?
2 ’ (1 — a)m2ds + aas

For K < K1, Hc,.1,3 has a unique minimum given by

f4 1/2
ke > Ky, c= () R
fs

(m2da(1 — ) + aag)k2
2(m2d; (1 — «) + aay)
(2m2d; (1 — a) + 2aay ko

T amidi(i—a)taa) 20

ko= —

—C1 and C2,K=15 km
2.4 ——C3,K=15 kN/m, mu=35 kg
---C1and C2,K=15 kN/m, mu=ZD kg|
—+—C3, K=15 kN/m, mu=20 kg
—C1 and C2,K=35 kN/m, mu=35 kg|
——C3,K=35 kNim, m, =35 kg
---C1and C2,K=35 kN/m, m, =20 kg
—-C3, K=35 kN/im, m =20 kg
——C1 and C2,K=55 KN/m, m =35 kg
& | C3K=55KkN/im, m =35 kg
---C1 and C2,K=55 KN/m, m =20 kg
—»-C3, K=55 kN/m, m“=20 kg

2 4 6 8 12 14 16

10
suspension deflection (x 107%)(m)

Fig. 5. Mixed J1 and J2 performance measure.

81

Fig. 6. J; performance. Fig. 7. Jo performance.

2) Mixed performance of Jy and Js for Cs ([10, Propo-
sition 13]: Let mg, my, k; be fixed and positive. Consider

Heyas = (1—a)mlHe, s, + aHe,y,, (21)

where Hc, s, and Hc, s, are given by (7) and (11). For any
fixed K and o, H¢,.1,3 has a unique minimum with

B ((m§d4 —ag)a— mfd4>l/2

(m2ds — ag)a — m2ds

3) Mixed performance of Jy and Js for Cs ([10, Propo-
sition 17]: Let mg, my, k; be fixed and positive. Consider
Heyns = (1—a)miHe,y, +aHle,y, — (22)

Define k = —’Z;ZZL and ¢ = (Cpum/Cden) /%, v = m;? and

2((vas — dg)a+ dg)b™" + (yas — ds)a + ds,

2(((vao — do)a + do)b™> + ((yas — ds)or +

ds)b™' + (yar — dr)a + dr),

Cnum = ((yag — do)k*b™2 + (((yas — dg)ox + dg)k?
+2((dg — vag)o — dg)k)b™ + ((var — dr)ax
+d7)k? + ((ds — yas)a — ds)k + (asy —
dy)a+ dy,

caen = ((vas —dg)y +de)b2 + ((vas — ds)a +
ds)b™t + (azy — d3)a + ds.

knum

kden =

Let Q be the set of real, positive solutions of the equa-
tion obtained after substituting (8) and (12) into (22) and
differentiating with respect to b~!. For any k& > 0, the
minimum of H¢,.q,3 is achieved with k, ¢ above and b =
—pmeget = borbe QN (0,by).

4) Numerical results: We simulate cases with static stiff-
ness K = 20, 55, 75 kNm™!, respectively. Fig. 9 and Fig. 10
are given by m, = 35 kg.

At low static stiffness, C7 performs better than Cs as
shown in Fig. 8, but tends to coincide with C5y with increasing
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static stiffness, which can be explained by the expression of
optimal H¢, .1 3. There exists a critical point of static stiffness
K, for the global optimization of H¢,.1,3 and for K > K,
C1 reduces to Cy. From Fig. 9, (' has no advantage for ride
comfort for both low and high static stiffness compared with
Cs3. However, for tyre grip performance, C'; does better than
C5 and C'5 do at low static stiffness, as shown in Fig. 10. In
summary, the use of inerter (C3) has a considerable advantage
both in ride comfort and tyre grip performance in general,
especially for a high static stiffness. However, if one is more
concerned about tyre grip performance (like race cars) for
a low static stiffness, C'; would be a good alternative, since
spring is cheaper and easier to construct than inerter.

C. Mixed performance of Jo and Js

We now derive the global optima for a combined measure
HCi;Q,S = (1 — a)mzHCiJQ + OéHCiJ?, where o € [0, 1] is a
weighting between Jo and J3.

1) Mixed performance of Jo and J3 for Cy: Let mg, my,
k; be fixed and positive. K is the static stiffness in (1).
Consider the mixed performance

Heyos = (1—a)miHe, g, +aHe, g, = fset foc™ ', (23)
where
f5 = ((1 — a)mgel + aal)k;2_2 + Oéag(k‘l + k‘g)_
+aa3k§(k1 + ]{72)_2,
f6 = ((1 — a)mzeg —+ aa4)(k1 —+ k2)2k52
Denote K5 = _2mie(-a)tom) poo g > Ko, Ha 3 has a

a2
unique minimum glven by

(1 —a)m?es + aa4>1/2

ky' =0 and c:(
az

~
3
S

2
&
g

2
4
S

@
&a
g

a
8
S

tyre grip performance measure (J,)
»
&
a

s
&
S

20k
12 1.4 1.6 1.8 22 24
ride comfor performance measure (J,)

Fig. 8. Mixed Jy and J3 performance measure.

—J, for C,, K=20 kN/m|

v
>
5
v
for C, K= H
2 £ oo
5
v
2
3

ride comfort performance measure(J,)

r C,, K=75 kN/m|

Fig. 10. J3 performance.

Fig. 9. J; performance.

For K < Ky, Hy 3 has a unique minimum given by

a2k3 [ cpum \"*
2 Cden ’
ko(agaks + 2m2e;(1 — a) + 2a1a)

ki = — =
! 2m2(e1(1 — ) + ar) ’

ke > Ks, c=

where
Chum = = a3(m§62(1 —a) + aay),
Cden = (miel(l —a)+a)? (4a361m (1—a)+

2
dagara0 — aaj).

2) Mixed performance of Jo and Js for Co: Let myg, my,
k. be fixed and positive. Consider the mixed performance

Heyos = (1—a)m2He,, + aHe, ;. 24)
For fixed K and «, Hc,.2 3 has a unique minimum given by

(- a)mie + 0\
aas

(25)

3) Mixed performance of Jo and Js for Cs: Let mg, my,
k. be fixed and positive. Consider

Heyo3 = (1—Oé)m§HcgJ2+ch3J3 = frc+ fsc7t, (26)
where
fr = (1—a)ymlesb  +alas+asb™' +agh™?),
fs = (1—a)m?(esb?+esb™h) +alay +agh™* +
agh™2)k* — (2(1 — a)mZe3b ! + alas +
2a6b" 1))k + (1 — a)m2es + aay.
Denote K4 = % and by = —2(m263(1 a)taas) fo e

the static stiffness. If K < Ky, the network reduces to Sy
in [10]. For K > K4, the unique minimum is obtained by

b=0 1/2
k= Fnum and ¢ = (fs) 27
kaen f7
where
knum = (2771?63(1 — a) + oza5b + 204(16)b,
kien = 2(carb® + (m2es(1 — a) + aag)b +

m2es(1 — a) + aag).

Let Q be the set of real, positive solutions b of the equation
after substltutlng (27) into (26) and differentiating with
respect to b~ 1. b is equal to by or b € Q((0, by).

4) Numerical results: We simulate cases with static stiff-
ness K = 20, 55, 75 kNm™!, respectively. Fig. 12 and
Fig. 13 are given by m, = 35 kg.

Fig. 11 shows that Cy perform better than C5 and C3 do at
low static stiffness and with the increasing of static stiffness,
(' and C tend to coincide, which is consistent in Fig. 12 and
Fig. 13. It is also consistent with the analytical expression of
optimal H¢, .2 3. There is a critical point of static stiffness K
for C1, beyond which C; reduces to Cs. For Js performance,

1239
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Fig. 11. Mixed J2 and J3 performance measure.

8

—J, for C,,K=20 kNim

[—J, for C, K=20 kN/m|
-3, for C, k=20 kN/m

ure (4) (< 107%)

g g

measure (J,)

8§ £ 8 8 8

I -3, for CK=75 kNim

tyre

: 9 TorCoe75 K|
i I

g4 o2 05 o0& o5 06 o7 o8 08 1 11 8 0z s o

Fig. 12.  Ja performance. Fig. 13.  J3 performance.

as shown in Fig. 12, (' performs better than C3 for all
range K, but for J3 performance, it only performs better at
low static stiffness shown in Fig. 13. In summary, if one
is more concerned about suspension deflection and tyre grip
performance, for a low static stiffness, C; performs better
than C5 and C'5 do, even though an inerter is used in Cj.

V. CONCLUSION

This paper has presented the analytical solutions for
the multi-objective performance optimization including ride
comfort, suspension deflection and tyre grip for a quarter-car
model. The results show that the considered structure has an
advantage in suspension deflection and tyre grip performance
at low static stiffness compared with the one with a similar
complexity employing the inerter. When considering ride
comfort and suspension deflection together the considered
structure performs better for suspension deflection perfor-
mance; for mixed ride comfort and tyre grip performance,
it performs better for tyre grip performance at low static
stiffness; for mixed suspension deflection and tyre grip per-
formance, it performs better for suspension deflection in all
range static stiffness and for tyre grip performance at low
static stiffness. In other words, the contributions of inerter for
tyre grip performance are mainly for the high static stiffness
range. The considered structure may be a good alternative of
the one with inerter at low static stiffness where suspension
deflection and tyre grip are more important than ride comfort.
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