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Concavity of the Mutual Information Rate for
Input-Restricted Memoryless Channels at High SNR

Guangyue Han, Member, IEEE, and Brian H. Marcus, Fellow, IEEE

Abstract—We consider a memoryless channel with an input
Markov process supported on a mixing finite-type constraint.
We continue the development of asymptotics for the entropy
rate of the output hidden Markov chain and deduce that, at
high signal-to-noise ratio, the mutual information rate of such
a channel is concave with respect to “almost” all input Markov
chains of a given order.

Index Terms—Concavity, entropy rate, hidden Markov chain,
mutual information rate.

I. CHANNEL MODEL

N this paper, we show that for certain input-restricted

memoryless channels, the mutual information rate, at high
signal-to-noise ratio (SNR), is concave with respect to almost
all input Markov chains, in the following sense: let M denote
the set of all allowed (by the input constraint) first-order Markov
processes; at a given noise level, the mutual information rate is
strictly concave on a subset of M which increases to the entire
M, as the noise level approaches zero. Here, we remark that
M will be defined precisely immediately following Example
2.1 below, and a corresponding result holds for input Markov
chains for any fixed given order.

This partially establishes a very special case of a conjecture
of Vontobel et al. [17]. Namely, part of Conjecture 74 of that
paper states that for a very general class of finite-state joint
source/channel models, the mutual information rate is concave.
A proof of the full conjecture (together with other mild as-
sumptions) would imply global convergence of the generalized
Blahut—Arimoto algorithm developed in that paper. Our results
apply only to certain input-restricted discrete memoryless chan-
nels, only at high SNR, with a mild restriction on the class of
Markov input processes.

Our approach depends heavily on results regarding asymp-
totics and smoothness of the entropy rate in special parameter-
ized families of hidden Markov chains, such as those developed
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n [5], [6],[7], [9], [13], [14], [16], and [19], and continued here.
The new results along these lines in our paper are of interest, in-
dependent of the application to concavity.

We first discuss the nature of the constraints on the input. Let
X be a finite alphabet. Let X" denote the set of words over X
of length n and let X* = U, &A™. We use the notation wy,? to
denote a sequence wy,, . .. Wny,.

A finite-type constraint S is a subset of X'* defined by a finite
list F of forbidden words [11], [12]; equivalently, S is the set
of words over X’ that do not contain any element in F as a con-
tiguous subsequence. We define S,, = & N A™. The constraint
S is said to be mixing if there exists a nonnegative integer N
such that, for any u,v € S andany n > N, thereisaw € S,
such that uwv € S. To avoid trivial cases, we do not allow S to
consist entirely of constant sequences a . . . a for some symbol
a.

In magnetic recording, input sequences are required to sat-
isfy certain constraints in order to eliminate the most damaging
error events [12]. The constraints are often mixing finite-type
constraints. The most well-known example is the (d, k)-RLL
constraint S(d, k) [18], which forbids any sequence with fewer
than d or more than k consecutive zeros in between two succes-
sive 1s. For S(d, k) with k < oo, a forbidden set F is

F = {10 -01: 0<l<d}U{0 -0}.
1 k+1
When k& = oo, one can choose F to be
F = {10 01:0<1<d}

l

in particular when d = 1, k = oo, F can be chosen to be {11}.

The maximal length of a forbidden list F is the length of the
longest word in F. In general, there can be many forbidden lists
F which define the same finite type constraint S. However, we
may always choose a list with smallest maximal length. The
(topological) order of S is defined to be m = m(S), where
m + 1 is the smallest maximal length of any forbidden list that
defines S (the order of the trivial constraint X'* is taken to be 0).
It is easy to see that the order of S(d, k) is £ when k < oo and
is d when k = oo; S(d, k) is mixing when d < k.

For a stationary stochastic process X over X, the set of al-
lowed words with respect to X is defined as

AX) ={w;? € X" :ny < ng,p(X)?2 = w,?) > 0}
that is, the allowed words are those that occur with strictly pos-
itive probability.

Note that for any rnth-order stationary Markov process X,
the constraint S = A(X) is necessarily of finite type with order

0018-9448/$31.00 © 2012 IEEE
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m < m, and we say that X is supportedon S. Also, X is mixing
iff S is mixing (recall that a Markov chain is mixing if its transi-
tion probability matrix, obtained by appropriately enlarging the
state space, is irreducible and aperiodic). Note that a Markov
chain with support contained in a finite-type constraint S may
have order m < m.

Now, consider a memoryless channel with inputs z € X,
outputs z € Z, and input sequences restricted to a mixing fi-
nite-type constraint S. Any stationary input process X must sat-
isfy A(X) C 8. Let Z denote the stationary output process
corresponding to X; then, at any time slot, the channel is char-
acterized by the conditional probability

p(zlx) = p(Z = 2|X = z)

We are actually interested in families of channels, as previ-
ously, parameterized by ¢ > 0 such that for each z and z,
p(z]z)(g) is an analytic function of & > 0. Recall that an an-
alytic function is one that can be “locally” expressed as a con-
vergent power series ([3, p. 182]).

We assume that for all = and z, the probability p(z|z)(¢) is not
identically O as a function of . By a standard result in complex
analysis (see [3, p. 240]), this means that for sufficiently small
e > 0, p(z|z)(e) # 0; it follows that for any input = and suffi-
ciently small € > 0, any output z can occur. We also assume that
there is a one-to-one (not necessarily onto) mapping from X" into
Z, z = z(x), such that for any z € X, p(z(z)|z)(0) = 1; so
e can be regarded as a parameter that quantifies noise, and z(z)
is the noiseless output corresponding to input z. The regime of
“small ” corresponds to high SNR.

Note that the output process Z = Z(X,¢) depends on the
input process X and the parameter value ¢; we will often sup-
press the notational dependence on € or X, when it is clear
from the context. Prominent examples of such families include
input-restricted versions of the binary symmetric channel with
crossover probability e [denoted by BSC(¢)], and the binary era-
sure channel with erasure rate ¢ [denoted by BEC(¢)].

Recall that the entropy rate of 7 = 7Z(X,¢) is, as usual,
defined as

H(Z) = lim H,(Z)

n—oo

where

H,(Z) = H(Z|Z2}) = = p(22,)log p(z0|22).

“—n

The mutual information rate between Z and X can be defined
as

I(Z;X) = lim I,(Z;X)
where
1,(Z;X) = H,(Z) - ! H(Z°,|X°,)
n I n n+ 1 —n —n

Given the memoryless assumption, one can check that the
second term above is simply H (Z|Xo) and, in particular, does
not depend on n.
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Under our assumptions, if X is a Markov chain, then for each
e > 0, the output process Z = Z(X,e¢) is a hidden Markov
chain and in fact satisfies the “weak Black Hole” assumption of
[7], where an asymptotic formula for H(Z) is developed; the
asymptotics are given as an expansion in € around ¢ = 0. In
Section II, we further develop these ideas to establish smooth-
ness properties of H(Z) as a function of € and the input Markov
chain X of a fixed order. In particular, we show that for small
e > 0, H(Z) can be expressed as G(X,¢) + F(X,¢)log(e),
where G(X,¢) and F(X,e) are smooth (i.e., infinitely differ-
entiable) functions of € and of the parameters of the first-order
Markov chain X supported on S (see Theorem 2.18). The log(¢)
term arises from the fact that the support of X will be con-
tained in a nontrivial finite-type constraint and so X will nec-
essarily have some zero transition probabilities; this prevents
H(Z) from being smooth in ¢ at 0. It is natural to ask if F(X ¢)
and G(X,¢) are in fact analytic; we are only able to show that
F(X,¢) is analytic.

It is well known that for a discrete input random variable over
amemoryless channel, mutual information is concave as a func-
tion of the input probability distribution (see [4, Th. 2.7.4]). In
Section III, we apply the above smoothness results to show that
for a mixing finite-type constraint of order 1, and sufficiently
small eg > 0, for each 0 < ¢ < g, both I,,(Z(e, X); X) and
the mutual information rate I(Z(X,¢); X) are strictly concave
on the set of all first-order Markov chains X whose nonzero
transition probabilities are not “too small” (here, the input
processes are parameterized by their joint probability distri-
butions). This implies that there are unique first-order Markov
chains X,, = X,,(¢), Xoo = Xoo(€) such that X,, maximizes
I,(Z(X,e),X) and X o, maximizes I(Z(X,¢),X). It also fol-
lows that X, () converges exponentially to X, (&) uniformly
over 0 < ¢ < gg. These results are contained in Theorem 3.1.
The restriction to first-order constraints and first-order Markov
chains is for simplicity only. By a simple recoding via enlarging
the state spaces, the results apply to arbitrary mixing finite-type
constraints and Markov chains of arbitrary fixed order m. As
m — 00, the maxima converge to channel capacity [1].

II. ASYMPTOTICS OF THE ENTROPY RATE

A. Key Ideas and Lemmas

For simplicity, we consider only mixing finite-type con-
straints S of order 1, and correspondingly only first-order input
Markov processes X with transition probability matrix II such
that A(X) C S (the higher order case is easily reduced to this).
For any z € Z, define the matrix (2, with entries

Q. (z,y) =, yp(2ly). (1)

Note that 2, implicitly depends on & through p(z|y). One
checks that

ZQZ:H

2€EZ

and

Q1 2)
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where 7 is the stationary vector of II and 1 is the all 1’s column
vector.

For a given analytic function f(e) around ¢ = 0, let
ord (f(e)) denote its order with respect to ¢, i.e., the degree
of the first nonzero term of its Taylor series expansion around
¢ = 0. Thus, the orders ord (p(z|z)) determine the orders
ord (p(22,,)) and, similarly, the orders of conditional probabil-
ities ord (p(z0|22))).

Example 2.1: Consider a binary symmetric channel with
crossover probability € and a binary input Markov chain X
supported on the (1, 00)-RLL constraint with transition prob-
ability matrix

_|1l=r P
=[]
where 0 < p < 1. The channel is characterized by the condi-
tional probability

l—¢, ifz==x
elo) =plela(e = {1 05 25T
Let Z be the corresponding output binary hidden Markov chain.
Now, we have

.- |1=pPA=¢e) pe| o _[(1=pe pl=e¢)
0 — ) 1 —

1—¢ 0 € 0
The stationary vector is 7 = (1/(p + 1),
computes, for instance,

p/(p + 1)), and one

2

LA O(e?)

2
2_9z_120 = 110) = 7121 Qp1 =
P(7 2Z2-1%20 ) Til18l1dl0 T+p

which has order 1 with respect to e.

Let M denote the set of all first-order stationary Markov
chains X satisfying A(X) C S. Let Mg, 6 > 0, denote the
set of all X € M such that p(w®;) > § for all W%, € Ss.
Note that whenever X € My, ie., A(X) = S, X is mixing
(thus its transition probability matrix II is primitive) since S is
mixing, so X is completely determined by its transition proba-
bility matrix II. For the purposes of this paper, however, we find
it convenient to identify each X € M with its vector of joint
probabilities = px on words of length 2 instead:

— —

F=px = (p(X2; =wl)): wl, € S);
sometimes we write X = X (). This is the same parameteriza-
tion of Markov chains as in [17, Def. 33].

In the following, for any parameterized sequence of functions
fn,a(€) (e is real or complex) with A ranging within a parameter
space A, we use

far(e) = O(e") on A

to mean that there exist constants C, 31,32 > 0, g9 > 0 such
that for all n, all A € A and all 0 < |e| < g

|fn,>\(5)| < nﬂ1(0|6|32)n.
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Note that f,, x(¢) = O(e™) on A implies that there exists £g > 0
and 0 < p < 1 such that |f, x(g)] < p™ for all |e] < &g, all
A € A and large enough 7. One also checks that a O(e™) term
is unaffected by multiplication by an exponential function in n
(and thus a polynomial function in n, since, roughly speaking,
a polynomial function does not grow as fast as an exponential
function as n tends to infinity) and a polynomial functionin 1/¢;
in particular, we have the following.

Remark 2.2: For any given f,, z(e) = O(e™), there exists
g0 > 0and 0 < p < 1 such that [g1(n)g2(1/e) fnr(e)] < p7,
for all |e] < &g, all A € A, all polynomial functions
g1(n), g2(1/¢), and large enough n.

Of course, the output joint probabilities p(z°,,) and condi-
tional probabilities p(zo|z "} ) implicitly depend on 7 € M and
. The following result asserts that for small ¢, the total proba-
bility of output sequences with “large” order is exponentially
small, uniformly over all input processes.

Lemma 2.3: For any fixed) < a < 1

> p(2,)

221 ord (p(2Z2)))2an

= O(e") on M.

Proof: Note that for any hidden Markov chain sequence

~! we have

z_,,

Zp Tr_p H p(zilwi).

i=—n

3

Now consider 2~} with k = ord (p(z~})) > an. One checks
that for ¢ small enough there exists a positive constant C' such
that p(z|z) < Ce for all z, z with ord (p(z|x)) > 1, and thus
the term Hq__n p(zi|z;) as in (3) is upper bounded by Ckek,
which is upper bounded by C*"c*™ for ¢ < 1/C. Noticing that
3,1 p(xZ,) = 1, we then have, for & small enough

3 <SS st

z:,ll' ord (p(z:,ll))>an an I—W
S |Z|ncan€an
which immediately implies the lemma. O

Remark 2.4: Note that for any 2~} with ord (p(2Z})) > an,

one immediately has

p(z2,)) < Ke*" 4)
for a suitable K and small enough . However, this K may de-
pend on z:,ll and n, so (4) does not imply Lemma 2.3.

By Lemma 2.3, the probability measure is concentrated
mainly on the set of output sequences with relatively small
order, and so we can focus on those sequences. For a fixed
positive «, a sequence 2. € Z™ is said to be a-typical if
ord (p(z2})) < an;let T denote the set of all a-typical Z-se-
quences with length n. Note that this definition is independent
Ofﬁ € MO.
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For a smooth mapping f(Z) from R* to R and a nonnegative
integer /, D_l% f denotes the /th total derivative with respect to ;
for instance:

([ of 2, _ 9 f
Dzf = <3$i>i and Dzf = <8xiaa:j i

In particular, if ¥ = p € Mpor & = (p,e) € My x [0,1],
this defines the derivatives D&p(zo|22,,) or D% _p(z0]2Z,,). We
shall use | -| to denote the Euclidean norm of a Vector or a matrix

(for a matrix A = (ai;), |[A] = />0 ; a;;), and we shall use

||A]| to denote the matrix norm, i.e.,

A
4] = sup 1221
T;éO |$|

It is well known that || A|| < |A4].

In this paper, we are interested in functions of 7 = (7, ¢).
For any 77 = (nl,ng. NS, 41) € Zl S21*1 and any smooth
function f of ¢, define
oIl f

PR
0q\$2|+1

() —
f EFIPIE

where |7i| denotes the order of the 7ith derivative of f with re-
spect to ¢ and is defined as

|ﬁ| =TnN1 +n2 + +’I’L|$2|+1.

The next result shows, in a precise form, that for a-typical
sequences zfn, the derivatives, of all orders, of the difference
between p(zo|2_;) and p(z0|2~% ;) converge exponentially in
n, uniformly in p'and €. For n < m,m < 2n, define
T()/

nmm

={(z%n.2

We then have the following proposition, whose proof is deferred
to Section II-B.

0.)€ ZmHlx zmtl =1 — 57145 a—typical.}

n

Proposition 2.5: Assume n < m,m < 2n. Given 6y > 0,
there exists v > 0 such that for any ¢

l 4 s 15—1 YD le"
|Dp (z0|z m) Diy‘,sp(ZO|2_ﬁz)|:O(€ ) on M&) ><zvn,mm

The proof of Proposition 2.5 depends on estimates of deriva-
tives of certain induced maps on a simplex, which we now de-
scribe. Let W denote the unit simplex in R!¥!, i.e., the set of non-
negative vectors, which sum to 1, indexed by the joint input-state
space X. For any z € Z, {1, induces a mapping f. defined on
W by

w ),

fo(w) = w1’

(&)

Note that 2, implicitly depends on the input Markov chain ' €
My and e, and thus so does f.. While w$2,1 can vanish at
e = 0, it is easy to check that for all w € W, lim._,o f.(w)
exists, and so f. can be defined at e = 0. Let Op,,x denote the
largest order of all entries of 2., (with respecttoe) forall z € Z,
or equivalently, the largest order of p(z|z)(e) over all possible
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For g9, 09 > 0, let

Usy,eo = {9 € Ms,, € € [0, 0]}

Lemma 2.6: Given 6y > 0, there exists g > 0 and C, > 0
such that on Us, ., forall z € Z, |D,, f.| < C, /e?Pmax on the
entire simplex W.

Proof: Given 69 > 0, there exist g > 0 and C' > 0 such
that forany z € Z, w € W, we have, forall0 < e < ¢g

|sz 1 | > CEOmax

We then apply the quotient rule for derivatives to establish the
lemma. 0

For any sequence 2z~ € Z%, define

Q- =Q. 0

—N

SR o T

Similar to (5), £2_-1 induces a mapping f_-1 on WV by
—N —-N

’LUQZ—I
fz:ll\f (w) - U)szl 1.

By the chain rule, Lemma 2.6 gives upper bounds on derivatives
of f,—1 . However, these bounds can be improved considerably

in certain cases, as we now describe. A sequence 2:11\7 € ZN is
Z-allowed if there exists 2”3 € A(X) such that

22N = 2(z7))

where z(z”%) = (2(v_n), 2(_N11),- - -, 2(x_1)). Note that
2~ is Z-allowed iff ord (p(2=3)) = 0. So, the Z-allowed
sequences are those output sequences resulting from noiseless
transmission of input sequences that satisfy the constraint.
Since II is a primitive matrix, by definition, there exists a
positive integer e such that IT® > 0 (i.e., all entries of the matrix
power are strictly positive). We then have the following lemma.

Lemma 2.7: Assume that X € M,. For any Z-allowed se-
quence szlv = z(x:}v) € ZN (here, z~ N e S),if N >
20 max, We have

OI'd( L1 (a:,N,ha:,l)) < ord (Qz—l (:ﬁ,Nfl,:ﬁfl»

Z_N —N

forany Z_n_1 € X and any Z_; withZ_; # x_;.

Proof: The rough idea is that to minimize the order, a se-
quence must match x:]l\, as closely as possible. Given the re-
strictions on initial and terminal states, the length N must be
sufficiently long to overwhelm edge effects.

Forany z_n_1,2_1 € X, we have

Qz:}v(i—N—17f—1)
=p(X_1=8_1,Z" 5 =2" N X_No1=F_N_1)
=p(Z_1, 2" N|E-N-1)

It, then, follows that

OI‘d(Q 71 (fl? N— 1,

—1)) =ord (p(@_1, 22 |E-n-1))

=ord (p('i—N—h Z:Jl\fl '%—1))'
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Since

p(£—N—17z:]1\f:§7—1) =

> p(@ZN_1:72R)
2%

we have

-1
ord (@, -1 (#_y—1,4-1)) = min > ord(
1=—N

p(zil2:))

where the minimization is over all sequences i::?v

T”Ny_, €S.

Since II¢ > 0, there exists some z_ﬁr I+e such that
T_N—1te = ZT_N-1+e and p(& _N_}JFP) > 0, and there
exists some 4~2 such that #_, = x_. and p(Z~2) > 0.
It then follows from ord (p(z|z)) < Omax that, as long
as N > 2eOpay, for any fixed £_; and any choice
of order minimizing sequence i:?\,(i_l), there exist
0 S 19 = io(.i,l),jo = jo(i’,l) < eOmax such that
2(2!(#-1)) = z] ifand only if i > —N — 1 + io(2_1) and
Jj < =1 — jo(£_1). One further checks that, for any choice of
order minimizing sequences corresponding to Z_1, :Z’j\,(i:_l)

such that

—N—1+ig(&_1)

>

i=—N

ord (p(z;|#:i(£-1)))

does not depend on Z_1, whereas jo(£_1) = 0 if and only if
Z_1 = x_1. This immediately implies the lemma. O

Example 2.8: (continuation of Example 2.1)
Recall that

o, [(1-P)(1=¢) m]7

1—c o 91:[(1—13)6 p(l—s)]

€ 0

First, observe that the only Z-allowed sequences are 00, 01, 10;
then straightforward computations show that

_ [(=pPP-e+pe(l=e) p(l-pe(l ~e)
Q(]Q(]— i (1 —p)(1 _ €>2 ps(l — E) :|

_[A=p)Pe(l—e) +pe2 p(1-p)(1—e)
Qolh = | (1-p)e(l—e) p(1—e)? }

_ [ =pPe(l=e) +p(1—2)? p(1-p)e?
Qo = (1—-p)e(l—¢) pe? }

One checks that for each of these three matrices, there is a
unique column, each of whose entries minimizes the orders over
all the entries in the same row. Note that, putting this example
in the context of Lemma 2.7, we have N = 2, which is smaller
than 2¢0,,.x = 2 x 2 x 1 = 4.

Now fix N > 2eO,,.x. Note that the mapping fz*}v implic-

itly depends on €, so for any w € W, v = f, - (w) is in fact a
function of €. Let ¢(z) € W be the point deﬁned by q(2). =1

for z with z(z) = z and 0 otherwise. If 27} n is Z-allowed, then
by Lemma 2.7, we have

lim /.- (w) = q(z-1)

e—0

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 3, MARCH 2012

Thus, in this limiting sense, at ¢ = 0, f, ~1 maps the entire

simplex W to a single point ¢(z_1 ). The followmg lemma says
that if 2~} , is Z-allowed, then in a small neighborhood of
q(z—n—1), the derivative of f_ ~1 is much smaller than what
would be given by repeated apphcatlon of Lemma 2.6.

Lemma 2.9: Given 6y > 0, there exists g > 0 and Cy > 0
such that on Uy, ., if 2:11\,_1 is Z-allowed, then |Dwfz—11\/| <
Ce on some neighborhood of ¢(z_n_1).

Proof: By the previous observations, for all w € W, we
have

fomr (w) = g(z-1) + er(w)
where r(w) is a rational vector-valued function with common
denominator of order O (in €) and leading coefficient uniformly
bounded away from 0 near w = g(z_y_1) overall 7 € Ms, .
The lemma, then, immediately follows. O

B. Proof of Proposition 2.5

Before giving the detailed proof of Proposition 2.5, let us
roughly explain the proof only for the special case { = 0,
ie., convergence of the difference between p(zo|z~}) and

p(20]2=% ). Let N be as above and for simplicity consider
only output sequences of length a multiple N: n = ngN. We
can compute an estimate of D,,f,o by using the chain rule
(with appropriate care at ¢ = 0) andnmultiplying the estimates

on |Dyf 1+1>N| given by Lemmas 2.6 and 2.9. This yields

an estimate of the form, |Dyf.o | < (Ae'=B*)™ for some
constants A and B, on the entire ginmplex W.If « is sufficiently
small and 2~} is a-typical, then the estimate from Lemma 2.9
applies enough of the time that f,o exponentially contracts
the simplex. Then, interpreting elements of the simplex as con-

ditional probabilities p(X; = -|z%,,), we obtain exponentlal
convergence of the difference |p(zo|2-}) — p(z0|2Z1_,)| inn,
as desired.

Proof of Proposition 2.5: For simplicity, we only consider
the special case that n = ngN,m = moN,m = moN for
a fixed N > 2eOpax; the general case can be easily reduced
to this special case. For the sequences z~,, 27 | define their

“blocked” versions [2] ;. . [z]_ih0 by setting

[2]: = ZL(;\?LI)N o= —mo,—mo+1,...,—1
[2]; = Aj(g\—rH)N ! j=-—mo,—mo+1,..., -1

We first consider the case £ = 0.
Let

where - denotes the possible states of the Markov chain X . Then,
one checks that

(ZO|Z m) - w—l,—szol (6)
and w; _,, satisfies the following iteration:

Wit1,—m = fZi+1(wi7—m)7 -n <1< —1
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and the following iteration (corresponding to the blocked chain

(2], ):

m — .f[z],(wil\f—l,—m)7 —no S 1 S -1 (7)

W4+1)N-1,—
starting with

,nfl).

—m

W_n—-1,—m = P(an—l =1z
Similarly, let
—m(Zhn) = p(Xi = - |2L,,)

which also satisfies the same iterations as previously, however
starting with

N N
Wi, —m = Wy,

W_p1,—m = P(X o1 = 22071,

For any —ng < i < —1, we say [z ]_7110 continues between
[2]i—1 and [2]; if [2]¢_, is Z-allowed; on the other hand, we say
[2]_,., breaks between [z];_1 and [2]; if it does not continue
between [z];—1 and [z];, namely, if any one of the following
occurs:

1) [z];—1 is not Z-allowed;

2) [z]; is not Z-allowed;

3) both [2];_1 and [z]; are Z-allowed; however, [z]}_, is not

Z-allowed.

Iteratively applying Lemma 2.6, there is a positive constant

C, such that

< O [e2NOm ®)

on the entire simplex W. In particular, this holds when [2]~} o

“breaks” between [z];_; and [z];. When [2]~} “continues” be-

tween [z];—1 and [z];, by Lemma 2.9, we have that if e is small
enough, there is a constant C, > 0 such that

|D C))

on f[z]i_l (W)

Now, applying the mean value theorem, we deduce that there
exist &;, —ng < 7 < —1 (here, & is a convex combination of
W_iN—1,—m and ’UAJ_Z‘N_L_m) such that

1
< T 1w fiag, Gl 1wy N =1, —m =Dy N =1, -

i=—ng

If z }l satisfies the hypothesis of Proposition 2.5, then it
is a-typical (recall the definition of 77, ). It follows that
[z]_nO breaks for at most 2an values of i (since, roughly
speaking, each non-Z-allowed block [z]; contributes at most
twice to the number of breakings); in other words, there are at
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least (1/N — 2a)n 4’s corresponding to (9) and at most 2an 4’s
corresponding to (8). We, then, have

-1
I 1Dwfia. ()l

< CIEI/N_20)"CzaNn&_(l/Nan74NOmaxa)n. (10)

Let ap = 1/(N(2 + 4NOpax)). Evidently, when a < «y,
1/N — 2a — 4N Opaxa is strictly positive. We then have

| W1, —m — Wo1, —| = O(gn) on Mg, x T, e (1)

It then follows from (6) that
Ip(20]223,) = p(20|275)] = O(e™) on M, X T,

This completes the proof for the special case £ = 0.

The general case £ > 0 follows along the same lines as in the
special case, together with the following lemmas, whose proofs
are deferred to the appendixes.

Lemma 2.10: For each k, there is a positive constant CI |
such that
(F)
|w;

. (k) E E
Sl i 2| < nl IC’|1?|/€| |
here, the superscript () denotes the kth-order derivative with
respect to ¢ = (9, £). In fact, the partial derivatives with respect
to § are upper bounded in norm by nlF |C| il

Lemma 2.11: For each k

'r?z| :O(gn) OnM‘SO XT’r?mm
Note that Proposition 2.5 in full generality does indeed follow
from (6) and Lemma 2.11. O

C. Asymptotic Behavior of the Entropy Rate

The parameterization of Z as a function of ¢ fits in the frame-
work of [7] in a more general setting. Consequently, we have
the following three propositions.

Proposition 2.12: Assume that 7 € M. For any sequence
20, € 2 p(X_y = - |2Z7}) and p(z0|2Z)) are analytic
around £ = 0. Moreover, ord (p(zo]2~})) < Omax.

Proof: Analyticity of p(X_; = - |27} follows from [7,
Proposmon 2.4]. It then follows from p(zo|z=}) = p(X_; =

- |221)9.,1 and the fact that any row sum of Q. is nonzero
when e > 0 that p(z|z~}) is analytic with ord (p(zo|2"2)) <
Omax- O

Proposition 2.13: (see [7, Proposition 2.7]) Assume that p’ €

M. For two fixed hidden Markov chain sequences z°,,, 2% .

such that

0 _ 20
la=2

z neord (p(z2,12207h), ord (p(25R[225 7)) <k
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for some n < m,m and some k, we have for j with 0 < 5 <
n—4k —1
P9 (z01223,)(0) = p (20]225,)(0)
where the derivatives are taken with respect to €.
Remark 2.14: 1t follows from Proposition 2.13 that for

any «-typical sequence z:}l with « small enough and n large
enough, ord (p(zo]22})) = ord (p(z0]2Z} 1))

Proposition 2.15: (see [7, Th. 2.8]) Assume that o € M.
Forany £k > 0

k+1
H(Z)=H(Z)|= o+zq]6’+2fﬁ]10g6+0( S
7j=1 7j=1

(12)
where f;’s and g;’s depend on 11 (but not on ¢), the transition
probability matrix of X.

For any 6 > 0, consider a first-order Markov chain X € M
with transition probability matrix II (note that X is necessarily
mixing). We will need the following complexified version of II.

Let I1¢ denote a complex “transition probability matrix” ob-
tained by perturbing all entries of II to complex numbers, while
satisfying Ey Hgy = 1 for all z in X. Then, through solving
the following system of equations:

Cc _
E’ITy—
y

one can obtain a complex “stationary probability” &, which
is uniquely defined if the perturbation of II is small enough. It,
then, follows that under a complex perturbation of II, for any
Markov chain sequence 2, one can obtain a complex ver-
sion of p(x° ,,) through complexifying all terms in the following

expression:
0.) = II II
p(x—n) = Te_ Moo nyy oy 20
namely
C(,.0 y_.C 1C C
p (l—n) - 7rﬂcfnnﬂcfmszr Hm 1,Z0

In particular, the joint probability vector p’ can be complexified
to 7’ as well. We then use M (1), n > 0, to denote the n-per-
turbed complex version of M ; more precisely

M (n)

= {(FC(w",):w", €8,) : |[§C — p] < n for some Fe Ms}
which is well defined if 7 is small enough. Furthermore, to-
gether with a small complex perturbation of €, one can obtain a
well-defined complex version p©(2°,,) of p(z° ,,) through com-
plexifying (1) and (2).

Using the same argument as in Lemma 2.3 and applying the
triangle inequality to the absolute value of (3), we have the

following.
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Lemma 2.16: For any 6 > 0, there exists 7 > 0 such that for
any fixed) < o < 1

Ip® (223 = O(lel™) on M (n).

2

2:711: ord (p C(7:7ll))>o¢n
We will also need the following result, which may be well
known. We give a proof for completeness.

Lemma 2.17: Fix g > 0. As n tends to infinity, H,(Z)
converges to H(Z) uniformly over all (p,e) € M x [0, &].
Proof: Let H,(Z) = H(Zo|Z=},X_,) and fix (7,¢) €
M x [0,&9]. By [4, Th. 4.4.1], we have for any n

H.(Z) < H(Z) < Hyn(Z) (13)
and
lim H,(Z)=H(Z) = lim H,(Z). (14)

Moreover, H,,(Z) is monotonically decreasing in 7, and H,, (Z)
is monotonically increasing in n. It then follows from (13) and
(14) that, for any § > 0, there exists ng such that

~ 0

_Hno(Z> S o

0 < Hny (%) 5

Since H,,(Z), H,(Z) are continuous functions of (f,¢), there
exists a neighborhood Nj . of (P, €) such that on Nj .

OSHno(Z)_Hno(Z) S(S

which, together with (13) and the monotonicity of H,(Z) and
H,(Z), implies that for all n > ny

on Np .. The lemma, then, follows from the compactness of
M x [0,60]. O

The following theorem strengthens Proposition 2.15 in the
sense that it describes how the coefficients f;’s and g;’s vary
with respect to the input Markov chain. We first introduce some
necessary notation. We shall break H,,(Z) into a sum of G,,(Z)
and F,,(Z)log(e), where G,,(Z) = G,(p,e) and F,(Z) =
F,.(p,¢) are smooth; precisely, we have

H,(7) = Gn(p,e) + Fu(p,e)loge
where
Zord (z0]2Z1))p(2°,,) (15)
and
Zp ) 1ogp° (200225 (16)

Zn
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and

P (z0l270) = plzof2Ty) /o Pl

(note that ord (p(zo|2_})) is well defined since p(zo|z_}) is
analytic with respect to € (see Proposition 2.12); note also that
ord (p°(z0]2ZL)) = 0).

Theorem 2.18: Let 8y > 0. For sufficiently small ey > 0, we
have the following.
1) On Us, ,, there is an analytic function F(p,e) a
smooth (i.e., infinitely differentiable) function G(
such that

nd a
233

H(Z(f,e) = G(F,e) + F(.e)loge.  (17)

Moreover

G(pe)

k

= H(Z)|eeo + Zgj(msj + O(eF )

i=1

")EJ +O( k+1)

HM?r-

where f;’s and g;’s are the corresponding functions as in
Proposition 2.15.

2) Define F(7,¢) = F(,
Usy e, -

3) For any /, there exists 0 < p < 1 (possibly depending on
£) such that on Us, .,

£)/e. Then, (7, ) is analytic on

|D1€'6Fn(ﬁ/ 6) - Dzé;'aF(ﬁ,

|D;€7'6Fn(ﬁ7 E) - DéaF(ﬁ,

e)f <p"
)l <p"

and
D5 Gu(P.€) = D5 G(i,e)| < p"
for sufficiently large n.
Proof:
Part 1: Recall that

Zp

Ing 70|Z n)
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We now define

H(Z)=- p(zo_n)logp(z()lzii)-

>

z_ €T

n s 2

Here, recall that 7' denotes the set of all a-typical Z-sequences
with length n. It follows from a compactness argument as in
Lemma 2.17 that H,,(7Z) uniformly converges to H(Z) on the
parameter space Us, ., for any positive €o; applying Lemma
2.3, we deduce that H2(Z) uniformly converges to H(Z) on
Us, , as well.

By Proposition 212, p(z0]zZ}) is analytic with
ord (p(20]22})) < Opmax. It then follows that for any a with
0 < a < 1 (we will choose « to be smaller later if necessary)

Hy(Z) = Gy (P.e) + Fy (p,e)loge
where
Fe(pe)=— Y ord(p(zolz_3)p(z°,)
z:}lETn , 20
and
Gae)=— Y pz2,)logp°(20]22)).

z:}]’ €T, zg
The idea of the proof is as follows. We first show that F (7, €)
uniformly converges to a real analytic function F'(p, ). We then
prove that G% (7, £) and its derivatives with respect to (9’ €) also
uniformly converge to a smooth function G(p, €). Since HZ (Z)
uniformly converges to H(7), F(p, €), G(p, ) satisfy (17). The
“Moreover” part then immediately follows by equating (12) and
(17) to compare the coefficients.
We now show that F/%(p,e) uniformly converges to a real
analytic function F'(p),€); also note the equation shown at the
bottom of the page. By Remark 2.14, we have

|E (7, €)= Eya (9 €]

= 2.

o
z—neTn’Z—n 1€Ty nt1r?

- 2.

-1 1
22, 2, 1€T 15 %0

ord (p(z0]2Z5))p(2° 1)

ord (p (z0|z_n 1))]3(2911,—1) .

Fe () -Fon @l =| 3
z—nGTn:
N = -
z:vlz €Tz, €T3, % Z:Y];,GTY‘;V

_ 3 n

1
o
Z—neTn’z n— 1€T77,+1’

>

n

ord (p(z0|2Z1))p(22,,) —

2

771 1ET3 nt1’

-1 -1
22, ETn, 22, €T

ord (p(20225_1))p(22,,_1)

p>

a
z_, €T ;%0

ord (p(z02_))p(2%,i_1)

ord (p(zolzZp_1))p(2%,_1)

n41r?
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Applying Lemma 2.3, we have
|F (7€) —

which implies that there exists €9 > 0 such that F;¥(p ¢) is ex-
ponentially Cauchy (i.e., the difference between two successive
terms in the sequence is exponentially small) and thus uniformly
converges on Us, ., to a continuous function F'(f, €).

Let F%C(p,¢) denote the complexified F& (7, ¢) on (7€)
with 7 € M (10) and |¢| < eo. Then, using Lemma 2.16 and
a similar argument as earlier, we can prove that

Fia(7.e)] = O(e") on Ms,  (18)

| C(.e) = Fr3S(,e)] = O(lel") on ME, (o)

and hence for a complex analytic function F'€(p,¢) (which is
necessarily the complexified version of F(p) ¢))

|FC(0,e) = FE(#.e)| = O(lel") on ME, (o).

In other words, for some 19, €9 > 0, F*© (5, €) is exponentially
Cauchy and thus uniformly converges to F'< (57, ¢) on all (7, ¢)
with 7 € M§ (o) and |e| < eo. Therefore, F'(f7, ) is analytic
with respect to (p,¢) on Us, ¢, -

We now prove that G& (7, ¢) and its derivatives with respect
to (7, €) uniformly converge to a smooth function G*(p ) and
its derivatives.

19)

(20)
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Although the convergence of G&(p, €) and its derivatives can
be proven through the same argument at once, we first prove the
convergence of G&(p, ) only for illustrative purposes.

For any «, 8 > 0, we have

|loga — log 8] < max{|(e — B)/Bl,|(a - B)/al}. @1)

Note that the following is contained in Proposition 2.5 (¢ = 0)

A~

O( ) on M§0 X Tn n,n+1*
(22)

One further checks that by Proposition 2.12, there exists a pos-

itive constant C' such that for € small enough and for any se-

quence 27}

n

Ip° (20l225) = p° (20255 _1) =

p(z0]|2ZL) > CeOmax

and thus

p°(20]27}) > Ce9mnr (23)

Using (21), (22), (23), and Lemma 2.3, we have (24), as
shown at the bottom of the page, which implies that there ex-
ists £9 > 0 such that G% (7, ¢) uniformly converges on Us, ., .
With this, the existence of G(p, ¢) immediately follows.

|G2( ) G2+1(_' )|:

2

_1 N
z_ €T, 20

= Z +

zZleTe, 22} ere

n n

>

P eT>

- D + 2.

777.€T&’z 711 1€T, =T Ty 27711 1€T

n+1’ —n n 77,+17

z_ IETO‘z 1

n—1
¥ 2.

—1
z_ GT‘l z_ 1€T"‘+1,

0
€ T7?+ 1’

p(22,_1)logp°(z0|22))| +

p° (20|22 'n,)

IN

p(22,,)1og p°(z0]22)) —

p(z_n_l)(logp"(Zolzii)

71€T‘1 L1

po(20|z—n 1)

Z p(zo_n_l) log p°(z0]2 =5 1)
2:,11 1€T7?+1

p(2%, 1) logp®(z0|2=})

-1 o
nt1r? g - AR €Tn+1’ 20

0

p(2%,_1) log p® (20|22} _1)

— logp®(20l2Z,_1))

p(zo—n—l) log p° (Z0|Z:71L—1)

>

GT:+1

n?'%_n—1

P (ZOIZ n) = P°(20225-1)

>

—1
€Ty, z

—n—1

¥ 2.

1 e 1 o
z_, €T, 2, €T77+1 » 20

p(zo_n_l) max {

GTSle

p(22,_1)logp°(z0|2Z))| +

p (20|27711 1)

zZlgre, 27! ers

no

p°(20l22,)

}

p(22,,_1) log p°(z0|2Z5_1) | = O(e™) on M,

>

n411%0

(24)
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Applying the multivariate Faa Di Bruno formula [2], [10] to
the function f(y) = logy, we have for ¢ with |¢| # 0

F)©
=Y D(ar, s, @)y /9) (4™ Jy) - (4 [y)

where the summation is over the set of unordered sequences of
nonnegative vectors a1, @z, . .., dy wWithdy +ds +-- -+ dp = 7
and D(dy,dz, ..., dx) is the correspondlng coefficient. Then,
for any m, applying the multivariate Leibniz rule, we have (25),
as shown at the bottom of the page.

We tackle the last term of (25) first. Using (21) and (22)
and with a parallel argument obtained through replacing
p(22,),p(22,_1) in 24) by p(™(22,), p(™) (22, _,), respec-
tively, we can show the second equation given at the bottom

of the page where we used the fact that for any z°, and 17,
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we have the last equation shown at the bottom of the page.
Now, applying the inequality

b B|_|B B B

a_l B a_2 o1 a2 (6%) 6%)]
<|Bi/(crag)|lar — as| + [1/az||f

Sy

we have forany 1 < ¢ < k

p°(20]225) () pO(Zolz_i_ )@
p°(20l2Z) p°(z0l22n_y)

)(a')

po(’z0|2_n

PP (20l2Z3)p° (20]275 1)

p°(20l225) = p°(20l2 7))

1

P°(20l"5 1)

+ Ip° (201223) ) = p°(z0l2 25 _1) ™

P (2°,)/p(22,,) is O(nl™l/l™l) [see (40)]. And using the It follows from multivariate Leibniz rule and Lemma 2.10 that
identity there exists a positive constant C such that for sufficiently small
e and and for any 2=} € Z"
aray--an = 1Bz B = (a1 = Br)ag -y
#01(az = B)ag bk B Buca(an = Bl [p(aole=h) ] = |(wor a2, )@ < G/ 26)
(@@ == > Y Cap™ (L) logp? (20]23)) "
z_ ) €T2, 20 I=1h
7y~ S\ (=T p°(20]2Z n)<a1) p°(z0]22,,) (@)
== > > ) CLD(n, .. )p™D(2,)" p°(2002Z5) °(20]225)
2TreTe, 2o |0|2£0,6=<m @1 +dst-+di=F 01%=n pzolZ—n
- 2 <m>< o) logp®(z0]2=1) (25)
z_l ETH s
Z (m)( —n) Ing (ZO|Z—n) - Z (m)(7—n l)logp (20|Z n—l) = O(En) on M50 X T’r?,n,n—l—l
zZleTe, 2 2T) L ETS, %0

p° (2022 (@) o p° (2022 (@)

_p (70|Z—n 1)(51)

p°(20l255— 1)(‘7*')

p°(20l225) p°(z0l225) p°(z0lz 7 1) P°(z0l2 7 1)
PCalZ) ™) ol T ) ™) PGl I ole) ™)
p°(20l2=) p°(20l275 1) p°(20225) p°(z0l225)
p° (201275 1) ™) [p°(20220) @) p°(z0l2Z, 1) ™)\ p°(20]220) @) p°(z0]zZ) @)
p°(20l275 1) p°(z0l225) p°(20l2Z,_1) p°(201225) p°(20l2=)
p (Zolz_i_ )@ p(z0]22, )(““) p°(z0l2=,) @) p (Zolz_i_l)(‘”)
p°(2012 5 1) p°(z0lz 7 1) p°(20l2=) p°(20l275 1)
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and, furthermore, there exists a positive constant C such that

for sufficiently small € and for any z:,ll e zZ"
P°(z0l225) @ < 703 el Oma 27)
Combining (23), (25)—(27), and Proposition 2.5 gives us
(G) ™ (7€) = (Gi) ™ (D) = O("™) on My, (28)

This implies that there exists g > 0 such that G (P, €) and its
derivatives with respect to (7, €) uniformly converge on Us, .,
to a smooth function G(p, ) and correspondingly its derivatives
(here, by Remark 2.2, £y does not depend on 17i).

Part 2: This statement immediately follows from the ana-
lyticity of F'(p, ) and the fact that ord (F(p,¢)) > 1.

Part 3: Note that

2.

g)=—
—1
22, €T, Zo

Fo(p,e) = F (D, ord (p(z0]22,))p(22,,)-

Applying the multivariate Leibniz rule, by Proposition 2.12,
(26), (40), and Lemma 2.3, we have for any ¢

| Dj - Fu(B) -

2

21 gro

—_n n

) on Mgo_

D5 Fy(7.e))|

ord (p(20]223)) Dy - (p(20]2Z3)p(22))

N

=0(" (29)

It follows from (19), (20), and the Cauchy integral formula ([3,
p- 157]) that

|Dp5 7?4»1(_’ ) Dy Fa( b, )|:O(€n) OHM50

pet'n
and
|Dpa 7?( b, )_Dg,sF(ﬁveﬂ = O(En) on M§0

which, together with (29), implies that

It then follows that there exists £g > 0 such that, for any /, there
exists 0 < p < 1 (here, p depends on £) such that on Us,

|D§75Fn(ﬁ, €) — ) on Mg,

| D Fu(f,) = D5 F(f.e)| < p"

and further

D Eu(5,e) — Dy F(f.e)| < p"
for sufficiently large n.

Similarly, note that
o

g)=—
=7 g1y,

—n

Gn (7€) — GO (P ) 10gp°(z0l22 ).

Then, by (26), (27), (23), and Lemma 2.3, we have for any ¢

D% .G(f.e) — DS .G,
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Z Df;,E(p(z:;)p(zdz:;)1ogp°(zo|z:;>>

~lgTa

—_n n

) on ./\/150

N

=0(e"

which, together with (28), implies that there exists g > 0 such
that for any /, there exists 0 < p < 1 such that on Us, ,
|D1€,SGTL (ﬁ:

&) - D4.G(7e)| < "

for sufficiently large n. O

III. CONCAVITY OF THE MUTUAL INFORMATION

Recall that we are considering a parameterized family of
finite-state memoryless channels with inputs restricted to a
mixing finite-type constraint S. Again for simplicity, we as-
sume that S has order 1.

For parameter value ¢, the channel capacity is the supremum
of the mutual information of Z(X,¢) and X over all stationary
input processes X such that A(X) C S. Here, we use only
first-order Markov input processes. While this will typically not
achieve the true capacity, one can approach the true capacity by
using Markov input processes of higher order. As in Section II,
we identify a first-order input Markov process X with its joint
probability vector p = px € M, and we write Z = Z(p,¢),
thereby sometimes notationally suppressing dependence on X
and e.

Precisely, the first-order capacity is

CY'(e) = sup I(Z; X) = sup (H(Z) — H(Z|X)) (30)
PEM peEM
and its nth approximation is
1
Cl(e)=sup I,(Z; X)= sup <Hn(Z)——H(ZEn|X9n)> )
FeEM FeEM n+1
(3D

As mentioned earlier, since the channel is memoryless, the
second terms in (30) and (31) both reduce to H(Zy|Xy), which
can be written as

- > pa)p(z|z)logp(z|z)

reEX, 2€Z

Note that this expression is a linear function of p’and for all p'it
vanishes when € = 0. Using this and the fact that for a mixing
finite-type constraint there is a unique Markov chain of maximal
entropy supported on the constraint (see [15] or [11, Section
13.3]), one can show that for sufficiently small ; > 0,61 > 0
andall 0 < e < g1

Cp(e) = sup (H,(Z)— H(Z%o|Xo))
PEMs,
>  sup  (Hn(Z) — H(Zo|Xo)) (32)
ﬁGM\Mél
CYe) = sup (H(Z)— H(Zo|X0))
PEMs,
> sup (H(Z) - H(Z|Xo)) (33)
ﬁGM\Mgl
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For instance, to see (33), we argue as follows.

First, it follows from the fact that for any n, H,(Z) is a con-
tinuous function of (p,e) and uniform convergence (Lemma
2.17) that H(Z) is a continuous function of (7, £) (the continuity
was also noted in [8]). Let X,,,x denote the unique Markov
chain of maximal entropy for the constraint. It is well known
that X ppax € Mg and H (X ax) > 0 (see [11, Section 13.3]).
Thus, there exists 6o > 0 and 0 < 1 < 1 such that

sup H(Z)|c=o= sup H(X)<nH(Xmax)-
ﬁGM\Mgo ﬁGM\Méo
Here, note that H(Z)|.—o = H(X), since we assumed that

there is a one-to-one mapping from X into Z, z = z(z), such
that for any x € X, p(z(z)|x)(0) = 1.

Thus, there exists €9 > 0 such that forall 0 < e < gg
H(Z) < (1/2 4 n/2)H (X max)

sup
ﬁGM\Méo

and

sup H(Z)
PEMs,

> (1/2 +n/2)H(Xmax)-

This gives inequality (33) without the conditional entropy term.
In order to incorporate the latter, notice that H (Z| Xy ) vanishes
at e = 0 and simply replace §y and ¢( with appropriate smaller
numbers 47 and 7.
Theorem 3.1: Let 67 be as in (32) and (33). Forany 0 < §p <
01, there exist g > 0 such that forall 0 < e < ¢q:
1) the functions I,,(Z (P, €); X (p)) and I(Z (P, e); X (P)) are
strictly concave on M, , with unique maximizing p, (¢)
and P (¢);
2) the functions I,(Z(p,e); X(p)) and I(Z(p,e); X (D))
uniquely achieve their maxima on all of M at pn(&:) and

Poo(€);
3) there exists 0 < p < 1 such that
|Pn(€) — Poc(e)| < "
Proof:

Part 1: Recall that
H(Z(p,e)) = G(F,e) + F(p,¢)(cloge)

By Part 1 of Theorem 2.18, for any given ¢y > 0, there exists
g0 > 0, such that G(p, ) and F(p, ) are smooth on Us, ., and
moreover

D3G(7,0), = D;F(7.0)

lim D2G(7, ) = lim D3F(fe)

uniformly on " € My, . Thus

lim D2H(4(7.<)) = DXG(7.0) = DIH(Z(7.0))  (34)
again uniformly on My, . Since D}%H (Z(p,0)) is negative def-
inite on My, (see [6]), it follows from (34) that for sufficiently
small e, D%H(Z(ﬁ, ¢)) is also negative definite on Ms,, and
thus H(Z(p,e)) is also strictly concave on M, .

Since for all e > 0, H(Zy|Xo) is a linear function of 7,
I(Z(p,e); X(p)) is strictly concave on M, . This establishes
Part 1 for I(Z(p, €); X (p)). By Part 3 of Theorem 2.18, for suf-

ficiently large n (n > N7p), we obtain the same result (with the
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same £q and &) for I,,(Z(p,e); X (p)). Foreach 1 < n < Ny,
one can easily establish strict concavity on Ug(n) o(n) for some
60 (™ > 0, and then replace &y by min{8y, 5™} and re-
place o by min{eg, (™},

Part 2: Choose 6y < 61 and further eg < &1, where &1 is
as in (32) and (33). Part 2 then follows from Part 1 and (32) and
(33).

Part 3: For notational simplicity, for fixed 0 < ¢ < ¢,
we rewrite I(Z(p,e); X(p)), I.(Z(p,e); X(p)) as function
f(), fn(D), respectively By the Taylor formula with re-
mainder, there exist 71,712 € M, such that

+ (ﬁn( ) o€ ))TDéf(m)(ﬁn(f) poo(é)) (35)
Fn(Poo(€)) = fa(Fn(€)) + Dy fu(Dn(€)) (oo (€) = Pn(€))
+ (n(€) = Do ()T D3 fu (112) (7 (€) = P (€))  (36)
where the superscript 7" denotes the transpose.
By Part 2 of Theorem 3.1
D5 f(Poc(€)) = 0, Dpfu(Pn(e)) =0 (37)

By Part 3 of Theorem 2.18, with £ = 0, there exists 0 < pg < 1
such that

|f(Poo(€)) = fr (oo (EN) <0G 1 (Pn(e))—
Combining (35)—(38), we have

|(Fn(€) = Foo ()T (DZF(m) + D3 fu(12)) (B (€) = Fov ()
<2

fu(Pn())] < pg-
(38)

|
n
0 -

Since f and f, are strictly concave on My, (see Part 1),
DZf(m), D%fn(n2) are both negative definite. Thus there
exists some positive constant K such that

K|ﬁn(6) - ﬁoo(a)|2 < 21)3
which implies the existence of p. O

Example 3.2: Consider Example 2.1. For sufficiently small
¢ and p bounded away from O and 1, Part 1 of Theorem 2.18
gives an expression for H(Z(p,¢)) and Part 1 of Theorem 3.1
shows that I(Z(p €)) is strictly concave and thus has negative
second derivative. In this case, the results boil down to the strict
concavity of the binary entropy function; that is, when ¢ = 0,

H(Z) = H(X) = —plogp — (1 — p)log(l — p), and one
computes with the second derivative with respect to p
1 1
H'(Z)le=0 = —— = —— < —4
p l-p

So, there is an €g such that whenever 0 < € < g9, H"(Z) < 0.

APPENDIX A
PROOF OF LEMMA 2.10

To illustrate the idea behind the proof, we first prove the
lemma for |k| = 1. Recall that

Wi, —m = (X = |
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Let ¢ be a component of ¢ = (p,¢). Then

2 (M)

_[peo ) (Gt gir()
(2" ) p(wi,2L,,) (i)
PO =) (| 80X = )| [ Bp)
S’ Ptm) |< P =) |G )

We first consider the partial derivative with respectto ¢, i.e., g =
€. Since the first factor is bounded above by 1, it suffices to show
that both terms of the second factor are mO(1/¢) (applying the
argument to both z* ,,, and 2° . and recalling that n. < m, mh <
2n). We will prove this only for |%p(zz_m)/p(zl_m) ,
proof for the other term being similar. Now

pln) =Y g(xTy)

—m

(39)

where

o=t = plr—m) T] plaseales) T plzsle).

j==m

Clearly, (z]|xj)/p(zj|x])1s O(1/e). Thus, each 2 529(x” Ly
is mO(l/E) Each g(z”1) is lower bounded by a posi-
tive constant, umformly over all p € Ms,,. Thus, each
2 g(x=,,)/9(x—1,) is mO(1/e). It then follows from (39) that
85 p(z, ) /p(zL, ) = mO(1/e), as desired.

For the partial derivatives with respect to p, we observe that
BeP(@—m) /D(x—m) and S-p(zji1la;)/p(wjia]e;) (here, g is
a component of p) are O(1 ) with uniform constant over all p €
M, . We then immediately establish the lemma for k| = 1.

We now prove the lemma for a generic k.

Applying the multivariate Faa Di Bruno formula (for the
derivatives of a composite function) [2], [10] to the fgnction
f(y) = 1/y (here, y is a function), we have for £ with |[¢| # 0

j=—m

i) (1/y) (™) [y) (4™ [y) - () [y)

where the summation is over the set of unordered sequences of

nonnegative vectors @y, @z, ...,d; withdy +do + - - -+ dy = £
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ofﬁ is less than or equal to the corresponding one of E), define
Clé = E!/(1(k — £)!). Then for any k, applying the multivariate
Leibniz rule, we have the equation shown at the bottom of the
page. Then, similarly as above, one can show that

P )@ (et ) =
p($7 Zz—m)(a)/p(x“ Zl—m) =

which implies that there is a positive constant CI 7l such that

mlalO(1/£1)

m!d0(1/¢l) (40)

(k) E E
|wi,—m| <nl |C|]Z|/€| |

Obviously, the same argument can be applied to upper bound
2|

ml®

APPENDIX B
PROOF OF LEMMA 2.11

We first prove this for |k| = 1. Again, let ¢ be a component
of ¢ = (p,e). Then, fori = —1,—2,..., —ng, we have

gw . _ O (7w o)
8q (i+1)N—1,—m w )

Ofr1;
—=(q, iN—1.—m 41
+ aq (q7w1\ 1, ) ( )
and
J . Of21s o Jd .
a—qw(7‘,+1)N—1,—m = W((bwd\f—l,—m)a_th 1,—
921,
i _ 42
a(] ({J7wN 1, ) ( )
Taking the difference, we then have
0 a .
a_qw(i+1)N—l,—m - a_qw(i+1)N—l,—m
~O0f L Ofi1 o
= 8[] (@, win—1,—m) — 8[q] (@, Win—1,—s)
Oz - 9
+ - w (q7w1N—1,—m)a_qw1N—1,—m
2ion

ow (q WiN—1,—1n )aqwm—l,—m

_ (9 - A [,
_< 8q (qvwlN—l,—’m)_ 8q

(7, ﬂ%‘N—L—m))

and D(d,,do, ..., d;) is the corresponding coefficient. For any 3f[z]1
7, define /! = T[> SQH'll I; and for any £ < k (every component T\ ow o (G WiN-1- )aqwiN_l’_m
NG
p(zi 2Ly) i k- ‘ ‘
< i ) =Y Ci(plwi, 22, 0 (1/p(zE,))
p(zL,,) e
i<k
_ e plai, 25 ) pleis 28, 0 pl,) @) pz,,) @)
= Z C,;D(al’ » ) (2 p(wi, 2t,,) p(2L,,) p(2L,,)
7<FE @y 4o+t =F - v o .
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_%( oy A)ﬁw :
Ow q, WiN—1,—m 8q iN—1,—m

Ofa)s o o 0
+< aw (q WiN— 1,—m)a_qw1N—1,—m

This last expression is the sum of three terms, which we will
refer to as T} 1, T; 2, and T; 3.

From Lemma 2.6, one checks that for all [z]; € ZN,w € W
and ¢ € Us, ¢,

a2f[z]i ((T w) a2f[Z]z
oqow "’ | Owow

((T w)‘ < C«/E4NOmax

(Here, we remark that there are many different constants in this
proof, which we will often refer to using the same notation C,
making sure that the dependence of these constants on various
parameters is clear.) It then follows from the mean value the-
orem that for each¢ = —1,—-2,...,—ng

Tia < (Cfe*NOma)win_1 —m — Win—1,—sn.|
By the mean value theorem and Lemma 2.10

T;o < (C)e*NOmax)(nCy Je) | win—1,—m
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Iteratively apply this inequality to obtain (43), as shown at the
bottom of the page.

Now, applying the mean value theorem, we deduce that there
exist &, —ng < 7 < —j — 2 (here, §; is a convex combination
of W_iN—1,—m and ’UA),iN,L,m) such that

m w(—j—1)N—1,—m|

Frayg-2 (—nyN—1,—)|

fw(j—tyn -1,
= |f[z]:{];2 (WengN=1,-m) —
—j=2

S H ||Dwf[z]l(£L)|| : |w—n0N—1,—m

i=—ng

- w—noN—l,—ﬁm|

Then, recall that an «-typical sequence z:rlL breaks at most 2an
times. Thus, there are at least (1 — 2a/)n 4’s where we can use
the estimate (9) and at most 2an i’s where we can only use
the weaker estimates (8). Similar to the derivation of (10), with
Remark 2.2, we derive that for any o < «g, every term on the
right-hand side of (43) is O(e") on Ms, x Ty, (we use
Lemma 2.10 to upper bound the first term). Again, with Remark
2.2, we conclude that

ow_1,—m OW_1,_n

o o7 |~ O(e™) on Mg, x T

nmm

which, by (6), implies the proposition for |I; | = 1, as desired.
The proof of the lemma for a generic k is rather similar, how-

— WiN—1,—m]
ever very tedious. We next briefly illustrate the idea of the proof.
And finally Note that (compare the following two equations with (41), (42)
for |k| = 1)
T3<Haf[z]l 7, bin 1 )H ) o4 ;
v N —L,—m k [2]i /> k
9 9 E1J)r1)N L—m = "9, (7, win—1,- )wa) 1,—m T others
'|a—qwu\f—1,—m - 8_qwiN—l,—m|~ and
_of i
~(k z]; ~ k
Thus gl-l)—l)N 1,— - 8’[11)] (q WiN—1,— ) 7(/]\/')_1,_1% + others
a 0 .
|a_w(i+1)N71 —m a—w(i+1)N71,7m| where the first “others” is a linear combination of terms taking
4 4 the following forms (below, ¢ can be 0, which corresponds to
8f[z]l i 0 . . o . !
WiN—1,—mm)||" |a_wiN71’7m — a—wiN7177m| the partial derivatives of f with respect to the first argument ¢):
q q
+ (1 +nCy [e)Ce NOmx|win 1 _pn = Din-1,—m]- f[z] (@ win-1,-m)w 1(?\71)1 —m wz(?\ft)fl,fm
—1
7] a . (9f[z] a .
|a—qw71,fm - a—qw71,7m| < H 9w (¢, Win—1,— wfnoN 1,—m — a—qw7n0N71,7m|
1=—ng
= af[Z]I - —4NO "
+ H w0 (@, Win—1,—m)|| (1 +nC1/e)Ce Wy N1, —m — Wy N—1, 12|
i——no-i—l
3fz - .
-+ H ] (] WiN—-1,— H 1 +TLCl/E) 4NO "“"|w( j—1)N—-1,—m — w(—j—l)N—l,—ﬁl|+
i=—j
i), i .
+H & “N—1,—1 H (14 nCy[e)Ce™*NOmax |y _on 1y — _an—1,—sn|

+ (14+nCy/e)Ce*

mx|w_N_1’_m

(43)

—W_N-1,—1
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and the second “others” is a linear combination of terms taking
the following forms:

(@)

FE @ tbin 1 )@ b

TWiNT1,
here k' < k, ¢ < |k| and |@;| < || for all i. Using Lemma 2.10

and the fact that there exists a constant C' (by Lemma 2.6) such
that

|f[(zk]:l)({j7 wiN—17—m)| S O/&ANOmaxlk/l

we then can establish (compare the following inequality with
(43) for |k| = 1)

(k) ~ (k)
‘w(i-i—l)N—l,—m T W) N-1,—m
2k . (F)

<

o i
<75 (T win—1,-m) "wiNfl,fm_wiN—l,—m‘—}_Others

ow

where “others” is the sum of finitely many terms, each of which
takes the following form (see the jth term of (43) for |k| = 1):

-1

Ofty o
nD;ZI O(l/ED;/)Z:H_J 8f/[w]1 (q/ wiN—l,—r?z)H
: ’wgi]—1)N—1 —m “A’E(i)j—an —a| 44

where |@| < ||, Dy, is a constant dependent on k. Then, induc-
tively, one can use the similar approach to establish that (44) is

O(e™) on M, x T which implies the lemma for a generic

iy ,m,m?
k.
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