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Compact Dual-Mode Triple-Band Bandpass Filters
Using Three Pairs of Degenerate Modes

in a Ring Resonator
Sha Luo, Student Member, IEEE, Lei Zhu, Senior Member, IEEE, and Sheng Sun, Member, IEEE

Abstract—In this paper, a class of triple-band bandpass filters
with two transmission poles in each passband is proposed using
three pairs of degenerate modes in a ring resonator. In order to
provide a physical insight into the resonance movements, the equiv-
alent lumped circuits are firstly developed, where two transmission
poles in the first and third passbands can be distinctly tracked as
a function of port separation angle. Under the choice of 135 and
45 port separations along a ring, four open-circuited stubs are
attached symmetrically along the ring and they are treated as per-
turbation elements to split the two second-order degenerate modes,
resulting in a two-pole second passband. To verify the proposed de-
sign concept, two filter prototypes on a single microstrip ring res-
onator are finally designed, fabricated, and measured. The three
pairs of transmission poles are achieved in all three passbands, as
demonstrated and verified in simulated and measured results.

Index Terms—Bandpass filter, dual mode, open-circuited stubs,
ring resonator, triple band.

I. INTRODUCTION

T RIPLE-BAND transceivers have shown their potential in
modern multiband wireless communication systems [1],

[2]. As an important circuit block, the triple-band bandpass fil-
ters have garnered a lot of attention over the past few years. In
a typical design, two different resonators are used to realize the
desired three passbands [3]–[6]. The first and third passbands
are realized by the first and second resonant modes of either
stepped-impedance resonator (SIR) [3], [4] or stub-loaded res-
onators [5], [6]. The second passband is created by the first res-
onant mode of an additional resonator. In all these studies, four
resonators were employed to complete their final designs. The
works in [7]–[10] tried to demonstrate that a triple-band band-
pass filter can be designed using a tri-section SIR or stub-loaded
resonator. However, at least two identical resonators need to be
used together in order to create two transmission poles in each
passband. There are some other methods that are also developed
for the design of triple passband filters with the three passband
in close proximity, such as the dual behavior resonator (DBR)
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Fig. 1. Schematics of the proposed ring resonators with two distinct port exci-
tation angles ����. (a) 135 . (b) 45 .

[11], parallel coupling topology [12], coupling-matrix method
[13], inverter-coupled resonator [14], frequency transformation
[15], and band-splitting technique [16]. However, to the best of
our knowledge, all the triple-band bandpass filters developed
thus far require at least two resonators, regardless of varied fre-
quency spacing between the triple passbands.

Very recently, a single ring resonator was applied to develop
compact dual-mode dual-band bandpass filters [17]–[19]. In
[17], the two ports were positioned at 135 separation. The two
pairs of the first- and third-order degenerate modes of a ring
were excited under strong capacitive coupling between a ring
resonator and two ports, thus making up the two operating pass-
bands. An alternative dual-mode dual-band bandpass filter was
later designed by using the first- and second-order degenerate
modes of a ring resonator where the two ports are separated by
135 [18] and 45 [19], respectively.

The main objective of this work is to extend our design con-
cept in [17]–[19] toward the theoretical design and practical
exploration of a class of compact triple-band bandpass filters
using three pairs of degenerate modes in a single ring resonator.
First, an equivalent lumped circuit is developed under even- and
odd-mode excitations to provide physical insight into the move-
ments of two pairs of first- and third-order resonant modes as a
function of port separation angle. In our design, the two-port
excitation angle is set to be 135 or 45 such that the second
passband is fully suppressed for a uniform ring at the beginning.
As the four open-circuited stubs are introduced as perturbation
elements, the second passband is created with two transmission
poles. Fig. 1(a) and (b) shows the schematics of the two pro-
posed ring resonators with an excitation angle of 135 and 45 .
After their operating principle is described, the two dual-mode
triple-band bandpass filters on a single ring resonator are finally

0018-9480/$26.00 © 2011 IEEE
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Fig. 2. (a) Schematic of a uniform ring resonator capacitively excited via ca-
pacitors at a separation angle ���� between two ports. (b) Odd-mode one-port
bisection. (c) Even-mode one-port bisection.

designed, fabricated, and measured. The good agreement be-
tween the simulated and measured results verifies the proposed
design principle.

II. DUAL-MODES IN FIRST AND THIRD RESONANCES

Fig. 2(a) depicts the schematic of a uniform ring resonator
that is excited by two identical capacitors at a separa-
tion angle between two excitation ports. Under odd- or
even-mode excitation at the two ports, the symmetrical plane in
Fig. 2(a) becomes a perfect electric wall (E.W.) or magnetic wall
(M. W.). Fig. 2(b) and (c) show the transmission-line models
of the two one-port bisection networks, where the short- and
open-circuited ends represent the E.W. and M.W., respectively.

is the characteristic admittance of the ring, is equal to half
of the length of the ring, and represents the length from the
feeding point to the symmetric plane of the ring.

Under odd-mode excitation, the output admittance of the one-
port network looking into the right side after is

(1)

Similarly, the output admittance under even-mode excitation
can be obtained

(2)

At the first resonance with an angular frequency ,
and . The angular frequency near can be

Fig. 3. (a) Parallel LC resonator. (b) Equivalent circuit of one-port bisections
in Fig. 2(b) and (c) that consists of a transformer and a parallel LC resonator.

reasonably expressed as , when is very small.
Thus, the admittances in (1) and (2) can be simplified as

(3)

and

(4)

Similarly, at the third resonance , and
. The angular frequency near is ,

when is small, such that we have

(5)

and

(6)

On the other hand, for the parallel LC resonator circuit in
Fig. 3(a), its input admittance around resonance can be derived
as

(7)

where and is the angular resonant frequency.
Comparing (3)–(6) with (7), we can find that the parallel LC
circuits can be used to represent half of a symmetrical bisection
of a ring resonator under odd- and even-mode excitations around
its first and third resonances. Given the equivalence of Figs. 2(b)
and 3(a), the odd-mode equivalent capacitance and inductance
around the first resonance are derived as

(8a)

(8b)

Meanwhile, the even-mode equivalent capacitance and induc-
tance near the first resonance are

(9a)

(9b)
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Fig. 4. (a) Odd-mode equivalent lumped circuits. (b) Even-mode equiva-
lent lumped circuits. (c) Spacing between two transmission poles around
the first resonance (2.56 GHz) under varied external capacitors �� � with
� � ���� � .

Similarly, around the third resonance, these equivalent capac-
itances and inductances under odd- and even-mode excitations
are

(10a)

(10b)

(11a)

(11b)

Notice that the capacitors and inductors in (8a)–(11b) are all
dependent on the separation angle . Thus, a simple, but gen-
eral, LC resonator in Fig. 3(a) is modified to an alternative circuit
shown in Fig. 3(b), where a transformer with the turns ratio of

is placed before the LC resonator with and .
Around the first resonance, is equal to and for

the odd- and even-mode excitations. Thus, the transmission-line
models in Fig. 2(b) and (c) can be simplified as those lumped-
circuit models shown in Fig. 4(a) and (b), respectively, with the
capacitance and inductance given by

(12a)

(12b)

Furthermore, the odd- and even-mode resonant angular fre-
quencies around the first resonance are calculated as

(13a)

(13b)

where or . From the transmission-line
models in Fig. 2(b) and (c), it is easy to understand that, if

, only odd-mode resonance is excited; if ,

Fig. 5. (a) Odd-mode equivalent lumped circuits. (b) Even-mode equiva-
lent lumped circuits. (c) Spacing between two transmission poles around
the third resonance (7.68 GHz) under varied external capacitors �� � with
� � ���� � .

only even-mode resonance is excited. When , the odd-
and even-mode circuits resonate at the same frequency. It con-
firms that only one pole appears at the first resonance of an uni-
form ring resonator with a port-separation angle of 180 or
90 , as discussed in [20]. Fig. 4(c) demonstrates how the odd-
and even-mode resonant frequencies ( and ) merge to-
gether as moves from 0 to 90 and how they split again as

changes from 90 to 180 . Of course, these two resonant fre-
quencies also depend on the capacitance . With the same
port separation angle , the bigger is, the further apart the
two frequencies are. Using the same method, the equivalent cir-
cuit for the third resonance can be derived as shown in Fig. 5(a)
and (b), respectively, where

(14a)

(14b)

The third-order odd- and even-mode resonances occurs at

(15a)

(15b)

where or . Looking at Figs. 4(c) and 5(c),
we can figure out that the spacing between the two resonant fre-
quencies, , around the third resonance varies much
more significantly than that around the first resonance. In par-
ticular, we find that the odd- and even-mode circuits resonate at
the same frequency if and are selected.
Moreover, the spacing between these odd- and even-mode reso-
nant frequencies can be enlarged by increasing the value of .

Tables I and II tabulate the two sets of transmission poles
around the first and third resonances, which are calculated from
(13a) and (13b) and (15a) and (15b) with respect to Fig. 2(a).
Good agreement with each other is observed. In addition, when

and , the two degenerate modes around both the
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TABLE I
CALCULATED AND SIMULATED POLES AROUND THE FIRST

RESONANCE (2.56 GHz) WITH � � ���� �

TABLE II
CALCULATED AND SIMULATED POLES AROUND THE THIRD

RESONANCE (7.68 GHz) WITH � � ���� �

first and third resonances of a ring resonator are excited at the
different frequencies.

III. DUAL MODES IN SECOND RESONANCE

Our next step is to investigate the excitation of two degenerate
modes at the second resonance of the ring resonator. At ,

and . For an angular frequency
, when is small, we have

(16)

and

(17)

Similarly, equivalent odd- and even-mode lumped circuits
around can be also expressed in terms of Fig. 6(a) and (b),
where

(18a)

(18b)

Fig. 6. (a) Odd-mode equivalent lumped circuits. (b) Even-mode equivalent
lumped circuits. (c) Spacing between two transmission poles around the
second resonance (5.13 GHz) under varied external capacitors �� � with
� � ���� � .

In this way, the second-order odd- and even-mode resonant
angular frequencies can be calculated as

(19a)

(19b)

where or . Fig. 6(c) gives three sets
of spacings between two resonant frequencies or transmission
poles, i.e., , under varied external capacitance .
The results in Fig. 6(c) illustrate that the spacing between two
poles or resonant frequencies reaches its peak at and
becomes zero at and . As discussed above, the
port-to-port excitation angle needs to be selected as 135
or 45 in order to suppress the second resonance of a ring res-
onator, but, in this case, the odd- and even-mode resonant fre-
quencies merge to the same frequency at and , as
shown in Fig. 6(c).

Using the perturbation methodology in the design of tradi-
tional dual-mode ring bandpass filters, e.g., [20], four open-cir-
cuited stubs are attached symmetrically with the ring resonator,
as shown in Fig. 7(a). They are introduced herein as perturba-
tion elements in order to split the two second-order degenerate
modes while giving infinitesimal influence on the spacing be-
tween the two degenerate modes at the first and third resonances.
In Fig. 7(a), is the characteristic impedance of the ring and
open-circuited stubs, is the electrical length of one quarter of
the ring, is the electrical length of the two vertical stubs, and

is the electrical length of the two horizontal stubs.
As shown in Fig. 7(b) and (c), at the second-order odd- and

even-mode resonances, one quadrant of the whole ring resonator
act as half-wavelength short and open resonator, respectively.
With reference to Fig. 7(b) and (c), the odd- and even-mode
resonant conditions can be derived based on the well-known
transverse resonance method, where

(20a)

(20b)
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Fig. 7. (a) Stub-loaded ring resonator with two lumped-capacitors at the ex-
citation positions. (b) and (c) Equivalent quadrant-ring models at second-order
odd- and even-mode resonances.

Fig. 8. Frequency responses around the second resonance of a ring resonator
with the strip width of 0.3 mm versus varied stub lengths (� and � ) under
week coupling at two ports �� � ���� pF�.

It can be immediately understood from (20a) and (20b) that
the addition of four stubs only affects the even-mode resonant
frequencies while having no influence on their odd-mode one.
Fig. 8 illustrates the splitting of the two second-order resonant
frequencies for a ring circuit in Fig. 7(a) with a separation angle
of . With no stubs installed in the ring, i.e.,

, the two resonant frequencies become the same as each
other and they are both equal to 5.08 GHz. As the electrical
length of the four identical stubs increases to
and , the even-mode resonant frequency decreases to
4.84 and 4.62 GHz, while its odd-mode resonant frequency
remains at 5.08 GHz. Thus far, we have demonstrated that the
two second-order degenerate modes of a ring resonator with the
130 or 45 port-to-port separation angle can be also split by
introducing these four stubs as perturbation structures.

IV. TWO TRIPLE-BAND FILTERS: DESIGN AND RESULTS

Based on the detailed discussion in Sections II and III, two
triple-band microstrip-ring-resonator bandpass filters can be
constructed using three pairs of degenerate modes occurring
at , , and . In order to simplify the design, uniform
ring resonators are used for filter design to prove our design
principle. Fig. 1(a) and (b) displays the schematics of the two
proposed ring-resonator filters with the port-to-port separation
angle and , respectively, where and stand
for the inner and outer radii of the ring. The ring is capacitively

Fig. 9. (a) Equivalent model of the ring circuit in Fig. 1(a). (b) Theoretical
frequency responses for varied stub lengths (� and � ) (� � ���� mm, � �
���� mm, � � ���� mm, � � ���� mm, and � � 	� �
. Substrate: 	 �
����, 
 � ���� mm).

coupled with the two feed lines via two identical parallel-cou-
pled lines with the coupling angle of , coupling gap of , and
strip width of . The width of four stubs is set to

, whereas the lengths of the vertical and horizontal stubs are
set as and , respectively. These two triple-band filters are
realized based on the above-discussed principle that two pairs
of the first- and third-order degenerate modes are split by the
strong line-to-ring coupling under the 135 45 port-to-port
angle, while a pair of second-order degenerate modes are
separated relying on proper perturbation of four open-circuited
stubs.

Figs. 9(a) and 10(a) show the two complete equiva-
lent-circuit models for the two proposed ring-resonator
triple-band filters shown in Fig. 1(a) and (b). In Figs. 9(a)
and 10(a), stands for half the electrical length of the
coupled lines, ,

, and , re-
spectively, as studied in [19]. As shown in Figs. 9(b) and 10(b),
with no stubs installed, the first and third passbands with two
poles in each band are produced, whereas the second passband
is fully suppressed by signal cancellation between the upper
and lower paths when or , i.e., transmission
zero. By adding four open-circuited stubs with proper lengths,
the second passband is visibly produced with two transmission
poles. In this aspect, the first and third passbands slightly drop
off due to the slow-wave property of the stub-loaded ring.

In our design, the coupling length and coupling gap
of the parallel-coupled lines in Fig. 1(a) and (b) are first de-
termined to achieve the first- and third-order dual-mode pass-
bands under the fixed 135 45 port excitation angle. Next,
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Fig. 10. (a) Equivalent model of the ring circuit in Fig. 1(b). (b) Theoretical
frequency responses for varied stub lengths (� and � ) (� � ���� mm, � �

���� mm, � � ���� mm, � � ���� mm, and � � ��� ���. Substrate:
� � ���	, 	 � ��
� mm).

four open-circuited stubs are attached with the uniform ring at
an equally spaced distance to split the second-order degenerate
modes, thus making up the second passband with two poles. In
order to increase the degree of freedom in controlling the poles
in the first and third passbands, the lengths of the two vertical
and two horizontal stubs are selected separately. The bandwidth
of each passband can be separately adjusted by the odd- and
even-mode resonant poles and the coupling strength of the par-
allel-coupled lines. Looking at Figs. 9(b) and 10(b) together,
we can find that the filter in Fig. 10(a) with achieves
higher filter selectivity out of the triple passbands due to the
existence of more transmission zeros. Based on our study in
[19], both the first zero at the lower stopband and the second
zero at the upper stop are generated by the signal cancellation
(out-of-phase principle) from the two paths of the ring resonator.
Meanwhile, the two zeros at each side of the second passband
are introduced and controlled by the capacitive coupling nature
of perturbation.

In order to take into account all the unexpected effects such
as frequency dispersion and discontinuities, the two compact
dual-mode triple-band bandpass filters are optimally designed
using a full-wave electromagnetic (EM) simulator [21]. These
two filters are then fabricated on a dielectric substrate with a
thickness of 1.27 mm and permittivity of 10.8. Two photographs
of the fabricated filters with and are provided in
Figs. 11(a) and 12(a), respectively. Figs. 11(b) and 12(b) indi-
cate the simulated and measured results over a wide frequency
range of 1.0–9.0 GHz.

For the first filter with in Fig. 11(a), the mea-
sured triple passbands are centered at 2.37, 4.83, and 7.31 GHz

Fig. 11. (a) Photograph of the fabricated filter with 135 port separation.
(b) Simulated and measured 
 and 
 magnitudes.

Fig. 12. (a) Photograph of the fabricated filter with 45 port separation.
(b) Simulated and measured 
 and 
 magnitudes.

with the 3-dB fractional bandwidths of 7.1%, 7.1%, and 5.5%,
respectively, as can be found from Fig. 11(b). The minimum
insertion loss in measurement is equal to about 1.0 dB in the
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Fig. 13. Three sets of simulated� and� magnitudes under different values
of strip width of the ring ��� and spacing of the parallel-coupled lines ���.

first/second passbands and 0.6 dB in the third passband. More-
over, the three pairs of measured transmission poles appear at
2.37/2.44, 4.77/4.88, and 7.16/7.29 GHz, as predicted in anal-
ysis and simulation, whereas two transmission zeros are created
at 2.48 and 7.37 GHz. The attenuation at the lower stopband is
better than 10 dB from dc to 2.13 GHz and the attenuation at
the upper stopband is better than 7.0 dB from 7.34 to 9.00 GHz.
The isolation between the three passbands is better than 10 dB
in a range from 2.47 to 4.53 GHz and from 5.13 to 6.63 GHz,
respectively.

For the second filter with in Fig. 12(a), the
measured center frequencies are 2.35, 4.78, and 7.21 GHz
with 3-dB fractional bandwidths of 5.31%, 6.27%, and 8.66%,
respectively, as can be found from Fig. 12(b). The minimum
insertion loss reaches to about 1.78 dB in the first passband,
0.9 dB in the second passband, and 0.7 dB in the third pass-
band. The three pairs of measured poles occur at 2.40/2.36,
4.70/4.78, and 7.02/7.17 GHz. The six transmission zeros are
created at 1.73, 2.45, 4.54, 5.35, 7.27, and 8.12 GHz, which
have improved the better filter selectivity than that in Fig. 11.
At the lower stopband, the attenuation is higher than 34 dB
from dc to 1.88 GHz; at the upper stopband, the attenuation is
higher than 8.5 dB from 7.2 to 9.0 GHz. The isolation is greater
than 14 dB from 2.44 to 4.58 GHz and is greater than 10 dB
from 5.07 to 6.10 GHz. In order to verify the sensitivity of the
design, three sets of simulated and magnitudes with
the desired values and the extreme values due to the fabrication
tolerance 0.015 mm related to the ring width and the cou-
pling spacing were plotted together in Fig. 13. We can notice
from Fig. 13 that positions of the expected transmission zeros
and poles are almost unchanged and insertion loss and return
loss do not receive any significant influence.

V. CONCLUSION

In this paper, a novel class of compact dual-mode triple-band
bandpass filters based on a single microstrip ring resonator has
been presented. In theory, a simple equivalent lumped circuit
is presented to provide physical insight into the splitting and
movement of the three pairs of odd- and even-mode resonant
frequencies with respect to the port excitation angle and four
open-circuited stubs. In our analysis and design, the port exci-
tation angle is chosen as 135 and 45 so as to only excite the

two pairs of first- and third-order degenerate modes. By prop-
erly attaching the four stubs with the ring, a pair of second-order
degenerate modes is excited and split, as expected. Finally, two
triple-band bandpass filters have been designed and fabricated.
Predicted results are verified experimentally, showing the triple
passbands with two poles in each passband.
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