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ABSTRACT 

In this paper, axisymmetric 8-node and 9-node quadrilateral elements for large deformation 

hyperelastic analysis are devised. To alleviate the volumetric locking which may be encountered in 

nearly incompressible materials, a volumetric enhanced assumed strain (EAS) mode is incorporated in 

the eight-node and nine-node uniformly reduced-integrated (URI) elements. To control the compatible 

spurious zero energy mode in the 9-node element, a stabilization matrix is attained by using a hybrid-

strain formulation and, after some simplification, the matrix can be programmed in the element 

subroutine without resorting to numerical integration. Numerical examples show the relative efficacy 

of the proposed elements and other popular eight-node elements. In view of the constraint index count, 

the two elements are analogous to the Q8/3P and Q9/3P elements based on the u-p hybrid/mixed 

formulation. However, the former elements are more straight forward than the latter elements in both 

formulation and programming implementation.  

 

 

Keywords:  hybrid/mixed, finite element method, large deformation, hyperelastic,  

volumetric locking, enhanced assumed strain, stabilization  

 

 

 

 Published in  International Journal of Mechanics and Materials in Design, 2010, v. 6(3) p. 197-207 

 

 

mailto:kysze@hku.hk


~ P.2 ~ 

1. INTRODUCTION 

Hyperelastic constitutive models are commonly used for rubbery materials and biological soft tissues 

which are often assumed to be nearly incompressible. In finite element analysis of nearly 

incompressible materials, when the number of volumetric constraints per element is excessive, the 

element assemblage would exhibit the volumetric or dilatational locking which is signified by a non-

physical and excessive stiffness as if the assemblage was locked. Meanwhile, the predicted pressure or 

mean stress may exhibit oscillation [1-11]. In four-node quadrilateral elements, the latter phenomenon 

is known as the checkerboard mode [4,5]. Note worthily, an effective way of tackling nearly 

incompressible material analyses is the u-p formulation in which a variational functional with 

independently assumed displacement and pressure is employed [2,9,10].  

Over the past decades, effort has been put into the development of high performance finite element 

formulations for axisymmetric problems. While incompatible plane and solid QM6 elements [12] have 

been popularly employed by commercial software, the related axisymmetric element fails the patch 

test. On the other hand, a number of incompatible and enhanced assumed strain (EAS) axisymmetric 

elements which manage to patch test were derived [13-16] years later. Based on multifield functionals 

and their variants, there have been quite a number of hybrid/mixed axisymmetric elements derived 

[5,14-21]. Stabilized axisymmetric element can also be noted [22]. Apart from the well-known 

advanced finite element formulations, two approaches to reduce the number of dilatational constraints 

in axisymmetric elements were proposed by Yu & his coworkers [7,8,11]. In the first approach, rur (the 

product of the radial coordinate r and radial displacement ur) is employed instead of ur as the nodal 

dofs. In the second approach, r
2
 and instead of r are interpolated in the element formulation.  

Note worthily, many of the afore-reviewed elements are restricted to linear analyses. In the present 

study, an eight-node quadrilateral element (Q8) and a nine-node quadrilateral element (Q9) are devised 

for large deformation axisymmetric analyses of hyperelastic materials. Using the uniformly reduced 

integration (URI), volumetric locking in the Q8 and Q9 elements is alleviated by adopting a volumetric 

EAS mode which is selected with respect to the principles of EAS method. The practice is similar to 

the destabilization approach [9,23] used to reduce the rank of the penalty matrix. The enhanced URI Q8 

element possesses only one incompatible spurious zero energy mode which is always suppressed if 

there are more than one element in the mesh. The enhanced URI Q9 element, however, possesses two 

compatible spurious zero energy modes. To suppress them, stabilization matrix is derived by a hybrid-

strain method [23]. A notable feature of the stabilization matrix is that it can be derived without using 

numerical integration.  
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A number of numerical examples are considered. In most of them, the proposed elements and 

Abaqus’s URI Q8 and hybrid URI Q8 (with three independently assumed pressure modes) [24] yield 

close predictions. However, when the problem domains are highly restrained and the material is nearly 

incompressible, pressure predictions of the enhanced URI Q8 and Abaqus’s hybrid URI Q8 are 

oscillatory whereas the predictions of the enhanced URI Q9 element remains smooth.  

 

2.  DISPLACEMENT-DERIVED AND ENHANCED ASSUMED STRAINS 

Figure 1 shows the Q9 element on the r-z-plane. In the absence of the centre node, it becomes the Q8 

element. Within the element, the initial coordinate vector x and the displacement vector u are 

interpolated, i.e.  
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where (,) are the natural coordinates; xjs and ujs are the nodal counterparts of x and u, respectively; n 

equals 8 and 9 for the Q8 and Q9 elements, respectively. The interpolation functions Njs, which are 

different for Q8 and Q9 elements, can be found in standard textbooks and are not repeated here. 

Moreover,  
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in which Im is the m-th order identity matrix. The natural Green strain component eij’s are:  

 ( , , , , ) / 2 ( , , , , ) / 4T T T T
ij i j j i i j j ie    x u x u u u u u     for    i, j = ,  (3) 

and the vector of physical Green strain components can be obtained as: 

 { , , ,2 } { , , ,2 }T T
rr zz rz             T  (4) 

in which 
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Among the first and second order plane and axisymmetric u-p formulated elements [2,9,10], the most 

robust one is properly the Q9-3P element which is the Q9 element with three assumed pressure modes 

[9,10] . Naturally, the three pressure modes can be taken to be 1,  and .  

For the URI Q8 and Q9 element, the integration rule is the 22 quadrature. As the strain and thus 

the pressure are sampled at four integration points, their characteristics in regard to nearly 

incompressible materials should be similar to the u-p formulated elements with four pressure modes 

which can be taken to be 1, ,  and . To nullify the effect of the fourth pressure mode without 

explicitly defining a pressure field, one may incorporate a volumetric EAS mode . This reduces the 

rank of the penalty matrix formed by 22 quadrature by one and the similar technique has been 

employed in references [9,23]. It is expected that enhanced (with the EAS field) Q8 URI elements yield 

predictions similar to the element with three pressure modes explicitly assumed such as ABAQUS’s 

CAX8RH element [24]. 

As the integral of the EAS field over the element domain must be zero for patch test fulfillment [13] 

and the integral over the un-deformed element domain 
e
 can be manipulated as: 

 

1 1

1 1

2
e

d rJd d  

 

 

      

in which J = (r/)(z/) - (r/)(z/)  is the Jacobian determinant, the volumetric EAS mode   

can be modified to be 

 [1,1,1,0]EAS T

rJ


   E  (5) 

where  is the scalar coefficient, the shape function matrix E is given by the underlined terms. The 

union of (4) and (5) leads to the enhanced strain: 

 / 2[ , ]
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where 
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3. THE ENHANCED URI ELEMENTS 

For the intended large deformation hyperelastic analysis, let (u,) and (u+u,+) be respectively 

the acquired and refined approximate solutions to the nonlinear equilibrium problem. The virtual work 

principle for an assemblage of elements e’s can be expressed as: 

 e

e

U W   

where   is the virtual symbol and W is the external virtual work. Moreover,  

 ( )e TU    C    (7) 

is the elemental internal virtual work. For hyperelastic materials, the vector of second Piola-Kirchhoff 

stress components  and tangential material stiffness matrix C can be derived from the strain energy 

function A() as [24] : 
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Further from (6) and (13), 
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in which  

 [ ]Tx+uB ,E   is the equivalent nodal force of the element stress,  

 K  is the symmetric initial stress matrix, i.e. [ ]T
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 [ ] [ ]Tx+u x+uB ,E C B ,E  is the tangential stiffness matrix. 

 

With four sampling points in the URI, the tangential stiffness matrix can be expressed as: 
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Suffix “l” denotes that that a lower order (22 quadrature) integration rule is employed and ()J denotes 

the value of the braced term at the J-th sampling point, see Figure 1. 

 Same as the Q8 and Q9 URI elements [25], the enhanced Q8 and Q9 URI elements whose 

displacement-derived strain is enhanced with the volumetric EAS exhibit spurious zero energy 

mode(s). For a square element with edges parallel to the r- and z-axes, the modes are: 
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in which p and p are self-defined and portrayed in Figure 2; c’s are coefficients. The first mode exists 

in both elements. However, it rarely causes problem as it is incompatible, i.e., it is self-suppressed 

when two or more elements are used in a mesh. The last two modes exit only in the Q9 URI elements. 

However, they are compatible and can plague practical analyses. In the next section, a stabilization 

scheme is developed for the element.  
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4.  LOWER AND HIGHER ORDER HYBRID-STRAIN MODES 

In hybrid-stabilization [9,23,26-28], a hybrid-stress or hybrid-strain field which is independent of the 

displacement-derived strain field is assumed. The assumed “hybrid” field is partitioned into a lower 

order “l” and higher order “h” sub-fields. For nonlinear material problems, it is more convenient to use 

a hybrid-strain field which, for axisymmetric problems, can be expressed as: 

 { , , ,2 }T
rr zz rz l l h he e e e   e P P   (13) 

where Ps are the shape function matrices and s are the vectors of coefficients. Moreover, one picks  

  4 4 4 4, , ,l   P I I I I .  

Without affecting the basis, the shape matrix can be changed to 

4 4 4 4

3 1 1 1 1 1 1 1 1
( )( ) , ( )( ) , ( )( ) , ( )( )

4 3 3 3 3 3 3 3 3
l        

 
        

  
P I I I I . (14) 

It can be noted that (1/3)(1/3) equals either 1 or 0 at the 2×2 quadrature points. The property 

would facilitate the subsequent proof for showing that the lower order modes will lead to the URI 

element. In this light, the higher order modes can be chosen to suppress the compatible spurious zero 

energy modes of the URI element. The strain associated with the displacement in (14) can be derived 

as: 
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 + second order terms of c1 and c2. 

To suppress the two spurious modes, the higher order hybrid-strain shape function matrix can be 

chosen to be: 
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where Co is the tangential elasticity matrix at zero strain.  

 



~ P.8 ~ 

5.  WEAK FORMS FOR THE STABILIZATION 

Let (u, , e) and (u+u,+, e+e) be the acquired and refined approximate solution to the 

nonlinear equilibrium problem. The following weak forms can be used [23,29]:  

 ( ) 0T       e e C e   (16) 

e

e

U W                                                                   (17) 

The first equation enforces the equality of the enhanced strain + and the hybrid-strain e+e. 

Moreover, 

( )e TU    C e   (18) 

in which Ce replaces C in (7) for the enhanced URI element. Similarly,  
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After invoking (9) and (20), linearization of (16) and (18) with respect to the incremental terms leads to 
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While l denotes the domain integration by the lower (second) order quadrature, let h denote the 

domain integration by the higher (third) order quadrature. Using the standard orders of integration [10] 

and noting that Ph vanishes at all second order quadrature points, (21) can be expanded as: 
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The unspecified integration order will be later discussed. From the first expression in (22),  
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with which the second expression in (22) becomes: 
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6.  FURTHER MANIPULATIONS AND SIMPLICATIONS 

With the chosen lower order hybrid-strain shape function matrix Pl in (13), it is trivial to show that 

some of the terms defined below (22) and appeared in (23) and (24) can be expressed as: 

 l G CB  , l H C  , 

 

 

 

 

( )

( )
2

( )

( )

I

II

l

III

IV

rJ

rJ

rJ

rJ



 
 
 

 
 

 

C e

C e
Z

C e

C e









, 1 [ , ] ( )T T
l l l l

    x+uG H Z B E C e   (25) 

where B  and C  have been defined in (11). Furthermore, if Zh and the term involving the stress  in 

(24) are evaluated by the 22 quadrature, the former vanishes and from (25), 
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where the underlined term represents the lumped nodal equivalent effect of the stress and the mismatch 

of the enhanced and hybrid strains; K is the initial stress defined under (10). Thus, (24) is simplified to  
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in which the underlined term is the generalized tangential element stiffness matrix. Compared with the 

generalized tangential element stiffness matrix of the uniformly reduced integrated element, the only 

extra term is 1T
h h h

G H G  which plays the role of stabilizing the element. Noting that the number of 

higher order hybrid strain modes is 2 whereas total number of nodal d.o.f.s and EAS modes is 19, the 
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accuracy of element should be insensitive to whether Hh and Gh are legitimately evaluated. For higher 

computational efficiency, the tangential material stiffness matrices in Hh and Gh are approximated by 

its strain-free counterpart, i.e. oC C . In this light, Hh and Gh can then be simplified to: 
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where 1 1[ ] T
ij os    T C T . The matrices arising from two integrals at the right hand side of (28) are 

independent of the element geometry and displacement constant. They can be derived explicitly. On the 

other hand, by further approximating [sij] and rJ with their counterparts at the element centre,  
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To summarize, the stabilization scheme do not require the use of numerical integration. 

 

7. NUMERICAL ILLUSTRATIONS 

In this section, the presented elements are examined by a number of linear and nonlinear problems. In 

the nonlinear solution procedure, the full Newton-Raphson iteration method is employed. The solution 

is deemed to be converged if the 0.5% force tolerance and 1% displacement tolerance are 

simultaneously satisfied. The criteria are identical to the default ones used by ABAQUS [24]. The 

following axisymmetric elements would be included in our comparison: 

Q8 – the URI Q8 element;  

Q8H – the u-p formulated URI Q8 element with three pressure modes; 

EQ8 – the enhanced (with a volumetric EAS mode) URI Q8 element, see Section 3; 

EQ9 –the enhanced (with a volumetric EAS mode) and stabilized URI Q9 element, see Section 5. 

 

In ABAQUS, Q8 and Q8H are designated as CAX8R and CAX8RH, respectively. Their predictions are 

computed by ABAQUS. In the examples, the default units for length and force are cm and kgf, 
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respectively. Thus, the unit for stress, pressure and material modulus is kgf/cm
2
. Neo-Hookean 

materials are assumed in the nonlinear examples and the pertinent strain energy potential is: 

                                   
2 1/3 1/2

1 1 1 3 3

1
( 3) 1 ,

2
W C I K J I I I J I                             (30) 

in which 1 and 3 are respectively the first and third invariants of Green-Lagrangian strain; the material 

constant C is taken to be 50 kgf/cm
2
 and K/C is taken to be either 10 or 10 000. Under infinitesimal 

displacement, 2C and K are the same as respectively the shear and bulk modului whereas K/C = 10 and 

10 000 correspond to Poisson’s ratios 0.406 and 0.4999, respectively.  

 

7.1. Patch Test 

The five-element mesh of MacNeal and Harder [30] is employed for patch test as shown in Figure 

3. The top and bottom boundaries of the mesh are restrained from moving along the z-direction. The 

inner and outer radii are prescribed with the same pressure. The test is geometric and material linear 

problem. The exact constant stress solution is reproduced by all element models.  

 

7.2. Plane Strain Annulus subjected to Internal Pressure 

Figure 4 shows a plane strain annulus with inner radius 5, outer radius 8 and unit thickness. A 51 

mesh is employed. The problem is commonly used to examine the element performance with respect to 

volumetric locking. The maximum pressure is taken to be 30. All the element models yield graphically 

indistinguishable radial displacements at the inner and outer radii for both K/C ratios, see Figure 5. In 

this problem, there is no sign of dilatational locking in all elements. The deformation reduces as K/C 

increases.  

 

7.3. Spherical Membrane subjected to Internal Pressure 

In this example, a spherical membrane of inner radius 10 and thickness 0.1 is subjected to internal 

pressure with maximum value 1.2 . Owing to symmetry, only half of the membrane is modelled as 

shown in Figure 6. Figure 7 plots the radial deflection at z = 0. An 140 mesh is employed. Same as the 

last example, all element models produce the graphically indistinguishable predictions. Moreover, with 

a pressure increment of 0.12 and at the K/C = 10, all element models fails to converged when the 

pressure exceeds 0.96. The plotted radial deflections at z = 0 have also been compared with the 
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longitudinal deflections at r = 0. The two deflections are also graphically indistinguishable. Again, 

there is no sign of dilatational locking and the deformation reduces as K/C increases. 

 

7.4. Simply-Supported Circular Plate 

 Figure 8 shows a 201 simply-supported circular plate subjected to a maximum transverse 

pressure of 2 unit. An 18 mesh is employed. In the problem, the lower right-hand node is restrained 

from vertical movement. As usual, the nodes on the z-axis are restrained from radial movement. The 

central downward deflection immediately under the load is extracted and plotted in Figure 9. All 

elements yield graphically indistinguishable predictions when K/C = 10. However, with K/C = 10 000, 

Q8 fails to converge in the first load step when the pressure equals 0.2 unit. For the convergent 

elements, their predictions are again graphically indistinguishable. 

 

7.5  Non-leaky Cavity Problem 

The problem is modified from the well-known non-leaky cavity flow problem [4,9] which is a 

highly restrained and, thus, a very demanding problem for nearly incompressibility material analysis. 

The 11 cm computational domain in Figure 12 is equally divided into 1515 elements. With the two 

end nodes excluded, the radial displacements of the nodes at z = 1 are prescribed to be 0.01. The 

remaining boundary displacement d.o.f.s are completely restrained. The predicted pressures along the 

upper 22 Gaussian of the middle element row are extracted. For K/C = 10, the pressures are shown in 

Figure 10. The predictions of Q8 and EQ9 are smooth graphically indistinguishable. The predictions of 

Q8H and EQ8 are indistinguishable. However, they oscillate slightly at the two ends. For K/C = 10 

000, the pressures are shown in Figure 11. Q8 fails to converge and, thus, its prediction is absent from 

the figure. Instead of oscillating slightly in Figure 10, QH8 and EQ8 exhibit strong pressure oscillations 

with the peak-to-peak amplitude approximately equal to 200. On the other hand, the pressure predicted 

by EQ9 is smooth and varies between 15 and 45.  
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8. CLOSURE 

In this paper, an 8-node quadrilateral (Q8) and a 9-node quadrilateral (Q9) axisymmetric elements for 

large deformation analysis of hyperelastic problems are devised. Both elements are supplemented with 

an enhanced volumetric strain mode. While both elements are integrated by the 22 quadrature, a 

stabilization matrix is developed for the latter element to suppress two compatible zero energy 

mechanisms. In view of constraint counting [10], the enhanced Q8 and Q9 elements are analogous to 

the hybrid Q8 and Q9 elements with three assumed pressure modes in the u-p formulation. However, 

the use of enhanced strain mode is more straight forward than the use of pressure modes in both 

formulation and computer implementation. With an extra interior nodes, the enhanced Q9 element is 

more robust for nearly incompressible analysis. When the problem domain is not highly restrained, the 

proposed elements and Abaqus’s hybrid URI Q8 (with three assumed pressure modes) yield close 

predictions. However, when the problem domains are highly constrained and the material is nearly 

incompressible, pressure predictions of the enhanced Q8 and Abaqus’s hybrid URI Q8 elements are 

oscillatory whereas the predictions of the enhanced Q9 element remains smooth. It is also noted that 

the conventional URI Q8 element fails to converge more readily than the other elements with devices 

for alleviating the volumetric locking. 
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Figure 1. The quadrilateral element on the r-z-plane. Nodes are numbered by Arabic numerals and the 

22 quadrature points are numbered by Roman numerals.  

 

 

 

Figure 2. The compatible zero energy mechanism of the Q9 URI element. 

 

 

 

 

 

Figure 3.  An annular for conducting patch test, the co-ordinates of A, B, C and D are  

(0.32, 0.08), (0.40, 0.08), (0.28, 0.02) and (0.42, 0.03). 
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Figure 4.  A plane strain annulus subjected to internal pressure and the employed 51 mesh. 
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Figure 5. The radial deflections at the inner and outer radii of the annulus problem, see Figure 4. 
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Figure 6. A spherical membrane of inner radius thickness 10 and thickness 0.1 subjected to internal pressure.  
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Figure 7. The radial deflection for the spherical membrane problem, see Figure 6. 
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Figure 8.  The circular plate problem.  
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Figure 9. The central downward deflection for the circular plate problem, see Figure 8. 
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Figure 10. The non-leaky cavity problem. Except the two end nodes which are fully restrained, all 

nodes over the top face are prescribed with uz = 0 and ur = 0.01. A regular 1515 mesh is employed.  
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Figure 10. The predicted pressure along the upper 22 Gaussian points of the central element row in 

the cavity problem when K/C = 10.  
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Figure 11. The predicted pressure along the upper 22 Gaussian points of the central element row in 

the cavity problem when K/C = 10 000.  

 


