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Adaptive rendezvous of multiple mobile agents with nonlinear dynamics and
preserved network connectivity

Housheng Su

Abstract— This paper investigates rendezvous of multiple
nonlinear dynamical mobile agents with a virtual leader in a
dynamic proximity network. It is assumed that only a fraction
of agents in the group have access to the information on the
position and velocity of the virtual leader. To avoid fragmenta-
tion, a bounded connectivity-preserving rendezvous algorithm
is proposed for the multi-agent systems. Under the assumption
that the initial network is connected, local adaptation strategies
for the rendezvous algorithm are introduced that enable all
agents to synchronize with the virtual leader even when only
one agent is informed, without requiring any knowledge of the
agent dynamics. Simulation results on an example are given to
numerically verify the theoretical results.

Keywords: Distributed control, rendezvous, multi-agent system,
network connectivity.

I. INTRODUCTION

In the past three decades, coordinated control for multi-
agent systems has been a very important topic in diverse
fields such as biology, physics, computer science and control
engineering [1], [2], [3], [4], [5], [6], [7], [8], [9]. Many
different coordinated control protocols such as consensus
[10], [11], [12], [13], flocking[14], [15], [16], [17], [18],
[19], [20], swarm [21], and rendezvous [22] are proposed
from the field of control engineering, and have the properties
of distributed control, local interactions and self-organization
[23].

Most of the existing works for coordinated control of
multi-agent systems are concerned with agents described by
single-integrator or double-integrator dynamics [23]. How-
ever, the agents may be governed by nonlinear intrinsic
dynamics. In fact, nonlinear dynamics are commonly con-
sidered in synchronization of complex dynamical networks
[24], [25], [26]. Second-order consensus-type problems with
nonlinear agent dynamics are investigated in the fixed net-
works [27], [28], [29] and switching networks [30].

In this paper, we investigate the rendezvous of multiple
mobile agents with nonlinear dynamics, which aims to guide
all agents to move with the same velocity and converge to the
same position. In order to avoid fragmentation, we construct
a bounded potential function to guarantee the connectivity
of underlying networks. This paper extends the algorithm
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in [22] to the case of nonlinear agent dynamics while
extending that in [30] to bounded potential function. Under
the assumption that the initial network is connected, we
introduce local adaptation strategies for both the weights on
the velocity navigational feedback and the coupling strengths
that enable all agents in the group to synchronize with the
virtual leader.

The remainder of the paper is organized as follows.
Section II describes the rendezvous problem to be solved
in this paper. Section III establishes new results on the
rendezvous problem. Section IV presents one simulation
example. Section V draws conclusions to the paper.

II. PROBLEM STATEMENT

Consider N agents, labeled as 1,2,---, N, moving in an
n-dimensional Euclidean space. The motion of each agent is
governed by
¢4 = Di,

; ey
Di f(pi) + u,

where ¢; € R" is the position vector of agent i, p; € R" is

its velocity vector, f(p;) € R™ is its intrinsic dynamics, and

u; € R™ is its control input.

The problem of rendezvous with a virtual leader is to
design the control input u;, ¢ = 1,2,---, N, such that

lim¢ oo [|¢i (1) — ¢y (8)]| = 0,
limy .0 [|pi(t) — py ()| = 0,
foralli=1,2,---, N, where ¢, and p., are respectively the

position and velocity of the virtual leader, which is specified
by
QW = p’Y? (2)
Dy = f(py)-
Assumption 1: The vector field f : R" — R" satisfies

(z —y)'[f(x) = f(y)] < (z —y)'Alx —y), Y2,y €R",

for some positive definite diagonal constant matrix A.

Assumption 1 is a Lipschitz-like condition, which is
satisfied by many well known systems such as the chaotic
Chua circuit [26], [31].

In this paper, we assume that only a fraction of agents
are informed about the virtual leader. Since some agents
do not have any information on the virtual leader, cer-
tain connectivity conditions are required to guarantee the
convergence of the coordinated motion. It is commonly
assumed that the underlying topology of the network can
maintain its connectivity frequently enough throughout the
motion process. However, for a given set of initial conditions,



this assumption is very difficult to satisfy and verify. In
particular, the connectivity of the initial network generally
cannot guarantee the connectivity of the network throughout
a long-term dynamic evolution of a group of agents.
Suppose that all agents have the same influencing/sensing
radius 7. Let £ € (0, r] be the given constants. Call G(t) =
(V, E(t)) an undirected dynamic graph consisting of a set of
vertices V' = {1,2,---, N} indexed by the set of agents and
a time-varying set of links E(t) = {(4,7)|4,j € V} such
that
i) initial links are generated by
{ (@ 0)lg:(0) — g (O) | <7 —e,4,5 €V}
i) if (¢,7) ¢ E(t™) and ||¢;(t) — g;(¢)|| < r—e, then (¢, j)
is a new link being added to F(t);
i) if ||¢;(t) — q;(¢)|| > r, then (4,5) ¢ E(t).
We will use a symmetric indicator function o(i,j) €
{0,1} to describe whether there is an edge between agent ¢
and agent j at time ¢, which is defined as

BO) =

o(i, )t =

0, if ((o(i,9)[t7] = 0) N ([la:(t) — ¢; ()] = 7 —€))
U((o (i, )IE7] = 1) N (lla(®) — ;D) = 7)),

Loif (o0, )] =1) N (llai(t) — g5 (B <))
V(o (@, )71 =0) N (llas(t) — g5 (DIl <7 —2))

It is clear that there is a hysteresis in the indicator function
for adding new edges to the graph, which means that a new
edge will not be added to the graph until the distance between
any two unconnected agents decreases to r —e. This property
is crucial in proving the convergence of the algorithm.

In this paper, the control law u; for agent ¢ takes the form
of

’U,Z:O[L—FﬁL—F’Y“ 7‘:1a2aaNa (3)

where «; is the gradient-based term that enforces the position
of each agent to converge to a common value, [3; is the
consensus term that regulates the velocity of each agent to
a common value, and ~; is the navigational feedback term
that drives agent ¢ to track the virtual leader.

III. MAIN RESULTS

A. Description of the Algorithm
The control input (3) is specified as

wio o= = > Vebllaglh— D mipi—py)
JEN;(t) JEN;(t)
a; Bi
—hici(gi — qv) — hicai(pi — py),
. Yi
mi; = kij(pi — ;)" (pi — pj),
¢oi = ki(pi —py)"(0i — py),

“)
where ¢;; = ¢; — ¢; and N;(t) is the neighborhood of agent
7 at time ¢, defined as

M(t) = {.7 : 0(i7j)[t] =1Lj#4,j= 1’25""N}'
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For notational convenience, denote

q1 P1 C21

q2 b2 C22
q= ’ p= ) Co =

qN PN CoN

and m = (m;;) NxN-
Define an energy function for the multi-agent system as

N
1
Q(Q7pa Qs Py, T, 02) = 5 ; Ui(qa Q’)’)

N =
VMZ

+ (pi —py)'(Pi — py)
i=1
+1§: > (mis —0)° ), (cai — 0 )
i=1 | jEN;(t)
where
Ua:ay) = > ¢l — gl + hicr (i — )" (0 — 45),
JEN;(t)
(6)

and 6 is a positive constant chosen such that

0> AxnaX(A) )

~ M(L(0) + H)

Clearly, () is a positive semi-definite function.

The nonnegative potential ¢ (||g;;||) is defined to be a func-
tion of the distance ||g;;|| between agent i and agent j,
differentiable with respect to ||¢;;|| € [0,7] such that

i) 3w(|\qn|l\) > 0 for qu]” € (0,7);

Il qis1
. i 9llail) . 1 i ;
i) Hq};ﬂn_}() ( Ol Ta ”) is nonnegative and bounded;
ii) ¢(7J;/) - Q € [Qma)ﬁ +OO)7 where Qmax é
53 @i0) ~ 2 ()7 (01(0) ~ p,0) +
1 N (m;(0)—6)? (c2:(0)~6)*
52 i y + hi , +
2 L‘ewt) 2 B ]
M=yl - e]).

Condition i) illustrates that the potential between the two
agents is an increasing function of their distance, which
makes two agents attract each other; Condition ii) requires
that the magnitude of gradient between two agents is the
same or a higher-order term of their distance when the two
agents converge to the same position; Condition iii) states
that the potential between two agents will be sufficiently
large when the distance between the two agents reaches the
sensing radius, which guarantees all existing edges not to
be lost. One example of such a potential function is the
following:

2
ll9i; I

U(llail) = r— |lai;ll +

= lal €07 (D
Q

Here, the positive constant ¢y is the weight on the position
navigational feedback and can take any fixed value, the



adaptive parameters m;; and cp; represent the velocity cou-
pling strengths and the weights on the velocity navigational
feedbacks, respectively, and the positive constants k;; = kj;
and k; are the corresponding weighting factors of their
adaptation laws. If agent ¢ is an informed agent, then h; > 0;
otherwise, h; = 0. Without loss of generality, assume that
the first M agents are informed, that is, h; > 0 for ¢ =
1,2,---,M,and hy =0fore =M+ 1, M +2,---,N. The
adaptive strategy proposed here differs from those of [26] in
that it is decentralized and does not require any knowledge
of the nonlinear agent dynamics.

The adjacency matrix A(t) = (ai;(t)) of system (1) on
the above graph G(¢) is defined as

1, if (i,
aij(t) = { 0, otherwise.

The corresponding Laplacian is L(t) = D(A(t)) — A(t),
where the degree matrix D(A(t)) is a diagonal matrix with
the ith diagonal element equal to Zjvzl ;i @ij(t). Denote
the minimal eigenvalue of a symmetric matrix as A;(-) and
the eigenvalues of L(t) as A1(L(t)) < --- < An(L(1)).
Then, A\;(L(t)) = 0 and 1 = [1,1,---,1]" € RY is its
corresponding eigenvector. Moreover, if G(t) is a connected
graph, then A2(L(t)) > 0 [32]. The corresponding n-
dimensional graph Laplacian is defined as L(t) = L(t) ® I,
where I, is the identity matrix of order n and ® stands for
the Kronecker product.

Lemma 1: [13] If G is a connected undirected graph, L
is the symmetric Laplacian of the graph G and the matrix
E = diag(ey,eq, -+, en) with e; > 0 fori = 1,2,---, N,
and at least one element in F is positive, then all eigenvalues
of the matrix L + E are positive.

Lemma 2: [33] Suppose that the eigenvalues of symmetric

J) € &),

matrices A, B € RV*Y satisfy

AL(A) S X(A) < -+ < An(4),
and

M(B) € 2(B) < - < An(B).

Then, the following inequalities hold:

Aivj—1(A+ B) > Ni(A) + X;(B),
1+ <N+1,1<4j5<N.

Lemma 3: [30] If G is a connected undirected graph and
G is a graph generated by adding some edge(s) into the
graph G4, then A\{(Ls + E) > A\ (L1 + E) > 0, where L
and Ly are the symmetric Laplacians of graphs G; and Ga,
respectively.

B. Theoretical Analysis

Theorem 1: Consider a system of N mobile agents with
dynamics (1), each steered by protocol (4), and a virtual
leader with dynamics (2). Suppose that the initial network
G(0) is connected, Assumption 1 holds, and the initial
energy Qo = Q(q(0),p(0),¢,(0),p,(0),m(0),c2(0)) is
finite. Then, the following hold:

i) G(t) will remain to be connected for all ¢t > 0;
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ii) the velocities and positions of all agents will converge
to those of the virtual leader asymptotically.
Proof. Denote the position difference and the velocity differ-
ence between agent 4 and the virtual leader as ¢;y = q; — g,
and p;, = p; — py, respectively. Then, one has

q.i'y = Pi~;

Piy = f(pi) —

-
JEN(t)

mij = kij(piy —

Coi = kzpzrypm

The energy function (5) can be rewritten as

f(p'y) - >

vqiﬂb(HQi’v -
JEN;(t)

— Pjy) — hic1qiy —

5~ || )
mij (Piy hicaipiy,

Piy) (Diy — Djry)5

(Ui(@) + piypiy)
(mi; — 0)? (c2i — 0)?

hi )
+ %

(®)

Ui@) = D ¥ lai — anl) + hicrah gy, 9
JEN (1)
and
qi1~ D1~y
q2~ D2~

(=}
|
S
Il

gN~ PN~

Clearly, Q(q, p,m, c2) is a positive semi-definite function of
((17 ﬁv m, C2)~

Assume that G(t) switches at time ¢, k = 1,2,---, and
G(t) is a fixed graph on each time-interval [t;_1, ;). Note
that Qg is finite and the time derivative of Q(¢) on [to, 1)
satisfies

0= fjpzv 100 - 10

- me |: 9 pz"/ - pjv) + hi‘gpi'y
JEN;(t)

[ (L) + H)® I = [y @ Alp,  (10)
where, by Lemma 1, (L(0) + H ) ® I, > 0. It then follows
from (10) and 6 > AA( S that

( ) 0, Vte [to,tl),

which implies that

Q(t> < QO < Qmaxv

By the definition of the potential function, one has ¢ (r) >
Qumax > Qo. Therefore, no distance of existing edges will
tend to r for t € [tg,t1), implying that no existing edges will
be lost before time ¢;. Hence, new edges must be added to
the evolving network at the switching time ¢;. Note that the
hysteresis ensures that if a finite number of edges are added

vVt € [to,h).



to G(t), then the associated potential remains finite. Thus,
Q(t1) is finite.

Similar to the above analysis, the time derivative of Q(t)
on every [ty_1,t)) satisfies

Q) < —p"[0(L(t)+ H)® I, — I, ® A] p. (11)
By Lemma 3, it follows from 6 > /M)E%Ogﬁil) that
9 > Amax(A) )\Inax(A) (12)

T AM(L0) + H) T M(L(tp—1) + H)

Consequently, it follows from Lemma 1, (11) and (12) that

Q(t) < Q(tkfl) < Qmax,for te [tkfl,tk),k =1,2,---.
13)
Therefore, no distance of existing edges will tend to r for
t € [tk—1,tk), implying that no edge will be lost before time
t;, and so Q(ty) is finite. Since G(0) is connected and no
edges in E(0) were lost, G(t) will remain connected for all
t>0.

Assume that there are m; new edges being added to
the evolving network at time t;. Clearly, 0 < my <

W 2 M. From (8) and (13), one has
Q(tr) < Qo+ (my+ma+ - +mp)(|r — el) = Quax-

Since there are at most M new edges that can be added
to G(t), one has k < M and Q(t) < Quax for all t >
0. Therefore, the number of switching times k of system
(1) is finite, which implies that the evolving network G(t)
eventually becomes fixed. Thus, the remaining discussions
can be restricted on the time interval (¢, 00). Note that all
the lengths of edges are not longer than ¥~ !(Quayx ). Hence,
the set

Q={7€D,p RV Q1) < Quar) (14
is positively invariant, where D, =
= 2, _ ..
{@eRY™|Jlayll € 0,01 (@Quax)]. V(3 ) € E(1)}
and /q: = [q—{lv(IElv"'7q—{N7"'7q}-\[17q}-\[27"'76}\/’N]T'

Since G(t) is connected for all ¢ > 0, one has
llgiy — g~ || < (N —1)r for all ¢ and j. Since Q(t) < Qmax,
one has p; piy < 2Qmax, and thus IDiv | < V2Qmax-
Therefore, the set € satisfying Q(t) < Qmax is closed and
bounded, hence compact. Note that system (1) with control
input (4) is an autonomous system on the concerned time
interval (tg, 00). Therefore, the LaSalle Invariance Principle
[34] can be applied to infer that if the initial conditions of
the system lie in €2, then the corresponding trajectories will
converge to the largest invariant set inside the region

S={GeD,pecR""Q =0}

From (11), Q = 0 if and only if p; = --- = px = p,, which
implies that the velocities of all agents will converge to that
of the virtual leader asymptotically.

Since p; = --- = py = p,, one has
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s v (llgi; 1) 1
Div == 2 “aroi o (@ — @)
v J€N7(t) dH(Im [ H‘I'L]H J (15)
—hici(qi — q¢) = 0.
Rewrite (15) in a matrix form as
~[(L(t) ® I,)) + (1 H @ 1,,)]G = 0, (16)

where L(t) = [l;;] is a matrix with

i _oullagl) 1

=- - i#]
N Olassll - Nz’ ’
and
R N .
liz’ = — Zj:l,j;éi l”
o 00(]giy . ...
By definition, %fu”) : m is positive for ||g;;|| € (0,7)
and lim (M L } is nonnegative and bounded.
llg:jl|—0 Ollqs; |l lq:;

From [32] and Lemma 1, ﬁ(t) ®1I,+c1H®I, is a positive-
definite matrix and hence is nonsingular. Therefore, it follows
from (16) that ¢ = 0, namely, ¢y = g2 =--- =qn =¢,. U

IV. SIMULATION STUDY

In this section, one simulation example is given to illus-
trate the theoretical result. In the simulation, the intrinsic
dynamics of each agent are governed by the chaotic Chua
circuit,

p$:10(—0.32p$ +py+ 0'295(|pw + ll - |pm - 1|))a
py@x — Py + P2,
p.=14.87p,.

For simplicity of presentation, simulation is performed
on a group of 10 agents moving in a three-dimensional
space under the influence of the control protocol (4). Initial
positions and initial velocities of the 10 agents are chosen
randomly from the cubes [0,10] x [0,10] x [0,10] and
[0, 3] x [0, 3] x [0, 3], respectively, and the initial position and
velocity of the virtual leader are set at ¢(0) = [8, 8, 8]" and
py(0) = [3,3,3]". The influencing/sensing radius is chosen
as r =4, with € = 0.5, m;;(0) = 0 for all 4 and j, k;; = 0.1
for all ¢ and j, h; = 1 for the informed agent, ¢; = 10,
¢2;(0) = 0 for all ¢ and k; = 0.1 for all i. Here, the initial
interaction network is set to be connected. Potential function
(7) is selected for the protocol (4). Then

N(N -

1Y 1)
Quax = 5 > Pi (0)5:(0) + ———(lIr —=]))
i=1

N(N-1) (r—¢? N 57 (0)p
_ ( ) ( 2 + —max p?(O)Pi(O)
2 et oo

1 m;;(0) — 6)? c2:(0) — 0)°
Y| B g e

i=1 [jeNi() ! l

< M= Dy ) + Jmaa (15;(0)@(0))

1< m;;(0) — 6)? c2:(0) — 0)*
32| 2 ( (213 L it (13* )]

i=1 |jeN;(t) ! 1



1N
+5 >

=1 | JEN;(t)

(m;(0) — 0)?

. (7

Note that we can evaluate Q.5 by using an estimate of the
bound of the initial velocities of all agents. From (17), we
choose Q = 80000. Then, the potential function (7) can be
explicitly described as

2
19l

(18)
= llais1l + 5005

Ylllal = o Nlaijll € [0,4].

In Figure 1, there is one informed agent, which is chosen
randomly from the group and marked with a star. Figure 1(a)
shows the initial states of the agents, Figure 1(b) depicts the
path and final states of the agents, Figures 1(c) and 1(d) show
the differences in positions and velocities on the x-axis, y-
axis and z-axis between each agent and the virtual leader,
from which one can see that all agents eventually move with
the same position and velocity as the virtual leader, and
Figure 1(e) depicts the adaptive coupling strengths and the

adaptive weights on the informed agents, where all converge
to constants.

V. CONCLUSIONS

In this paper, we have investigated the rendezvous prob-
lem with connectivity preservation for nonlinear dynamics
employing local adaptation strategies for both the weights
on the velocity navigational feedback and the velocity cou-
pling strengths and using the potential function method. We
have constructed a class of bounded potential functions to
guarantee the existing links not to be lost, and shown that
all agents can asymptotically attain the desired velocity even
if only one agent in the team has information on the virtual
leader. Future work will consider the effects of time delay
and disturbance on the new algorithm.
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