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Analytical Calculation of Magnetic Field in Surface-Inset
Permanent Magnet Motors

Linni Jian, K. T. Chau, Yu Gong, Chuang Yu, and Wenlong Li

Department of Electrical and Electronic Engineering, The University of Hong Kong, Hong Kong, China

This paper presents an analytical approach to calculate the magnetic field distribution in surface-inset permanent magnet motors. A
series-slot analytical model is newly proposed to describe the magnetic field behavior by a set of partial differential equations in terms
of scalar magnetic potentials. The field solutions are determined by considering the boundary constraints. Then, the cogging torque
characteristic is deduced by calculating the Maxwell tensors. The accuracy of the proposed analytical calculation is verified by comparing
the field distribution and cogging torque results with those obtained from the finite element method.

Index Terms—Analytical calculation, finite element method, magnetic field distribution, surface-inset permanent magnet motors.

I. INTRODUCTION

Y incorporating the merits of the field-regulated re-

luctance machine and the surface-mounted permanent
magnet (SMPM) machine, the surface-inset PM motor (SIPM)
[1] has been proposed to meet the demands arising from
advanced electric traction [2]. Fig. 1 shows a 6-pole 4-phase
SIPM motor. The PMs are radially magnetized and inserted
in the sunken space of the rotor. Since the PM has a relative
permeability similar to that of air, the g-axis inductance is
much higher than the d-axis inductance, hence producing the
reluctance torque [3]. Moreover, it can offer some distinct
advantages: namely the simple and robust rotor structure, high
torque density, easy-to-achieve flux-weakening operation and
potentiality of fully sensorless operation.

As well known, the detailed knowledge of the field distribu-
tions in the airgap is vitally important for predicting and opti-
mizing the performance of PM motors. Although the field cal-
culation of various PM motors can be accurately performed by
using numerical approaches such as the finite element method
(FEM), they can provide neither closed-form solution nor phys-
ical insight for designers. Therefore, the development of analyt-
ical approaches has attracted more and more attention [4]-[6].
However, all relevant publications were focused on the SMPM
motors in which the single-slot model was employed in the
derivation. The purpose of this paper is to propose an analytical
approach to calculate the magnetic field distribution in SIPM
motors. Unlike the approaches for the SMPM motors, the pro-
posed approach will take into account the field in the region
of PMs. Also, the series-slot model will be newly engaged to
improve the accuracy for calculating the magnetic flux density
and cogging torque. The validity of the proposed analytical ap-
proach will be verified by comparing the calculation results with
those obtained from the FEM.

II. ANALYTICAL MODEL

Fig. 1 depicts a typical 4-phase SIPM motor, which can also
be configured as 3 or 5 phases. Fig. 2 shows its series-slot model
with a pole-pair pitch. For simplicity, the depth of the slots and
the permeability of the iron yokes are assumed to be infinite.
The widths of the PMs, salient poles, slots and teeth are denoted
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Fig. 1. Surface-inset permanent magnet motor.
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Fig. 2. Analytical model.

by a, b, c, and d, respectively. Also, p is the pole-pair number,
71,79, and rs are the inside radius of the PMs, radius of the
rotor and inside radius of the stator, respectively. The §-axis
coordinates of the central lines of the sth slot .S;, the 4th tooth
T;, and the jth PM are denoted by «;, ;, and +y;, respectively.

The calculation region can be classified into three parts: PMs
(Region I), airgap (Region II), and slots (Region III). In various

regions, the flux density B and field intensity H are expressed
as

In Region I. B= pou, H +po M D
In Region ILIIT: B= py H 2)
where (i, is the relative recoil permeability, M is the residual
magnetization vector. By employing the scalar magnetic poten-

tial ¢, the field behavior can be governed by a set of 2-rank par-
tial differential equations:

In Region I:  VZ2p!(r,0) = div(]a)/ur 3)
In Region IT: V2o’ (r,0) =0 4)
In Region TTT: V2! T (r ) = 0. )
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The corresponding boundary conditions can be defined as

r=r&0 € [’yj—a/2,’yj+a/2]:cp;(rl,ﬂ)zo 6)
6=xv;£ta/2 TE[Tl,Tg]Z(p}(T,’Yj—(I/Z):O @)
r=ro&f € [-b/2,b/2] : o (rs,0) =0 ®)
r=1ry&b € [—7/p,—7/p +b/2] : " (12,0) =0 (9)

r=1ry&b € [r/p—b/2,7/p] : " (r2,0) =0 (10)
r=r&0 € [y; —a/2,v; +a/2]:

@} (r2,0) = @' (r2,0); (11)
1 (OQ™ O rzry = iy (005/07) |p=ry — My (12)
r=r3&b €6 — /2,0 +¢/2](i=1-8):

o(rs,0) =0 (13)
r=r3&f € [a; —c/2,0; +¢/2](1=1-28):

'l (rs,0) = @ (73, 0); (14)
(89011/87"”1“:1“3 = (a‘P?I/aT) |r=r (15)
0 =a; £c/2&r € [r3,00](i=1-28):

oM (r a; +¢/2) =0 (16)
r=+o00&b € [a; —¢/2,; +¢/2](i=1-8):

i (rs,0) = 0 (17)

where <p£» (j = 1,2) is the scalar potential in the j th PM, and

@M (i = 1 — 8) is the scalar potential in the ith slot.

III. FIELD SOLUTION

A. Field Distribution in Airgap

The scalar potentials in Region II are governed by the
Laplace’s equation given in (4). By separating the variables r
and 6, the general solution can be expressed as

= D,,v™"P + E,,r~"P) cos npl
ol = Z [ ( ) D

+(Fpr™ + Gur~ ") sinnpf +Dolur + Fo

n=1

(18)
where D,,, Fy,, F,, G, Do, and Ej are the Fourier coefficients
to be determined.

B. Field Distribution in Permanent Magnets

The scalar potential in the jth PM is governed by the Pois-
sonian equation given in (3). According to the superposition
law, its general solution is the sum of the solution of the cor-
responding Laplace’s equation and one special solution of its
own.

Firstly, the general solution of the corresponding Laplace’s
equation is considered. In order to satisfy the boundary condi-
tions given by (7), by using the method of separating variables,
the general solution is given by

Ol = D [(Ajmr e+ Bjmr ™7 )sin Apna (6 — ;5 + a/2)]
m (19)

where \,,,, = mm/a, and A;,, and Bj,, are the Fourier coeffi-
cients to be determined.

Secondly, the special solution of the Poissonian equation is
taken into account. In polar coordinates, the residual magneti-
zation can be expressed as

Mj: Mjr ? —I—Mjg 0 (20)

4689

where M;9 = 0, M;,, = M, when j = 1, and M;, = —M,
when j = 2. From (3) and (20), it yields

div(M;)/pr = Mjr [ (pirr).
By applying the Fourier series expansion over [y; — a/2,v; +
a/2], it yields

A0 _ - [2@ — ()™M,

I ar iy Ama

2y

X 810 Amq (6 — 75 + a/2)} . (22)

Thus, the special solution of (3) is given by

P& [2r(1 = ()™M
=D [aurxm(, (1= M%)

Sin Apmq (6 — 5 + a/Z)} .
m=1

(23)

Finally, the general solution of the scalar potential in Region
can be obtained as

oo A ,,n)\ma + B /,'-_Arnn
I jim im
Y, = E 2r(1—(=1)"")M;, >
/ |:< + aprAma (1—=2A2))

m=1

X sin Apq (6 — v + a/Q)} .29

C. Field Distribution in Slots

The scalar potential in the ith slot is governed by the
Laplace’s equation given in (5). Considering the boundary
conditions given in (16) and (17), by using the method of
separating variables, its general solution can be obtained as

M = Z [Cimr ™ sin Ape(8 — a; + ¢/2)] (25)
m=1

where \,,. = mn/c, and C;,,, are the Fourier coefficients to be
determined.

D. Boundary Conditions

Firstly, on the inside surface of the PMs (r = ry), from (6)
and (24), it yields
21— ()" My

(1 - )‘72na)

Secondly, on the surface of the rotor PMs (r = r3), from
(8)—(11), the scalar potential on this surface can be expanded
into Fourier series over [—/p, /p] as given by

Ama —Ama
Ajm,rl + B]'mTl +

26
Ay )\ma ( )

" (r2,0) = do/2 + Z[dn cosnpld + fp, sinnpd]

27
n=1
=/
do = B/ p (IDII(TQ H)dg
T J=n/p
2 oo
- %Z Z [(1_(_1)m) (Ajmré\ma‘f—Bjm’l”z_Am") /)\mai|
j=1m=1
(28)
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d, =

SHES

w/p
/ (19, 0) cos nphdh
—n/p

oo

2r2(A=(=D)™) M,

Ama —Ama
Ajmry™" + Bjmrs >
+ aAmaNr(lf)‘gna)

[
S
MN

Tnm],a*y)(

j=1m=1
(29)
P "7 /p
Jn = —/ (13, 0) sin nphdf
™ 7/p
1 2 > A]mTQ + BJmTz e
=22 > wlnm ) (7 ana-cym,
™ j=1m=1 aAmal—"r(l_Agna)
(30)

where 7( - ) and w( - ) are defined by (31) and (32), shown at the
bottom of the page. Thus, from (18) and (27), it yields

d0/2:D01D7‘2+E0 (33)
dy = Dpry? + Epry P (34)
fn = Fory? + Gory ™. (35)

Moreover, since (12) denotes the continuity of the flux density
through this surface, the integration of both sides of (12) with a
factor of sin Apq (6 — 7y, + a/2) yields

rita/2
/ p (ur ((‘3(4»/87”) F— +Mrj) Sin Apma (6 —v; +a/2)d0

rita/2
Jri—a/2

Substituting (18) and (27) into (36), it yields

,,(8<,0H/87“)|T:T2 sin Ao (6 —v; + a/2)d0.

(36)

Ama . —Ama
mm (Ajmrz — Bjmrs )
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©(r3,0) = eg/2 + Z[en cosnpb + g, sin npb] (38)
n=1
w/p
€0 = B/ SDH(T&H)CM
T J=n/p
8 0o
p m —Ame
=233 [ = 0™ (Comrs ) fAune]
=1 m=1
(39
P n/p
en = —/ o' (r3,8) cos nphdb
& —ﬂ/p
p = Ame
;Z: _[ nmzcoz)(Omr3 )}
(40)
P n/p 0 .
gn = —/ v (rs3,0) sinnpbdf
m —7/p
» 8 oo
_P . o Ame
_Wzmz_[ nm,'l,,c,oz)(C',mr3 )}
41)
Thus, from (18) and (38), it yields
60/2:D011’1T3—|—E0 (42)
= Dor? + E,ry "™ 43)
gn = Furi? + Gpry . (44)

Moreover, the integration of both two sides of (15) with a factor
of sin A\, (6 — aj + ¢/2) yields

a;+ec/2
5 / (8¢LII/87“)| ey S0 Ame (6 — i + ¢/2)df
Ja;—c/2
raMjr (1+ pr (1= A0,)) (1= (=1)™) aite/2
+ t e (L= A2 ) = /v, B (0™ JOr) | pry SI A (0 — vy + ¢/2)df.  (45)
.- D T;p E"r;np) T("? m7j7 avly) . 1 . . L.
g F TP GnTQ—np) w(n,m, j,a,7) Substituting (18) and (27) into (45), it yields
D 1—-(=1)™ — Ci’m —Ame 2
. Dol < ") R - |
Ama D sl — Enry p) 7(n, m,i,c, a)
_an + (Fury? — Gory ") w(n,m, i, ¢, )
Thirdly, on the inside surface of the stator (r = r3), from (13) 3 n'3 At
and (14), the scalar potential on this surface can be expanded Do(l — (=)™
into Fourier series over [—m/p, 7 /p] as given by + o : (46)
( Az (1) cosnp(_Fk)\;— 2/2) — cosnp(Ty, — 2/2)) np £ Ao
T(n,m,k,z,T) = me . (31)
cosnp(I'y — 2/2) — (=1)™ cosnp(L'x +2/2)  zsin Ap (L' — 2/2) np =\
L 2(np + Amz) 2 m
(A= ((=1)" sinnp(Tx + 2/2) — sinnp(Ty — 2/2)) p £ A
w(n,m,k,z,T) = (np)? ~ Arn (32)
T sinnp(Ty — 2/2) — (=)™ sinnp(Tk + 2/2) 208 ATk — 2/2)
+ np = Am:z
\ 2(71P + /\mz) 2
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TABLE I
MOTOR SPECIFICATIONS

Rated power (W) 800
Rated voltage (V) 48
Rated speed (rpm) 1000
Stator outside radius (mm) 60
Stator slot width and depth (degree x mm) 5x10
Airgap length (mm) 1
Axial core length (mm) 50
Rotor outside radius (mm) 40
Rotor inside radius (mm) 20
PM pole width and depth (degree x mm) 30x5
PM remanence (T) 1.3

Therefore, based on the aforementioned boundary conditions,
the unknown quantities A, Bjm, Cim, Dy, En, Fr, Gy, Do,
and Fy can be determined by (26), (33)—(35), (37), (42)—(44),
and (46). Hence, the flux density distributions can be deduced
from the scalar potential by using

B’I‘ = _IJ/O(a(p/ar)
By = —po(d¢p/99)/r.

Consequently, the torque developed on the rotor can be obtained
by calculating the Maxwell stress tensors in the air gap

(47)
(48)

27
Ty, = Lot R, / B, Badf / 11g (49)
0

where L.t is the effective axial length, R,, is the radius of the
central line of the air gap, B,. and By are the radial and tangential
flux densities in the air gap, respectively.

IV. CALCULATION RESULTS

In order to assess the validity of the proposed analytical
method, the corresponding results obtained by FEM are pro-
vided for comparison. The specifications of the motor are listed
in Table I.

By using (18), (26), (33)—(35), (37), (42)—(44), and (46), the
scalar potential waveforms along the inside and outside surfaces
of the air gap are calculated as depicted in Fig. 3(a). Hence, by
using (47) and (48), the corresponding radial and tangential flux
density waveforms are deduced as plotted in Fig. 3(b) and (c),
respectively. These flux density waveforms are also deduced by
using the FEM, and plotted together with the analytical wave-
forms. It can be seen that the analytical results closely agree with
the FEM results. Additionally, by using (49), the cogging torque
waveform is calculated and also compared with that obtained
from the FEM as shown in Fig. 3(d). It further confirms that
the analytical result agrees well with the FEM result. Most im-
portantly, the proposed analytical method can analyze the static
characteristics of SIPM motors at a glance, and provide physical
insight for designers to perform optimization.

V. CONCLUSION

In this paper, an analytical approach to calculate the magnetic
field distribution in SIPM motors has been proposed and veri-
fied. Also, by calculating the Maxwell stress in the air gap, the
cogging torque can be deduced. The analytical results agree very
well with that obtained from the FEM, which enables the pro-
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Fig. 3. Calculation results. (a) Scalar magnetic potential in air gap. (b) Radial
flux density. (c) Tangential flux density. (d) Cogging torque.

posed analytical approach to be a useful tool for design and op-
timization of SIPM motors.
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