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This paper considers a local least absolute deviation estimation for unit root pro-
cesses with generalized autoregressive conditional heteroskedastic (GARCH) errors
and derives its asymptotic properties under only finite second-order moment for
both errors and innovations. When the innovations are symmetrically distributed,
the asymptotic distribution of the estimated unit root is shown to be a functional of
a bivariate Brownian motion, and then two unit root tests are derived. The simula-
tion results demonstrate that the tests outperform those based on the Gaussian quasi
maximum likelihood estimators with heavy-tailed innovations and those based on
the simple least absolute deviation estimators.

1. INTRODUCTION

In this paper we consider autoregressive (AR) unit root processes with generalized
autoregressive conditional heteroskedastic (GARCH) errors,

k—1
Ayr=¢yi—1+u+ Z Wilyi—i +er, @
i=1
14 ’ q
e =ehi, =0+ ael + Y Bihij, )
i=1 =1

where k, p, g are known nonnegative integers, Ay; = yy —y;—1, 0 > 0,a; > 0,i =
L...,p,B;>0,j=1,...,9, k > 1, k =1 refers to the pure unit root case, and
innovations {¢; } are independent and identically distributed (i.i.d.) with mean zero
and finite variance. The GARCH models were proposed by Bollerslev (1986) and
are usually considered in modeling the phenomena of time-varying conditional
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variance in financial and economic time series. If the parameters aj, ..., a, and
B, ..., By are assumed to be zero, then {e,} will be an i.i.d. white noise sequence.
For this case, the problem of unit root testing has been extensively and well dis-
cussed. For both empirical and theoretical considerations, more and more statis-
ticians and econometricians recently focused on various unit root processes with
non-i.i.d. errors; see Phillips and Durlauf (1986), Phillips (1987), Chan and Wei
(1988), Herce (1996), etc. Obviously, in this literature, how to estimate and test
hypotheses on the unit root parameter ¢ in models satisfying (1) and (2) are im-
portant problems.

For model (1) with conditional heteroskedasticity, the least squares (LS) es-
timation and the augmented Dickey—Fuller tests may encounter some intrinsic
problems; see Pantula (1988). The simulation experiments in Kim and Schmidt
(1993) also showed that these tests are often overrejecting, especially for the near
integrated cases in which, e.g., a1 + 1 & 1 for GARCH(1,1). This phenomenon
can be explained partly by loss of efficiency because the score function of LS es-
timation did not involve the structure of conditional variance. Ling and Li (1998)
and Seo (1999) investigated the local Gaussian quasi maximum likelihood es-
timation (QMLE) for models satisfying (1) and (2) under conditions Ee;1 < 00
and Ee? < oo, respectively. The tests based on the local Gaussian QMLE are
shown not only to be more powerful but also to have more stable sizes than
(augmented) Dickey—Fuller tests based on LS estimation; see Seo (1999) and
Ling, Li, and McAleer (2003). However, the parameter space of GARCH models
is much more limited for higher order moments, and the condition Eef < 00 may
be too stringent for some real data; see Ling (2007). For AR(1) unit root processes
with GARCH(1,1) errors, Ling and Li (2003) sharpened the results in Ling and Li
(1998) and proposed a one-step local Gaussian QMLE for the unit root parameter
¢ with conditions Ee,2 < 0o and Esf < 0o and with &, symmetrically distributed.
The unit root tests based on the one-step local Gaussian QMLE were shown to
outperform Dickey—Fuller tests based on LS estimation; see Ling et al. (2003).
However, how to perform estimation and test for unit roots in the general setting
of (1) and (2) with only finite second-order moment for e, are important open
problems.

The innovations &; in (2) are generally assumed to be normally distributed, and
it is well known that a stationary GARCH process can exhibit more heavy-tailed
marginal distribution than the normal distribution. However, Mikosch and Starica
(2000) showed that the tails of fitted GARCH models with normal innovations
seem to be much thinner than the tails appearing in the real data, and their em-
pirical experiments demonstrated that the innovations may be so heavy-tailed that
the fourth moment is infinite; see also Mittnik, Rachev, and Paolella (1998), Poli-
tis (2004), and Zhang, Li, and Yuen (2006). For pure GARCH processes with
Ea;L = 00, Hall and Yao (2003) showed that the Gaussian QMLE may not be
asymptotically normal and the range of possible limit distributions is extraordi-
narily large; see also Mikosch and Straumann (2006). Hence, for model (1) with
GARCH(1,1) errors under condition Eef = 00, the asymptotic distribution for the



1210 GUODONG LI AND WAI KEUNG LI

estimated unit root in Ling and Li (2003) may no longer be obtained, and the unit
root tests in Ling et al. (2003) may fail to correctly identify the unit root in the
data. Herce (1996) considered a simple least absolute deviation (LAD) estimation
for the unit root processes with finite variance errors, which may be correlated,
and developed several unit root tests that can still be used for the case of GARCH
errors with Ea;1 = 00. Because of the loss of efficiency, these tests in Herce
(1996) may have lower powers, and this is supported by the simulation results in
Section 4.

In this paper, we propose a LAD estimation methodology for unit root pro-
cesses with GARCH errors, taking into account both efficiency and heavy tails.
The asymptotic distribution of a local LAD estimator is derived under only finite
second moments for both errors and innovations. When the innovations are sym-
metrically distributed, the asymptotic distribution of the estimated unit roots is
shown to be a functional of a bivariate Brownian motion, and then two unit root
tests are derived. These tests are found to have asymptotically either conditional
or unconditional normal distributions, and the simulation results in Section 4
demonstrate that they outperform those based on the one-step local Gaussian
QMLE in Ling and Li (2003) for the case with heavy-tailed innovations and out-
perform those based on the simple LAD estimators in Herce (1996) for all cases.

This paper is arranged as follows. Section 2 discusses the asymptotic properties
of a local LAD estimator for models satisfying (1) and (2). Section 3 introduces
two derived unit root tests, and the simulation results are presented in Section 4.
The proof of Theorem 2.1 is given in the Appendix. Throughout this paper, || - ||
is the euclidean norm, 0, (1) denotes a series of random numbers converging to
zero in probability, O, (1) denotes a series of random numbers that are bounded
in probability, =4 denotes convergence in distribution, and D = D[0, 1] denotes
the space of functions on [0, 1] that is defined and equipped with the Skorokhod
topology (Billingsley, 1968).

2. ASYMPTOTIC PROPERTIES OF LAD ESTIMATION

For models satisfying (1) and (2), denote their parameter space by ®, a compact
setin REHPTIH2 Leta = (ai,...,0p), B=(B1s-. -, Bg) s w = (s Wi, yk—1)s
y =(w,a,B"Y,0=(y',7"),and § = ($, "), where 6 is the parameter vector.
The true parameter vector 6y = (0, )" is supposed to be an interior point of @.
Note that the true value of the parameter u is also equal to zero.

2

Assumption 2.1. The median of ¢, is equal to zero, E|¢;| = 1, Ee,z =0 <00,

and the density function f(x) of &; is continuous at the origin.

Assumption 2.2. ¢; > 0,i =1,...,p, 5; >0, = 1,...,q,Ee,2 < 00, and the
polynomials ¥, o;z" and 1 — Zgzl Bz’ have no common root.

Assumption 2.3. All roots of the polynomial y (x) =1—yjx —---— yp_x*~!

are outside the unit circle.
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Note that Assumption 2.1 unitizes the quantity E|e;| instead of Eelz, so that
Ee,2 =var(le;])+ 1 > 1. Hence, we need to rescale the parameters in the GARCH
process (2), and the necessary and sufficient condition for Eet2 <ooisca? Zle o+
2;1: 1 Bj < 1;see Liand Li (2005). For simplicity, we assume that these parameters
in (2) have already been rescaled to satisfy Assumption 2.1.

Given observations yi, ..., y, from a model satisfying (1) and (2) with the ini-
tAial value yp = 0, we consider the LS estimator ¢ s and the simple LAD estimator
¢sLap as follows:

n n
($LS, &ﬁs)/ = argmin Z[e, 071> and ($SLAD, &;éLAD)/ = argmin z le; (0)],
t=1 t=1
where e, (0) = e,(¢, w) = Ay — $pyr—1 —y'zi—1 and z; = (1, Ayy, ..., Ayr—g42).
The estimator ¢1s can be used to construct augmented Dickey—Fuller tests and
is well known to be sensitive to outliers. The estimator ¢spap is a direct im-
provement of $ Ls, and the tests based on $ sLAD should be more powerful under
heavy-tailed errors. Note that the structure of conditional variance is ignored by
the score functions of these two estimators and hence they are expected to be
inefficient.

To take into account the structure of conditional variance, we first define the
function &, () satisfying the iterative equation 4, (f) = w+ Zf’: 1@ ie,z_,- @ —i—Z;’:l
Pjh:—;(0). Inreal applications, initial values are needed to calculate the functions
h:(@) and are set to be zero for simplicity. By the proof in the Appendix, the
initial values have no effect on the asymptotic results. Note that the two quantities,
h;(0y) and h;, are quite different, where 6y is the true parameter vector and #;
is the exact conditional variance. On the other hand, /4; can be considered as a
function of dy, and we can define its first- and second-order derivative functions,
denoted, respectively, by dh; /66 and 62ht/ 0000’ . Furthermore, the behaviors of
0h;(0)/0¢ are different from those of 0h,(0)/0d, and we cannot even define the
quantity dh;/0¢.

We now introduce the LAD estimation for models satisfying (1) and (2), taking
into account efficiency and heavy tails. As we know for linear models, the LAD
estimation can be considered as the maximum likelihood estimation (MLE) under
assumption of double exponential innovations; see Bassett and Koenker (1978),
Davis and Dunsmuir (1997), etc. In this paper, we just use this approach to define
the LAD estimation for a model satisfying (1) and (2). Suppose that ¢;, instead of
e;, in (2) follows a double exponential distribution with density g(x) = 0.5¢~ !
and then, for time series {y;} generated by (1) and (2), the log transformation of
the conditional likelihood function is equal to —L, () —nlog2, where
el |1

Ln(a)=t:2,llt(‘9) and lt(9)=W+2

Hence, the LAD estimator is defined as follows:

logh,(0).

§n =argmin L, (0).
0e®
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To present the asymptotic results of the preceding LAD estimation, we first
state some notation as follows:

1 oh 1 oh, oh
Fi=Ely'(B)e,]?, F»=1,+05¢E |——|, =E |- ——,
1 =Ely ™ (B)e] » =11 +0.5x; |:\/h_t 5 1 12 36 30

5. _ (B zmaz g 0 o (F F;
g 0 0)’ Fy 402563, )

1 1. [1 an1?
F:f(O)E{h]-l—E[ } ,

Z " 1T 1 ohy oh
F=(fOE|[>L],0,...,0) +-E|—=——"'
s (f() [h} ,)+8 [h,zélu Ly

1 F I B2(Vvde F.(YBi(r)dr
L=f0) X+ Xy, r= fol (0 3Jo Bi(7) ’

8 Fs J3 Bi(z)de >

where z; = (1, Ayr,..., Ayi—k42), v~ (B)e, = X2 wjer—; with w(2) - 372,
wizl =1, 1] = (1,0,...,0), x1 = E(les|e;), k2 = E(le;| — 1)%, 0 is a scalar,
and 0 is a zero vector or matrix with corresponding dimensions. Based on the
preceding notation, we state the asymptotic distribution of the LAD estimator 6,
as follows.

THEOREM 2.1. If Assumptions 2.1-2.3 are satisfied, then there exists a local
minimizer 6, = (¢n, v, 7)) of Ln(0) such that

ngn Jo Bi(x)aBs) (x)
G — wo) | —a 0.5T7! By (1) ,
\/ﬁ()?n —70) B3 (1)

where B(t) = [B1 (), B5 (), B5(7)] is a (k + p + q + 2)-dimensional Brownian
motion with covariance t€ and Bél)(r) is the first component of By (7).

The proof of the preceding theorem is delayed to the Appendix. Note that the
matrix I' generally is not diagonal and it makes the asymptotic distribution of the
estimated unit roots ¢, complicated. By some algebra, we can show that

- Jo Bi(2)dBS" (r) — F{£ =" [BS(1), By (1) fy Bi(z)dr

y 3
nén —d 2F L B2 (2)dr — F{S=VF3(J) Bi(r)dr)?] @

Denote by Q a lower triangular matrix such that Q| = Q and it has the form

le<m 0 0),

X1 Xo=*
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where X; = (Xi1, ..., Xi(it p+q+1)) With i = 1,2. Note that w(r) = Q] 'B(z)
is a (k+ p + g + 2)-dimensional standard Brownian motion with independent
components. Then, following Ling and Li (2003), we can rewrite the asymptotic
distribution in (3) as

X11 fol wi1dwi —F3’2—1X1w1(1)f01 w1dt + x21 fol w1dwy
—(F{ 2™ X000 (1) + 1) Jy w1
2JFI[F [y widt — F}E=1F3(fy o1dr)?]

C))

where w1 (7) and w>(7) are the first two components of w(z) and #* is a normal
distribution with variance FjX~1(Z; +0.25k2%1 — X1 X} — X2X,)Z ! F3 and
independent of w1 (7) and w> (7).

It is a challenging problem to directly determine the LAD estimators 6, for
models satisfying (1) and (2) because the log-likelihood function L, (6) has no
derivatives with respect to ¢ and w. We here introduce the local quadratic ap-
proximation (Fan and Li, 2001) to overcome this problem; i.e., we can iteratively
minimize

n 2
Z{ . y) D logh (@, V/a}’)},

2\ @™,y V@) 2

where ¢ and y ™ are the results of the mth iteration. For the initial values,
we can take ¢(1) and y () to be the simple LAD estimators. Then some classical
algorithms such as the Newton—Raphson method can be used to obtain estimates
for the current iteration because the new objective function is smooth.

For the LS estimator ¢1g, by an argument similar to that of 5,1, we can show
that

-1/2

1 1 2

~ _ [y ordo; —o1(1) [y orde 1 1

neLs —d ylfofll 2dl (lf(l)f(; )12 +7 l/o a)%dz'— </0 CO]d‘L') ] LS,
0601 T— OCU[ T

€)

where j; = Ee?/Fy, j» = \/ Ee?/F; — (Ee?/F1)2, wi(z) is defined as in (4), and

nLs is a standard normal random variable independent of fola)% (tr)dr — ( fol w1 dr) 2;

see Phillips (1989). The asymptotic distribution of the simple LAD estimator
¢sLaD has an even more complicated form than that of ¢,,, and we omit it here.

3. UNIT ROOT TESTS BASED ON LAD ESTIMATES

In the previous section, the asymptotic distribution of the local LAD estimator $,,
is derived under some very general conditions; however, it is rather complicated
to be useful in practice. In this section, some simplifying conditions are imposed
to make it more applicable for unit root tests.
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When ¢, is symmetrically distributed, it holds that
E[h;'Ay,—i] =0 and E[h;*(0h,/op)(@h:/85})] =0, (6)

where i =1,...,k—1, j =2,...,k+p+q+1, and ¢; is the jth element of
the vector 6. The matrix I is then diagonal, and we can simplify the asymptotic
distributions in (4) now. Furthermore, we can also obtain that x; =0, F, =1, and
F3 = F1;. Hence, the asymptotic distribution in (4) can be simplified as

2 /O]w%dr— (/Olwldr>
(7)

where Fy = E[h]'] + 025E[h; @k, /ow)]”, 71 = 1/QFF), y =
VF1Fy—1/Q2FFy), w1(7) is defined as in (4), and #ap is a standard normal
random variable independent of [} w?(z)dr — ( [} widr)”.

Note that there are two nuisance parameters, y and y2, in (7). As in Phillips
(1987) and Phillips and Perron (1988), we may modify the quantity n¢, such that
these two nuisance parameters can be removed from the asymptotic distributions
of the resulting test statistics; see also Lucas (1995), Herce (1996), and Ling and
Li (2003). The random variables, 71.s and 71D, in (5) and (7) generally depend
on each other in a complicated way, and we need some extra quantities to simplify
the asymptotic distributions. We here consider the LS estimator for an auxiliary
regression,

1172

fol w1dw —a)l(l)fo1 wdr
fol wldr — (fol a)ldr)2

"@n —d 1 +y NLAD,

n
(sr, fisr) = argmin ¥ [Ay, — ¢yr—1 — ul*.

=1
We can readily show the following lemma.
LEMMA 3.1. If Assumptions 2.1-2.3 are satisfied, then
fol widw; —w (1) fol wdt
Jo w?dr — (fol a)1dr)2
where w1 (1) is defined as in (4).

nPsr =4

The asymptotic distribution in Lemma 3.1 is just the first term of that in (7), up
to a constant y;. Using this result and (7), we can construct a unit root test,

_ ngn—y1ngsr

72
where 77 (or 72) is a consistent estimator of y; (or y»). Furthermore, we can also
consider the corresponding ¢-ratio test as follows:

Ly

>

| 1/2
L= |= i—1=9?| Ly,
' [F1n2 tg ' 4

2
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where y = (1/n)X_, y;. For the quantities fl, 71, and 73 in Ly and L;, we
suggest the following method. Let ¢; = ¢, (5,,), iz\, = ht@), and & =¢;/4/ fzt. It
can be shown that the quantities (1/n) Zj’zz(Ay,)z, (I/n)¥r_, E_], (/n)xr,
[E,_](@ht(@,)aﬂ)]z, and (1/n)X7_, (J&;] — 1) are consistent estimators of the

items Fy, Eh !, E[ht_l(éht@,u)]z, and x,, respectively. For f(0), we can use
a kernel method to estimate the density function of the sequence {g;}, which is
assumed to be i.i.d., and it can be shown that f(O) is a consistent estimator of
f(0), where f(x) is the fitted density; see Silverman (1986) and Roussas (1988).
By using the preceding estimated values to replace the corresponding terms in y
(or y7), we can obtain a consistent estimator 7| (or 7).

Based on (7), Lemma 3.1, and Theorem 2.1, we can show that the preceding
test statistics are asymptotically distributed with conditional or unconditional nor-
mality under the null hypothesis of unit root.

THEOREM 3.1. Under Assumptions 2.1-2.3, if ¢; is symmetrically distributed,
then

(i) Ly —a [Jo 03dr — ([ endr)?] ™",
(i) Li —a 1,

where w1(t) is a standard Brownian motion and 1 is a standard normal random
. . 2
variable independent of [, wldr — (fol wide)”.

The distribution of &; is assumed to be symmetrical in the preceding theorem,
and, as pointed out by the referees, this restriction may be violated in real applica-
tions. However, to construct practical unit root tests, this condition, or condition
(6) at least, is necessary to simplify the asymptotic distribution in (4). By the sim-
ulation results in Section 4, we note that the distortion of the sizes of Ly and L, is
not serious when the condition of symmetry is violated. Note also that in practice
&; 1s often assumed to have either a normal or Student’s ¢-distribution.

The asymptotic distributions in Theorem 3.1 have the classical forms, and some
of the critical values for the test Ly can be referred to Table 1 of Herce (1996)
or Table 5 of Ling et al. (2003). Furthermore, the test Ly has normalization 7;
however, the test L; is normalized by [Z’,Lz(yt—l — )7)2] 1/2, which is O, (n'/?)
under the stationary alternatives. This suggests that the test L is more powerful
than its 7-ratio statistic when the sample size is large.

For the simple LAD estimator ¢spap, if &; is symmetrically distributed, we can
show that

1 1
~ dwi — 1 d
NPSLAD —d 71 o 01)1 e (1 ) o w12 £
Jo w%dr - (fo a)ldr)

12

1 1 2
/O w%dr—( /0 wﬂf)] 7SLAD, ®)

+72
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where 71 =Ele,|/[2F1 fO)E(h; '/?)]. 72 =/Fi — Ble,)?/[2F1 £ (OE(r; %)),
w1 (7) is defined as in (4), and 7 sp.AD is a standard normal random variable inde-
pendent of fol w%dr - ( fol w1d1)2. Note that, for AR(1) unit root processes, the
condition of symmetry can be removed in deriving the asymptotic distribution
in (8). Similarly, by Lemma 3.1 and (8), the unit root tests based on the simple
LAD estimator can be constructed as follows:

—~ ~ - ; 172
L= ”¢SLAD/: 7 1n$sr and I, = [ Al S (it - y)zl Ly,
72 Fin? (5

where ;7\1 and ytz are, respectively, consistent estimators of y; and y,. We call Z¢
and Z, Herce tests because they are the direct extension of those in Herce (1996).
It can be shown that the asymptotic distributions of the preceding two tests are the
same as those of the statistics Ly and L,, respectively.

Based on the LS estimator $ Ls, by Lemma 3.1 and (5), we can construct the
augmented Dickey—Fuller tests for AR (k) unit root process with k > 1,

I 12

~  ndLs—y1ndsr 5 I 3 5 7

Zy= A and  Z; = Fin? YO-=9| Zy,
P

where ycl and 57\2 are, respectively, consistent estimators of y; and y,. It can be
shown that the preceding augmented Dickey—Fuller tests have the same asymp-
totic distributions as those of the statistics L and L, respectively. However, when
the true values of the parameters w1, ..., wr—1 are all equal to zero, the second
item of the asymptotic distribution in (5) vanishes, i'E" 71=1and y, =0, and
the tests Zy and Z, cannot be used again. Let Zy = n¢ s and Z; be its corrected
t-ratio test. Then they are just the Dickey—Fuller tests, and some of their critical
values can be found in Tables 10.A.1 and 10.A.2 of Fuller (1996). Note that the
symmetry of & is not used in deriving the augmented Dickey—Fuller tests.

4. SIMULATION RESULTS

In this section, we present the results of some simulation experiments that we
performed to compare the test statistics designed in Section 3 with (augmented)
Dickey—Fuller tests, Herce tests, and the unit root tests in Ling et al. (2003)
(henceforth LLM tests).

Recall that, for the AR(1) unit root processes with GARCH(1, 1) errors, LLM
tests have the forms of

R N 1/2
E 2 F* — 1 n

Zy= (e7)F*népmL —nosr and Z, = [Az Z()’t—l _y)Z Zg,
E(ed)K* — 1 Finti=

where <ZML is the one-step local Gaussian QMLE and F* (or K*) is just the
quantity F (or K) in Ling et al. (2003). It has been shown that these tests have the
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same asymptotic distributions as the Herce tests and our tests. In the following
simulation experiments, we used the same critical values for these three types of
tests. Specifically, the significance level was set to 0.05, and the acceptance region
was (—6.79,6.71) for Ly, Ly, and Zy and (—1.96, 1.96) for the other three; see
Table 1 of Herce (1996).

For the sake of comparison, we employed the same generating processes as in
Ling et al. (2003),

Ay, = —dyi—1+es, er =&/ hy, hy :w+ale[2_l+ﬂlht—la

where @ = 0.1 and (a1, f1) = (0.2,0.7), (0.3,0.6), and (0.4, 0.5). Four distribu-
tions, the standard normal, the double exponential, and ¢-distributions with 5 and
3 degrees of freedom (¢ (5) and 7(3)), were considered to check the performance
of these tests with heavy-tailed innovations, and the pseudo random numbers were
first standardized to be mean zero and variance one. The AR parameter ¢ was set
to zero to check for the sizes and 0.05, 0.025, or 0.01 to check for the powers. We
considered the sample size n = 300, and there were 1,000 replications for each
combination of parameter vector (¢, w,ay, 1) and distribution of innovations.

We applied all tests to each replication. Note that for replications driven by
t(3) innovations, the fourth moment of ¢, is infinite and LLM tests are not avail-
able. Hence, only the other three types of tests were considered for this case.
The simple LAD estimator $ sLAD Was calculated by the DRLAV subroutine, the
double precision version of the least absolute value regression subroutine in the
International Mathematlcal and Statistical Library (IMSL), as in Herce (1996).
For the LAD estimator qﬁn and the one-step local Gaussian QMLE ¢ML, we
used, respectively, the algorithms in Section 2 and Ling and Li (2003), and the
Newton—Raphson method was employed to optimize the corresponding objective
functions. The nuisance parameters were estimated by the methods in Section
3 with a chosen bandwidth. It would be ideal, in practice, to use a data-driven
bandwidth as in Jones, Marron, and Sheather (1996); however, such an approach
may involve a huge amount of computation in the simulation experiment. For
simplicity, the bandwidth was set to be 0.3. Our experiments and simulation
results, which are available on request, demonstrate that the estimated values f(0)
are all close to the true values. The significance level was set to 0.05, and
the critical values for Dickey—Fuller tests can be obtained from Tables 10.A.1
and 10.A.2 of Fuller (1996). The empirical powers and sizes are listed in Tables 1
and 2.

The sizes of the Dickey—Fuller tests in Tables 1 and 2 are all greater than the
nominal value 0.05, which is consistent with the finding in Kim and Schmidt
(1993). Note that the GARCH errors exhibit more heavy-tailed feature when the
value of o is larger and the innovations are more heavy-tailed. As in Ling
et al. (2003), the Dickey—Fuller tests are also more sensitive when the errors are
more heavy-tailed. Furthermore, in terms of power, the Dickey—Fuller tests also
perform the worst for time series with a near to unit root situation, i.e., ¢ = 0.01
or 0.025.
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TABLE 1. The empirical powers and sizes for the innovations with normal and
double exponential distributions

Normal Double exponential

a;r  pr Test 0.05 0.025 0.01 0.0 0.05 0.025 0.01 0.0

02 07 Zz 0592 0221 0.073 0.065 0.599 0.221 0.096 0.081
Zy 0426 0.145 0.053 0.066 0.462 0.149 0.065 0.088
Zyp 0458 0402 0.194 0.082 0.645 0.387 0.200 0.107
Z, 0229 0228 0.137 0.088 0.393 0.254 0.174 0.111
Ly 0363 0242 0.144 0.066 0.712 0378 0.134  0.057
Ly 0130 0.105 0.088 0.069 0.398 0.226 0.100 0.041
Ly 0458 0.262 0.148 0.067 0.875 0.598 0.265 0.066
L; 0229 0.140 0.103 0.066 0.673 0.427 0.201 0.049
03 06 Z; 0570 0241 0.086 0.073 0.615 0.210 0.116 0.068
Zy 0449 0.164 0.056 0.072 0.488 0.142 0.091 0.087
Zgy 0781 0493 0200 0.080 0.731 0.490 0.256 0.100
Z; 0530 0344 0.166 0.072 0.513 0336 0.207 0.108
Ly 0426 0269 0.152 0.063 0.730 0.460 0.136 0.061
L, 0.181 0.121 0.083 0.072 0.450 0.294 0.096 0.048
Ly 0584 0364 0.167 0.069 0.921 0.691 0.281 0.063
L, 0344 0.204 0.130 0.069 0.774 0.529 0.238 0.054
04 05 Zyp 0617 0245 0.095 0.086 0.612 0.263 0.116 0.082
Z; 0492 0.172  0.063 0.085 0.490 0.199 0.086 0.094
Zy 0.861 0.605 0.247 0.082 0.768 0.570 0.267 0.120
Zy 0648 0425 0210 0.085 0.547 0393 0.216 0.100
Ly 0462 0283 0.154 0.080 0.752  0.452 0.123 0.059
L, 0232 0.152 0.115 0.070 0.496 0.275 0.102 0.043
Ly 0656 0432 0215 0.073 0951 0.743 0.310 0.070
L, 0411 0.281 0.152 0.072 0.813 0.576 0.268 0.058

Note: Dickey—Fuller tests: Z¢ and Z; LLM tests: Zy and Z;; Herce tests: Z¢ and Z,; our tests: Ly and L;.

In contrast, the tests designed in Section 3 have acceptable sizes, which are
all close to their nominal value of 0.05. The sizes of L, are comparable to those
of L;; however, the sizes of Ly are slightly more sensitive than those of L.
Second, all powers of our tests in Tables 1 and 2 are significantly greater than
those of the Herce tests. This may be due to loss of efficiency of the simple
LAD estimators. Compared with the LLM tests, our tests also have larger powers
for cases with heavy-tailed innovations, i.e., double exponential or 7(5). It is
within expectation that LLM tests perform best for the case with normal inno-
vations because the Gaussian QMLE is just the MLE and would be most
efficient.
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TABLE 2. The empirical powers and sizes for the innovations with #(5) and 7 (3)
distributions

t(5) 1(3)
ap P Test 0.05 0.025 00l 00 005 0025 001 00

02 07 Zy 059 0231 0.09 0070 0.618 0.225 0.117 0.068
Z;, 0457 0.163 0.068 0.074 0.487 0.158 0.082 0.083
Zyp 0642 0398 0.210 0.110
Zy 0376 0247 0.158 0.133
Ly 0501 0308 0.146 0.053 0.692 0399 0.164 0.056
L, 0244 0.170 0.092 0.053 0428 0.246 0.118 0.058
Ly 0667 0401 0.175 0.061 0825 0557 0.255 0.069
L; 0405 0.254 0.125 0.063 0.606 0397 0.195 0.066
03 06 Z, 0602 0241 0.103 0071 0583 0258 0.112 0.094
Zy 0460 0.179 0.069 0.077 0459 0.177 0.082 0.094
Zy 0722 0471 0211 0.099
Z; 0488 0318 0.175 0.097
Ly 0590 0333 0.165 0.070 0.695 0442 0.152 0.051
L, 0331 0.202 0.106 0.065 0456 0291 0.117 0.049
Ly 0744 0477 0.197 0.064 0.862 0.630 0.267 0.073
L, 0528 0343 0.160 0.062 0.668 0469 0.216 0.066
04 05 Zp 0612 0252 0.105 0.080 0.618 0286 0.122 0.097
Z; 0483 0.186 0.075 0.085 0491 0.215 0.083 0.101
Zy 057 0556 0.230 0.107
Z; 0518 0412 0.188 0.104
Ly 0652 0399 0.177 0.069 0.711 0424 0.163 0.049
L, 0403 0.253 0.120 0.056 0.447 0264 0.125 0.037
Ly 0816 0565 0.244 0.073 0875 0.628 0.279 0.073
L; 0626 0423 0.192 0.064 0.688 0.448 0.244 0.059

Note: Dickey—Fuller tests: Z¢ and Z,; LLM tests: Zy and Z;; Herce tests: Z(]; and Z,; our tests: Ly and L;.

As suggested by the co-editor, we also conducted an experiment to check
the sizes of our tests in Section 3 when the innovations were asymmetrically
distributed. The same generating process as that in the previous experiments was
employed here, and the innovation sequence {¢;} came from a mixed ¢-distribution,
taking values of a; |7, | and —ax|tp, |, respectively, with probability 0.5, where the
two constants a; and a; made sure that E¢; = 0 and Egt2 = 1. We considered the
following AR(2) unit root process to fit each sample:

Ay =—dyi—1+u+wAy—1+e, er =¢&r\/ Iy,
hy =w+are’ |+ Bihi—1,
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TABLE 3. The empirical sizes in percentages for the mixed
t-distributed innovations with 5 and 75, degrees of freedom

a B tf, Zy Z+ Ly L Ly L

0.2 0.7 7 6.4 6.7 7.2 6.5 6.6 6.5
11 7.4 7.8 6.5 6.1 6.3 5.7
0.3 0.6 7 7.8 8.5 7.4 6.1 6.8 6.0
11 7.8 8.4 7.7 6.5 7.3 6.7
0.4 0.5 7 8.5 8.0 7.8 6.7 7.5 6.1
11 7.4 9.0 8.1 72 7.9 7.0

Note: Augmented Dickey—Fuller tests: §¢ and Z; Herce tests: Z¢ and Zt; our tests:
Ly and L;.

and two different distributions of ¢; were considered in this experiment with
(f1, f2), respectively, equal to (5,7) and (5, 11). Note that LLM tests cannot be
used here. The empirical sizes of the other three types of tests are listed in Table 3.
Furthermore, from the derivation in Section 3, the sizes of the augmented Dickey—
Fuller tests should be close to the nominal value, 5%, and those of the Herce tests
and our tests are supposed to be distorted. Nevertheless, Table 3 shows that the
sizes of all the tests are affected to some extent. Although the empirical sizes of
Ly and L; are slightly distorted, the situation seems better than for the other tests.

Finally, we conclude that our tests can be usefully applied when time series
have time-varying conditional variance with heavy-tailed innovations, even when
the fourth moment of innovations is finite.
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APPENDIX: Proof of Theorem 2.1

In this Appendix, we first state two lemmas, Lemmas A.1 and A.2, and then present the
proof of Theorem 2.1. To make the proof easy to understand, we also give the proofs of
(A.7) and some important inequalities at the end of this Appendix.
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LEMMA A.1. If Assumption 2.2 is satisfied, then it holds that, for 0 < p <1,
ohy aht(HO)

E|h; — hy (6p)| = O (p"), EH =5 H 0(p")
and
0008 asos || P
Proof. Let
ﬁl ﬂq
ug = (1,0,...,0)] and B:( ,
x4 Ig—1 Og—1)x1/ 4xq

where I is a k x k identity matrix and Oy »; is a k x [ zero matrix. Then the function 4, (6)
can be rewritten as

=2 min{p,i—j—1} ) .
hi(0) = 2 w+ 2 aiet_j_i(ﬁ) M;Bfuq
=0 i=1

in the almost sure sense. Note that, by Assumption 2.2 and Lemma A.1 of Li and Li (2008),
it holds that |u£]BJuq| < Cyp/ forall j >0, where 0 < p < 1 and C| is a constant. By
some straightforward calculation, we finish the proof of this lemma. n

LEMMA A.2. Under Assumptions 2.1-2.3, the following conditions are jointly
satisfied:

1 $ 2 ! 2
) Pyl Zy,_l _>d/0 Bl(T)dT,
t=1
| n 1
) 5 Lvimt = | o,

(i) £3 v [—Sg““’)ﬂ'“' D]y [ a0

=1 \/]’Tt th 0
;. Uer = 1) ohy
(iv) ﬁz{ f T aw]—mBz(l),

(ler] = 1) ahz} sy Bs(1)

v < {
«/;ltg’l 2h; oy
where B(t) = [B1(z), By(z), B5(2)1" is a (k + p + q +2)-dimensional Brownian motion
defined as in Theorem 2.1 and Bél)(r) is the first component of B(t).

Proof. Let 1. = (A1,45,25)" be a (k4 p 4 g + 2)-dimensional constant vector with

2'J # 0, where 1, and A3, are, respectively, k- and (p + ¢ + 1)-dimensional vector. Let
Fi=o0(er,€4—1,...) be ao-field generated by {&;,&,_1,...} and denote

(el =1) ohy 2 /(Iazl 1) oh;
2h, oy 3 2n oy

or =21y~ (B)e + 2 Sgn(el)f

Note that {o;, 1 € Z} is a martingale difference with respect to {F;,t € Z}.
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Denote Sy, =n~1/2 Y/ o1 Itis readily shown that ES% =2'Q2and 0 < QA < oo,

where Q is defined as in Theorem 2.1. Note that the sequences {o;} and {E(Q,2|.7-',_1)} are
both strictly stationary and ergodic. Hence, it is easy to show that

%iE(Qt | Fi— ])_}1 (A1)

in the almost sure sense and, for any € > 0,

%éE[QﬂI (az > \/nvar(Qz)e)] =o(l). (A.2)

By the invariance principle for martingales (Hall and Heyde, 1980), (A.1), and (A.2), we
have that

[nt]

Stne) = f 2 ot —>q W() inD,

where W(7) is a Brownian motion with variance 7 A’QA. Then, by Cramér’s device,

[nt Z/ (| -1
-1 t—1 gl —1) ohy (ler|—1) ohy
B — B DxD.
IZ[ ( )e,,sgn(et)m—f- o oyl 2 oy —4B(z) inDx

Hence, following Theorem 2.2 in Kurtz and Protter (1991), (i)—(v) hold jointly. u

Proof of Theorem 2.1. For any v = (v1,05,03)’, where v € R, v € Rk, and 03 €

RPTIF et g =vy/n, y = wo+va/v/n,y =y0+03//n,6=(y',p"),and 6 = ($,5)'.
Then,

_ ¥ [la@wl 1 el 1
Ln(g)_Ln(HO)—tztl{ m +210gh,(9) m 210ght(60)}
=3 led 1 el 1

_El{ e+ o O~ s = ylewn) |

n 1
+,§1 mue,(qﬁ, ¥l —lel]

=5 () 4517 ©),
where 6y = (0, 5" = (0, wg, 7).

Note that s,g )(1)) is a smooth function with respect to . Then, by Taylor expansion,
Lemma A.1, and the inequalities at the end of this Appendix, it holds that

=3, 3 G Ohi (6p) _ 05,08) & (Jorl=1) oy
n = hy o 2/n =1 hy 96
82 S0\ 09 dnn Sni o o0 00
1 oh; oh
+2 ( 03,03)E Lﬂ w aaf] (v3,03)" +0p (D). (43
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We now consider the item 6/, (6p)/d¢ in the preceding approximation. Denote r; ; = 2£=1

q/_l (B)es—y. It holds that y; _; 1 = y;—1 —ry,; and Ertzi < Cyi, where C; is a constant.
Then, '
ohy (6) ro2min(p == ; ohy (6)
=-23 aisz—j—m-j—i—lu;B(J)uq = V-1 +2R/,
¢ j=0  i=l on

where By is just the matrix B in the proof of Lemma A.1 evaluated at the true parameter
vector and

R 2 | t=2min(p,i—j—1) 7
/
E I:—] =E|— z 2 @i0€r—j—ilti+jlg B/ Uuqg

hy hszo i=1
1=2min(p,i—j—1) : 2
<E{ Y > \JaiougBlugreivj o <C3
=0 =l

with a finite constant C3. For the first item in (A.3), by Lemma A.1, we can show that

1§ el =) ohut@) _ 1§ e 1(|8z|—1)5ht(90) gi |st|—1)
nt:l h[ 6¢ nt:l hl n =1
1 & yi—1(lel = 1) ohy
=— ) ————+o0,(1) (A4)
ntg‘l hy ou P
because
g 1§ Gal=D )" iE(Rt*)z O
- =— — ] =o(l).
nioy o he ; w5\
Similarly, by Theorem 3.1 in Ling and Li (1998), we can show that
1 & 1<ah[(90))2 1oy <6h,)2
. _ = — — | 4o,(1)
1 ohy 1 &,
=E|——| — 1 A5
{ht 3/1} 2 Zmrer® "

L al’l[(e()) 6h[ Vi— 16h, 6/’![
= L=t 1
z}ﬂ o 36 nﬁE‘l h? ou 65+ P
1 ohy Ohy 1 &
=E|5—— | —&= — 1); A.6
{h? P 65],1@;» 1+op(1) (A.6)

see also the proofs of Lemmas 4.4 and 4.6 in Ling and Li (2003).
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For the item s, (2) (v), we can show that

s ) === leg;%’) i 1‘*2%“(”)%
=

1 2 n n
+f(0)E{h—t]—‘2§ e 2rOmE || Sy

vy +op(1). (A.7)

/

Zr—1%2
+f(0)1)§E |:t1f—1
hi

Note that s, )(v) is not a smooth function with respect to v. We will finish the proof of this
theorem first and then the proof of equation (A.7) because it is complicated.
By (A.3)-(A.7) and Lemma A.2, we have shown that

1
La(0) = Ln(0p) —>a s() := —01/0 B (r)dBY" (v) — v} By (1) — vy B3 (1) +0'Tv,

where I is defined in Theorem 2.1. Note that the random function s(v) has a unique mini-
mizer. Following Lemma 2.2 and Remark 1 of Davis, Knight, and Liu (1992), we complete
the proof of Theorem 2.1. |

Proof of Equation (A.7). It holds that, forx,y € R and x #0,
y
[x —y|—Ix|= —ysgn(x)+2/0 I(x <s)—1(x <0)ds,

where sgn(x) is equal to 1 for x > 0 and —1 for x < 0; see Knight (1998). Hence, we can
rewrite the item s( )(v) as follows:

2) n 1 [ 0] ! :|
sy (v) = e = Y-l T =2 — el
n zgl o L =1 e '
_ i sgn(er) [_Lly 1—iz 1}
SVvh@ L T T
n DlVrfl/n‘H)éthl/ﬁ
2 (e < s)—I(e; < 0)ds, (A8)

where z; = (1, Ayy, ..., Ay;_;42). By the inequalities given at the end of this Appendix,
we know that

Zsgn(ez)[ 1;1yt 1—0*2@ 1} :_%1 yt_lsgn(ez) \%z gn(ez)f"‘ op(1).

For the second summation in (A.8), let

V1 Yr— l/”+l’221 l/f
/ I(er <5)—1I(er < 0)ds.

CI(U) W



1226 GUODONG LI AND WAI KEUNG LI

Note that E(¢; (0)|F,—1) = 25~ 1/2(0) fé"y"‘/”*”ﬂ"‘/ﬁF(sh,‘l/z) — F(0)ds, where
F(-) is the distribution function of &;. Denote

1O o oy 1?
Rt :E(CI(U)LFI—I) W t—1 +ﬁzl‘_]

/Ul)’t l/"‘HJZZr 1/[ _1/2

F(shy %) = F(0) = sf (O)h; (A.9)

«/W

By Assumption 2.1, there exists a constant, say, 7, such that the density function f(x) is
continuous on the set {x, |x| < z}. For 7| € (0, ), it holds that

—-1/2

V1 Yi— 1/"+Uzzt 1/[
IRi| < —|2/ ds|

F(shi %) = F©) = sf O,

< F@-ro- e A 12y
< — sup X)— . sds
f|X|<7f1 0 !
2 2 / 2
én+|v2zl—l|
sup [f(x)— f(0)]- TR Lol L
f|x|<m Vhi

as |0y y;—1/n+v5z,_1/+/nl < my and

01— l/n —1/2 U%f(())ytz_l
R/ < — h FO)ds — ——5—
IRe| < fl / )= FOds n>Jhi

3
L i+@ l [01yr—1] 4 |U/22t_1|
\/@ 7[12 T hy n «/71

33 / 2
4 2 0 03¢ 0521 _
- 72+f() 1n+|2t 1l . max n 1/2|v§z;|
nJw w3 Tl J/nhy hy 1<t<n
as [01y;—1/n+v52,—1/y/n| > w1, where © = inf,,c@ @ > 0. Note that the item max| <;<,,

n_l/zlu/zztl = o0p(1) and sup|,|<, | f(x) — f(0)| tends to zero as w1 — 0. Hence, by
letting n — oo and then 71 — 0, we can show that

IA

i Ry =op(1). (A.10)

Similarly, it can be shown that nE(t2 (v) = 0(1), and then

n n 2
S a@) - Y EGOIF—1)| <nE @) =o(l),

t=1 t=1

which implies that

Y @)=Y B OIF—1)+op(1). (A.11)
t=1 t=1
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By (A.9)-(A.11), Theorem 3.1 in Ling and Li (1998), and the inequalities at the end of this
Appendix, we can show that

2

0
ZCI( )_ %,){n Yi— 1+}Zt 1} +op(1)

—1] v &
Yt—1
’]”\/ﬁtgt

— fO)E N”%z 2 +2f(0)v’E{zt
- hl nzt:lyt—l 2 h

/
. Z—12)_
+ f(0)v5E {thll vy +0p(L).
t

Hence, equation (A.7) holds. u

Some important inequalities. The Taylor expansion in (A.3) is readily obtained if
higher order moments of e; are assumed. However, only the second-order moments of
e; and &; are assumed in this paper, and hence the following inequalities are necessary for
the proof of (A.3).

Denote &, =n—1/2 maxj<; <y, |y;|. By Doob’s inequality (Hall and Heyde, 1980, p. 15),
we know that B2 < 0o and &, = Op(1). Let G, = (1/n,1//n,...,1//n) be a (k+
p + g +2)-dimensional vector, and denote, @, = {0 : [|G,(0 —0p)|| < M}, where M is a
positive constant. Note that, fori =1, ...,¢ and j > 0, the inequality /;(0) > fih;—; (@) >
ﬁiu;] Bjuqh,_,-_j (0) is satisfied for all @ € @, and then it is not difficult to show that

1 0ht(0) 1 aht(e)H
<C«/n&, E
ee@) Vhi @) 0¢ " {9e® Vhi©®) a6
sup | *h©)| _ . 2 L 2nO)| _ . N
S - n b — n 9
0co, | Vhi@) o¢? " 0co, || Vi @) 043o "
2
1 8% (9)
E <00
HE@ Jhi @) 0608
and
L PnO)| 1 3%h0)
) <C ,
0e6, | Vi) 06205 |~ Cné o, || V(@) 04505 Vi
3 2
1 8% (0)
E < o0,
ge@ Vhi(0) 0008’65

where C is a constant. [ |



