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Abstract— This paper considers the £>-£., model reduction
problems for polytopic system with time-varying delay. In terms
of the solution of linear matrix inequalities (LMIs) and inverse
constraints, sufficient conditions are presented to construct the
reduced order models such that the L£;-L., gain of the error
system between the full order model and the reduced order one
is less than a given scalar.

Index Terms— model reduction problems, polytopic systems
with time-varying delay, £2-L., norm

I. INTRODUCTION
The L£3-L~ gain of a system X is defined as

130 2, sup

lull o, <1

1yllz...

with zero initial state, where y(t) is the output of sys-
tem ¥ and wu(t) is the input of system X with [jul|,, =

(U5~ o1 dt) supyo 1w (1)
lu ()] = VuT (t)u(t) [1] and [16]. The L2-L gain of er-
ror system, which is also referred as the energy-to-peak gain
in [14] is a natural criterion for model reduction. The L£o-L
model reduction problem for continuous-time and discrete-
time systems without delay is studied in [11]. Necessary and
sufficient conditions are given in terms of LMIs and a rank
constraint, which can be solved by the alternating projection
algorithm [4, Chap.13]. The model reduction problem has
been extensively studied in the literature, as can be seen from
[13] and the references listed therein.

In many physical, industrial and engineering systems,
control systems cannot be described accurately without the
introduction of delay element. Delays can lead to poor
performance and instability of control systems. Considerable
research has been carried out on systems with time-varying
delay in recent years. The criteria for asymptotic stability of
such systems can be classified as delay-independent [18] or
delay-dependent [3], [6], [9], [10], which is less conserva-
tive than delay-independent stability criteria in general. For
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polytopic systems with constant delay, the robust stability
and stabilization are studied in [17]. The extension to time-
varying delay is investigated in [12] with stability criteria less
conservative through the introduction of slack variables in the
LMIs. The polytopic system has been extensively studied in
the literature, as can be seen from [8], [19] and the references
listed therein. To the authors knowledge, the £5-L., model
reduction problems for polytopic systems with time-varying
delay are a challenging topic worthwhile to tackle.

II. £2-Lo MODEL REDUCTION
A polytopic system X with time-varying delay is given by

Sii(t) = A@)z(t) + Apt)z(t — h(t) + B(t)u (t)
y(t) = Ct)x(t)+ Cult)z(t — h(t))
z(t) = 0, Vte|[-h,0

where z (t) € R™ is the state, u (t) € R™ is the control input
which belongs to £3[0,00) and y () € RP is the controlled
output. A(t), Ap(t), B(t), C(t) and C},(t) are appropriately
dimensioned continuous functions of time ¢, and satisfy the
real convex polytopic model

q

(A(t) Ap (1) B () = > ai(t) (Ai Ani Bi),

(C(t) Cn(t) = Zai(t) (Ci Chi)

Ya;(t) > 0, 1 a;(t) =1, where a;(t), i =1,2,...,q,
are time-varying functions of ¢, C;, Cy;, B;, A; and Ay,
i1=1,2,...,q, are constant matrices with appropriate dimen-
sions. h( ) is the time-varying delay satisfying 0 < h(t) <
h < oo, h(t) < p < 1 with b > 0 and p > 0. System ¥,
which is to be reduced, is assumed to be quadratically stable.

Definition 2.1: If there exists an nth-order quadratically
stable system by

S (t) = A®)E () + An()a(t — h(D) + Bt)u(t)
gty = C)z @)+ Cnt)x(t — h(t))
&) = 0, Vte[-h,0



where # (t) € R™,  (t) € R, and 7 < n, such that

|=-=2|

= sup

ly =l <~
Laloo  ullp,<1 £oe

then we say the £o-L, model reduction problem for system
3 is solvable.
The L2-L gain of retarded system X g

DI z(t) = Ax(t)+ Apz(t —h(t)) + Bu(t)
y(@t) = Cx(t)+ Cra(t —h(t))
can be characterized by the following algebraic conditions,
where A, Aj, B, C and ('}, are contant matrices.

Lemma 2.2: [15] If there exist matrices P > 0, () > 0,
X >0,Z>0and Y, and a scalar 0 < o < 1 such that

ATP + PA+
hX +Y PA,—-Y PB 1ATZ
+YT +Q <0
ATP-YT  —(1-wQ 0 7ATZ
BTpP 0 —I,, ™BTZ
TZA TZAp TZB —1Z
—aP 0 cT
0 —-(1-apP Cf < 0
C Cy, -2,
R

then system Xp is asymptotically stable and [|Xg|l,, , <

7, where 7 = -~ In the case of h(t) = h, if there exists
matrices P > 0, () > 0, and a scalar 0 < a < 1 such that

ATP + PA+
hX +Y+ PA,-Y PB
YT 4+Q <0
AP-YT  —(1-p)Q 0
BTP 0 I
—aP 0 cT
0 —-(1-apP Cf <0
C Ch, -2,

The following theorem gives the solution of Lo-L., model
reduction problem for system .

Theorem 2.3: With n = n—+n, if there exist matrices P >
0,P>0,X>0,X>0,Q>0 Q>0 M>0, M>0,
N>O,N>O,Z>O,Z>OandY,andascalarO<a< 1
such that fort=1,2,...,q,

X1 Ao
< 0 1
[ Xl X } M

Yir Yo
< 0 2
[ Vi Voo } &

oL, PIV 0 or
* ~-1-a),PIf CE | <0 @)
* * —’szp

XY
AR 0

-N Y
{ . M} < 0 5)
PP = I, QQ=1I;, XX =1 (6)
ZZ = Iy, MM =1I;, NN =1 (7

where * denotes the symmetric terms in a symmetric matrix
and

[ A1 A2 Bi Mg Ajs ]|
* Ao 0 AL, o
A = * * —In, B 0
* * x Nag A
| * * *  Niss |
[ P T,P T,P ILiP
0 0 —1I5 0
X9 = 0 0 0 0
0 } 0 ~ 0 3 0 3
| -T,P -T,P -T,P TP |
[ —h7lX 0 0 0
_ * —Q 0 0
X = * * -M 0
L *k * * —N
[ ATT, PIT + T, PIT A,
Vi1 = hX +Y T
_+I1<+YT+Q>11
ylg = [ Il_PIlTAhZ —Ilyle TA7,T11Z ]
[ 7(1 — [L)IlQIlT TA,}IL;IlZ
Yoo = . 7
L T
and
A1y = T PIFAT + AT PTT, Ao = Any (8)
Aina = T PIT AT, Ais = AT PIT )
A22 = —(1 — /J,)Q, Ai44 = —T_ll—lleT (10)
Ai55 = —’7'711'221';1 (11)
Nys = —1 Y0, 217 — AT, PIT (12)

then there exists a quadratically stable system ¥ such
that the L£9-L,, model reduction problem is sovable with

HE — ZH < 7. In this case, a desired reduced system
2 koo ~ ~ ~
corresponding to a feasible solution (P, P, X, X, Q, Q, M,
M, N, N, Z, Z,Y, a) to (1)~(7) is given by
(B@t) Aty Ay(t)) = D at)Ga (13)

(C@) Cty) = Zai(t)éﬂ (14)



where
[ B, A Api ]
= U0 Vak] (MVaAT)”
+U51Wﬁ1Li1 (/_\1‘/;1/_\{)7% (15)
. [ G Cui ]
= —UZ'00 VAT (AVieAD) ™
1

1 — _ 1
+U5 W3 Lio (AoVieA]) 2 (16)

and for ¢ = 1,2,...,q, L;; and L;; are any matrices
satisfying ||L;1]] < 1 and ||L;2|| < 1, and U;; > 0 and
U;s > 0 such that

1

Vii = (QlUﬁlﬁf — (I)il)il >0
Vio = (U3'0F —,)" >0
= Vir — Va AT x ~
Wi = Ua—-QF (. 75k 0
! ! ( (A1VirAT) YAV !
= Va — VigAL x ~
Wis = Uo—0 (x5 sry—11 Q
? 2o ( (A2VioAL) " AoVis ?
[ ATpP+ 1
PA+ . o
hX + Y4 PA,, -Y PB;, 1A Z
D, = YT +Q B
* -1-wQ o0 TALZ
* * ~I, TBl'Z
* * * —T77
i (17
—aP 0 cr
* * —'szp
s
I
_ 0 _ 0
0 = 0 ;, =10 (19)
I
TZ 0
7]
B 0 0|0 O0]I,]0
A = 0 In|0 0] 010 (20)
0 0[]0 I 0|0
= [0 —I]0 0 0
A = |0 0 |0 —I 0] @D
i A; 0O i _ | An O
_ B, _
B, = [Oz], Ci=[C 0] (23)
Chi = [Cu 0] (24)
i = [, 0], Zb=[0 I ] (25)

Proof. We first consider the error system 3 — by given by

with Gy and Gia, i =1,2,...,q, defined in (15) and (16),
B;, A;, Ap;, C; and Cy; given in (22) and (23), and

0 0 O

F o= IA], g=|0 I, (28)
Lo 0 O

) [0 0 [ In

o= oo, §=]|0 29)
L0 I 0

= 0 —I; - 0 0

Jo= U }7 K{O _Iﬁ:| (30)

From Lemma 2.2, if there exist matrices G;; and Gjo
satisfying (4) and

(Ai+ FGuH)' P o
+hX + Y+ -Y
YT +Q
* —(1-pwQ
* *
L * *
P(Bi+FGaN) 7 (Ai+FGuH) 7
0 7 (Ap + FGu )" Z
—I, 7(Bi+ FGuN)" z
* —77
<0 31
~ ~ 77T
—aP 0 (Ci+ GialJ)

x  —(1—a)P (Chi+GpK)" | <0 (32



It follows from (31) and (32) that

AT P+ PA(t) )
+hX +Y PAh(t)fY
+YT+Q
* —(1-pQ
* *
* *
P (B;+ FGyN) tA@t)" Z
0 A, ()" Z
I, rB(t)" Z
* —17
< 0
—aP 0 @’
«  —(1—a)P C,1)" | <0
* * —2I,

Then we have HZ ) < ~. It is easy to show that

Lo-
matrix inequalities (31) and @2) can be rewritten as

(2
(

where (fy], QJ, and J_X], 1=1,2,...,q, j = 1,2, are defined
in (17)—(21). LMIs (33) and (34) have solutlons Gi1 and G;o,
if and only if

D|
Ql
>|
{Ol
Q|

A’ < 0 33
2Gishs)’ < 0 (34)

6**9“

1+ 1+
2+ 2+

:>\
D\

G

D I

Q (I)“Qi_T < O,

L ATLe, AT <0 (35)
Q§§ZQQ§T < 07

AL AT <0 (36)

LP~' 0 0 0
0 I 0 0
QF = 0 0 In 0
0 0 0 7l'7,77°
—Igp_l 0 0 T‘lng_l
Z, 0 0 0
AT = 0 Z; 0 0
L0 0 0 I
Z, 0 0
QF - [Ig / 8} M=o 7 o
" 0 0 I,

where Z; and Z, are defined in (25). Then, by Schur
complement and the conditions in (6) and (7), we obtain that

Q1,047 <0, equals to

[ Ainn Aj12 B;
* —(1-pQ 0
* * -1,
* * *
* * *
* * *
B * *
Aiis Aiis TP T,P ]
AT, 0 0 0
BT 0 0 0
Nisa  Aiss 0 0
* Ai55 _IQP~ —IQP
* * —h1X 0
* * * 7(2 ]
+M1YTN1 + (MlyT./\/l)T
< 0 (37
where
My = [PIF —-I, 0 0 —PIF 0 0]
M = [PIf 0 0 0 —PIf 0 0]

and Aji1, Az, Ajia, Ajis, Ajag and Aygs, @ =1,2,...,q,
are defined in (8)—(12). Since for any matrices M, N, Y and
M >0and N >0, MYTN + (MYTN)T < MMMT +
NTNN, holds if YM~1YT < N. LMI (37) is true if (1)
and (5) hold. AlTLfi)ilﬁlTLT < 0, is equivalent to (2). For
the inequalities in (36),

—aP 0

and A7+ ®;,A7+T < 0 is equivalent to (3) From LMIs
(1)—(5), if there exist matrices P, P, X, X, Q, Q, M, M,
N, N Z, Z and Y satisfying (35) and (36) there exist
matrices G;1 and G;o such that LMIs (33) and (34) hold.
Therefore, we have ‘ X — ZH < «v. All the parameters
of the reduced order models satlsﬁ/mg (33) and (34) can be

constructed by the parametrization method of Gahinet and
Apkarian [7]. This completes the proof. O

In the case of h(t) = h, a delay-independent sufficient
condition is given for the £9-L, model reduction problem
from Lemma 2.2 and the proof of Theorem 2.3.

Corollary 2.4: 1f there exist matrices P > 0, P>0,Q>
0 and Q > 0, and a scalar 0 < « < 1 such that for i =



1,2,...,q,
I, PIT AT + ]
AL PIT AnTy B T
* —Q 0 0 < 0
* * -1, 0
* * * —Q ]
AT, PTT + ]
Illeerz —‘rIlQIlT Il.PIiFAhZ < 0
* —Ile-lT
—aZ, PI{ 0 cr
* —(1 - )y PIT C,Z; <0
* * -2,
PP=1I, QQ=I;

there exists a quadratically stable system 3 with h(t) =
h solving the L9-L, model reduction problem with

=~
Lo-Loo _

Remark 2.5: 1If P, P = P! and Q have the following
special form

<.

X Xp } —1 [ V=l Yo }
P == 5 P =
{ Xi, Xa Y, Yo
7 X
38
Q [xg_&Q} (38)

Corollary 2.4 can be expressed by LMIs with rank constraint:
if there exist matrices X > 0, Y > 0 and Z > 0, and a scalar

0 < a <1 suchthat fori=1,2,...,q,
ATY + YA+ ]
Z+Y -X Y Ap; Y B -0
x —Z+Y-X 0
* * —I, |
ATX + XA+ 7 XAp ]
A < 0
* -7
—aX 0 cr
* -1-a)X Cf < 0
* * —'yzlp |
rank(Y — X) < #n

there exists a quadratically stable system 3 with h(t)
h solving the L9-L,, model reduction problem with

I==s <o
Lo-Loo

If h(t) =0,Cy =0and A, =0, ¢ = 1, system X reduces
to a continuous time-invariant system without delay

Yo: & (t)

y(t)

Alx (t) + Blu (t)
leL' (t)

54

Corollary 2.6: If there exist matrices P > 0 and P>0
such that

T, PTT AT + A7, PIT + BB < 0 (39)
AT P + 7, PIT A, < 0 (40)
~T,PII +y72CTC, < 0O 41)

PP = Ia (42

there exists an asymptotically stable continuous system Yo

Yo Aliﬁ (t) + B1u (t)

C1z (t)

that solves the L3-L, model reduction problem with
HEC—icH < v . If P > 0 has special form
(3%), conditiojl_s 0639)—(422 are equivalent to the existence
of matrices X > 0 and Y > 0 such that ATY + YA, +
BB < 0,ATX + XA, < 0,-X +4720{C1 < 0 and
rank(Y — X) < 7, which recovers the result in [11]. In

this particular case, the model reduction condition is both
necessary and sufficient.

III. MODEL REDUCTION ALGORITHM

In order to use the cone complementarity linearization
(CCL) algorithm [5] to solve the Ls-L,, model reduction
problem with fixed 0 < a < 1, we define a convex
set C := {X | X satisfies LMIs (1)-(5)} and a nonconvex

set 7 = {X | X satisfies the inverse constraints in (6-7)}
where
X = (P>0,P>0,X>0,X>0Q>0,Q>0,

Z > 0,Z>0,M>0,M>0 N>0, N>0,7)

The solvability of the L5-L.,, model reduction problem
can be translated into the following nonconvex feasibility
problem:

Find X € C subjectto X € T 43)

through the sufficient condition in Theorem 2.3. Then, by
the CCL approach, the above nonconvex problem (43) has a
solution if and only if the minimization problem

trace(P]5 + XX +QQ+

minyecnc;, { 27 4+ MM + NN) } (44)
where
WEItE
ot 19 3]0 2 20
7w [T A



achieves a minimum, 127, that is, an optimal solution of
problem (44) satisfying

trace( P P) trace(X X) = trace(QQ) = trace(ZZ)

trace(M M) = trace(NN) = 7

Otherwise (43) is infeasible. Therefore, in order to solve the
L2-L model reduction problem for systems with polytopic
uncertainties and time-varying delay, we transform it to a
global solution of the minimization problem (44). The CCL
algorithm solves problem like (44) effectively although it is
still a nonconvex optimization problem [2]. Interested readers
may refer to [5] for the details of the CCL algorithm.

An algorithm is presented to solve the Lo-L,, model
reduction problem based on the above analysis.
Lo-Lo CCL Model Reduction Algorithm:

Step 1 Given system 3, the order of the reduced order
model 7, prescribed model reduction error v > 0 and
0 > 0 is a sufficiently small prescribed a scalar to
control the convergence accuracy.

Step 2 Set £ = 0 and for a fixed «, choose any initial
guess

XO = (P03P05X07X07Q07Q07ZO7
Zo, My, My, No, No, Yy) €C

Step 3 Define
fe(P,P,X,X,Q,Q,2,%Z,M,M,N, N)
trace(Pk]5 + PP+ X1 X +

XX + QrQ + QuQ + ZiZ + ZnZ
+MkM+MkM+NkN+NkN)

Solve the following convex minimization problem:

fk(Pj p? XLX7 Q?NQ’ }

Z,Z,M,M,N,N)
and denote the minimizer X}’ and compute the mini-
mum value f; = fi(X)).
Step 4 If |f} — 127| < 4, then construct a reduced
order model based on (13) and (14); otherwise set k =
k + 1, and assign

minyecne;, {

X];kfl = (Pka kaka Xkanva;Zka

Zy., My,, My, Ny, Ny, Yz,)

and go to step 3.

It can be seen that Step 2 is a simple LMI feasibility
problem, and Step 3 is a convex programming with LMI con-
straints. From the explanation in [2], [5], { s } is decreasing
and bounded below by 12n. Once it converges, then (43)
is feasible, which implies that the £-L.,, model reduction
problem is solvable for given v > 0.

55

IV. CONCLUSION

This paper presents a delay-dependent sufficient condition
for the L£3-L~ model reduction problems of polytopic sys-
tems with time-varying delay. An explicit formula for the
construction of reduced order models has been given in terms
of a set of the solution of LMIs and inverse constraints.
An effective algorithm has been exploited to solve the LMI
problems with inverse constraints.
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