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We study the propagation of coupled acoustic and electromagnetic waves in a piezoelectric plate
waveguide embedded in two half-spaces of another dielectric material. It is shown that certain
waves are guided electromagnetically but not so acoustically and that these waves are effectively
damped waves with acoustic leakage of energy. An estimate of the acoustic radiation damping is
given. © 2007 American Institute of Physics. �DOI: 10.1063/1.2712157�

Design of electromagnetic �EM� waveguides and resona-
tors has been routinely performed using Maxwell equations.1

In fact, some of the materials used for dielectric waveguides
and resonators have piezoelectric coupling. These devices
are often mounted on substrates of other materials with
acoustic interaction. If the device material has piezoelectric
coupling, the EM waves in the device are accompanied by
acoustic waves interacting with the substrate. There is a pos-
sibility of acoustic leakage or radiation of energy in an EM
wave device and little is known about the effect. In this short
paper we examine this possible phenomenon. To describe
coupled acoustic and EM wave phenomena in a piezoelectric
material, a theory called piezoelectromagnetism2–4 is needed.
Recently, a piezoelectromagnetic solution has been obtained
for coupled elastic and EM waves propagating in a piezo-
electric plate waveguide embedded in two half-spaces of an-
other material.5 The solution was used to calculate waves
that are guided both acoustically and electromagnetically, but
the possibility of acoustic leakage of guided EM waves was
not explored. We examined this possibility below based on
the results of Ref. 5. Consider a plate of polarized ceramics
between two half-spaces �see Fig. 1� of another polarized
ceramics. For ceramics poled in the x3 direction, there exist
anti-plane or transverse magnetic modes5 propagating in the
x1 direction with a factor of cos��x1−�t� and only one dis-
placement component u3 as well as one magnetic field com-
ponent H3. The modes can be separated into symmetric and
anti-symmetric according to whether u3 is an even or odd
function of x2. The corresponding dispersion relations are5
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c=c44, e=e15 and �=�11 are the relevant elastic, piezoelectric
and dielectric constants. �0 is the magnetic permeability of
free space. � is the mass density. c̄=c+e2 /� is a piezoelec-
trically stiffened elastic constant. The inequality in Eq. �3�2 is
for real value of B3A �only the positive root is taken� so that
the waves are electromagnetically guided. Whether the
waves are accoustically guided or not depends on the sign of
�A

2 .
Since the speed of light is much higher than the acoustic

wave speed, from Eq. �3� it can be seen that in the range of
vA	v	cA, �A

2 becomes negative or �A becomes purely
imaginary while �A is still real and positive. In this case the
EM fields of the coupled waves are still guided but the
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acoustic fields are not. This can happen to both symmetric
and antisymmetric waves. The effect of acoustic leaking is
expected to be similar for symmetric and antisymmetric
waves. As an example we examine the symmetric waves
governed by Eq. �1� only. Consider the case in which vA

	v	cA. To be specific, we also limit ourselves to the case
where v�cB. Together with vA	v	cA, we consider v in the
range of

vA 	 cB 	 v 	 cA. �7�
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With Eq. �8�, we can write Eq. �1� as
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where we have also used tanh iZ= i tan Z for a complex vari-
able Z. The right-hand side of Eq. �9� is due to piezoelectric
coupling which may be a small effect. We use an iteration or
perturbation procedure to solve Eq. �9�. As the lowest order
of approximation, we neglect the right-hand side of Eq. �9�
and denote the EM frequencies of the left-hand side of Eq.
�9� by �0,
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Given a wave number �, Eq. �10� determines a series of
frequencies �0��� for guided EM waves in the structure.
When piezoelectric coupling is considered, these EM fre-

quencies are perturbed and are determined by Eq. �9�. Let the
corresponding frequencies from Eq. �9� be denoted by

� = �0 + 
� . �12�

Substituting Eq. �12� into Eq. �9�, we obtain the following
first-order modification of the EM frequencies due to piezo-
electric coupling:


�

�0
�

1

�0
2� eA

�A
−

eB

�B
�2

�
�2 tan��̂B0h��− c̄B�B0 tan��B0h� − c̄Ai�̂A0�

�c̄A�̂A0�2 + �c̄B�B0 tan��B0h��2

� � �A0h

�A�̂B0cB
2 cos2��̂B0h�

−
tan��̂B0h�
�A�A0cA

2

+
1

�B�̂B0cB
2�−1

, �13�

where

�̂A0 =��0
2

vA
2 − �2, �B0 =��0

2

vB
2 − �2. �14�

Equation �13� gives the frequency perturbation of EM waves
due to piezoelectric coupling. It is a complex number. In
addition to its real part representing additional dispersion, its
imaginary part describes damped waves due to acoustic ra-
diation. As a numerical example, consider PZT-4 and
PZT-5H for materials A and B which satisfy Eq. �7�.5

The first few branches of the dispersion relation for
guided EM waves, i.e., solution to Eq. �10� where piezoelec-
tric coupling is ignored, are shown in Fig. 2. These waves are
clearly dispersive. For short waves with a large wave number
the dispersion is small, and the wave speed of various
branches seems to approach the same constant. The range of
the wave speed is bounded by Eq. �7� from below and above.

When the waves represented by the dispersion relations
in Fig. 2 are substituted into the right hand of Eq. �13�, the
imaginary part of the left-hand side of Eq. �13� which repre-
sents dissipation is shown in Fig. 3. The most basic point to

FIG. 2. Typical dispersion relations of guided em waves from Eq. �10�. FIG. 3. Dissipation of guided em waves due to acoustic leakage.
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note is that the curves in Fig. 3 are always positive indicating
damped waves rather than growing waves. The decay is of
the order of 10−5. The way we order the modes are such that
higher-order modes have higher frequencies.

Figure 3 is for a very small range of wave speed and the
curves already have quite a few oscillations. Curves corre-
sponding to higher-order modes with higher frequencies
have more oscillations. We are interested in the behavior of
these curves over the entire range as bounded by �7�. In Fig.
4 we only plot the peak values of the curves in Fig. 3 versus
wave speed over the entire range for otherwise the figure will
be too crowded. Figure 4 shows that the dissipation is sensi-
tive to the wave speed. For the modes considered there exists
a maximum dissipation at a particular wave speed. At the
lower bound of the wave speed all waves approach the same
speed, as shown in Fig. 2, and the corresponding dissipation
also approaches a common value which is zero.

Figure 5 shows the real part of the left-hand side of Eq.
�13� which represents additional dispersion induced by cou-
pling to acoustic waves. Like in Fig. 4, only the maximum
�and minimum� values of sinusoidal curves are shown in Fig.
5. The most basic qualitative difference between Figs. 4 and

5 is that the maximum and minimum values of the additional
dispersion in Fig. 5 are with alternating signs. The additional
dispersion also has a maximum which seems to be at the
same location as the maximum dissipation.

In conclusion, in piezoelectric materials, guided EM
waves may be accompanied by radiating or leaking acoustic
waves. This results in a radiation damping of the order of
10−5. This has implications in designing EM wave devices.

In conclusion, in piezoelectric materials, guided EM
waves may be accompanied by radiating or leaking acoustic
waves. This results in a radiation damping of the order of
10−5. This has implications in designing EM wave devices.
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FIG. 4. Dissipation of guided em waves due to acoustic leakage �peak
values�.

FIG. 5. Frequency shift �additional dispersion� of guided em waves due to
acoustic leakage �peak values�.
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