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ABSTRACT

This paper derives a four-node plane, a nine-node plane and a four-node axisymmetric stabilized
elements for piezoelectric analysis. All elements are formulated by a stabilization approach founded
on the generalized Hellinger-Reissner functional which employs stress, electric displacement,
displacement and electric potential as the independent field variables. The lower and higher order
stress and electric displacement are chosen to be orthogonal such that their coupling terms in the
electromechanical flexibility matrices vanish. In the absence of the higher order modes, the
elements are equivalent to their uniformly reduced integrated counterparts. Numerical examples are
presented to illustrate that the stabilized elements are markedly more accurate than the standard

fully integrated elements.
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1. Introduction

Piezoelectrics have been indispensable for frequency generators, sensors, actuators and adaptive
structures. Owing to the complexity of the governing equations in piezoelectricity, closed form
solutions for practical problems are very limited. Since Allik & Hughes presented their work of
applying the electromechanical virtual work principle to finite element formulation [1], the method
has been the dominating tool for analysis and design of piezoelectric devices and adaptive
structures. In the principle, the electromechanical displacement which is the union of displacement
and electric potential is the only field variables. Since none of the displacement and electric
potential can be condensed from the principle, the formulation is irreducible [2]. Inheriting the work
of Allik & Hughes, most of the finite element models in the literature are based on the irreducible
formulation [3-15]. Unfortunately, they are often found to be inaccurate and susceptible to mesh
distortion. To alleviate these shortcomings, the bubble/incompatible displacement method have
been employed for three-dimensional element formulation [9,11,12]. Besides bubble/incompatible
displacement method, hybrid or reducible variational principles have recently been employed to
formulate piezoelectric finite element models for phase transformation, two-dimensional, three-
dimensional, plate/shell and smart structure analyses [16-20]. While it is difficult to trace the origin
of hybrid variational principles for piezoelectricity, the work of EerNisse is probably one of the
earliest documentation [21]. By relaxing the constitutive, strain-displacement and/or electric field-
electric potential relations, various hybrid variational functionals containing stress, strain, electric
field and/or electric displacement as independent field variables in addition to electromechanical

displacement can be derived [17,21].

In this paper, hybrid-stabilized quadrilateral elements for plane and axisymmetric piezoelectric
analysis are proposed. The generalized Hellinger-Reissner’s functional is employed. The functional
involves the electromechanical stress which is the union of stress and electric displacement and the
electromechanical displacement as the independently field wvariables. While the assumed
electromechanical stress modes can be condensed at the element level, the condensation cost is
considerably reduced by using orthogonal lower and higher order modes analogous to the lower and
higher order orthogonal stress modes in admissible matrix formulation [22-25]. It will be seen that
the lower order modes give rise to the uniformly reduced integrated or URI element and the higher
order modes play the role of the stabilizing the communicable spurious zero energy modes. In other
words, the lower order modes incur no condensation cost. Numerical examples show that the

proposed elements are markedly more accurate than the fully integrated standard elements.
2. Formulation of Conventional and Stabilized Piezoelectric Elements

The following vectors of electromechanical displacement v, electromechanical strain y and



electromechanical stress 1 are introduced:

(1)
in which u, ¢, €, E, o and D are the displacement, electric potential, vector of strain components,

electric field, vector of stress components and electric displacement, respectively. The

electromechanical strain-displacement and constitutive relations can be expressed as:

y=Dy ,1=Cy=C(Dy) (2)

where D is the electromechanical strain-displacement operator and C is the electromechanical

constitutive matrix. The latter can be partitioned as:

o

S
where ¢ is the elasticity matrix, e is the piezoelectric matrix and € is the dielectric matrix.

e 1o

Throughout this paper, single- and double-underlined items are respectively vectors and matrices.

For finite element formulation, the stationary condition of the following electromechanical

potential energy functional can be employed [1]:

H=Z%<(ng C(av)-P )

where

(o) = J. odQ) denotes the integral operator over the element domain Q°
o

Furthermore, e denotes element and P stands for the electromechanical load potential which
includes the contribution from the surface traction, body force and surface charge. Prerequisites of
the functional are the inter-element compatibility and essential boundary conditions on y. Using the
standard parametric interpolation, the electromechanical displacement and strain for the m-node

plane or axisymmetric element can be expressed as:

Y

v=[NI,..N, L]y =[NL,..N,L]lg ,y=Dv=(D[N,L,,..N,[g=Bg (5)

m=3 m=3

)4

—m

in which /; denotes the j-th order identity matrix, N;’s are the interpolation functions, y; is
electromechanical displacement at the i-th node, g is the element electromechanical displacement

vector and B is the electromechanical strain-displacement matrix. Substituting (5) into (4),
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where

K=(8'CB)

is the conventional electromechanical element stiffness matrix. The reduced- and fully-integrated

counterparts of K can be expressed as:
K,=(B'CB) , K, =(B'CB), 7)

in which (o), and (o), are the element domain integration operators that employ the reduced and
full order quadratures, respectively.

By relaxing the last relation in (2), the following generalized Hellinger-Reissner functional can

be obtained:

I, = z<_EITgAI+ T (2v))-P. (8)

e

The following form of the independently assumed electromechanical stress is assumed:

IZELEL+£HEH=[£L £H]{§L} (9)

in which P’s are the shape function matrices, 3’s are vectors of coefficients, L stands for lower

order modes and H stands for higher order modes. With (5) and (9) invoked, the functional becomes:

1 BL ' BL EL '
,=Y (— "+ H{" Gq)-P 10
w Tt sl f 2 oo

where
T ~—1 T ~-1 T
e (L,CP) (BCP) ind G (2,8
= T -1 T -1 = T
L,Cp) (£,CP) (Z,B)

are respectively the electromechanical flexibility matrix and electromechanical leverage matrix. In
hybrid-stabilization which aims at improving the computational efficiency of hybrid elements [23-

25], P’s are chosen such that
(P,B)(P,C"P)(P,B)=K, (11

(B,CR,)=0. (12)

By virtue of the last two equations and the stationary nature of the functional with respect to f3’s,

(B RB, ~(EIB)g - (£,CEB, =B, B, Ny =X Ga Ka)—P (1)



where

_ T T T -1 -1 T
gs _£R +<£H§> <£H£ £H> <£H£>

is the stabilized electromechanical stiffness matrix and <§T1=’H><£zg41=’1{>‘1<1=’2£> i1s the

stabilization matrix for the reduced-integrated matrix Kz. In this light, the higher order
electromechanical stress modes must be chosen with respect to the communicable zero energy
mode of Kx.

For all the elements to be proposed, their higher order electromechanical stress shape function

matrix can be partitioned and expressed as:

P =[fP | /,P)] (14)
in which f’s are functions of the parametric coordinates whereas P, and P, are independent of the
parametric coordinates. With the above Py,

PR [ (HPICE (P C P[P8
K =K + (15)

PALB | [ OB, CTR (HBCTR, | | B(LB)

=2 =

An admissible change that does not trigger patch test failure and affect the element rank is to treat

{fif2) as zero [22,25]. Thus,

K=K, + 3B (L CR Y LD 1)

In order that element accuracy and legitimacy are least affected by discarding (f\f2), f’s will be

chosen such that (f|f;) is approximately zero as far as possible.

3. Four-Node Piezoelectric Stabilized Plane Element

For plane piezoelectricity defined with respect to the x-y-plane, the electromechanical displacement

v, strain v, stress T and strain-displacement operator are:

o o [0/ox 0 0 |
u, €, G, 0 oJ/oy O
v=_u,o,y=428,,1=40,, D=0/0y 9d/ox 0 (17)
) -E, D, 0 0 O/ox
-E, D, |0 0 Jloy|

For quadrilateral elements with parametric coordinates & and m, the following Jacobian matrix and

its determinant can be derived:
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xag yaF’
J = 5 J:det(i):xag yan _xan y:g (18)
using which the integral over the element domain can be written as:

+1+1

(o) = [ edQ = [ [osdedn (19)

Q° -1-1
For the four-node plane element, the Jacobian determinant and the electromechanical strain-

displacement matrix, see Figure 1, can be expressed as:

1
J=Jy+JE+ I L B=(B, +EB, +NB,) (20)

in which Jy, Ji, J», By, B; and B, are independent of the & and m [26]. The reduced-integrated

element is evaluated by the first order quadature and is equal to:

1 1
B'CB), =1, (B,+&B +nB) (B, +EB +nB )., =7 —B,CB, (1)

£R - <= == E=n=0 - 4Jo =i

in which (o), denotes the (o) that employs the m-th order quadrature.

For the stabilized four-node plane element, the lower order electromechanical stress shape

function matrix taken to be the identity matrix, i.e.
P =1 (22)
Thu,
1

(P,C"P)=4J,C", (B, B)=B,. (B, B)(P,C"P)" (P, B) = Eﬁg CB,=K,(23)

and (11) is valid for the chosen P;. When the element assumes the shape of a 2x2 square, it can be

checked that the element possesses the following communicable zero energy modes:

u, a,
¢ O

where o’s are coefficients. The relevant electromechanical strain is:

Uz n oo
Uy 0 ¢ 0]]a,
UgopFlyoe =1 & M 050, (25)
b, 0 0 njla,
b, 00 &

which vanishes at reduced order integration point & = 1 = 0. The above zero energy modes can be



suppressed by the following electromechanical stress modes:

o, n 0 0 0

c, 0 0 & 0B,

Gy, ¢=|0 0 0 O : (26)
D, 0m 0 OB,

D | [0 0 0 &

where ’s are coefficients. For general quadrilaterals, the electromechanical stress modes can be
obtained from the above equation by the tensorial transformation evaluated at & = 1 =0 [27]. With

reference to (14), the higher order electromechanical stress shape function matrix are defined by

having:
_x’i x’é 0 _x’ﬂ x’ﬂ
g y’& y’g O y’n y’n
n
A =7, S =7 P o= (| X v 0 )|é=n=0 (R )|§=n=0' (27)
0 xsg 0 x,n
L O yag L O y’ﬂ_
The reciprocal of J in f’s is incorporated to satisfy (12). It can be noted that
an +1+1 an 1 +1+1
<f1fz>=<7>=[{7d§dn:J|—H<ind§dn=0 (28)

E=n=0 -1-1

4. Nine-Node Piezoelectric Stabilized Plane Element

Figure 1 also shows the nine-node element. The reduced-integrated plane element is evaluated by

the second order quadrature, i.e.

4
K,=(B'CB), =) (JB'CB), =B"JCB

(29)

where the subscript i designates the i-th integration point and

B=[B,.8,.8,.8,1", C=diag {C.C.C.C} , I =diag {, L./, L, /L, L} (30)
When the lower order electromechanical stress shape function matrix is taken to be:
£L - [is ais n£5 anis] > (1)

(52 g_l £L> and (EZ B) can be evaluated with the second order quadrature without losing rank; i.c.



4 4
(P,C'P,), = ;(J P C'P) =P IC'P.(P B),= ;(J P B) =P IB (32)
in which

P=[(P),(P,):,(P);,(P); ]

For the chosen Py, IP is invertible,

(P,B)I(P,CP). (B, B),=(E,IB) (B'JC B)'(B, IB)=E'CB=K, (33)

and (11) is valid. When the element assumes the shape of a 2x2 square, it can be checked that the

element possesses the following communicable zero energy modes [24]:

78 Q,
u, =& -DGBN* -1 a, (34)
0] Oy
from which the electromechanical strain modes are:
U, [ p, 0 0 ]
Uy 0 p, 0]fo
U, . 0=6p, p 0 |Ka, (35)
b, 0 0 p|lo,
b,y 0 0 p,]|

where p, =&3n° —1) and p, =n(3E> —1). Both p’s vanish at the reduced order integration point &

=1 = £1/7/3. The above modes can be suppressed by the following choice of electromechanical

stress modes:

c. p 0 0 O

c, 0 0 p, O0][B

Gy =0 0 0 O : (36)
Dg 0 p 0 [34

D, 10 0 0 p,]

For a general quadrilateral, the electromechanical stress modes can be obtained from the above
equation by the transformation evaluated at & = n =0 []. With reference to (14), the higher order

electromechanical stress shape function matrix are defined having:
4 P
S =71 . ) =72 (37)

whereas P; and P, for the present element are defined in the identical way as in (27). The reciprocal

of Jin f’s is incorporated to satisfy (12). It can be noted that



1 +1+1

[ [ pipsdedn=0 (38)

i:n:O —-1-1

_ /PP _+l+1p1p2 -
Sf) =58 = [ [ 2 dEdn =

-1-1

Jl

5. Four-Node Piezoelectric Stabilized Axisymmetric Element

For axisymmetric piezoelectricity defined with respect to the r-z-plane, the electromechanical

displacement v, strain vy, stress T and strain-displacement operator are:

€00 oo C1/r 0 0
€, G, olor 0 0
o 6. c. 0 alez 0
v, Y= , 1= , D= (39)
< 2e .| = |dloz dlor 0
-E. D, 0 0 olor
-E. D. | 0 0 o/oz]

For quadrilateral elements with parametric coordinates & and m, the following Jacobian matrix and

its determinant can be derived:

I~

{’"’i Z’@} , J =det(J) (40)

r’n m

The integral over the element domain can be written as:

+1+1
(o) = [ edQ=2n| [orJdtdn (41)
Q° -1-1
For the four-node axisymmetric element, the interpolated radial coordinate, Jacobian

determinant and electromechanical strain-displacement matrix can be expressed as:

r=a,+af+an+ain,J=J,+JE+J,n,

Ry Im ERY; T
B=—r( r=" |48 r="|+n| r=|+&n r=) 42)
N N N 0

=0 =1 = =

in which the row dimensions of M’s and N’s are respectively one and five whereas a’s and all
entries of M’s and N’s are independent of £ and ) [28]. The reduced-integrated element is evaluated

by the first order quadrature and is equal to:

T

J J

h\ly /4 M
(B"CB), =[——B"CB], == a,—"| C|a—" (43)
= == 1 2J= == &—1’]—0 2J =
"IN, N,

Unfortunately, this element fails the patch test as the first order quadrature cannot exactly integrate



the element volume and B [22,25]. A remedy is to replace B in the left hand side of the above

expression with its domain average which can be obtained by the second order quadrature as:

1 1 3JM +J M +J, M
—(B), = e (44)
ML, = 4(3a,J, +a,J, +a,J,) 3a0£0+a1£1+a2£2
The modified reduced-integrated element is:
1
K =—(B).C(B 45
L=, (B), C(B), (45)

For the stabilized axisymmetric four-node element, the lower order electromechanical stress shape

function matrix is taken to be the identity matrix, i.e.

£L - £6 ’ (46)

In this light,
(B, C7P,)=(DC" . (P, B)=(B) ,

B P NELCP ) B = B B =K, @

and (11) is valid for the chosen P;. When the element is a 2x2 square with its edges parallel to the
r- or z-axes and its element origin at » = ry, it can be checked that the element possesses the
following communicable zero energy modes:

u, &n 0 0 n ||l

w,p=| 0 & 0 g (48)
¢) LO 0 &n 0 ]lo,

where o’s are coefficients. The relevant electromechanical strain is:

u./r u [, +8)| [&n/(+& 0 0 mi(r+8&)]

Ueoe Ueoe n 0 0 0 o

S U T 0 £ 0 0 N (49)
ué’n+un’é ué’n+un’?’; a n 0 0 a.

s s 0 0 n 0 !

% %, . 0 0 & 0

which vanishes at the reduced order integration point & = n = 0. The zero energy modes can be

suppressed by the following higher order electromechanical stress modes:



G| [n 0 0 & 0 O]

G OnOOOOB

o [_[0 000 &0 (50)
G| (00 0 0 0 0

D.| |10 0n 0O O P

D, |0 0000 &f

For a general quadrilateral, the electromechanical stress modes can be obtained from the above
equation by the tensorial transformation evaluated at & = n =0 [29]. With reference to (14), the

higher order electromechanical stress shape function matrix are defined by having:??

1 0 0 1 0 0
0 Foe s 0 0 Py P'on 0
n-n i—g 0 Zog Zog 0 0 Zom 2oy 0
L S— P = P = 51
fl J ? f2 = 0 Py 2 0 )|§=n=0’ =2 ( 0 Fon Zoy 0 )|§=n=0 ( )
0 0 Fae 0 0 P
_0 0 Zy | _0 0 Z,, |

where

—hthtn o —h—htnt

E= , M= and (f;)=(f,)=0 as posed by (12).
Mrt+n+ntn) 3r+n+ntn)

In particular, ; denotes the radial coordinate of the i-th element node.

6. Numerical Examples

In this section, benchmark problems will be presented for the hybrid-stabilized piezoelectric
elements. For convenience, the following abbreviations will be employed for the element models:

e PQ4 — the standard full-integrated (by 2nd order quadrature) four-node plane element.

e PQA4S — the hybrid-stabilized four-node plane element

e AQ4 — the standard full-integrated (by 2nd order quadrature) four-node axisymmetric element

e AQ4S — the hybrid-stabilized four-node axisymmetric element

e PQ9Y — the standard full-integrated (by 3nd order quadrature) nine-node plane element
e PQIS — the hybrid-stabilized nine-node plane element

Reduced-integrated elements are not considered due to the existence of the communicable zero
energy modes. The piezoelectric material being considered is PZT-4 due to its popularity. When SI
units are used to express its constitutive coefficients, the ratio of the most extreme coefficients can

be as large as 10° which may cause considerable round-off error in 8-byte or double precision



computation [30]. To avoid the error, the default units used for length, force, stress, charge, electric
displacement and electric potential are taken to be respectively mm, N, N/mm?, pC, pC/mm” and

GV. In this light, the non-zero constitutive coefficients of PZT-4 (Park & Sun 1995) are:

c11= cn=139x10°, c33= 113x10°, caa = c55= 25.6x10°, c66=30.6x10°,
Clp=C1— 77.8)(103, Cl13—=C31—=C3—C32— 74.3><103 (11’1 N/mmz);
e1s= exu=13.44x10°, e31=e3=-6.98x10°, e33= 13.84x10° (in pC/mm?);

€11= €1=6.00x10", €33=75.47x10° (in pC/(GVmm)).

The electromechanical plane strain condition in which €., = E, = 0 will be assumed for the plane
problems. With y- and z-axes taken to the poling directions for respectively plane and axisymmetric

problems, the constitutive relations are:

G, €1 Cp3 0 € €,

o, C3 G5 0 €33 &y
Typ=| 0 0 5 e 0 Yo (>
D, 0 0 e; S 0 —E,

D, e; ey 0 0 -e,4]-E

Gy _C11 ¢, ¢; 0 0 €3 ] €y
o, c, ¢y ¢ 0 0 3 €,
G-l _|3 S5 G 0 0 €33 €, (52)
T 0 0 0 ¢y ey 0 Y
D, 0 0 0 e, €, 0 -E.
D, (e e ey 0 0 €y | —E.

7.1 Rank Tests
PQ4, PQ4S, PQ9, AQ4 and AQ4S possess only proper zero energy modes in which the

electromechanical strain vanishes identically. PQ9S contains one spurious or improper zero energy
mode. Though the electromechanical strain arising from the spurious zero energy mode does not
vanish, the latter is incommunicable in the sense that it is self-suppressed when there are two or

more elements in the same element assemblage.

7.2 Patch Test for Plane Elements
The 0.24x0.12 rectangular panel shown in Figure 2 is considered. All variables of the boundary

nodes of the panel are prescribed in accordance with:



U, =8,00X , U, =5364), b=g50,y (53)

where G denotes a general stress value and other terms can be found in:

-1

S Siz & € Gz 6
Sz Sz 83 [T Gz Gz €3 (54)
gy 8&s —Ju €1 €3 &y

All predictions of PQ4, PQ4S, PQY9 and PQ9S conform to (53) and the related constant

electromechanical stress and strain. In particular,

6,=0,,0,=1,=D =D =0. (55)

7.3 Patch Test for Axisymmetric Elements
In r-z coordinates, that patch in Figure 2 represents an annular with internal radius 0.2, external
radius 0.44 and thickness 0.12. All variables of the boundary nodes of the annular are prescribed in

accordance with:

—G,r —2e,,6,z
u, = 5 ,u,=0, ¢= 5 (56)
c]l +012 +2e31/e33 633 (cll +c]2)+2e31

where o is an arbitrary constant. All predictions of AQ4 and AQ4S conform to (56) and the related

constant electromechanical stress and strain. In particular,

=2(c,, €,, +e,.e
6,=0,=-0,, 0, = (e, & tey 312 6,,0.=1,=D,=D,=0. (57)
€ (¢ +¢p) +2¢;

7.4 Bean Bending Test for Plane Elements
This example considers a cantilever of length (L) 10 and height (/) 2 modeled by two elements

as shown in Figure 3. The cantilever is subjected to end bending. When the distortion parameter e
vanishes, both elements are identical in geometry. The electric potential of all nodes at y = -1 are

restrained to zero. The analytical solutions for the problem include:

h n’
U, ==5,60Xy » u, :m(__yz)"_%coxza ¢:%(T_yz)a G, =Gy,

2 4
+h/2 h36

c,=1,=D,=D,=0, M= | yodz=-——"=—hF (58)
) ) —h/2 12

Figures 4 and 5 show the normalized deflections at A for four- and nine-node elements, respectively.
It can be seen that PQ4S, PQ9 and PQ9S can reproduce the exact solution for e = 0. Moreover, both
PQ4S and PQOS are less susceptible to mesh distortion than PQ4 and PQ9, respectively.



7.5 Circular Plate Bending Test for Axisymmetric Elements

This example considers a circular plate of radius (R) 10 and thickness (%) 2 modeled by two
elements as shown in Figure 3. The plate is subjected to radial end bending. When the distortion
parameter e vanishes, both elements are identical in geometry in the r-z-plane. The electric potential
of all nodes at z = -1 are restrained to zero. The analytical solutions for the problem include:

2

_ _ h S, 45 _ K
u, =—(s;, +5,)zro,, u, =sl300(7—22)+%00r2, ¢:g31(7—z2)00,
+h/2 3
R
c,=0,=-20,, 6. =1,=D,=D.=0, M,|_, =2nR | zcsrdz:—%:—hF. (59)
—h/2

where the undefined material coefficients can be found in:

S Sy S5 &y i S C3 &y
S, Sy S5 8w _ Cp S Gz &
S5 S5 Sy 8y C3 C3 G €3y
8 & & —Jfu €1 61 &3 T &y

Figure 6 shows the normalized deflections at A for four-node elements. For the considered range of
e, AQ4 and AQA4S under- and over-predicts the deflection, respectively. However, AQ4S is less

susceptible to mesh distortion and consistently more accurate than AQ4.



8. Closure

Based on the hybrid-stabilization method, this paper derives a four-node plane, a nine-node plane
and a four-node axisymmetric stabilized elements for piezoelectric analysis. From the numerical
examples, all the proposed elements are markedly more accurate and less susceptible to mesh
distortion than their standard fully-integrated counterparts. Using the similar framework, a nine-
node axisymmetric stabilized element has also been derived. However, the element is not

apparently more accurate than the fully-integrated element and, thus, is not presented.
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Figure 1. Four-node and nine-node quadrilateral elements.

(0.2,0.12) (0.44,0.12)

(0.28.0.08)  (0.36,0.08)
/ X(o.ss.o.os)

z
1 Y (0.24,0.02)
X,r

" (0.2,0) (0.44,0)

Figure 2. Mesh for rectangular panel and annular ring.
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Figure 3. Two-element meshes with distortion featured by “e”.
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Figure 4. Normalized deflection predictions at A by four-node plane elements, see Figure 3.
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Figure 5. Normalized deflection predictions at A by nine-node plane elements, see Figure 3.
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Figure 6. Normalized deflection predictions at A by four-node axisymmetric elements, see Figure 3.
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