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EXPONENTIAL STABILIZATION OF LAMINATED BEAMS WITH
STRUCTURAL DAMPING AND BOUNDARY FEEDBACK
CONTROLS*

JUN-MIN WANG', GEN-QI XU, AND SIU-PANG YUNGS$

Abstract. We study the boundary stabilization of laminated beams with structural damping
which describes the slip occurring at the interface of two-layered objects. By using an invertible
matrix function with an eigenvalue parameter and an asymptotic technique for the first order matrix
differential equation, we find out an explicit asymptotic formula for the matrix fundamental solutions
and then carry out the asymptotic analyses for the eigenpairs. Furthermore, we prove that there
is a sequence of generalized eigenfunctions that forms a Riesz basis in the state Hilbert space, and
hence the spectrum determined growth condition holds. Furthermore, exponential stability of the
closed-loop system can be deduced from the eigenvalue expressions. In particular, the semigroup
generated by the system operator is a Cp-group due to the fact that the three asymptotes of the
spectrum are parallel to the imaginary axis.
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1. Introduction. The vibration suppression of the laminated beams due to the
demand for advanced performance has been one of the main research topics in smart
materials and structures. These composite laminates usually have superior structural
properties such as adaptability, and the design of their piezoelectric materials can be
used as both actuators and sensors. The detailed physical background can be found in
[10] and the references therein. In [4], Hansen and Spies derived three mathematical
models for two-layered beams with structural damping due to the interfacial slip. Our
interest in this paper is to study the first model in [4] which is closely related to the
Timoshenko beam theory. The equations for this beam model are

mwy + (G — wy))e =0, 0<z<1,t>0,
(1-1) Im(gstt - 1btt) - GW - wm) - (D(?’Sz - 7/%))1 = 07 0<z< ]-7 t Z 07
Insie + G — wy) + 2ys + 38Lnst — (Dsg)e =0, 0<az<1,t>0,

where w(x,t) denotes the transverse displacement, 1 (x,t) represents the rotation
angle and s(z, t) is proportional to the amount of slip along the interface at time ¢ and
longitudinal spatial variable z, respectively, and m > 0 is the density of the beams,
G, I, D,y > 0 are the shear stiffness, mass moment of inertia, flexural rigidity,
and adhesive stiffness of the beams together with 3 > 0 as the adhesive damping
parameter. Moreover, \/ G/m and \/ D/I,, are two wave speeds and we always assume
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that they are different in the present paper (see [7]). We refer to [4] for the detailed
derivation of the mathematical model and its physical parameters. It is easy to find
that if the slip s is assumed to be identically zero, then the first two equations of
system (1.1) can be reduced exactly to the Timoshenko beam system. The third
equation in (1.1) describes the dynamics of the slip. For convenience, if we introduce
another variable £ of the effective rotation angle by

(1.2) & =3s—1,
then (1.1) changes to

mwy + (G(3s — & —wy))z =0, O<z<1,t>0,
(1.3) L&t — G(3s — & —w,) — (DE)z = 0, O<z<1,t>0,
Insy +G(3s — € —wy) + 375+ 308Lys — (Dsy)e =0, 0<z<1,t>0.

For system (1.3), we impose the cantilever boundary conditions, which can be easily
obtained from the principle of virtual work (see [4]),

w(0,t) =0, &(0,t) =0, s(0,t)=0,
4 {fmu,t)uz(t), oL =0, 3s(1,1) — €(0L,8) — wa(L,1) = w (),

where wu;(t) and us(t) are boundary control forces, and the initial conditions (for
0<z<1)

(15) (w’é-’S)’t,U = (wOag()»sO) and (wt;gt,st) =0 = (11)1,51,81).
We point out that due to the action of the slip s, the uncontrolled system (1.3) with
boundary conditions (1.4) (u; = ug = 0) in [4] can achieve the asymptotic stability
but it does not reach the exponential stability (see Corollary 2.3 and Note 2.1).

In this paper, the following boundary feedback controls are proposed to exponen-
tially stabilize systems (1.3) and (1.4):

(1.6) ug(t) = —k2&e(1,1),  wi(t) = krwe(1,),

where k; and ko are positive constant feedback gains. Then the boundary conditions
become

Ly [r@0=0 £€(0,6) =0, s(0,t) =0,
( . ) {gnc(lvt) = *k2§t(17t)’ Sﬁc(lat) =0, 35(17t) - f(l,t) - wx(lat) = klwt(Lt)a

and the closed-loop system has both internal damping and boundary controls.

Our goal is to show that the closed-loop system (1.3) with (1.7) is exponentially
stable in the state Hilbert space. This will follow from proving the following three
aspects: (i) the closed-loop system is dissipative in the state space and the system
operator has compact resolvents; (ii) there exist three asymptotes of frequencies for the
system which are parallel to the imaginary axis from the left side; (iii) the generalized
eigenfunctions of the system form a Riesz basis in the state space and hence the
spectrum determined growth condition, and the exponential stability holds for the
system. Among these, (i) is easy to verify while (ii) and (iii) are very difficult to
solve. Our interests in this paper are mainly concentrated on the asymptotically
spectral analysis and the proof of Riesz basis for the system.
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Now let us briefly outline the contents of this paper. In the next section, the well-
poseness of the system will be established. Asymptotic estimates of the eigenvalues
for the system will be given in section 3. This is the foundation that we shall use
to investigate the exponential stability and basis property for the system. Section 4
is devoted to the asymptotic expansion of the corresponding eigenfunctions. Finally,
in the last section, we obtain a more profound result, namely, the existence of a
sequence of the generalized eigenfunctions of the system that forms a Riesz basis in
the state Hilbert space. Consequently, the spectrum determined growth condition
and the exponential stability are concluded. Furthermore, the semigroup generated
by the system operator is actually a Cy-group based on the spectrum distribution of
the system.

2. Well-posedness of the system. We start our investigation by formulating
the problem on the state Hilbert space. Let

(2.1) H = (HE(0,1) x L2(0,1))°
with
(2.2) HE(0,1) := {f € H(0,1) | f(0) =0} for i=1,2,

where H%(0,1) (i = 1,2) denote the usual Sobolev spaces. The inner product in H is
defined by

(Y1,Y2)5, : =m(z1, 22) 12 + G(3s1 — & — w, 352 — o — wh) 2 + Iy (01, 2) 12

2.3
(23) - D(E &)1 + B (B, ho) s + 3D (sh, $h) s + Ay(s1, 85},

where Y; := [wy, 2;, &, 04, 8, hi] T € H with ¢ = 1,2, in which the superscript T denotes
the transpose of a vector or a matrix, (-, -)z2 is the inner product on L?(0, 1), and
the prime represents the differentiation with respect to . In view of system (1.3) and
(1.7), we define a linear operator A : D(A) C H — H in Hilbert space H by

w z
Z S +uw" —39)
¢ = ®
(24) A %) L IC:L (35_5_w1)+ Igmé.,,
5 h
h %(§+wl_38)_%%3—§,3h+%5”
with
(2.5)
we HE(0,1), £ € HE(0,1), s € H(0,1),
z€ HL(0,1), ¢ € HL(0,1), h € HL(0,1),
D(A) L= [w,z,f,gp757h]—r cH E( ) E( ) E( )

§'(1) = —k2p(1), s'(1) =0,
35(1) — £(1) — w'(1) = ky2(1)
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If we set Y := [w,wy, &, &, 8,5, then the closed-loop system (1.3), (1.5), and (1.7)
can be formulated into an abstract evolution equation in H:

o %Y(t) _AY(), t>0,

Y (0) :== [wo, w1, &, &1, S0, 1]

THEOREM 2.1. Let A be defined by (2.4) and (2.5). Then A is dissipative in H.
In addition, A=1 exists and is compact on H. Therefore, A generates a Cy-semigroup
et of contractions on H and the spectrum o(A) consists of isolated eigenvalues only.

Proof. Since for any [w, z,£, ¢, s,h|T € D(A),

<A[w> Zaga ®5 S, h]Ta [wv 2367 ®5 S, h]T>H

<|:Z7 %(5/—’_7"””_38/)7 ®, g(gs_g_,w/)_’_ 125”7 hv

I m m

G / 4 v 4 D //T T
E(£+w 735)7§E57§ﬂh+ﬂ‘9:| ’ [wazagvcp,sah] >7'{

=G +w" =35, 2)2 +GBh—p—2', 3s — & —w') 2
+(GBs =& —w') + DE", @)+ D(@, &) L2 + 3D, ') 2 + dy(h, ) 12

4 4
+(G(E+w' —3s) — 35~ glmﬂh + Ds”, 3h) e

=G[¢(z) + w'(z) — 33(95)]%‘; + D¢ (z) () (1) + 3Ds' (z)h(z) (1)
—GBs—¢—w',3h—p—2"V2+GBh—p—2', 3s—&—w')pe

— D¢, )2+ D¢, & )2 + 3D, ") L2 + 4y (h,s) 12

—3D(s', )2 —4v(s,h)p2 — 481, (h,h) 2

= —k1G|2(1))? — k2 D]p(1)|> = G(3s — & —w', 3h — ¢ — 2/) 2
+GBh—p—2, 3s—{—w)r2 — D(, @)1z + D', &) 12 + 3D(I, 8) 2
+4ry(h, s)2 — 3D(s', h')2 —4y(s,h) 2 — 4BLn(h, h) L2,

it follows that
Re <A[IU, 2, 57 P55 h’]Tv [U}, 2, 57 ®; S, h]T>H = _k1G|Z(1)|2_k2D|§0(1)|2_4ﬂI’m||h’||%2 < 0.

Hence, A is dissipative in H. We accomplish the proof by showing that 0 € p(A)
because from Theorem 4.6 of [6], if A™! exists, A must be densely defined in H.
Therefore, the Lumer—Phillips theorem can be applied to conclude that A generates
a Cy-semigroup e of contractions on H.

To do so, for each F := [uy, ua, 71,72, v1,v2] | € H, weseek Y := [w, 2, &, 0,5, h]T €
D(A) such that

AY = F
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which yields

z=uy, G +w"—3s)=mus,
p=m, GQ@Bs—&§—w')+DE" = Inn,
(2.7) h=wvy, 3G(E+w —3s)—4ys—48L,h+3Ds" = 31,0,
(1) = —kap(1), s'(1)=0,
3s(1) —&(1) —w'(1) = k12(1), w(0) =£&(0) = s(0) = 0.

From the first equation of (2.7), we have
(2.8) G(&(x) +w'(z) — 3s(x)) = Guw'(0) + m/ uz (r)dr.
0

By eliminating the term G(&(x) + w'(z) — 3s(x)) from the second and the third
equations of (2.7), it follows that

(2.9) D¢ (z) = Lyne(z) + Guw'(0) + m/m us(r)dr
0
and
(2.10) 3Ds"(x) — 4vys(z) = 3L,va(x) + 481,01 (x) — 3 [Gw’(O) +m /01’ uQ(r)dr} :

A simple computation of (2.9), yields

G , x? ~
(2.11) €)= ~hom (Ve — 2u'(0) (2~ 2 ) ~ &),
where
~ 1, ! m [*
(2.12) &(x) = —m/ Ky (z,r)ne(r)dr + —/ Ky (z, r)us(r)dr
D Jo D Jo
and
22 g2
ro0<r<us R
Ki(z,r) = Ky(z,r) = 2 2 - -
z, zsrs<l, x(1—r), x<r<l

Similarly, it follows from (2.10) that

(2.13)
1 —cosh(bz) 481L, [*
b2 3Db J,

where a will be given later in (2.18), and

s(x) = asinh(bx) + %w’(O) sinh(b(z — r))v1 (r)dr + 5(z),

(2.14) b:= %, s(x) == 2/090 sinh(b(z — 7)) [%vz(r) - % /OT uQ(t)dt} dr.

Substitute (2.11) and (2.13) into (2.8), and integrate from 0 to z respect to z, to
obtain

(2.15)
w(z) = 3a /Ow sinh(br)dr + w’(0) sz /Ol(l — cosh(br))dr + % (;522 - f) + x}
4L [*

D J, (x — r)sinh(b(z — 7))v1(r)dr — %5'(1)952 + w(x),
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where w(x) is given by

(2.16) () = 3/: S(r)dr — /ogc E(r)dr + g /Ox(x — P)ug(r)dr.

Using the boundary conditions s'(1) = 0 in (2.13) and 3s(1) — £(1) — w'(1) = kyus (1)
in (2.8), respectively, we obtain that

G sinhb 481, [*

abcoshb — Ew’(O) - 3D ), cosh(b(1 — r))vy(r)dr +5'(1) = 0,

(2.17) )
Gw'(0) + m/o ug (r)dr = —k1Guq(1).

Thus, a and w'(0) in (2.13) and (2.15), respectively, can be obtained as follows:

G , . sinhb 481, ! 3(1)
©= 5% ) coshb ~ 3Dbeoshb /0 cosh(b(l —r))ur(r)dr = 7o
(2.18) )
w(0) = =2 [ wuy(r)dr — kyur (1).
G Jo

Hence, there is a solution Y = [w, z,&,¢,s,h]T € D(A) so that AY = F, which in
turn implies that A~! exists. Finally, by the Sobolev embedding theorem, we can
claim that A~! is compact on H and thus the spectrum o(A) consists of isolated
eigenvalues only (see [5]). The proof is complete. O

As a consequence of Theorem 2.1, we have the following corollary.

COROLLARY 2.2. Let A be defined by (2.4) and (2.5), and let T(t) be a Cp-
semigroup on H generated by A. Then T(t) is asymptotically stable in H, i.e.,

tlirrolo IT#)Y| =0 VY eH.

Proof. Since T(t) is a Cp-semigroup of contractions on H, the proof will be
accomplished by showing that there is no eigenvalue on the imaginary axis (see [3,
p. 130]). Assume that A = i7, 7 € R is an eigenvalue of Aand Y := [w, 2,¢, p, s,h] T €
D(A) is an eigenfunction associated with A. Then we have

z=14Tw, @=17& h=1Ts,
and
Re(AY, Yy = —k1Gl2(1)[2 — ko DJp(1)[2 — 4BL b 2 = 0.
Thus, it follows that
hiz) =1irs(z) =0, 2(1)=dtw(l)=0, ¢(1)=1i7{(1)=0

and functions w and £ satisfy the following equations:

(2.19)
mrw(z) + G(¢ (z) +w'(z)) =0, 0<z <1,
I,m%€(z) — G(&(2) + w'(z)) + DE"(z) =0, 0<z <1,
&(z) +w'(z) =0, <z <1,
w(0)=¢(0)=w(1)=¢(1) =0, &(1)= —kap(1)=0, w'(1)= —£(1) — k12(1) =0.
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By a direct computation, we obtain that (2.19) has a unique trivial solution only.
Thus w(z) = &(x) = 0 and hence Y = 0, which contradicts that Y is an eigenfunction.
Therefore, no eigenvalue exists on the imaginary axis. The proof is complete. 1]

COROLLARY 2.3. If k1 = ko =0 in (1.6), that is, there is no control imposed on
system (1.3), then there is no eigenvalue on the imaginary axis. So the uncontrolled
system (1.3) with its boundary conditions (1.4) is also asymptotically stable.

Proof. Similar to the proof of Corollary 2.2, if k; = ko = 0 and assume that
A = i1, 7 € R is an eigenvalue with Y := [w, z,&,¢,s,h]T being an eigenfunction,
then it follows that s = 0 and the functions w and & satisfy the following equations:

mrw(z) =0, 0<z<l1,
(2.20) I,726(x) + DE"(2) =0, O0<z<1,
w(0) = £(0) = €'(1) =0, w/(1) = —&(1).

Therefore, one has w = £ = 0 and hence Y = 0. The proof is complete. O

Note 2.1. We should note here that if k& = ko = 0 in (1.6), then system (1.3)
with its boundary conditions (1.4) cannot achieve the exponential stability. This is
because of the fact that from the asymptotes of the system given later in (3.28), if
k1 = ko = 0, then the eigenvalues of the first and second branches are very close to
the imaginary axis as their moduli go to the infinity.

Let us now formulate the eigenvalue problem for the operator A. If A € o(.A) and
Yy = [w,2,&, 0,8, h]T € D(A) is a corresponding eigenfunction, then it is routine to
verify that AY), = A\Y) implies that z = Aw, ¢ = A, h = As with w, & as well as s
satisfying the following characteristic equations, for 0 < z < 1:

w(z) + G(3s' — f' —w")(z) =0,
Lo N2é(z) — G(3s — & —w')(z) — DE" (z) = 0,
Zs(x) + G(3s —f w')(z) + 2vs(z) + 38 s(x) — Ds"(z) = 0,

w(O) =0, £0)=0, s(0)=0,
(1) = —Meo(1), (1) =0, 3s(1) —&(1) —w (1) = Meyaw(1).

For brevity in notation, from now on, we define

m I, G
(2.22) 7’1::’/5, 7“2::\/6, dlzzﬁ, dy :=

(2.21) then becomes

X

(2.21)

4
, d3:=3dy + gdg

(=

r2X2w(x) + 3s'(z) — & () —w’(x) =0,

raN2E(z) — 3dys(x) + dié(z) + dyw'(z) — £"(x) =0

(2.23) r3N?s(z) + dss(x) — dié(z) — dyw'(z) + 38r3As(z) — s (z) =0,
w(0) =0, £(0)=0, s(0)=0,

§'(1) = =Aka8(1),  §'(1) =0, 3s(1) —&(1) —w'(1) = Akyw(1).

Clearly, (2.23) is a coupled system of ordinary differential equations. In order to solve
these equations, we shall use the matrix operator pencil method (see [8]). Let

(2.24) wy = w, wei=w, &:=§& =€, s :=s, s3:=5
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and
(225) d = [wla W2, é-la 527 51, 32]T
Then (2.23) becomes

(2.26) TP (2, \)®(z) := ®'(x) + M(\)®(x) = 0,
' TRz, \)®(z) := WON)®(0) + W (A\)®(1) = 0,
where
(2.27)
1 0 0 0 0 O Osx6
0 10 0 1 0 0 O 1 0 0 Xy 1 0 O
W()\)_OO 0 010’W()\)_00 0 0o 0 1}’
Osxe My 11 0 -3 0
and
(2.28) M()) := Do — AD; — \?Dy
with Dy, D1, and Dy being three matrices defined by
0 -1 0 0 0 0
0 O 0 1 0o -3
1o o0 0 -1 0 0  |Ouxa Ouxo
(229) Do=1g _4 _4 0 384 o] P17 {OM Du}’
0 O 0 0 0o -1
0 dy dy 0 —-d3 O

T%D21 Oa2x2  Oax2
) 0 0 0 0
(2.30)  Dg:= | Oax2 13D21 Oazx2 |, Di1:= 15,2 ol Do =1, o
Oax2 Oa2x2 T§D21 32

THEOREM 2.4. The characteristic equation (2.21) is equivalent to the first order
linear system (2.26). Also A € o(A) if and only if (2.26) has a nontrivial solution.

3. Asymptotic behavior of eigenfrequencies. In this section, we are looking
for the asymptotic expressions for the eigenvalues of A. It will be accomplished by
expanding the characteristic determinant A(A) of (2.26) via an asymptotic expression
of the fundamental matrix solution, which can be obtained by modifying a standard
technique of Birkhoff-Langer (see [1]) and later of Tretter (see [8] or [9]) for tackling
the matrix operator pencils. A key step is an invertible matrix transformation which
is very powerful and universal in the sense that it can be applied to a lot of other
coupled problems.

To begin, we shall diagonalize the leading term A?Ds in (2.28). For each 0 # \ €
C, define an invertible matrix in A by

Pl()\) 7‘1)\ 7‘1)\
(1) PO = eyl A= e el
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For any A # 0, a simple computation shows that

PV
(3:2) P = Pt
Pt
with
L %2 o 212
FROES R B O i
Zrix 222 Zran ZrINT

So matrix P(A) is a polynomial of degree 2 in A. Define

(3.3) U(z) = P7'(N®(z), TP(x,)):=P(\)"'TP(z, \)P(N).

Then we have

(3.4)

0 -1 0 0 0 0
-2 0 0 1 0 -3
:—P()\)_l 0 0 0 . -1 0 0 PO
0 7d1 7d1 - 7‘2>\ 0 3d1 0
0 0 0 0 0 -1
0 d1 dl 0 —dg—?"%(%ﬁA—‘y-)\z) 0
r_1 —1 1 _q =
T2 2N 0 2r7 X2 0 2r7X2
1 -1 —1 3
2 2r1 A 0 27"%)\2 0 21‘%)\2
O —dy —dq _ 1 —1 3dy O
. 2r§)\2 27‘3)\2 2 2ra X\ 2'rg)\2 P(X
Tl a4 A1 —3d, 0 (N
2r5A2 27322 2 2ra X\ 21523
O dy dy 0 1 gg _ ds —1
27"%)\2 27"%)\2 2 3 A 2r§)\2 2ro A
—dy —d; 1,28 ds -1
L 0 27222 27222 0 3 T3xt 27222 2ra X
- 1 1 3 3 -
_7'1)\ 0 §d4 —§d4 —§d4 §d4
1 1 3 3
0 Tl)\ _§d4 §d4 §d4 _§d4
_1lg 14 _ _ dr _dr 3dr 3d7
_ 2ds 5ds —T2A — 5% 2X 22 2
o g _1 dr dr _3dy _3dy
3ds —3dg 2X raA + 5% 22 27
1 _1 dg dr _ _2 _ ds _2 _ ds
3d6 —5ds 2X 2X roA — 502 — 53 30m2 — 53
_1 1 _dz _dz 2 ds 2 ds
L—3ds 5ds 2X 2X 5072 + 55 roA + 5072 4 53]
with
2 2
r2 rs dy ds
(35) d4 = 5 d5 = 5 d6 = d1d5, d7 = dg =

1 T35 T2 T2

1583
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It is seen from the above that M (M) can be written as

(3.6) M(X) := AM; + My + A" M_q,
where

(3.7) M\l := diag [r1, —71, 12, —T2, T2, —T2]
and

O2x2 %dﬂ\//jm —%dﬂ\//jm
(3-8) -7\//-70 = —%de‘)]\//-?(n O2x2 O2x2 ;o Moy =
%des]\/f\m O2x2 %57’21\702

O2x2  Oazxa
Oix2 M_13

L 5, ==

— —1 1 —~ 1 1 — *d7M02 7*d7M02

Mo, := { 1 _1] . Moo= {_1 _J y Moy = l 21 — 12 — |-
—5dr Moz 5dsMo:

On the basis of these transformations, we are now in a position to find an asymp-
totic expression for the fundamental matrix solution of system (3.4).

THEOREM 3.1. Let 0 # X\ € C, and let J\/Z()\) be given by (3.6) and assume that
r1 #re. Forz €[0,1], set

(39) E(l’,)\) = dlag [erl)\w7 e—rlkaz, erg)\z7 6_T2>\$, erg)\w7 e—rz)\a:] )

Then there exists a fundamental matriz solution \fl(:c, A) for system (3.4), which sat-
isfies

(3.10) V() = MO\)¥(z)

such that for large enough ||,

(3.11) Tz, \) = (@o(x) + W) E(z,\),

A
where
(3.12) Uo(a) :=diag[l, 1, 1, 1, ey(x), ea()]
and
(3.13) Oz, ) == Uy () + A~ Wy(z) + - --

with all entries uniformly bounded in [0,1]. Here,
(3.14) e1(x) := e3P gnd es(x) == e~

Proof. Since M given by (3.7) is a diagonal matrix, it follows that E(z, A) given
by (3.9) is a fundamental matrix solution to (3.10) which involves only the leading
order terms, that is, to say

E'(z,\) = AM,E(z, ).
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Now we look for a fundamental matrix solution of (3.10) in the form of

~ ~

T(z,\) = (@0(:1;) FATI (2) 4 AT () - ) E(z, ).
The left-hand side of (3.10) is
T'(2,\) = (@g(x) FATI (@) - AT () - ) B(z,\)
+A (@O(z) FATI (2) 4 AT () + - ) My E(z, ).
Compare it with the right-hand side of (3.10),
(AM, + Mo+ A""M_1) (Ug(2) + ATy (2) + -+ A", (2) + - ) E(x, A),
to give, according to the coefficients of A, A, A1, ..., A7, ..., that

\Tlo(x)ﬂl — ]/\4\1(1\/0(1') = 0,
\/I;E)(SL‘) — Mg@o(.’l)) + ‘/1\11(33>M\1 — ]/\4\1\/1}1(.’1,‘) = 07
\Iﬂl(.f) — Mollll(I) - M_l\Ifo(.’,E) + \I’Q(I)Ml - Ml\IJQ(I) = 0,

V! (2) — Moy (2) = M1 Wp_1(2) + Uy (2) My — My T, 4y (2) =0,

Using the arguments in [8, p. 135] (or [1]), we conclude that there is an asymptotic
fundamental matrix solution W(z, \) for system (3.10). It remains to show that the
leading order term Wo(z) is given by (3.12). Indeed, since Uo(z) can be determined
by the matrix equations

(3.15) To(z)M; — My To(z) =0
and
(3.16) Ul () — Moo (x) 4+ Uy (2) My — My, (2) = 0,

where M, and M, are given in (3.7), (3.8), respectively, it follows that if Uy, is known,
then one can deduce the leading order term ¥y of ©(z, p) in (3.13) from (3.16) and

~ —_ A~

V' (z) — MoV, (z) — M_ 1 Wo(x) + Ua(a)M; — MyUy(z) =0
with J\//T_l being given in (3.8). Similarly, we obtain all the terms (I\ll,(f’g,...,
U,,... of O(x,\) in (3.13). So, the proof will be accomplished if we would find
the leading order term ¥y in (3.11).
Let us denote by ¢;;(x) the (4, j)-entry of the matrix ¥o(x) with 4,5 =1,2,...,6.

Since M is diagonal, it follows from (3.15) and 71 # ro that the entries ¢;j(x) of T
satisfy

cij(x) = if 1<i<2 1<5<6,i#j,

0
ci(@)=0 if 3<i<4, 1< <6 i) jAit2,
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and the entries ¢;;(z) (i = 1,2,...,6), cz5(x), cs3(x), ca6(x), and cgq(x) can be found
by substituting them into (3.16) to obtain

ci(x)=0 for i=1,2,3,4,

(3.17) C%s(x) = %57”20/55(3”)7 2086(56) = —2Braces (),
cs5(r) =0, ch5(x) = 3Br2cs3(2),
che(r) =0, () = —§5T2064(15)-

(3.12) then follows from Wo(0) = I. The proof is complete. 0

By virtue of transformation for ¥(z, \) in (3.3), we have immediately the following
corollary, which shows the relationship between (2.26) and (3.4).

COROLLARY 3.2. Let 0 #£ X € C, let r1 # rq, and let \Tf(x, A) given by (3.11) be a
fundamental matriz solution of system (3.4). Then

(3.18) Bz, \) := PO T (z, )

is a fundamental matriz solution for the first order linear system (2.26).

We are now ready to estimate the asymptotic eigenfrequencies of the system.
Note that the eigenvalues of the first order linear system in (2.26) are given by the
zeros of the characteristic determinant

(3.19) A(N) :=det (TF®(z,))), AeC,

where operator T is given in (2.26) and &S(m,)\) is any fundamental matrix of
TP(x,\)®(z) =0 (see [8]). We shall derive the asymptotic expansion of eigenfre-
quencies by substituting (3.11) and (3.18) into (3.19), together with the boundary
conditions in (2.26). In fact, since

(3.20) TED(z,A) = WOA)P(A)T(0,A) + WA PA)T(1, ),
using (2.27) and (3.1), a simple computation gives

7‘1)\ 7“1)\ 0 0 0 0
0 0 7‘2)\ ’I“Q/\ 0 0

0 _
O3xs
and
O3><62 ,
1 o 0 0 T2T3>\ 7'27”’4)\ 0 0
WP = 0 0 0 0 r%)\z —r%)@ ’
r1irsA? rirgA? oA roA —3roA =31y

where
(3.21) rgi=ko+ry, r4:=ko—ro, r5:=ki+r, re:=k —r.

Once again for notational simplicity, set

[a]; ;== a+OW\).
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Since Wo(0) = I and E(0,A) = I, a direct computation yields

Alrir Alria 0 0 0 0
0 = o 0 0 )\[7’2]1 )\[7‘2}1 0 0
WNPATO,4) = 0 0 0 0 Alrali Alr2a
Osx6
and
WA PAT(1,)) =
Osx6
0 0 )\2E3[T'27‘3h )\2E4[7’27’4]1 0 0
O O O 0 [T%]l/\QEgE{; —[T%]1/\2E4E6 ’
)\2E1[T1T5]1 )\QEQ[’I"lTG]l )\E3[T2]1 )\E4[T2]1 —3)\E3E5[T2]1 —3)\E4E6[7"2]1
where
E1 = em)\’ E2 = 6_T1A7 E3 = €T2>\, E4 = 6_T2)\,
(3.22) . \
E5 = 61(1) = GEBTZ, EG = 62(1) = 6_56T2.
Hence,
TRD(2,\) =
)\[7"1]1 )\[7’1}1 0 0 0 0 T
0 0 )\[7’2]1 )\[T’Q]l 0 0
0 0 0 0 /\[’I‘Qh )\[7"2]1
0 0 )\2E3[7“27"3]1 )\2E4[T27“4]1 0 0
0 0 0 0 [T%]1A2E3E5 —[T%]1A2E4E6
_)\2E1 [7’17"5]1 )\QEQ [TITG]l AE3 [7’2}1 )\E4 [T2]1 73)\E3E5 [7‘2]1 73AE4E6 [’I"Q]l_
Therefore,
A = det(TR®(x, \)) = A2r3 x det [ [ [ ]
[rsi By [reliEa
(11 (11 (11 (1)1
det det
xde [[T3]1E3 [ra]1Ea e —EsE5[l]y  E4Eg[1h
=i A’ AL (V) Az (V) Az (),
where

A(N) :==r6Es —rsEy + O(A7h),
(3.23) Ao(N) := 4By —13F5 + O\,
As(\) := EyFEg + E3Es + O\ 1)
with r; (i = 3,4,5,6) being given in (3.21) and E; (i = 1,2,...,6) in (3.22), respec-

tively. With all these preparations, we come to the proof of the asymptotic behavior
of the eigenvalues.
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THEOREM 3.3. Let rqy # ro and let A(N) be the characteristic determinant of
system (2.26). Then the following asymptotic expansion for A(X) holds:

(3.24) A = 128X A1 () A5 (V) Ag(N)

with A;(X) being given in (3.23). If k; # r; (i = 1,2), then there are three branches
of asymptotic eigenvalues given by (as n| — co and n € Z)

(3.25) Ajn = 5 + Tj_lnm' +0Mm™Y  for j=1,2,
. )\3n=u3+r2’1(n+%)m+(’)(n—1)7
where
kj—r;
% kj-«H“j’ kj > L] )
(326) Wi = ) Y fO’f' ] = 1,2
2 (pk ami), k<
and
2

Moreover, we have, as |n| — oo,

(328)  Redjn — ——1In |/ "
kj +r;

3 <0 for 7=1,2 and Reds, — ps <O0.
rj

Furthermore, if k1 and ko satisfy the conditions

1
ot ™ fO’l" ky > 1, r1/T2
l-a ko — 1o
(329) k1 # o1 = , O0<ap <1,
1—o for ky < ko + 7o
r or r
a + 1 1 1 1,
and
1
(112 * ry for ky >y,
—
(3.30) k1 # 1 2 api=e 3 0 <ap <1,
—

a2+17‘1 for ki <y,

then the zeros of A(X) are simple when their moduli are sufficiently large.
Proof. By A(X\) =0 and (3.24), it follows that

(3.31) A1 (M)A (N)A3(N) =0
and

A;(N) =0 for i=1,2,3.
Let A;(A\) = 0. Then we obtain

(3.32) reBy —r5E1 + O(A1) =0,
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which is equivalent to (from (3.21) and (3.23))
(3.33) (k1 —r1)e” ™ = (k4 1) + 0N = 0.
Since the solutions of the equation

(ky —r)e ™ — (ky +71)e™ =0
are given by

5\1n =+ rflnm’, n € 7Z,

it follows from Rouché’s theorem that the solutions to (3.33) are in the form
(3.34) An = Ain + O(n_l) =1 +Tf1n7rz' + O(n‘l), n €7 and |n| — oo.
Similarly, let Ag(A) = 0. Then the equation
(3.35) (ky —ra)e™ " — (kg +1r9)e™* + O(A 1) =0
has the solutions
(3.36) Aon = o + 75 'nmi +O(n~Y), n€Z and |n| — oco.
Also, let Az(A\) = 0. The equation
(3.37) ex(1)e ™ +e1(1)e™* + ONH) =0
has the solutions
(3.38) Aap = g + 15" (n + %)m +0(n™), neZ and |n| — oc.

Finally, by a direct computation, it follows from (3.29) and (3.30) that k; and ko
satisfy the following conditions:

1

T1

1

T2

1

27’1

k1 —m
n
kl +T1

kg — 1o
k2—|—’l”2

kl -7
n
k1—|—’l”1

)

2
#—26.

Thus p1 # po and gy # ps. The last assertion is then concluded. The proof is
complete. 0

THEOREM 3.4. Suppose r1 # 19 and k; #r; (1 =1,2). Let A be defined by (2.4)
and (2.5). Then all eigenvalues of A have the asymptotic expressions given by (3.25).
Moreover, if ki and ko satisfy conditions (3.29) and (3.30), then all eigenvalues of the
system with sufficiently large moduli are simple.

4. Asymptotic behavior of eigenfunctions. In this section, we shall consider
the asymptotic behavior for eigenfunctions of A. It will be used in the proof of the
Riesz basis in the last section.

THEOREM 4.1. Supposer; # rq and k; #r; (1 =1,2). Let o(A) := {A1n, Aans Asn,
n € Z} be the eigenvalues of A with Xj, (j = 1,2,3) being given in (3.25). Then the
corresponding eigenfunctions

{[wjna )\jnwjna fjna )‘jngjnz Sjn, )\jns‘jn]—r) J = 17 2a 37 nc Z}
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have the following asymptotic expressions for |n| — oo, n € Z:

(4.1)
Wy, (2) = (e e i) 4 O(n~h),  wh, (x) =0(n"") for j=2,3,
Alnwln(x):%ﬁil(enkmw_e_n)\mw)"‘o(n_ )s anjn( ) ( _1) for j=2,3,
&, (x) = g (e7mPnT 4 er2Am®) 1 O(n7h), &, (x)=0(n") for j=1,3,
Aonban (@) = g1y H(e222n® —e7m222n®) £ O(n7"), Njpéjn(2) =O(n™") for j=1,3,
8 (1) = g (e2(w)e™ 2907 4 ey (x)em o ®) + O(n™1), s, (z)=0(n"") for j=1,2,
Aansan () = 5y ' (e1 ()€ % — ey(x)e~m22on") + O(n~1),
Ajnsjn(x) = O(n~")  forj=1,2,

where r1, 19 are given in (2.22) and e1(x), e2(x) are given in (3.14), respectively. More-
over, {[w]na )‘jnwjn; E]na A]nf]na Sjn; )‘jnsjn}T(j = 17 2737 ne Z)} are approximately
normalized in 'H in the sense that there exist positive constants c¢1 and co independent
of n such that (7 =1,2,3)

(42) < [ wiullee, [Nnwinlle2, 1€5nll L2 IAinginll L2, [$Gall L2, 1 Ajnsinlle < c2

for all integers n.

Proof. Note that the jth component of ®(z) = [wy(z), wa(x), &1 (), &2(x), s1(x),
so(z)]T in (2.25) with respect to the eigenvalue A can be obtained by taking the
determinant of the matrices which are replaced one of the rows of T7® in (3.20)
by e; (<I>(x A)) so that their determinants are not zero, where e; is the jth column
of the identity matrix. Indeed, we have from (3.18) that @(:13 A) = P()\)\Il(x A) and
hence

‘/1311(96, A) Oax2 Oax2

(4.3) ‘f)(%/\) =1 Oax2 (522(%)\) O2x2 |
Oax2 Oax2 ‘/1\’33(55,)\)

where

(4.4)

- rixe" A1 4+ O(Ah)] ride A1 4 O(ATH)]
D;i(z, N) == for i =1,2
r2AZemi A1+ O(NTY)] —r2AZe A1+ O(ATY)]

and

rode™ ey (2)[1 + OA™H] e 2 M ey(z)[1 + O(AY)] 1
)]

(4.5) Pgg(a,N) = |, -1 212,12 -1
rs e M e (z)[1 + OAY)]  —rs e 2 ey(z)[1 + O(A

with e;(z) (i = 1,2) being given in (3.14).



LAMINATED BEAMS 1591

Thus, the first component of ®(x) is given by
/\[’/‘1]1 /\[’I”lh ‘|

wi(z, \) =77 2r; P A8 det
@A) L2 [AGTIAI[Tl]l Ae A ]y

)\[7’2]1 )\[7’2]1
)\2E3[T27‘3]1 )\2E4[T27‘4]1

)\[7’2]1 )\[7’2]1

x det
—>\2E3E5[T‘§]1 >\2E4E6[’I"§]1

] x det

_ (e—rl)\z _ erlkm + O()\_l)) (7“46_T2)\ _ 7“3€T2)\ + O()\_l))
x (e2(1)e™"* + er(1)e™ + O(A ™).
By (3.23), (3.25), and (3.31), we conclude that
rr(A) (€7 — MM L OATY) A = A,
(4.6) wi(z,A) = . )
o) if X=Xy, or Az,

where 77(A) is bounded in A and has the form

(4.7 r7(A) == (7“4677”2)\ - ’I"3€T2)\) (62(1)67@/\ + el(l)e”)‘) .
Similarly, we have
)\[’/’1]1 /\[’/‘1]1
wa(z, N) = r72r; P A8 det
Q(I ) T Ty [A2€T1AI[T%]1 7)\2677’1)@[7"%]1
Alra]q Alr2]1 Alra]1 Alr2)a
xdet |, 2 x det 2 2 2 2
)\ E3[T27‘3]1 )\ E4[T27‘4]1 —>\ E3E5[T‘2]1 )\ E4E6[T‘2]1

=—r\ (e_”)‘z 4+ 4 (’)()\_1)) (T4€_T2)\ — rge”? 4 (9(/\_1))
X (62(1)677‘2>‘ +e1(1)em + o)
and
—)\7"17‘7()\) 6_7'1>\w+67'1>\w+0()\_1) lf )\:>\1n>
(4.8)  wa(z,\) = 71( ) )
Tl/\[O(A )] if A= )\Qn or >\3n-

Also, along the same line,

w3 (z,\) = r72ry A8 det

Alri)s Alrila
A2E1[T17’5}1 AQEQ[Tlrﬁh

)\ [7’2] 1 )\ [7’2] 1
er2Ae [Tg]l e~ T2AT [7‘2]1

)\[7"2]1 )\[7"2]1

x det
—)\2E3E5 [T%]l )\2E4E6 [T%h

xdetl

= (roe™™ — rsed + O(ATD)) (7T — ¢ £ O(AT))
x (ea(1)e ™ +er(1)e™ + O(A7Y))
and from (3.23), (3.25), and (3.31), we obtain that
rs(A) (€77 — e L O(ATY) i A = Mg,

4.9 wg(x, ) =
(*9) 3(2:2) {O(A‘l) it A= A or Asn
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with
(4.10) rs(N) == (ree " —r5e™?) (e2(1)e "2 + eq(1)e™) .
Furthermore,
Alr Alr
w4(x’ )\) _ 7,_1—27,2—5>\78 det , [ 1]1 , [ 1]1
)\ El[T'l’f'f,]l )\ Eg[?"ﬂ"@]l
)\[Tgh )\[7‘2]1 )\[7’2]1 )\[T2]1
x det N x det 91 12 )
)\2€T2>\1[T§]1 —/\26_T2 z[’/‘%]l 7)\2E3E5[T‘2]1 )\ E4E6[T2]1

=—1roA (ree” " —r5e™ N + O(ATY)) (e7 4 A L O(ATH)
X (62(1)67T2)\+61(1)6T2)\ +0(™h)
and
—Ararg(\) (€772 4 em2AT L (N if A= Aaon,
(4.11) wa(z, ) = 2rs(3) ( () ?
roA[O(AT)] if A=Ay, or As,.

Also, the fifth component of ®(x) can be given by

)\[7‘1}1 )\[Tlh
ws(z,\) = —r7 2r; A8 det
5( ) Lr2 )\2E1 [7’17"5]1 )\2E2 [7'17n6]1
Alra]1 Alra]1 Alra]s Alra]a
x det 2 2 x det rodT —Troldx
A Eg[?”g’f’gh)\ E4[T’2’I"4]1 e’ 61($)[T2}1 Ae "2 62(33)[7“2]1

=~ (o 1o 4 O0) (i e+ 00)
x (e2(x)e” ™M — ey (x)e M + OAT))
and we conclude from (3.23), (3.25), and (3.31) that
(4.12)

ws(x, \) =
5(z,A) o) if A=Ay, or Ao,

{Tg()\) (ea(z)e ™M —er(z)e™ M + O(ATY)) i A= A3y,
with
(4.13)  1o(N) == — (ree " — 15"t + OATY)) (rae” N —rze™ + O(NTY)) .

For the last component of ®(z), one has

o 4 Alra]h Alr2)h
— 2..—4 8
w6(-r7 /\) =Ty T A7 det {AZe’r‘g)\mel (JC)[T’%h /\267@)@:62(56)[7%}1
)\[7"2]1 )\[7"2]1 :| |: )\[7’1]1 )\[7’1]1 :|
x det x det
¢ |:>\2E3 [7’27’3]1 )\2E4[7’27’4]1 )\2E1 [7"17“5}1 )\2E2[7"17“6h

= o) (r6e*”/\ —rse"t 4 o) (7’467&/\ —r3e™ + o)
x (ea(x)e " + €1 (x)e™M + O(A 1))



LAMINATED BEAMS 1593

and
(4.14)
(2.0) —Ararg(A) (eg(x)e_”)‘z + el(x)e“)‘r + (9(/\_1)) if A= A3,
we(x, \) =
‘ oA O] if A=A, or Ao

On the basis of above computations, (4.1) can then be deduced from (4.6)—(4.14) by
setting

wy(x, \)

. w3 (.’E, )‘)
27"1 /\7‘7 ()\) ’

2’/‘2)\7“3()\) ’

ws(z, A)

(4.15)  wy(z) = 2raArg(N)

$n(z) = — sp(x) = —

in (4.6)—(4.14), respectively. Finally, it follows from (3.25) that

i 1 — e 27k
—riA o Ty O™ for j=1,2,

le=s%n] 1 =

2rjp;
e2riki — 1
2rjp;

1 — e 2r243

A

lleran || Lo = +0(n™")  for j=1,2,

(4.16)

ez = 25 o),
2raps _
o7l = S+ 00T,

where p; (j = 1,2,3) are given in (3.26) and (3.27). These together with (4.1) yield
(4.2). The proof is complete. 0

5. The Riesz basis property and exponential stability of the system.
In the previous sections, we have obtained the asymptotic expressions of eigenpairs
of A and concluded that there are three asymptotes for the spectrum o(A) with
their asymptotic expressions in (3.25). In this section, we shall prove that there
exists a sequence of generalized eigenfunctions of A which forms a Riesz basis for
‘H. Furthermore, the exponential stability of the system can be determined by its
spectrum distribution.

For these purposes, we introduce another equivalent inner product on H. Let
Y; = [wj, 25,5, 04,85, ] T € H (j = 1,2) define a new inner product in H by

(5.1)
V1, Ya]u = (wi, wh) 2+ (21, 22) 2+ (€1, &5) 12 + (01, p2) 2+ (81, s5) 2 + (b1, ho) 2,

and write its induced norm of (5.1) by ||+ ||zz. One can easily check that H is a Hilbert
space under this new inner product. From now on, we shall consider our problem in
‘H associated with this new inner product of (5.1). For convenience, define another
Hilbert space

(5.2) L= (L3(0,1))°
with an inner product (for any X, := [wj, zj,&;, ¢, 85, hi]T € L, j=1,2)

(X1, Xo)r := (wi,wa)p2+ (21, 22) 2+ (€1, &2) 2 + (@1, Y2) 2+ (51, 52) 12 + (h1, ha) 12
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and define the subspaces of H and L, respectively, by

(5.3)
Hy = {Y EH|Y = [w,z,O,O,O,O]T}, Ly := {X EL|X = [w72a0307070]—r}a
Ho:={Y €H|Y =10,0,£,¢,0,0] "}, Lo={X€EL|X=10,08,00]"},
Hs :{YEH Y:[0707050737h]—r}7 £3 = {XEE X:[0707070a87h]—r}

Obviously, we have

(54) H="Hi1 D Hs D H;s and L=L; DLy D L3,

where the sign @ denotes the direct sum in the sense of orthogonality with respect to
the inner products [-, -]z and (-, -)z in H and L, respectively.

Before continuing, let us recall some forms of notation. For a closed operator A
in a Hilbert space H, a nonzero element ¢ € H is called a generalized eigenvector
of A, corresponding to an eigenvalue A of A, if there is an integer ¥ > 1 such that
(AT —A)"¢ =0. If v =1, then ¢ is an eigenvector. A sequence {¢,}22; in H is
called a Riesz basis for H if there exists an orthonormal basis {e,}52; in H and a
linear bounded invertible operator T such that

Top, =€n, n=12,....

Let {\,}22; = o(A) be the spectrum of A. Suppose each A, has finite algebraic
multiplicity m,,, and let {¢,,}7"™ be the set of generalized eigenvectors of A corre-
sponding to A,. If {¢,, | 1 < i <m,, n=1,2,...} form a Riesz basis for H, then
the Cy-semigroup generated by A can be represented as

(55) $_Z€A'Ltianjfnj wnj Vl’—ZiGnﬂ/}nj € H,
n=1 j=1

where f,,;(t) are the polynomials of ¢ with order not greater than m,,. In particular,
if m,, has a uniform upper bound and {¢,,}7"" is the eigenvector (not generalized
eigenvector) set of A with respect to A, for all sufficiently large n, then the spectrum
determined growth condition holds, i.e., w(A) = s(A), where w(A) is the growth
bound of eA*, and s(A) is the spectral bound of A (see [2]).

To establish the Riesz basis property for the root space of the operator A, we
recall a result of Bari’s theorem in [11].

THEOREM 5.1. Let H be a separable Hilbert space and let {e,; n € Z} be an or-
thonormal basis for H. If {f.; n € Z} is an w-independent sequence that is quadrat-
ically close to {en; n € Z}, then {fn; n € Z} is a Riesz basis for H.

LEMMA 5.2. Let {¢,(2); n € N} and {1,v,(z); n € N} be two subsets in L*(0,1)
defined by, respectively,

¢n(x) :=sinnrzr  and Pp(x) :=cosnmx V€ (0,1), n€N.

Then {¢n(x); n € N} and {1,¢,(x); n € N} are two orthogonal bases in L?(0,1).

Moreover, for any scalars a, 3 # 0 € C the vector family {\I/ := [cosh(a + zmr)x

Bsinh(a+inm)z]",n € Z} forms a Riesz basis on the Hilbert space L?(0,1)x L*(0,1).
Proof. The ﬁrst assertion is a direct result in [11] and it is easily verified that

e R i

)
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constitutes a Riesz basis on L?(0,1) x L?(0,1). So the sequence

cosnmx 1 COSNTX
sinnmz |’ of’ —sinnmw
neN

also forms a Riesz basis on L?(0,1) x L?(0,1). Let T be an invertible matrix function
in (0,1) given by

T {cosh ax isinh ax

Gsinhaz  ifcosh ax} with |T| =48 for each z € (0,1).

Then we obtain, for n € N,
{cosh(a +inm)x } 7 [cos nwx } {cosh(a —inm)x ] 7 {cos nwx }

Gsinh(a + inm)x sin nrx Bsinh(a — inm)x —sinnmz
and
coshazr | T 1
Bsinhaz| ~ ~ [0 |~
Thus, the sequence {V,, := [cosh(a + in7)z, Bsinh(a + inm)z]T,n € Z} also forms
a Riesz basis on the Hilbert space L?(0,1) x L?(0,1). The second assertion is con-
cluded. 0

THEOREM 5.3. Suppose r1 # 19 and k; # r; (i = 1,2). Let A be defined by (2.4)
and (2.5), and let

(56) \I/j” = [w;'n’ /\jnijm fé'n’ Ajn{jn; S;ﬁu Ajnsjn]Ta (.7 = 17273a n e Z)7

where the entries are given as (4.1) corresponding to the eigenvalues Aj,. Then
{U1n, Yon, Usn; n € Z} forms a Riesz basis in Hilbert space L provided that {\I/jn, j =
1,2,3, n € Z} is w-linearly independent in L.
Proof. Let three vector families be given by
by, = [cosh(rlul + inm)xz, ritsinh(rpy + inm)z, 0,0,0, O]T,
Dy, 1= [O, 0, cosh(ropus + inm)x, 7"2_1 sinh(raug + inm)x, 0, O] T,
. 1 1o 1 T
D3, = [0,0,0,0,coshz(n + §>7mc, T3 smhz(n + 5)7@] .

Then one concludes from Lemma 5.2 that the families {®,,, n € Z} (j = 1,2,3) are
the Riesz bases for £, respectively. Also, by using the asymptotic expressions of both
eigenvalues (3.25) and their eigenfunctions (4.1), it follows that

[wh,, — cosh(rips + inm)z| 2. = O(n™t),
[lr1i Apwiy — sinh(ripg +inm)z|| . = O(n=1),
1€, — cosh(rapz + inm)z|| 2 = O(n™1),
2 Aan&in — sinh(rops + inm)z|| 2 = O(n™1),

||s%,, — coshi(n + %)THEHLZ =0(n1),

[r3Asns3n — sinhi(n + 1)mzl|2 = O(n™1).
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Hence, we obtain

H\Ijln - (I)ln”,Cl = O(nil)a
(58) H\IIQn - (I)2n||£2 = O(nil)v
H\Ian - (I)Sn”[:g = O(n_l)‘

Therefore, by Theorem 5.1 (Bari’s theorem), {Uy,,¥o,, Us,;n € Z} forms a Riesz
basis for £ provided that {¥;,; j = 1,2,3,n € Z} is w-linearly independent in
L. |

As a consequence of this theorem, we obtain the main results of the paper.

THEOREM 5.4. Suppose r1 # ro and k; # r; (i = 1,2). Let A be defined by
(2.4) and (2.5). Then there exists a sequence of generalized eigenfunctions of A which
forms a Riesz basis for H.

Proof. In Theorem 4.1, we have obtained the asymptotic expressions of the
eigenfunctions of A corresponding to the eigenvalues with large moduli. Without
loss of generality, we may assume that

Y = [wjn,)\jnwjn,fjn,)\jngjn,sjn,)\jnsjn]T for 7=1,2,3 and neZ

is an eigenfunction corresponding to the eigenvalue A;,, in which the entries have the
asymptotic expansions given in (4.1). Then {Yj,; j = 1,2,3,n € Z} is w-linearly
independent in H. The proof will be completed via an isomorphic mapping between
two Hilbert spaces H and £ that maps Y}, to U, where {¥;,; j =1,2,3,n € Z} is
a sequence given by (5.6).

To do this, for any F := [f1, fa, 91, g2, u1,usz] € H, we define a linear bounded
operator 7 : H — L by

TF = [f{, f2, 6}, 92,0, ua] T = F.
Since [F, Yj,|ag = <F\, Uin)e, it is easy to prove that 7 is isomorphic and satisfies
(5.9) ITFllc =1l = I1F]a-
In particular, for j =1,2,3 and n € Z,
TYjn =Vjn  and  |[Vinlle = [[Wnll, -

Moreover, {Y;n; j =1,2,3,n € Z} is w-linearly independent in H, so is {U,,; j =
1,2,3,n € Z} in L. Therefore, by Theorem 5.3, {V,,; j = 1,2,3,n € Z} forms a
Riesz basis in £. Hence, {Yj,;j = 1,2,3, n € Z} forms a Riesz basis for H. The
proof is complete. ]

THEOREM 5.5. Suppose r1 # ro and k; # r; (i = 1,2). Let A be defined by
(2.4) and (2.5), and let T(t) be a Cy-semigroup generated by A in H. Then T(t) is
exponentially stable, and in fact it is a Cy-group in 'H.

Proof. As a direct consequence of Theorems 3.4 and 5.4, the spectrum deter-
mined growth condition w(A) = s(A) for T'(¢t) holds. Furthermore, Corollary 2.2
implies that there is no eigenvalue on the imaginary axis. This, together with (3.25)
and the spectrum determined growth condition, shows that T'(t) is an exponentially
stable semigroup on H. Moreover, T'(t) is also a Cy-group in H. This is because of
the fact that the spectrum of A distributes in a vertical strip due to Theorems 3.3
and 3.4. O
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