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ON FANO MANIFOLDS WITH NEF TANGENT BUNDLES
ADMITTING 1-DIMENSIONAL VARIETIES

OF MINIMAL RATIONAL TANGENTS

NGAIMING MOK

Abstract. Let X be a Fano manifold of Picard number 1 with numerically
effective tangent bundle. According to the principal case of a conjecture of
Campana-Peternell’s, X should be biholomorphic to a rational homogeneous
manifold G/P , where G is a simple Lie group, and P ⊂ G is a maximal
parabolic subgroup.

In our opinion there is no overriding evidence for the Campana-Peternell
Conjecture for the case of Picard number 1 to be valid in its full generality. As
part of a general programme that the author has undertaken with Jun-Muk
Hwang to study uniruled projective manifolds via their varieties of minimal
rational tangents, a new geometric approach is adopted in the current article
in a special case, consisting of (a) recovering the generic variety of minimal
rational tangents Cx, and (b) recovering the structure of a rational homoge-
neous manifold from Cx. The author proves that, when b4(X) = 1 and the
generic variety of minimal rational tangents is 1-dimensional, X is biholomor-
phic to the projective plane P2, the 3-dimensional hyperquadric Q3, or the
5-dimensional Fano homogeneous contact manifold of type G2, to be denoted
by K(G2).

The principal difficulty is part (a) of the scheme. We prove that Cx ⊂
PTx(X) is a rational curve of degrees ≤ 3, and show that d = 1 resp. 2

resp. 3 corresponds precisely to the cases of X = P2 resp. Q3 resp. K(G2).
Let K be the normalization of a choice of a Chow component of minimal
rational curves on X. Nefness of the tangent bundle implies that K is smooth.
Furthermore, it implies that at any point x ∈ X, the normalization Kx of the
corresponding Chow space of minimal rational curves marked at x is smooth.
After proving that Kx is a rational curve, our principal object of study is the
universal family U of K, giving a double fibration ρ : U → K, µ : U → X,
which gives P1-bundles. There is a rank-2 holomorphic vector bundle V on K
whose projectivization is isomorphic to ρ : U → K. We prove that V is stable,
and deduce the inequality d ≤ 4 from the inequality c21(V ) ≤ 4c2(V ) resulting
from stability and the existence theorem on Hermitian-Einstein metrics. The
case of d = 4 is ruled out by studying the structure of the curvature tensor of
the Hermitian-Einstein metric on V in the special case where c21(V ) = 4c2(V ).

According to Mori’s solution to Hartshorne’s Conjecture ([Mr], 1979), a projec-
tive manifold with ample tangent bundle is isomorphic to the projective space Pn.
In Kähler geometry, Siu and Yau ([SY], 1980) solved the Frankel Conjecture by
differential-geometric means, showing that a compact Kähler manifold with pos-
itive bisectional curvature is biholomorphic to the projective space. The author
solved in ([Mk], 1988) the Generalized Frankel Conjecture, affirming in particular
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that a compact Kähler manifold of semipositive holomorphic bisectional curvature
and positive Ricci curvature is necessarily biholomorphic to a Hermitian symmetric
space of the compact type. In view of this, Campana and Peternell ([CP1], 1991)
formulated a conjectural algebro-geometric analogue, according to which a Fano
manifold X with nef tangent bundle should be isomorphic to a rational homoge-
neous manifold G/P , where G is a semisimple Lie group and P ⊂ G is a parabolic
subgroup. If we impose the additional condition that X is of Picard number 1,
which is the crucial case for Fano manifolds, G should be simple and P ⊂ G should
be a maximal parabolic subgroup.

In a series of articles, Jun-Muk Hwang and the author have been studying Fano
manifolds via a geometric study of moduli spaces of minimal rational curves and
their associated varieties of minimal tangents (cf. [HM3] for a recent survey). For
Fano manifolds with nef tangent bundle, there is no obstruction to the deformation
of rational curves (fixing a base point). As a consequence, the universal family
associated to an irreducible component K of minimal rational curves leads to a
double fibration over the base manifold and over K (which will also be called a
minimal rational component). One hope for recovering structures of rational ho-
mogeneous manifolds from nefness of the tangent bundle is via the study of the
double fibration. From this approach the complexity of the conjecture is directly
related to the dimension of varieties of minimal rational tangents, without any a
priori assumption on the dimension of the base manifold X itself. In this article
we treat a particular case, by imposing the condition that varieties of minimal ra-
tional tangents are 1-dimensional. With one additional topological condition that
the fourth Betti number b4(X) = 1, we show that X must be isomorphic to one of
the 3 known possibilities: the projective plane P2, the 3-dimensional hyperquadric
Q3, and the 5-dimensional Fano homogeneous contact manifold associated to the
simple Lie group G2.

The key to the proof of our theorem is an a priori bound on the degree of varieties
of minimal rational tangents. With some oversimplification our proof proceeds as
follows. By restricting to minimal rational curves it follows that normalized spaces
of minimal rational curves marked at an arbitrary point are projective-algebraic
curves of genus 0. The double fibration arising from the universal family of minimal
rational curves gives rise to a holomorphic P1-bundle, which is the projectivization
of a rank-2 holomorphic vector bundle V over the minimal rational component K.
We prove that V is stable, implying an inequality involving first and second Chern
classes as a consequence of the existence of Hermitian-Einstein metrics. From this
and the assumption that b4(X) = 1 we deduce that generic varieties of minimal
rational tangents are of degree ≤ 3, and proceed to prove that they correspond to
the 3 known possibilities of rational homogeneous manifolds of Picard number 1
carrying 1-dimensional varieties of minimal rational tangents, as listed above.

At this point there is in our opinion no convincing evidence why the Campana-
Peternell Conjecture should be valid in its full generality. It is therefore interesting
to seek supplementary geometric hypotheses under which special cases of the conjec-
ture can be ascertained. The present article represents a first result in the direction
of recovering global “symmetry” (in the sense of symmetry under group actions) by
means of a determination of generic varieties of minimal rational curves. It is also
the first instance where the structure of some non-symmetric rational homogeneous
manifold of Picard number 1 can be reconstructed from the nefness assumption. In
view of the scarcity of results in relation to the conjecture, especially in view of the
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absence of results in which there are no a priori restrictions on the dimension of
the ambient manifold, we deem it worthwhile to present the partial results of the
current article to provide a new perspective on the conjecture.

1. Statement of results and background on universal families

(1.1). Let X be a Fano manifold with nef tangent bundle. Campana and Peternell
[CP1] conjectured that X is biholomorphic to a rational homogeneous manifold.
Using the classification theory of Fano manifolds, they solved the conjecture for
dimensions up to 3. The same result was obtained by Zheng [Zh]. For dimension
4 Campana and Peternell [CP2] solved the conjecture with one possible exception.
There a principal ingredient is Fujita’s classification theory of polarized varieties
[Fu] or alternatively the classification of Fano manifolds of co-index 3 according
to Mukai [Mu]. For the case of Fano manifolds of Picard number 1 results on the
Conjecture can be more precisely stated as follows.

Theorem (1.1.1) (from Campana-Peternell [CP1], [CP2], Zheng [Zh]). Let X be
a Fano manifold with nef tangent bundle and of Picard number 1, of dimension
≤ 4. Then X must be biholomorphic to a projective space Pn, 1 ≤ n ≤ 4, a
hyperquadric Qn, n = 3, 4, or a 4-dimensional Fano manifold whose first Chern
class is a generator of H2(X,Z) ∼= Z.

It is expected that the last alternative does not actually occur.
In a series of articles, Jun-Muk Hwang and the author have been studying Fano

manifolds via their varieties of minimal rational tangents (VMRTs). In this article
the author studies a particular case of the Campana-Peternell Conjecture from this
perspective, where a generic VMRT is 1-dimensional, without any assumption on
the dimension of X . For Fano manifolds with nef tangent bundle, there is no ob-
struction to the deformation of rational curves (fixing a base point), and the univer-
sal family associated to a minimal rational component K leads to a double fibration
ρ : U −→ K, µ : U −→ X . In the case where a generic VMRT is 1-dimensional,
it is a rational curve, and the double fibration gives two holomorphic P1-bundles.
The main input of the article is an a priori bound deg(Cx) ≤ 3 for the degree of
a generic VMRT Cx under the topological assumptions b2(X) = b4(X) = 1. The
bound deg(Cx) ≤ 3 is obtained from the stability of V and Chern-class inequalities
resulting from the existence of Hermitian-Einstein metrics. Finally, using argu-
ments involving distributions spanned by VMRTs and geometric structures, we
recover the rational homogeneous structure from 1-dimensional VMRTs of degrees
≤ 3. Our main result is

Main Theorem. Let X be a Fano manifold with nef tangent bundle satisfying
b2(X) = b4(X) = 1. Suppose X carries a rational curve C such that K−1

X · C = 3.
Then, X is biholomorphic to one of the following distinct rational homogeneous
manifolds:
(a) the projective plane P2;
(b) the 3-dimensional hyperquadric Q3;
(c) the 5-dimensional Fano homogeneous contact manifold of type G2.

Geometrically the hypothesis K−1
X · C = 3 means that the generic VMRT Cx is

1-dimensional.
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(1.2). Let X be a uniruled projective manifold. Fixing a polarization, we have the
notion of minimal rational curves (cf. Hwang-Mok [HM3, §1]). Let Ko be a normal-
ized irreducible component of minimal rational curves, and K an irreducible normal
projective variety of 1-cycles on X containing Ko as a Zariski-dense open subset.
We call K a minimal rational component. The starting point of our approach is a
study of the universal family associated to a minimal rational component K on a
Fano manifold X with nef tangent bundle. We have, first of all,

Lemma (1.2.1). Let X be a uniruled projective manifold with nef tangent bundle,
and let K be a minimal rational component on X, with respect to a polarization
on X. Then, every member of K is a generically reduced free minimal rational
curve, and K is a projective manifold of dimension n + ` − 3, where ` = K−1

X · C
for any [C] ∈ K. Furthermore, the universal family ρ : U −→ K is a holomorphic
P1-bundle.

Proof. Let f : P1 −→ X be any non-trivial holomorphic map. Since X has nef
tangent bundle, f∗TX is nef on P1, so that f∗TX ≡ O(a1) ⊕ · · · ⊕ O(an) with
a1, · · ·, an ≥ 0. Thus, f is free and there is no obstruction to local deformations of
f . As a consequence, the space of maps Hom(P1;X) is smooth at [f ], of complex
dimension dimH0(P1, f∗TX) = n + `. We assert that for any minimal rational
component K, any [C] ∈ K must be irreducible and generically reduced. Oth-
erwise one can always take the reduction C′ of any irreducible component of C,
with a parametrization g : P1 −→ C′ ⊂ X . Then, g∗TX is nef and C′ is free,
of degree < deg(C), contradicting minimality. From the irreducibility of every
[C] ∈ K it follows that K = Hom0(P1;X)/Aut(P1) for some irreducible compo-
nent Hom0(P1;X) of Hom(P1;X). As a consequence, K is smooth, projective and
of dimension n + ` − 3. The universal family is constructed from the canonical
map U := Hom0(P1;X)/Aut(P1; 0) −→ Hom0(P1;X)/Aut(P1) = K, with fibers
∼= Aut(P1)/Aut(P1; 0) ∼= P1, defining a structure of a holomorphic P1-bundle for
ρ : U −→ K.

U is also equipped with a canonical projection µ : U → X , defined by µ([f ]) =
f(0). ρ : U → K, µ : U → X gives the universal family associated to K. For x ∈ X
let Hom0((P1, 0); (X,x)) ⊂ Hom0((P1, X) be the subset consisting of f : P1 → X
satisfying f(0) = x. We call Ux := Hom0((P1, 0); (X,x))/Aut(P1, 0) the moduli
space of marked K-rational curves at x, which is the same as the fiber µ−1(x) of
µ : U → X . For X with nef tangent bundle we have

Lemma (1.2.2). Let X be a uniruled projective manifold with nef tangent bundle,
and let K be a minimal rational component on X. Then, the normalization Ux of
the moduli space of marked K-rational curves at any point x is a connected projec-
tive manifold, and the canonical map µ : U −→ X is a holomorphic submersion.
Furtheremore, if the VMRT Cx is 1-dimensional at a generic point, every fiber Ux
of µ : U −→ X is a projective curve of genus 0.

Proof. Let x ∈ X be an arbitrary base point and C be any minimal rational curve on
X passing through x and belonging to K, represented by f : P1 −→ X with f(0) =
x. By Lemma (1.2.1), C = f(P1) is free. Furthermore, since ai − 1 ≥ −1 for the
degrees ai of the Grothendieck components of f∗TX , we have H1(P1, f∗TX⊗m0) =
0, where m0 stands for the maximal ideal sheaf defined by 0 ∈ P1, so that there is
no obstruction to local deformations ft of f : P1 −→ X with ft(0) = f(0) = x. It
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follows that Ux is smooth, and that µ : U −→ X is a holomorphic submersion (cf.
Hwang-Mok [HM2, Proposition 4]). Since K and hence U is connected, µ : U −→ X
is a regular family, and the Fano manifold X is simply-connected, all fibers Ux must
be connected.

If now the VMRT Cx is 1-dimensional at a generic point x ∈ X , then Ux is
1-dimensional for every point x ∈ X . Let C be a minimal rational curve belonging
to K and consider the regular family µ|C : U|C −→ C of compact Riemann surfaces
over C. Let f : P1 −→ C be the normalization of C and f∗µ : f∗U −→ P1 the
corresponding regular family over P1. If the fibers Ux are of genus > 0, then the
regular family over P1 must be trivial. On the other hand, consider the tautological
lifting Ĉ of C to U|C , which corresponds to a section S of f∗µ : f∗U −→ P1 over
P1. The map f∗ρ : f∗U −→ K collapses S to a point [C] ∈ K but is of maximal
rank at a generic point of f∗U . It follows that S ⊂ f∗U is an exceptional curve,
contradicting the triviality of f∗µ : f∗U −→ P1 under the hypothesis that fibers
are of genus > 0. We have thus proven that all fibers of µ : U −→ X are of genus
0, as desired.

Remarks. Although µ : U −→ X is a regular family, the image of a fiber Ux under
ρ : U −→ K may be singular. This is the case at a point z ∈ Ux corresponding to a
locally irreducible branch of some [C] ∈ K singular at the point x.

We will construct a rank-2 holomorphic vector bundle V on K whose projec-
tivization is isomorphic to ρ : U −→ K. On the minimal rational component K, for
the purpose of computing Chern classes, we need to relate cohomological invariants
of K to those of X , using the double fibration given by the universal family. We
have, first of all,

Lemma (1.2.3). Let X be a Fano manifold with nef tangent bundle satisfying the
hypothesis of the Main Theorem. Let K be the minimal rational component on X
such that [C] ∈ K. Then, K is smooth and b2(K) = b4(K) = 1.

Proof. Let µ : U −→ X , ρ : U −→ K be the universal family associated to K. Since
X has nef tangent bundle, every rational curve on X is free. It follows in particular
that K is smooth, and that ρ : U −→ K is a holomorphic P1-bundle. By Lemma
(1.2.2), µ : U −→ X is also a holomorphic P1-bundle. By the Gysin sequence for
sphere bundles (cf. Spanier [Sp, p.499, Theorem 2]) we have, for any integer k,

bk+2(U) = bk(X) + bk+2(X) ,

bk+2(U) = bk(K) + bk+2(K),

where bk = 0 for k < 0. It follows that bk(X) = bk(K) for any k. In particular
b2(K) = b4(K) = 1, as desired.

(1.3). Using results of (1.2), we consider the question of constructing a rank-2
holomorphic vector bundle whose projectivization is the holomorphic P1-bundles
ρ : U → K.

Lemma (1.3.1). Let M be a complex manifold and π : P −→ M a holomor-
phic P1-bundle. Suppose there exists a holomorphic line bundle E on P such that
E|π−1(m)

∼= O(1) for m ∈ M , where O(1) denotes the positive generator of the
Picard group of π−1(m) ∼= P1. Then, P is isomorphic to the projectivization PV of
some rank-2 holomorphic vector bundle V over M .
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Proof. Let E be the locally free sheaf on P corresponding to E, and let V = π∗E
be its direct image on M . Since E|π−1(m)

∼= O(1), V is locally free, of rank =
dimΓ(π−1(m),O(1)) = 2. Let λ : V → M be the rank-2 holomorphic vector
bundle corresponding to V . For m ∈ M write Vm for the fiber λ−1(m). To each
p ∈ Pm := π−1(m) we associate the 1-dimensional vector subspace Jp := {σ ∈ Vm :
σ(p) = 0} ⊂ V ∗m. The mapping p 7→ [Jp] ∈ PV ∗ then defines an isomorphism from
P to PV ∗ as P1-bundles. For the rank-2 holomorphic vector bundle V we have
V ∼= V ∗ ⊗ det(V ), so that PV ∼= PV ∗, giving PV ∼= P , as desired.

Corollary (1.3.1). Let X be a Fano manifold with nef tangent bundle satisfying
the hypothesis of the Main Theorem. Let ρ : U −→ K be the universal family
associated to a choice of minimal rational component K on X. Then, there exists a
rank-2 holomorphic vector bundle λ : V → K such that the P1-bundle ρ : U −→ K
is isomorphic to the projectivization [λ] : PV −→ K as holomorphic P1-bundles.

Proof. By Lemma (1.3.1) it suffices to show that there exists a holomorphic line
bundle E on U such that E|Ĉ ∼= O(1). The minimal rational curve C ⊂ X satisfies
K−1
X · C = 3, so that C is of degree 1 or 3. If C is of degree 1, then E = µ∗(O(1))

satisfies the property desired, where O(1) denotes the positive generator of Pic(X).
If C is of degree 3, then F := µ∗(O(1))|Ĉ ∼= O(3). On the other hand, for the
tautological line bundle L on PTX , τ∗L defines a holomorphic line bundle H on
U −Z for some subvariety Z ⊂ U of codimension ≥ 2, such that the corresponding
locally free sheaf extends to U as a torsion-free sheaf H. The double dual H∗∗
is then locally free, thus defining an extension of H to U as a holomorphic line
bundle, still to be denoted by H . Denote by C′ ⊂ PTX the tautological lifting of
C to PTX . If we choose C to be a standard rational curve, and assume C′ ⊂ PTX
to be embedded for notational simplicity, then the tangent map τ is a holomorphic
embedding in a neighborhood of Ĉ, and we can identify H |Ĉ with L|C′ . But the
latter is isomorphic to TC′ ∼= O(2). As a consequence, E := F ⊗ H−1 gives a
holomorphic line bundle on U such that E|Ĉ ∼= O(1), as desired.

2. Bounding the degree of generic VMRTs

using the stability of a rank-2 bundle

(2.1). Let X be a Fano manifold with nef tangent bundle satisfying the hypothesis
of the Main Theorem. We study the rank-2 holomorphic vector bundles V on K
resp. X given in Corollary (1.3.1). In order to prove the Main Theorem, our
approach is first of all to bound the degree of generic VMRTs of X . We do this by
proving the stability of V and resorting to Chern-class inequalities for stable vector
bundles. To start with we need the following elementary lemma on exceptional
curves on ruled surfaces over P1.

Lemma (2.1.1). For an integer c, denote by O(c) the holomorphic line bundle of
degree c on P1. Let a > b be integers. Then, P(O(a)) is the unique holomorphic
section of S := P(O(a) ⊕ O(b)) over P1 which is at the same time an exceptional
curve on S.

Here and henceforth, by abuse of language we sometimes call “the graph of a
holomorphic section” simply “a holomorphic section”.

Proof. The canonical projection π : S −→ P1 is a holomorphic P1-bundle. Let
E be the graph of a holomorphic section of P(O(a) ⊕ O(b)) such that E is an
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exceptional curve on S. Then, taking E to be the infinity section of π : S −→ P1,
π|S−E : S −E −→ P1 is an affine holomorphic C-bundle over P1, to be denoted by
A. The associated holomorphic line bundle L over P1 is defined by a 1-cocycle which
is the inverse of a 1-cocycle defining the normal bundle N of E in S, when N is
considered as a holomorphic line bundle over P1 via the isomorphism π|E : E ∼= P1.
Since E ⊂ S is an exceptional curve, L is a positive holomorphic line bundle over
P1. As a consequence, H1(P1, L) = 0, and the affine C-bundle A over P1 admits
a holomorphic section, whose graph will be denoted by E2. It follows that S
is isomorphic to P(Λ1 ⊕ Λ2), where Λ1,Λ2 ⊂ O(a) ⊕ O(b) are holomorphic line
subbundles, and E1 = PΛ1, E2 = PΛ2, E1 := E. Thus, Λ1 ⊕ Λ2

∼= O(a) ⊕ O(b).
From the uniqueness of Grothendieck decompositions and the fact that E1 is an
exceptional curve on S it follows that Λ1

∼= O(a) and Λ2
∼= O(b). Furtheremore, the

direct summands of highest degree E1 and O(a) are actually equal. In other words,
Λ1 is nothing other than O(a), proving uniqueness of the latter as a holomorphic
section which is at the same time an exceptional curve on S.

Proposition (2.1.1). Let X be a Fano manifold with nef tangent bundle satisfying
the hypothesis of the Main Theorem. Let V be a rank-2 holomorphic vector bundle
on K whose projectivization is isomorphic to the holomorphic P1-bundle ρ : U −→
K. Then, V is stable.

Remarks. (1) Since b2(K) = 1 by Lemma (2.1.1), K is of Picard number 1, and sta-
bility of a vector bundle is equivalently defined in terms of any positive holomorphic
line bundle on K.
(2) V is uniquely defined up to a tensor product with some holomorphic line bundle
L on K. For any choices of V and L, the stability of V is equivalent to the stability
of V ⊗ L.

Proof of Proposition (2.1.1). Denote by V the sheaf of germs of holomorphic sec-
tions of V . Suppose V is not stable over K. Then, there exists a maximal destabi-
lizing coherent subsheaf F ⊂ V of rank 1. We are going to derive a contradiction
at a generic point [C] ∈ K from the existence of F .

Now choose [C] ∈ K such that the rank-1 coherent subsheaf F ⊂ V is locally free
at [C]. By maximality of F , the latter corresponds to a holomorphic line subbundle
of V in a neighborhood of [C]. Choose any point x ∈ C and consider the rational
curve on K given by Kx := ρ(Ux) ⊂ K. Consider the restriction of the holomorphic
P1-bundle ρ : U −→ K to Kx. Let ν : K′x −→ Kx ⊂ K be the normalization of
Kx. We have Kx ∼= P1 by Lemma (1.2.2). Pulling back ρ : U −→ K by ν, we
obtain a P1-bundle ν∗U which is the projectivization P(ν∗V ). Then, ν∗Ux defines
a holomorphic section of ν∗U over K′x. Over Kx ∼= P1, ν∗V splits into the direct
sum O(a) ⊕O(b) for some integers a ≥ b. We proceed to show that a > b.

Pulling back µ : U −→ X by ν, we obtain a holomorphic map ν∗µ : ν∗U −→ X
which is generically of rank 2 and which collapses ν∗Ux into a point x. It follows
that the normal bundle of ν∗Ux in ν∗U is negative. From this it follows that a > b,
as desired. By Lemma (2.1.1), P(O(a)⊕O(b)), a > b, has a unique section P(O(a))
which is exceptional, P(O(a)) = ν∗Ux.

Now ν∗V over Kx ∼= P1 contains a holomorphic line subbundle L whose associ-
ated coherent subsheaf L agrees with ν∗F at a point z of K′x where F is locally free
at ν(z). Let ω be a d-closed positive (1, 1)-form on K. Since F is a destabilizing
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coherent subsheaf, we must have

c1(F) ∧ ωn−1 ≥ 1
2
c1(V) ∧ ωn−1.

Since b2(K) = 1, the (n− 1, n− 1)-closed positive current defined by the cycle [Kx]
must be cohomologous to a · ωn−1 for some constant a > 0. We have always

c1(L) ≥ c1(ν∗F) = c1(F) ∧ a · ωn−1.(∗)
(For the definition of the inverse image sheaf ν∗F , cf. [GR, §2.6, p.18]. In (∗)
the last equality can be seen using a resolution of F on K by locally free sheaves.)
From the Grothendieck splitting ν∗V ∼= O(a) ⊕ O(b), a > b, for any integer c ≥
1
2 (a + b), any non-trivial homomorphism σ ∈ Γ(K′x, Hom(O(c), ν∗V )) must map
O(c) into O(a). It follows that at [C] ∈ K, where F corresponds to a holomorphic
line subbundle F in a neighborhood of [C], the fiber F[C] must correpond to the
component of maximal degree under restriction to Kx and pulling back by the
normalization ν. Now at [C] ∈ Kx, the component of maximal degree correponds
precisely to the point w ∈ ρ−1([C]) ∩ Ux. Varying the base point x ∈ C, we
obtain a one-parameter family of of rational curves Ky passing through [C]. The
corresponding points w(y) vary, contradicting the fact that F[C] is well-defined. As
a consequence, the destabilizing coherent subsheaf F ⊂ V cannot possibly exist. In
other words, we have proven that V is stable over K, as desired.

(2.2). A generic K-rational curve on X is standard. Thus, the analytic subvariety
S ⊂ U corresponding to points where dµ is not submersive is a subvariety of codi-
mension ≥ 2. It follows that for a generic point x ∈ X any local irreducible branch
of any K-rational curve passing through x is smooth at x. We call such a point x
a K-generic point. We proceed now to establish an a priori bound on degrees of
VMRTs at K-generic points, as follows.

Proposition (2.2.1). Let X be a Fano manifold with nef tangent bundle such
that b2(X) = b4(X) = 1. Suppose X admits a minimal rational component K
whose generic varieties of minimal rational curves are 1-dimensional. Let C ⊂ X
be a standard minimal rational curve on X such that a generic point x of C is K-
generic. Then, the variety of minimal rational tangents Cx ⊂ PTx(X) is a rational
curve of degree d < 4.

Proof. Recall that V is a rank-2 holomorphic vector bundle such that PV is iso-
morphic to the universal family ρ : U −→ K. Let ω be any Kähler form on X .
By Proposition (2.1.1), V is stable. By Uhlenbeck-Yau [UY] there exists on V a
Hermitian-Einstein metric with respect to ω. It follows that (cf. Siu [Si, (1.8),
pp.23-24])

c21(V ) ∧ [ω]n−2 ≤ 4c2(V ) ∧ [ω]n−2,

where [ω] denotes the cohomology class in H2(K,R) corresponding to ω. To prove
Proposition (2.2.1) we are going to show first of all that the Chern class inequality
is violated whenever d > 4.

Denote by ε a nonzero element of H2(X,Q) such that, with respect to the canon-
ical pairing between H2(X,Q) and H2(X,Q), we have ε([C]) = 1 for the second
homology class [C] defined by any minimal rational curve C. Similarly let δ be a
nonzero element of H2(X,Q) such that, for the second homology class [Kx] defined
by the rational curve Kx = ρ(Ux) for a K-generic point x on X , we have δ([Kx]) = 1.
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H2(U ,Q) is 2-dimensional, generated by µ∗ε and ρ∗δ. To avoid clumsy notations
we will sometimes use ε resp. δ to denote µ∗ε resp. ρ∗δ, etc. H4(U ,Q) is also
2-dimensional, generated by ε2, εδ and δ2, where ε2 stands for (µ∗ε)2, etc. There is
therefore a non-trivial linear relation among ε2, εδ and δ2. This linear relation will
play an important role in the proof of Proposition (2.2.1).

We will break down the proof of d < 4 into a number of steps. The point is to
exploit the Chern class inequality arising from the stability of V . The Chern class
c21(V )− 4c2(V ) on K can be computed when we lift it to U , in terms of generators
ε2, εδ and δ2 of H4(U ,Q) ∼= Q2. The expression is useful only if we know a non-
trivial linear relation on the generators, which is an intermediate objective in the
ensuing computation. We have

Lemma (2.2.1). Let x ∈ X be a K-generic point. Suppose for the normalization
ν : P1 −→ Kx we have ν∗V ∼= O(a) ⊕ O(b), a > b. Then, the total Chern class
c(ρ∗V ) is given by

c(ρ∗V ) = 1 + (a+ b)δ + ((a− b)εδ − ε2 + (ab)δ2).

Proof. Denote by E ⊂ ρ∗V the tautological line subbundle and by P the quotient
ρ∗V/E. We have c(ρ∗V ) = c(E) · c(P ). Fix a standard rational curve C which
contains a K-generic point x. We consider Chern classes of restrictions of E and Q
to the tautological lifting Ĉ ⊂ U and to Ux ⊂ U . Both Ĉ and Ux are smooth rational
curves on U . We will denote by O(s) the holomorphic line bundle on either smooth
rational curve of degree s. Since E|Ĉ is the tautological line bundle on Ĉ = PV[C],
we have E|Ĉ ∼= O(−1). Recall that for a normalization ν : P1 −→ Kx, ν∗Ux is an
exceptional curve on ν∗U which is at the same time a holomorphic section of ν∗U
over P1, so that by Lemma (2.1.1), Ux corresponds to P(O(a)). In other words,
E|Ux ∼= O(a). For the quotient bundle P we obviously have P |Ĉ = ρ∗V[C]/E|Ĉ ∼=
O2/O(−1) ∼= O(1). On the other hand, Q|Ux = (ρ∗V/E)|Ux ∼= (O(a)⊕O(b))/O(a)
∼= O(b). It follows that

c(E) = 1 + aδ − ε,

c(P ) = 1 + bδ + ε,

and so

c(ρ∗V ) = c(E) · c(P ) = (1 + aδ − ε)(1 + bδ + ε)

= 1 + (a+ b)δ + ((a− b)εδ − ε2 + (ab)δ2),

as desired.

Next, we consider the holomorphic P1-bundle µ : U → X . While we do not
know that it satisfies the hypothesis of Lemma (1.3.1), we can still consider a rank-
2 holomorphic bundle when we restrict µ : U → X over a minimal rational curve.
Computation of Chern classes, together with Lemma (2.2.1), will lead to the desired
linear relation to be given in Lemma (2.2.3). Let C ⊂ X be a standard minimal
rational curve belonging to K, and let σ : P1 → C be a normalization. Recall that
µ : U → X is a holomorphic P1-bundle. Thus, σ∗U is a holomorphic P1-bundle.

Now let σ : P1 → C be a normalization. (C may carry nodal singularities.)
σ∗U = P(σ∗W ) is a holomorphic P1-bundle with a holomorphic section σ∗Ĉ over
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P1 which is at the same time an exceptional curve. It follows that

σ∗U ∼= P(O(e + c)⊕O(c)),

where c is some integer and −e is the degree of the normal bundle of σ∗Ĉ in the
surface σ∗U . From the universal family ρ : U → K we know that the normal
bundle N of Ĉ in U is holomorphically trivial. The surface µ−1(C) is smooth in a
neighborhood of the tautological lifting Ĉ of C. Let Ω be a smooth neighborhood
of Ĉ in µ−1(C). The restriction R of the normal bundle of Ω in U is isomorphic
to the pull-back of σ∗TX/TP1 under the biholomorphic map λ : Ĉ ∼= P1 such that
σ ◦ λ = µ|Ĉ . It follows that R ∼= O(1)⊕On−2 and that

N ∼= On−1/R ∼= On−1/(O(1)⊕On−2) ∼= O(−1),

so that e = 1. Over P1 the holomorphic P1-bundle σ∗U is isomorphic to the
projectivization PW of a rank-2 holomorphic vector bundle W , where W ∼=
O(c+ 1)⊕O(c) for some integer c. Let F ⊂W be the tautological line bundle and
Q = W/F the quotient bundle. Obviously F |(σ∗U)z

∼= O(−1) and Q|(σ∗U)z
∼= O(1)

for any z ∈ P1. From W ∼= O(c + 1) ⊕ O(1) and Ĉ = P(O(c + 1)) it follows that
F |Ĉ ∼= O(c+ 1) and Q|Ĉ ∼= O(c).

We are now ready to compute c(ν∗W ), to deduce

Lemma (2.2.2). Let ζ : σ∗U → U be the canonical map. Then, ζ∗(εδ− δ2) = 0 in
H4(σ∗U ,Q) ∼= Q2.

Proof. From preceding computations we have

c(F ) = 1− ζ∗δ + (c+ 1)ζ∗ε,

c(Q) = 1 + ζ∗δ + cζ∗ε ,

so that

c(ν∗W ) = c(F ) · c(Q) = (1− ζ∗δ + (c+ 1)ζ∗ε)(1 + ζ∗δ + cζ∗ε)

= 1 + (2c+ 1)ζ∗ε+ ζ∗(εδ − δ2 + c(c+ 1)ε2) .

Since µζ(σ∗U) = C is a curve, we have ζ∗(ε2) = 0. On the other hand, since W is
a holomorphic vector bundle over P1, we have c2(ν∗W ) = ν∗c2(W ) = 0, so that

0 = c2(ν∗W ) = ζ∗(εδ − δ2) ,

as desired.

From Lemmas (2.2.1) and (2.2.2) we deduce a nontrivial linear relation among
the 3 generators of H4(U ,Q), as follows.

Lemma (2.2.3). In the notations of Lemma (2.2.1) the difference a − b agrees
with the degree d of Cx in PTx(X) for any K-generic point x ∈ X. Furthermore,
we have

ε2 − dεδ + dδ2 = 0,

as cohomology classes in H4(U ,Q) ∼= Q2.

Proof. Since H4(U ,Q) ∼= C2, the three generators ε2, εδ and δ2 must satisfy a
linear relation, unique up to a scalar multiple. Denote for the time being by h
the difference a − b, in the notations of Lemma (2.2.1). Observe that c2(ρ∗V ) ∈
ρ∗H4(K,Q), and the latter is 1-dimensional, generated by δ2. From the formula in
Lemma (2.2.1) for the total Chern class of ρ∗V the linear relation can be written
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as ε2 − hεδ + gδ2 = 0 for some rational number g. We claim that g = h. Pulling
back to σ∗U by ζ, we have

0 = ζ∗(ε2 − hεδ + gδ2) = −hζ∗(εδ) + gζ∗(δ2) .

On the other hand, by (2.2.2) ζ∗(εδ) = ζ∗(δ2), so that

0 = (g − h)ζ∗(δ2) .

Since δ2 is represented by some closed positive (2,2) form, and ρζ(σ∗U) is a surface
in K, we have ζ∗(δ2) 6= 0, from which it follows that g = h, as claimed.

For the proof of Lemma (2.2.3) it remains to show that h agrees with the degree
d of Cx ⊂ PTx(X) for a K-generic point x ∈ X . Recall that ν : P1 −→ Kx denotes a
normalization of the rational curve Kx ⊂ K. The tangent map τx : Ux(∼= P1) −→ Cx
is a normalization. Ux parametrizes a P1-family of germs of smooth curves Dx(z)
at x ∈ X such that at z ∈ Ux, τx(z) is tangent to Dx(z). It follows that the normal
bundle N of ν∗Ux in ν∗U agrees with the pull-back under τx of the tautological line
bundle on PTx(X). Thus, the degree of N agrees with −d. On the other hand,
from ν∗U = ν∗P(V ) ∼= P(O(a) ⊕ O(b)) we know that h = b − a. In other words,
h = d, as desired.

Proof of Proposition (2.2.1), continued. Since V is a stable rank-2 holomorphic
vector bundle on K, we must have

c21(V ) ≤ 4c2(V )

as cohomology classes in the 1-dimensional Q-vector space H4(K,Q), where δ2 is
taken to be positive (cf. Siu [Si, (1.8), pp.23-24]). Thus,

0 ≤ 4c2(V )− c21(V ) = 4(abδ2 − ε2 + dεδ)− (a+ b)2δ2

= (4ab− (a+ b)2)δ2 − 4(ε2 − dεδ + dδ2) + 4dδ2.

By Lemma (2.2.3) the second last term vanishes, and we conclude

0 ≤ (2ab− a2 − b2)δ2 + 4dδ2 = (4d− (a− b)2)δ2 = (4d− d2)δ2.

In other words, d2 ≤ 4d, i.e., d ≤ 4. If we have the strict inequality c21(V ) < 4c2(V ),
then d2 < 4d, i.e. d < 4. On the other hand, from the proof of the inequality
c21(V ) ≤ 4c2(V ) using a Hermitian-Einstein metric h on V , c21(V ) = 4c2(V ) if and
only if c21(V, h) = 4c2(V, h) as (2,2)-forms (cf. Siu [Si, loc. cit.]). More precisely,
let ω be a Kähler form on X , and let (V, h) be Hermitian-Einstein with respect
to ω with Einstein constant λ. Let x ∈ X , let (zi), 1 ≤ i ≤ m, be a system of
holomorphic local coordinates at x such that ∂

∂zi
is orthonormal at x, and let (eα)

be on orthonormal basis of Vx. Then, the coefficient A of 1
4π2

∏m
α=1(idzα ∧ dzα) in

[(4c2(V, h)− c21(V, h)) ∧ ωm−2](x) is given by

A =
1
2

∑
α,β,i,j

|Fααij − Fββij |2 + 2
∑

α6=β,i,j
|Fαβij |2 ≥ 0 .

Since (det(V ), det(h)) is also Hermitian-Einstein, A = 0 if and only if

Fαβij =
λ

m
δβαδ

j
i .

Thus, c21(V ) = 4c2(V ) implies that locally (V, h) ⊗ (det(V )−
1
2 , det(h)−

1
2 ) is flat,

(det(V )−
1
2 , det(h)−

1
2 ) being a local square root of the Hermitian holomorphic line

bundle (det(V ∗), det(h)−1). In other words, (V, h) is locally isomorphic to the tensor
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product of a Hermitian holomorphic line bundle and the flat rank-2 holmorphic
vector bundle. Thus, PV is a locally constant projective unitary bundle. Since X
is simply-connected, PV must be trivial. V must therefore be isomorphic on K to
the tensor product E ⊗O2 for some holomorphic line bundle E on X , and as such
cannot be stable. We have therefore proven that the stable vector bundle V on K
actually satisfies c21(V ) < 4c2(V ), and that d < 4.

3. Recovering the rational homogeneous structure

from 1-dimensional VMRTs

(3.1). Let X be a Fano manifold with nef tangent bundle satisfying the hypothesis
of the Main Theorem. By Proposition (3.1.2), the VMRT Cx ⊂ PTx(X) at a generic
point x ∈ X is a rational curve of degree 1, 2 or 3. To complete the proof of the
Main Theorem, we will show that they correspond precisely to the cases (a), (b)
and (c) in the statement there.

We will need two types of preliminary results. On the one hand, we will need
results regarding distributions spanned by, or more generally containing, VMRTs,
concerning their integrability or non-integrability. They are essentially contained
in [HM2] and stated more precisely in [HM4]. On the other hand, we will need to
recover the structure of irreducible Hermitian symmetric spaces of rank ≥ 2 and
homogeneous contact structures on Fano manifolds of Picard number 1 carrying
special types of VMRTs. The former is contained in Hwang-Mok [HM1], and the
latter in Hong [Ho]. Regarding distributions arising from VMRTs we have

Proposition (3.1.1) (Hwang-Mok [HM2], [HM3])). Let X be a Fano manifold of
Picard number 1, and K be a minimal rational component on X. Suppose a generic
VMRT Cx associated to K is linearly degenerate. Let W be a proper meromorphic
distribution on X which contains the linear span of Cx at a generic point. Then,
W cannot be integrable.

Proposition (3.1.2) (Hwang-Mok [HM2], [HM3])). Let X be a uniruled projec-
tive manifold and K be a minimal rational component on X. Suppose a generic
VMRT Cx associated to K is linearly degenerate. Let D be the proper mermorphic
distribution on X which is linearly spanned by Cx at a generic point x ∈ X. Denote
by Tx ⊂ P(Λ2Dx) the tangent variety of Cx. Suppose Tx is linearly non-degenerate
in P(Λ2Dx) at a generic point. Then, D is integrable. The former is always the case
whenever Cx is irreducible and the projective second fundamental form of Cx ⊂ PD
at a generic smooth point [α] of C is surjective. In particular, D is always integrable
whenever Cx ⊂ PD is a linearly non-degenerate irreducible hypersurface.

Regarding the recovery of geometric structures using VMRTs in the case of
Hermitian symmetric spaces and Fano homogeneous contact manifolds, we have,
first of all,

Proposition (3.1.3) (from Hwang-Mok [HM1]). Let S be an irreducible Hermit-
ian symmetric space of compact type and of rank ≥ 2, and let Co ⊂ PTo(S) be the
VMRT of S at a reference point o ∈ S. Let X be a Fano manifold of Picard number
1 whose VMRT Cx ⊂ PTx(S) at x ∈ X is isomorphic to Co ⊂ PTo(S) as a projective
subvariety for x lying outside a subvariety Z ⊂ X of codimension ≥ 2. Then, X is
biholomorphically isomorphic to S.

In [HM1] the result is formulated in terms of S-structures, and more generally for
G-structures corresponding to irreducible representations of reductive Lie groups G
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on tangent spaces. The fact that VMRTs onX agree with varieties of highest weight
tangents of G was part of the result there. The exceptional set Z in Proposition
(3.1.3) can be removed by a Hartogs-type extension theorem of G-structures, cf.
Hwang-Mok [HM2].

Finally, we will need the following slight modification of a result of Hong’s ([Ho])
which recovers the structure of a Fano homogeneous contact manifold of Picard
number 1 from its VMRTs. (As in [HM1], the original hypothesis was one on G-
structures. The fact that the VMRTs agree with varieties of highest weight tangents
of associated reductive representations was part of the theorem.)

Proposition (3.1.4) (from Hong [Ho]). Let S be a Fano homogeneous contact
manifold of Picard number 1 different from an odd-dimensional projective space.
Let Co ⊂ PTo(S) be the VMRT of S at a reference point o ∈ S. Let X be a Fano
manifold of Picard number 1 whose VMRT Cx ⊂ PTx(S) at x ∈ X is isomorphic
to Co ⊂ PTo(S) as a projective subvariety for x lying outside a subvariety Z ⊂ X
of codimension ≥ 2. Denoting by D the meromorphic distribution on X spanned
by the VMRTs, assume that the Frobenius form ϕ : Λ2D −→ TX/D is everywhere
non-degenerate on X − Z. Suppose furthermore that at every point x ∈ X − Z,
a generic minimal rational curve passing through x lies on X − Z. Then, X is
biholomorphically isomorphic to S.

From the hypothesis of Proposition (3.1.4) one can construct Cartan connections
on X − Z adapted to the contact structures, and apply the vanishing-type results
of Hong [Ho] on (higher-order) curvature tensors. We note that at x ∈ X − Z the
vanishing-type results already apply when a generic minimal rational curve passing
through x lies on X−Z, as is our hypothesis. Unlike the case of S-structures arising
from irreducible Hermitian symmetric spaces of rank ≥ 2, there is no Hartogs-type
extension theorem across Z. Nonetheless, X−Z is simply-connected, and the local
identification of X −Z with the model space S as given by Hong [Ho] leads readily
to a birational map between X and S, which must then be a biholomorphic map
by Hwang-Mok [HM4, Proposition (5.4)].

(3.2). We proceed with the reconstruction of the 3 rational homogeneous manifolds
listed in Theorem 1 from VMRTs.

Proof of the Main Theorem. Let X be a Fano manifold with nef tangent bundle
such that b2(X) = b4(X) = 1 and such thatX admits a minimal rational component
whose associated VMRTs are generically 1-dimensional. By Proposition (3.1.2) we
know that the generic VMRT Cx ⊂ PTx(X) is of degree d = 1, 2, 3.
Case 1: d = 1. At a generic x ∈ X , Cx ⊂ PTx(X) is a projective line. The
meromorphic distribution D on X spanned at generic points by Cx must then be
integrable by Proposition (3.1.2). Since X is of Picard number 1, by Proposition
(3.1.1) D cannot be integrable, unless D = TX . Thus, X is 2-dimensional. As the
tangent bundle of X is nef, and X is of Picard number 1, it must be the projective
plane P2.

In what follows D will always stand for the meromorphic distribution on X
spanned at generic points by VMRTs.
Case 2: d = 2. Since P2 is the only projective surface with nef tangent bundle and of
Picard number 1, in which case d = 1, X must be of dimension ≥ 3 whenever d > 1.
Let L be the tautological line bundle on PTX , and let x be a generic point on X .
Since the subset of U corresponding to singular points of minimal rational curves is
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of codimension ≥ 2 in U and Ux is 1-dimensional, for x ∈ X generic the tangent map
τx : Ux 99K PTx(X) is a holomorphic map. We have Ux ∼= P1 and τ∗x (L∗) ∼= O(d).
Since Ho(P1,O(d)) ∼= Cd+1, for d = 2 the linear span Dx ⊂ Tx(X) must be either
2 or 3-dimensional. If D is of rank 2, then Cx = PDx is a projective line with
multiplicity 2, and D must again be integrable, leading to a contradiction. If D is
of rank 3, then Cx ⊂ PDx

∼= P2 is an irreducible curve (hypersurface) of degree 2,
and D must be integrable, by Proposition (3.1.2). It follows again by Proposition
(3.1.1) that X is of dimension 3. From the classification of 3-dimensional Fano
manifolds with nef tangent bundle it follows that X is biholomorphic to the 3-
dimensional hyperquadric Q3.

We include here another proof that X ∼= Q3, involving an argument using geo-
metric structures, since a variation of this argument will be needed in the case
d = 3. We have reduced to the case where X is 3-dimensional and the generic
VMRT is a non-degenerate quadric in PTx(X) ∼= P2. By Proposition (3.1.3) it suf-
fices to show that this is the case for every x ∈ X − Z for some subvariety Z ⊂ X
of codimension ≥ 2. Let E ⊂ X be the smallest subvariety such that the tangent
map τ : U 99K PTX is holomorphic over X − E and such that τx : Ux 99K PTx(X)
is a holomorphic embedding of Ux ∼= P1 onto a non-degenerate quadric curve in
PTx(X) ∼= P2 for x ∈ X − E. We argue that E must be of codimension ≥ 2 in X .
Suppose otherwise. Then, E contains an irreducible hypersurface H of X . Since X
is of Picard number 1, any minimal rational curve C must intersect H . It follows
that at a generic point y of H , there exists a standard minimal rational curve C
such that C intersects H at y. We argue that Cy ⊂ PTy(X) must then be a non-
degenerate quadric curve, and that the tangent map τ must be an embedding in a
neighborhood of Uy ⊂ U . Recall that Ĉ ⊂ U denotes the canonical lifting of C to
the universal family. We denote by C′ ⊂ PTX the tautological lifting of C. The tan-
gent map τ is a holomorphic immersion in a neighborhood of Ĉ, mapping the latter
onto C′. C′ ⊂ PTX is always immersed. To avoid clumsy notations we assume that
it is embedded. The general case will follow with obvious modifications, which we
omit. Under the assumption that C′ is embedded, τ is a holomorphic embedding
in a neighborhood D of Ĉ in U . Ω := τ(D) is then a locally closed smooth surface
in PTX containing C′. Denote by π : TX −→ X the canonical projection, and write
π′ for π|Ω.

We consider the projective second fundamental form σ on VMRTs. Let [α] ∈
C′, π([α]) := x. Then, σ[α] : S2T[α](Cx) −→ N[α], where N denotes the normal
bundle of Cx ∩ Ω in PTx(X), and N[α] denotes the fiber of N at [α]. Denote by
Tπ resp. Tπ′ the relative tangent bundles of π : PTX −→ X resp. π′ : Ω −→ C;
π′ = π|Ω; and set Nπ′ := Tπ|Ω/Tπ′. Varying [α] ∈ C′, we have on C′ a holomorphic
section σ ∈ Γ(C′, Hom(S2Tπ′ , Nπ′)). We have

Lemma (3.2.1). The projective second fundamental form σ is nowhere vanishing
on C′.

Proof. We compute the degrees of the holomorphic line bundles entering into the
picture. On the projective space PTx(X) for a nonzero vector α ∈ Tx(X) we
have the isomorphism T[α](PTx(X)) ∼= π∗Tx(X)/Cα. This isomorphism depends
on the choice of the vector α, not just [α]. The isomorphism T[α](PTx(X))⊗L[α]

∼=
π∗Tx(X)/L[α], where L[α] = Cα is the tautological line at [α], is then well-defined.
Varying over C′, we then have a canonical isomorphism Tπ ⊗L ∼= π∗Tx(X)/L over
C′. Since L|C′ ∼= TC′ canonically, and C is a standard rational curve, it follows
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that π∗TX ∼= O(2)⊕O(1)⊕O, and we have

Tπ|C′ ∼= π∗TX |C′/TC′ ⊗ T ∗C′ ∼= (O(1)⊕O)⊗O(−2) ∼= O(−1)⊕O(−2).

Since at [α], T[α](Cx) ∼= Pα/Cα, where Pα ⊂ Tx(X) is generated by vectors be-
longing to the positive components of the Grothendieck decomposition of π∗TX ,
we have Tπ′ |C′ ∼= O(1) ⊗ O(−2) ∼= O(−1) and Nπ′ |C ∼= O ⊗ O(−2) ∼= O(−2).
As a consequence, over C′, Hom(S2Tπ′ , Nπ′) ∼= Hom(O(−2),O(−2)) ∼= O is holo-
morphically trivial. Since at a generic point [α] ∈ C′, σ[α] is nonzero, σ must be
nowhere vanishing on C′, as desired.

Alternative proof of Theorem 1, Case (2), continued. The fiber of the canonical
projection λ : C −→ X is 1-dimensional outside a subset A of codimension ≥ 2
on X , λ = π|C . Thus, at a generic point y of the hypersurface H ⊂ X , Cy describes
a holomorphic family of quadrics in PTz(X) as z varies over a neighborhood of y.
The quadric Cz is non-degenerate if and only if at some smooth point [γ] of Cz,
the projective second fundamental form is non-degenerate. We may choose C to
intersect H transversally at a generic point of y lying outside A, and deform C to
get a 2-dimensional family of minimal rational curves, parametrized by a Euclidean
ball, intersecting H transversally in a neighborhood of y in H . Lemma (3.2.1)
then implies that Cz describes a regular family of non-degenerate quadric curves in
PTz(X) as z varies over a neighborhood of y. But this contradicts the assumption
on H . In other words, the exceptional set E ⊂ X must be of codimension ≥ 2, and
can be taken to be the set Z in the set-up of Proposition (3.1.3). From the latter we
conclude that X is biholomorphic to the model Hermitian symmetric space S = Q3,
the 3-dimensional hyperquadric, as desired.

(3.3). For the proof of the Main Theorem it remains to consider Case (3), where
d = 3. We start with a preliminary discussion on (not necessarily generic) VMRTs
on X . There is a subvariety S ⊂ U of the universal family U of codimension ≥ 2
such that the tangent map τ : U 99K PTX is holomorphic on U − S. The pull-back
τ∗(L∗) of the dual of the tautological line bundle L on PTX gives a holomorphic line
bundle F on U − S, which can be extended to U as a holomorphic line bundle (cf.
the proof of Corollary (1.3.1)). Writing F for the corresponding locally free sheaf on
U , the direct image µ∗F then defines a rank-4 holomorphic vector bundle Vo on X .
The universal family U is canonically embedded into PVo. The (rational) tangent
map τ then induces a rational map PVo 99K PTX which lifts to a holomorphic map
h : Vo ⊗ µ∗J −→ TX for some holomorphic line bundle J on X , such that h does
not vanish identically on any hypersurface H ⊂ X . In what follows we write V for
Vo ⊗ µ∗J , noting that PV = PVo.

We are going to prove that X is biholomorphically isomorphic to the 5-dimen-
sional Fano homogeneous contact manifold of the type G2, to be denotecd by
K(G2). We start by proving that X must be of dimension ≥ 5. By Theorem
(1.1.1), we may assume that X is of dimension ≥ 4. To rule out the possibility that
X is of dimension 4, again by Theorem (1.1.1) it suffices to prove

Lemma (3.3.1). There does not exist any 4-dimensional Fano manifold of Pi-
card number 1 with nef tangent bundle such that c1(X) is the positive generator of
Pic(X) ∼= Z and such that there exists a minimal rational curve on X of degree 3.

Proof. For such a Fano manifold X we have d = 3. Let E ⊂ X be the smallest
subvariety such that λ : C −→ X is a regular family over X − E, and such that at
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x ∈ X−E, the VMRT Cx ⊂ PTx(X) ∼= P3 is a nonsingular rational curve of degree
3, embedded by a complete linear system. We call such a curve a standard cubic
curve in P3. Note that fibers of λ : C −→ X are 1-dimensional outside a subvariety
of X of codimension ≥ 2. We proceed to prove that E does not contain any
hypersurfaceH ofX . SupposeH exists. Let C be a standard minimal rational curve
of degree 3 intersecting H transversally, at points where fibers of λ : C −→ X are 1-
dimensional. To avoid clumsy notations assume that the tautological lifting C′ of C
is nonsingular. We compute the projective second fundamental form σ[α] at a point
[α] ∈ Cx over x ∈ C, and adopt the notations as in (3.2). We claim that the analogue
of Lemma (3.2.1) remains valid in this case, i.e., that σ is nowhere vanishing on
C′. We have σ ∈ Γ(C′, Hom(S2Tπ′ , Nπ′)). In analogy with the proof of Lemma
(3.2.1) and using the splitting π∗TX |C′ ∼= O(2) ⊕ O(1) ⊕ O2, we conclude that,
over C′, Tπ′ |C′ ∼= O(−1), Nπ′ |C′ ∼= O(−2)2 and Hom(S2Tπ′ , Nπ′) ∼= O2. Since a
generic point x ∈ C lies on X − E, so that Cx is isomorphic to the standard cubic
curve in P3, the projective second fundamental form σ[α] must be non-degenerate
at a generic point of C′. As a consequence, σ must be nowhere vanishing on C′, as
claimed.

Now let Q ⊂ Tπ|C′ be the rank-3 holomorphic vector bundle such that Tπ′,[α] ⊂
Q[α] at [α] ∈ C′, and the quotient Q[α]/Tπ′,[α] is the (1-dimensional) image of σ[α].
Consider now what one might call the projective third fundmental form κ on C′,
which at [α] ∈ C′ assigns an element in Tπ,[α]/Q[α]. Again, as Cx is isomorphic to
the standard cubic curve in P3, κ is not identically zero. In analogy to the proof
of Lemma (3.2.1) we have Tπ|C′ ∼= π∗TX/TC′ ⊗ T ∗C′ ∼= O(−1) ⊕O(−2)2, and that
furthermore Q|C′ ∼= O(−1)⊕O(−2), so that

κ ∈ Γ(C′, Hom(S3Tπ′ , Tπ/Q)) ∼= Γ(C′, Hom(O(−3),O(−2))) ∼= Γ(C′,O(1)).

As a consequence, the projective third fundamental form must have a single simple
zero along C′ and no other zeros elsewhere.

Since C is of degree 3 and it intersects H transversally, H ∩ C must consist of
at least 3 distinct points. There must therefore exist a point y ∈ H ∩ C at which
κ(y) 6= 0. We claim that Cy ⊂ PTy(X) ∼= P3 must be a standard cubic curve. Recall
that h : V −→ TX is the lifting of the tangent map τ : U 99K PTX to a holomorphic
vector bundle homomorphism, with the property that h does not vanish identically
on any hypersurface of X . Then either hy : Vy ∼= Ty(X), or hy(Vy) & Ty(X) is
a vector subspace of codimension 1 (noting that σ[α] 6= 0 at [α] = [Ty(C)]). But
in the latter case the strict transform τy(Uy) := Coy is a curve in P(h(Vy)) ∼= P2,
so that κ(y) = 0, contradicting our choice of y ∈ H ∩ C. It follows that on some
nonempty open subset of H , Cy must be isomorphic to the standard cubic curve in
P3, and hence the same is true at a generic point of H , contradicting the choice of
H . In other words, E ⊂ X must be of codimension ≥ 2, as claimed. But even then
there is a contradiction. In fact, since E ⊂ X is of codimenson ≥ 2, there exists a
standard minimal rational curve C lying on X −E. For any such C, κ must vanish
somewhere on C′, contradicting the fact that every Cx is isomorphic to a standard
cubic in P3 for x ∈ X − E. In other words, the 4-dimensional Fano manifold X
does not exist, and the proof of Lemma (3.3.1) is complete.

We proceed next to determine the dimension of X in Case (3), i.e., for d = 3.
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Lemma (3.3.2). Let X be a Fano manifold satisifying the hypothesis of the Main
Theorem for which d = 3, in the notations of Proposition (2.2.1). Then, X must
be 5-dimensional.

Proof. Let D be the meromorphic distribution on X spanned at generic points by
VMRTs. D is holomorphic on X − E for some subvariety E ⊂ X of codimension
≥ 2. Since d = 3, at a generic point x ∈ X , Γ(Ux, τ∗xO(1)) ∼= Γ(P1,O(3)) ∼= C4,
and rank(D) ≤ 4. If rank(D) ≤ 3, then PDx

∼= P1 or P2, and D is integrable
by Proposition (3.1.2), contradicting Proposition (3.1.1). Thus, rank(D) = 4,
and the VMRT Cx ⊂ PDx

∼= P3 at a generic point x must be isomorphic to the
standard cubic curve in P3. Denote by ϕ : Λ2D −→ TX/D the Frobenius form.
From the proof of Proposition (3.1.2), for any [α] ∈ Cx and any ξ ∈ Dx such that
ξ mod Cα ∈ T[α]Cx, we have α ∧ ξ ∈ Ker(ϕx). From the cubic expansion of Cx it
follows readily that Ker(ϕx) ⊂ Λ2Dx must at least be 5-dimensional, while Λ2Dx

∼=
C6, so that Im(ϕx) is 0 or 1-dimensional. If it is zero at a generic point x, then D
is integrable, contradicting Proposition (3.1.1). Thus, Im(ϕx) is 1-dimensional at
a generic point x on X−E, and there exists a meromorphic distribution W of rank
5 on X containing D at generic points such that Wx/Dx = Im(ϕx) at a generic
point. Replacing E by some larger subvariety of X of codimension ≥ 2 if necessary,
we may assume that W is also holomorphic on X − E.

We are going to prove that X is of dimension 5 by showing that W agrees
with the tangent bundle TX . By Proposition (3.1.1) it suffices to show that W
is integrable. The proof is already contained in [Hw] and [HM5]. Since the proof
in the present special case is particularly simple, we include here a self-contained
proof. Let S ⊂ X be a subvariety, S ⊃ E, such that Im(ϕx) is 1-dimensional on
X − S. S may contain irreducible components of codimension 1 on X . Denote
by W the sheaf of germs of holomorphic sections of W on X − E. The same
notational convention will apply to other distributions. W is integrable if and only
if [W ,W ] ⊂ W . Since on X − S we have W = [D,D], it suffices to show that for
any local D-valued holomorphic vector fields η1, η2, η3 and η4 on an open subset
U ⊂ X − S, the holomorphic vector field [[η1, η2], [η3, η4]] must again be W -valued.
By the Jacobi identity it is enough to show that

[[η1, η2], η3] is W -valued for arbitrary η1, η2 and η3.(†)

Since D is spanned by VMRTs, we may assume that there exist 4 linearly inde-
pendent holomorphic sections α1, α2, α3 and α4 on U such that [αi(x)] ∈ Cx for
every x ∈ U . Thus it suffices to establish (†) in the case when η3 is replaced by any
one of these αi’s, which we will simply denote by α. We may further asume that
there is a holomorphic section γ of the universal family µ : U −→ X over U such
that [α(x)] = τx(γ(x)) for any x ∈ U , and such that furthermore ρ(γ(x)) ∈ K is a
standard minimal rational curve. There is a filtration Cα ⊂ Pα ⊂ Zα ⊂ D of D on
U which depends on the choice of α, defined at x ∈ U as follows. Pα(x) ⊂ Dx is
the 2-dimensional vector subspace containing Cα(x) such that Pα(x) mod Cα(x) ∼=
T[α(x)]Cx canonically. Zα(x) ⊃ Pα(x) is the 3-dimensional vector subspace such that
Zα(x)/Pα(x) is canonically identified with the nonzero image of the projective sec-
ond fundamental form σ[α(x)] of Cx ⊂ PDx at [α(x)]. Writing P resp. Z for the
sheaf of germs of holomorphic sections of P resp. Z and using the cubic expansion
of the standard cubic curve in P3, it follows readily that [P ,Z] +D =W . To prove
(†) it is therefore enough to take η1 to be P -valued, to be denoted by ξ, and η2 to
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be Z-valued, to be denoted by ζ. But then, by the Jacobi identity,

[[η1, η2], η3] = [[ξ, ζ], α] = [[α, ζ], ξ] + [[ξ, α], ζ]].

However, by the proof of Proposition (3.1.2) the two vector fields [α, ξ] and [α, ζ]
are D-valued. (The latter statement is implicit in the statement of Proposition
(3.1.2).) It follows that [[η1, η2], η3] is W -valued, as desired. The proof of Lemma
(3.2.2) is complete.

Proof of the Main Theorem, continued. We proceed now to prove that any 5-
dimensional Fano manifold satisfying the hypothesis of the Main Theorem for which
d = 3 must be biholomorphic to the Fano homogeneous contact manifold K(G2).
In the notations of the proof of Lemma (3.2.2), we have a meromorphic distribution
D on X of corank 1, regular outside a subvariety E ⊂ X of codimension ≥ 2. Let
S ⊂ X be the smallest subvariety containing E such that (i) the Frobenius form
ϕ : Λ2D −→ TX/D is non-degenerate on X−S, and (ii) π′|X−S : C|X−S −→ X−S
is a regular family of P1, embedded at x as a standard cubic curve in PDx

∼= P3.
A priori S ⊃ E may contain a hypersurface H of X . By Proposition (3.1.4), X is
biholomorphic to K(G2), provided that S ⊂ X is in fact of codimension ≥ 2. With-
out loss of generality we may assume that the canonical projection λ : C −→ X has
1-dimensional fibers over X − E, and that for any y ∈ X − E, there is a standard
minimal rational curve passing through y, so that in particular the strict transform
Coy of τy : Uy 99K PTy(Y ) is 1-dimensional.

To prove that S ⊃ E does not contain any hypersurface we will proceed by
contradiction. Let H ⊂ S be an irreducible hypersurface of X . Let C ⊂ X be a
standard minimal rational curve intersecting H transversally at generic points. We
will show that at any y ∈ H∩C, Cy ⊂ PDy

∼= P3 is a standard cubic curve, and that
furthermore the Frobenius form ϕy at y is non-degenerate. For the former property
it suffices as in the proof of Lemma (3.3.1) to prove that the third fundamental
form κ is non-degenerate on the tautological lifting C′. For this purpose we need
to determine the splitting type of D|C , where for notational simplicity we assume
again that C is embedded. Now D|C ⊂ TX |C ∼= O(2) ⊕ O(1) ⊕ O3. We have
on C the rank-3 holomorphic vector subbundle Z ⊂ D defined in analogy to the
filtration of TX |U in the proof of Lemma (3.2.2), where Z ∼= O(2) ⊕ O(1) ⊕ O.
(Compare this to the vector bundle Q on C′ in the proof of Lemma (3.2.1), where
Q = π′∗Z ⊗ T ∗C′ .) We have D|C/Z ⊂ TX/Z ∼= O2, so that DC/Z ∼= O(−k) for
some k ≥ 0. Now, Hom(O(−k), Z) ∼= O(k+ 2)⊕O(k+ 1)⊕O(k) is a semipositive
vector bundle over C ∼= P1. It follows that H1(C,Hom(O(−k), Z)) = 0 and that
the short exact sequence 0 −→ Z −→ D|C −→ D|C/Z −→ 0 splits, giving D|C ∼=
O(2)⊕O(1) ⊕O ⊕O(−k). The third fundamental form κ gives a section over C′

of Hom(O(−3), O(−k − 2)) ∼= O(1 − k). Since κ is nonzero at a generic point
of C′, we must have 1 − k ≥ 0, i.e., k ≤ 1. On the other hand, if k = 0, then
(TX/D)|C ∼= O, so that for the Frobenius form ϕ restricted to C, ϕ(α, η) = 0
whenever α ∈ Tx(C) and η ∈ Dx. Fixing x ∈ X and varying the minimal rational
curve C passing through x, we conclude by polarization that ϕx = 0, contradicting
the fact that ϕ is non-degenerate at a generic point. We conclude therefore that
D|C ∼= O(2)⊕O(1)⊕O ⊕O(−1). Then, κ gives a holomorphic section over C′ of
Hom(O(−3),O(−3)) ∼= O. As it is nonzero at a generic point of C′, it must be
nonvanishing everywhere, as claimed.



FANO MANIFOLDS WITH NEF TANGENT BUNDLES 2657

It remains to prove that the Frobenius form ϕ is everywhere nondegenerate on
C. Knowing the splitting type of D|C , we conclude that (TX/D)|C ∼= O(1). For
x ∈ C we have ϕx(α, ζ) = 0 whenever ζ ∈ Zx. Thus ϕ induces a homomorphism
ψ : TC ⊗D|C/Z −→ (TX/D)|C , i.e., ψ : O(2) ⊗O(−1) −→ O(1). Since ϕ is non-
degenerate at a generic point of C, so is ψ, and ψ must then be an isomorphism
on C′. This implies that ϕ is non-degenerate on C, so that ϕ is non-degenerate
at a generic point of H . This contradicts the minimality of S in its definition.
We conclude that S ⊂ X is of codimension ≥ 2, and that, as a consequence of
Proposition (3.1.4), X is biholomorphically isomorphic to the Fano homogeneous
contact manifold K(G2). The proof of the Main Theorem is complete.

Finally, we note that the 3 cases of rational homogeneous manifolds as listed in
the Main Theorem do satisfy the hypothesis given there. Since they are homoge-
neous their tangent bundles are nef, being spanned by global holomorphic vector
fields. The VMRTs are well-known and of dimension 1, pertaining to the cases
of d = 1, 2, 3. Since they are of the form G/P with P ⊂ G a maximal parabolic
subgroup, the second Betti numbers are equal to 1. The only part of the hypothesis
which is not immediate is the condition b4(X) = 1. For X = P2, of real dimension
4, b4(X) = 1. For X = Q3, of real dimension 6, b4(X) = b2(X) = 1 by Poincaré
duality. For X being the Fano homogeneous contact manifold K(G2), the compo-
nent K is itself a rational homogeneous manifold of Picard number 1 and of type
G2, carrying a rank-2 G2-invariant distribution which assigns to each [C] ∈ K the
2-dimensional space of holomorphic sections of the positive component of rank 1 of
the normal bundle NC|X of C in X . It follows that K must be the rational homo-
geneous manifold of type G2 corresponding to the short node, which, as a complex
manifold, is biholomorphic to the 5-dimensional hyperquadric Q5. From Lemma
(1.2.3), bk(X) = bk(Q5) for any nonnegative integer k. But for an odd-dimensional
hyperquadric the Betti numbers agree with those of the projective space of the
same dimension, so that b4(X) = b4(Q5) = 1, as asserted.
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