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Abstract

In this paper, the stable Hy, control problem is
addressed. It is shown that the stable Hy, control
problem is reduced to finding a unimodular matrix
such that a two block H., optimization problem is
solvable. And then it can be solved if an unimodular
matrix is selected such that a Nehari problem is solv-
able. In fact, if the unimodular matrix is selected as
a constant matrix, then the result of [10] is obtained.

1. Introduction

Recently, the Ho, optimization theory has been exten-
sively studied for a given linear time-invariant system,
see [3, 5,6, 11, 1] . However, it is well known that these
design methods always yield an unstable controller,
which is undesirable in practice. For example, even if
an unstable controller is used for a stable plant, the
system will become unstable when the feedback sen-
sors fail, i.e., the system is open-loop. On the other
hand, stabilization using an unstable controller always
introduces additional right half-plane zeros into the
closed-loop transfer function matrix beyond those of
the original plant. As it is known that the right half-
plane zeros of a system affect its stability to track
reference signals and/or to reject disturbances. It is
preferable to use a stable controller whenever possible.

It is well known that the strong stabilization prob-
lem is solvable if and only if the plant satisfies the
parity interlacing property (PIP) condition [8] . For
SISO systems, the strongly stabilizing controller can
be constructed by Youla’s interpolation approach [9, 8]
. For the MIMO systems, Saif et al. [7) proposed an
Ho, optimization approach to construct the strongly
stabilizing controller. In this paper, we will address
the stable Hy, controller design. We will prove that
the stable Hy, control problem can be reduced to find-
ing an unimodular matrix such that a two-block Huo
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optimization problem is sovable and then it is solvable
if a Nehari problem is solvable.

2. Preliminaries

In the following, a transfer function G(s) with realiza-
tion (4, B, C, D) will be denoted by

co-F213]

Lemma 1 [8, 11} Suppose a plant G is stabilizable
and detectable. Select constant matrices F' and H such
that the matrices Ap = A+BF and Ay = A+HC are
both Hurwitz stable such that G = NM~' = M~IN,
where

M X A+BF | B -H
N Vv = F 1 0 ,
C+DF D I
v o_x A+HC | ~B+HD -H
N c -D I
satisfying

Yy -X1[M x]_ I
-N M N Y |~T
Then all stabilizing controllers for G can be parame-

terized as

K(s)

i

(X+MQ)(Y +NQ)™
Y + QN)"H(X + QM) = 3(J,Q)

where F(J, Q) denotes a linear fractional transforma-
tion (LFT) on J and Q, with

J = xy-1 y-!
- y-1  _y-IN
A+BF+HC+HDF | -H B+HF
= F 0 I
—(C 4+ DF) I -D

and Q(s) € RHy, such that (I + Y™INQ)(c0) is in-
vertible.
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Assume Q(s) is given by

_ [ Aq | Bg
Q_[CQ DQ]’

then K(s) can be written to

w0 [ 5]

A (B+HD)Cp | B,
= —BQ(C + DF) AQ Q
F—-Dq(C+ DF) Cq | Do
where
A = A—(B+HD)Dg(C + DF)
By, = -H+(B+HD)Dq

Obviously, K(s) is stable if and only if the matrix 4x
is stable.

Lemma 2 [7] IfV(s) € RH, P(s) is unimodular
in RHy, and ||P™'Vilew < 1, then V(s) + P(s) is
wnimodular in RHq.

Lemma 3 For any proper transfer function V(s) €
RH,, there always ezists a unimodular transfer func-
tion P(s) in RHy, such that V(s)+P(s) is unimodular
mn RH.

Proof: Let
v> IV(s)lew, Vi(s)=771V(s)

then |[V1(s)|lso < 1. So Vi(s) + I is unimodular, i.e.
V(s) + P(s) is unimodular in RH,, where P(s) = ~I
n

Lemma 4 For any unimodular transfer function T'(s) in
RH,, there always ezists a factorization

T(s) =V(s)+ P(s)

where V(s), P(s) € RHy, and P(s) is unimodular in
RH_, such that

1P=Hv, <1
Proof: Select two scalars -y, and v such that
IT'(8) + Yollleo <7 1)

Obviously, [y~ (T(s) + voI)|leo < 1. Let vy~ H(T'(s) +
Yol) = P~V = P~Y(T — P). Then

P[T(s) + (yo + NI =T
If we select v satisfying (1) such that T'(s) + (vyo +

7)1 is unimodular, then a unimodular P(s) can be
constructed as

P(s) = yT(T(s) + (vo + M)~

It is easy to find that the selection ¥ > —7, > 0 can
guarantee that T'(s) + (o + 7}/ is unimodular. B

3. Problem Statement

Consider a linear time-invariant system G(s) with the
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following minimal realizations

#(t) = Az(t) + Biw(t) + Bau(t),
Z(t) = Clm(t) + D111U(t) + Dlzu(t), (2)
y(t) = Caz(t) + Dayw(t) + Dagult),

where z € R" is the state vector of G(s), u € R™ is
the control vector, w € RP contains all the external
input signals, such as disturbances, sensor noise, and
commands, z € R? is the control output vector, and
y € R? is the vector of the measured variables avail-
able for feedback control, all matrices in (2) are con-
stant and with appropriate dimensions. Sometimes we
denote G(s) as

G(s) = {

In this paper, without loss of generality, following the
formulation in {3, 11] , we assume that the system
G(s) satisfies the following standard assumptions:

Al (4, B,) is stabilizable and (A, C2) is detectable;
A2 Dj, has full column rank and Ds; has full row rank;

A3 A= jwl B has full column rank for all w;
Cy Dy,

A4 A-jwl By has row column rank for all w.
Cs Dy

The Stable H o, Control Problem is defined as the
design of a stabilizing controller

u=K(s)y 3)
where K (s) € RH,, such that
T zwlloo <7y (4)

with v > 0 is the given Ho, performance level, T%,, as
the closed-loop transfer function from w to z subject
to the feedback control (3). It is well known that T,
can be described by a linear fractional transformation
(LFT) on G(s) and K(s)
Tw(s) = B(G(s), K (s))

The standard He, control problem (that is, when K(s)
is not restricted to be stable) is solvable if and only if
two algebraic Riccati equations (AREs) have unique
positive semidefinite solutions, and a spectral radius

condition is satisfied. Then all stabilizing controllers
satisfying |(Tw|lco < 7y can be parameterized as

K(s) = §(J(s),Q(s)), Q(s) € RHeo, lQllo <(’Y)
3

where J(s) is of the form
o =[50 w3 o
y

such that D12 and ﬁzl are invertible and A—BQDI"; &
and A — B1D;'C; are both stable, ie., J3', J5;" €



RH.
From Youla’s paramterization, (5) can be written
as the following alternative representation [11]

3(J,Q) = (X5+M;Q)Y;+N,Q)7"
= (I +QN) Ry +QHy)  (8)
where
[ M; X; ] -
Ny Yy
A-BD;)C, | By—BiD;'Dyy By DZ}
[ Cy — D D3'Cy | D1z — D11D3' Dy D1y D3}
-D3'C, _ =Dy'Dy D3}
M; Ny
% %)
A~ By,D3C, B, - B,D3 Dy, -ByDy
Cy — D9 D1yt Cy | Doy — DasDiiDy1 ~Dap Dy} }
Dié, DDy Dt

Assume Q)(s) is given by

_ | 49 | Bo
Qﬁ{CQIDQ}

then K(s) can be written as

A+ BQPQC2 ByCo B + BZPQD21
= Bg(C2 Ag BgDay
Cy + D12DgCy  D12Cq 1 D11 + D12Dg Dy

Obviously, K(s) € RH, if and only if the matrix Ax
is stable, that is to make K (s) stable is equivalent to
find a stable compensator Q(s) € RHy to stabilize
the associated plant Jaa(s).

Lemma 5 [10] Given a linear time-invariant plant
G(s) satisfying assumptions (A1-A4) and the Hy, per-
formance indezx~y > 0, the set of all Hy, controllers are
parameterized as (5). Then there exists o stable Hy,
controller if and only if there ezists a stable controller
Q(s) € RHy with ||Q(s)|leo < 7y stabilizes the associ-
ated plant Jao(s).

The above lemma means that the stable Ho, con-
troller problem is reduced to a strong stabilization
problem with the controller satisfying the Hoo-norm
constraint. It is well known that the strong stabiliza-
tion problem is solvable if and only if the plant satis-
fies the parity interlacing property (PIP) condition [8]
. For SISO systems, the strongly stabilizing controller
can be constructed by Youla’s interpolation approach
[9, 8] . For MIMO systems, Saif et al. {7] proposed a
H,, optimization approach to construct the strongly
stabilizing controller. In the following, we will propose
a design method of the stable Hy, controller design.

4. Main Results

Assume that J(s) has been computed and that Ja(s)

’

is unstable. A necessary condition for the system to
be strongly He stabilizable is that Ja3(s) satisfys the
PIP condition. For any coprime factorization

Jaa(s) = N.]MJ—I
where Nj(s), M;(s) € RHy, there exists a Q(s) €
RH, such that K(s) € RH, if and only if there exists
a Q(s) € RH, such that My + QN is unimodular in
RH, ie., (M;+QN;)~! € RH.

Define
Uy(s) = My(s) + QN (s)
Then there exists a factorization
Us(s) = R(s) + 1T (s)

such that || T~1R||__ < 7o, where R(s), T(s) € RHz, Yo
is a constant and T(s) is unimodular in RH. So the
stable H,, control problem is solvable if there exists a
Q(s) € RH, such that

1771 (Mg + QN =10 <0s 1@ <

Let 7o = 7T}, , the above condition is satisfied
if

M+ QN = 7Dl <7
It holds if

lRQ()loe <

([ Ms+QNs =T Q] <~

- "M +QN||oo <7, Q(s) € RHo
where M = [ My —~vT 0],N=[N; I].This
means that the stable He, control problem can be re-

duced to select a unimodular transfer matrix 7'(s) €
RH,, and a transfer function Q(s) € RHe such that

“M—kQNllm <7

Theorem 1 The stable suboptimal He, control prob-
lem is solvable if there exists a unimodular matriz T'(s)

such that minQ.gRHw"'M + QN[ - <7.

Remark 1 After T is selected, it reduces to a one-
side model matching problem and it can be solved using
the inner-outer factorization approach [2, 4] . On the
other hand, if we set vy =1+¢e >, T =1, then we
can obtain a similar result of [10] .

_ Let J{’ have a co-inner/co-outer factorization as
N = N,N;, (see [4] ), and define

M o= [M M ]=M[N ()]
Q = QNO

where N;- is a complementary co-inner factor such

that [ %’_L } is square and inner, then
1

min

omip. [+ e =

Q?Rigw Il M+Q My,
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which is a two-block Ho, optimization problem. Define
A ~
= min M+ M
Yo 2 i [ M3 +Q 2 ],

Yopt Can be obtained using the “y—iteration” approach
[2, 4] . So for the stable Hy, control problem, it is solv-
able if 7 > Yope > M2l [2, 4] . When v > M2l
to find a QQ € RH such that
I m+Q 2 i, <7

if and only if

|ston+ @) <1 ©)

oo

where S is a spectral factor of the para-Hermitian ma-
trix (21 — Mo M3), ie.,

58" = 42T —~ MyM3
Define

Y =8"M, X=8'Q
we have following result.

Theorem 2 The stable Hy control problem is solv-
able if there exists a unimodular matriz T'(s) such that
[| M2l < v and

Y + Xl <1
where X € RH.

To find a matrix X € RH, such that (10) holds
is a Nehari problem and it can be solved using the
method in [4] .

(10)
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