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ABSTRACT: A unified gradient-based treatment
for optimizing certain performance indices under the
constraint of pole assignment is provided. By intro-
ducing a free optimization parameter and solving a
Sylvester matrix equation, compact gradient formulas
are derived for general purpose gradient descent nu-
merical implementation. Special problems including
robust stability pole assignment and Hy sensitivity
reduction are employed to illustrate the technique.
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1 Introduction

A classical technique in control system design for
state-space systems is pole assignment. For a com-
pletely state controllable realization with two or more
inputs, the feedback gain to achieve a specified set
of closed-loop poles is in general nonunique. Such
nonuniqueness may be exploited to optimize a vari-
ety of system performance indices. The most common
application of this idea is robust pole assignment (see
[1, 8, 7, 8, 11] and references therein). Relatively
speaking, there has been little work on utilizing the
freedom in the state feedback gain matrices to opti-
mize other performance criteria, for instance, relat-
ing to stability radius and sensitivity reduction. The
obvious reason is that pole assignment itself imposes
constraints to the feedback systems and inevitably re-
duces the overall achievable performance. However,
in certain robustness maximization problems, specific
restrictions are required in order to obtain finite feed-
back gain solutions. Also, it is often necessary to
fix or approximately fix the closed-loop poles due to
practical considerations, such as transient character-
istics. The tradeoff between pole assignment con-
straints and optimum performance is justifiable in
view of control system implementation since optimal
solutions may have undesirable transient behavior or
unacceptably large gain. On the other hand, the spec-
ification of closed-loop poles may provide significant
simplification on the solution procedures to the oth-
erwise unconstrained optimization problems.
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Motivated by the aforementioned reasons, this paper
considers the optimization of a class of system perfor-
mance indices under the constraints of pole assign-
ment via state feedback. To fix the idea, the robust
stability pole assignment problem and the sensitiv-
ity reduction problem will be discussed. The robust
stability pole assignment for multivariable systems in-
vestigated here is to maximize certain lower bounds
of the stability radius and, as such, is a problem not
systematically addressed.

2 Performance Optimization with Pole
Assignment Constraint

Let {A1, Az, - -+, An} be a set of self-conjugate complex
numbers corresponding to the set of desired poles.
Assume that there are n’ complex conjugate pairs,

A2im1y A2 = o £ B3, i =1,2,... 7nl1 define
A:=di a b O il B
| [ R P [

W
It is assumed that the eigenvalues of A are distinct,
then for a given controllable pair (4, B), A € R**"
and B € R™*™ the problem of pole assignment by
state feedback is to choose feedback matrix F, such
that

V-Y(A+ BF)V =A 2)

for some nonsingular V. A state feedback matrix F'
is said to be admissible if the pole assignment con-
straint (2) is satisfied. Without loss of generality, B
is assumed to have full column rank m > 1 and thus
there are infinitely many admissible F'.

We use tr(M), |M||p, (M), and A\(M) to denote
the trace, Frobenius norm, maximum singular value,
and maximum eigenvalue of M respectively.

2.1 Robust Stability Pole Assignment

Consider the following uncertain system:

&= (A+ A)r+ Bu (3)

] a/\2n'+17' . ,/\nd



where z € R”™ is the state vector, u € R™ is the
input vector, and A is a matrix representing the un-
certainties. Under static state feedback u = Fz, the
closed-loop system is given by

z=(A+BF +A)z 4)
Suppose that A + BF is stable, then from [10], the
closed-loop system (4) is robustly stable if
5(8) < 575 (%)
where P = PT > 0 satisfies
(A+BF)TP + P(A+ BF)=-2I

On the other hand, Hinrichsen and Pritchard [5] give
a frequency domain characterization of the allowable
uncertainty for robust stability as follows.

1
“TGI=A-5h 7=

With R(-) denoting the real part, notice that
sup5((jwl~A-BF)™] < 5(V)a(V ") max [R(N:)| ™!

5(A)

and that the eigenvalues of A are given a priori,
these suggest the consideration of a simpler index,
a(V)a(V 1), which is the spectral or Euclidean con-
dition number of V. Although V is in general not an
eigenvector matrix of A + BF, there exists a uni-
tary matrix L such that VL is an eigenvector ma-
trix due to that A is real and normal. As a re-
sult, 7(V)5(V~1) = a(VL)a(LTV~!). Notice that
the spectral condition number is traditionally used
as a measure of eigenvalue robustness when a matrix
is under unstructured perturbation (see [9]). Due to
a few technical reasons [2, 8], the minimization of the
index 52(V))+5%(V 1) is preferable and that any min-
imizer of which serves as a minimizer of #(V)&(V ~1).
Finally, as in [5], Dickman [4] has also considered
the bound in (6) and suggested the minimization of
the performance index ||A + BF|| . Unfortunately,
Dickman did not offer any systematic procedures to
minimize this index in his paper.

Consequently, robust control system design for un-
structured perturbation in A+ BF may be considered
by minimizing Jy := 6(P), J2 := 3 (52(V) + 5*(V1))
or J3:= 3||[A+ BF||%, all under the constraint of
(2). Now, we can formulate the Robust Stability Pole
Assignment problems as:

Opt 1: inf Jq
st. (A+ BF)TP+ P(A+ BF)=-2I
VY(A+BF)V =A
Opt 2: inf Jo
s.t. V'I(A+BF)V =A
Opt 3: inf J3
st. V'I(A+ BF)V =A
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2.2 Sensitivity Reduction

Consider the following system with disturbance:

t=Az+Bu+Ew, y=z, z=Cz+Du (7)
where w € R" is the exogenous disturbance, u € R™
the control, y € R? the measured output and z € R?
the controlled output. The objective is to minimize
certain induced norm between the controlled output
z and the exogenous disturbance w. This problem is
sometimes referred to as the (Almost) Disturbance
Decoupling Problem. In particular, under feedback
u = Fy = Fz, one aims to minimize the Hy norm of
the transfer function from w to z, given by G(s) =
(C+DF)(sI-A—BF)~'E. As (A, B) is controllable,
this corresponds to a regular Hy optimal control with
state feedback problem when D has full column rank
and the transfer function C(sI — A)~!B + D has no
invariant zeros on the imaginary axis. Suppose that
A+ BF is stable, then the Ha norm of G(s) is given
by [|G(s)ll2 with

IG(s)|I2 = tr(ETPE) =: J,
where P = PT > ( satisfies

(A+BF)TP+ P(A+ BF) = —(C+DF)T(C+ DF)
8)
In the case where the poles of A+ BF are not fixed a
priori, it is possible that F may become unbounded
in order to make the Hy norm small. To regularize
the problem, the following Ha optimization under the
constraint of pole assignment is considered.

Opt 4: inf Jy
st. (A+ BF)TP + P(A+ BF)
= —(C + DF)T(C + DF)
VY A+ BF)V =A
Unlike the Hs optimal control problem with state

feedback, the present sensitivity reduction problem
always has solution as long as (A, B) is controllable.

The optimization problems discussed in this section
belong to a general class of Pole Assignment Perfor-
mance Index Optimization Problems:

PAPIOP infJ (J=J(F)orJ=J(V))
st. V(A+BF)V =A

3 Gradient-based Optimization

3.1 Parametric Optimization

In this paper, we will follow the idea of [3] to parame-
trize all the feedback matrices F' and the eigenvector



matrices V that satisfy (2) as the function of a free
parameter U € R™*™. This is achieved by solving a
parametric Sylvester equation in U and then recov-
ering the feedback matrix F = UV ~!. In this way,
the performance indices become functions of the free
parameter U.

Given a controllable pair (A4, B) and a real A of the
form in (1) such that A and A have no common eigen-
values, then a function f : U — (F,V) is defined as
follows. For U € R™*™, solve

AV -~ VA=-BU (9)

for V and if V is nonsingular, let F = UV ™!, The
function is denoted as (F, V) = f(U) with domain,

Dy :={U € R™" | V in (9) is nonsingular}
and range, Ry = f(Dy).
Theorem 1 [1, 6]
(a) Dy is a dense open set in R™*™.

() {(F.V): V-{(A+BF)V = A} = Ry = /(Dy).

Since the performance indices discussed in Section
2 are uniquely determined by F' and V, they are

functions of the free parameter U. Consequently, .

they can be expressed as J;(U) for i = 1,...,4. As
(F,V) = f(U) is a rational function and Dy is an
open set, so F and V are differentiable with respect to
UforallU € Dy. Thus % exists if J; is differentiable
with respect to F' or V. It should be noted that J;
and J, may be nondifferentiable at some points when
the multiplicity of the largest singular value of P, V
or V! is greater than one. In this case, other in-
dices such as tr(P), |Pllr, 3 (V% + |[V~!|%) may
be considered.

3.2 Gradients for Optimization
3.2.1 General Case

A unified approach is taken here to treat all kinds of
optimization problems under the constraint of pole
assignment. To achieve this task, we assume that a
given performance index J is differentiable with re-
spect to the state feedback matrix F' or the closed-
loop eigenvector matrix V. This distinction is not
only more convenient for the purpose of gradient com-
putation of J which is uniquely defined by F' (for ex-
ample, Ji, J3, and Jy) but is sometimes necessary.
This is because there are performance indices which
are not differentiable with respect to F' (for example,
J is not well-defined for any given F'). By using the
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function f(U) defined in Section 3.1, the constraint
V~1(A+ BF)V = A may now be replaced with

f(U): AV —VA=-BU, F=UV~} Uce€Ds
Theorem 2 Suppose U € Dy and
AV —-VA=-BU, F=UV~"!
(a) For J = J(F), if $& is known, then
8] _ 6J -7 T~T
o (Y)vramy o

where V=T denotes (V‘“I)T andY is the unique
solution of

oJ

_ _ -1
YA-AY =V (BF

)TF (11)

(b) For J = J(V), z'f%;— is known, then

oJ T T
= _-B
30 Y 12)
where Y is the dm'que solution of
AN
YA- =— (=
we (2w
Proof: Omitted due to page limit. O

Remark 1 From the result in Theorem 2(a), at a
differentiable minimum point of J(F(U)), Y becomes
an eigenvector matriz of A + BF. In the case of
J(V(U)) in Theorem 2(b), Y must be singular and
its null space contains the range space of B. Since
the null space of Y is always contained in the un-
observable subspace of the pair ((8J/V)T | A), this
subspace would also contain the range space of B.

3.2.2 Special Cases

In the following, we give the gradient for each in-
dex discussed in Section 2. The results are sum-
marized in Table 1. In the table, w is the normal-
ized eigenvector of P corresponding to the eigen-
value 5(P) (since P = PT). Also, we define J, =
25%(V), Jo 16%(v-1), then Jo = J, + Jp and
Jb := JoJp. Furthermore, we have 5(V) = /A(VTV)
and assumed that X (VTV) is a simple eigenvalue of
VTV, with corresponding normalized eigenvector w,
(wlw, = 1) and A((V")TV~1) is a simple eigen-
value of (V~1)TV 1, with corresponding normalized
eigenvector wp (wfwp = 1).



aJ aJ
A aJ .
20) 30 Sylvester Equations
B || S =2BTPX 2BTpxV-T 4 BTYT (A+BF)X + X(A+BF)T = —wuT
YA— AY =2V-1XPBF
il B (A+ BRYX + X(A+ BF)T =1
J2 || 2 = Vwauw? — V-TV-luywl V=T BTY YA-AY =
—wowlVT + V- luwlv-Ty-1
|| 3% = VwewT — JV-TV-lwpuIV-T | » YA-AY =
—JoywewIVT + L,V lupwl V-Ty—1
|l 5% = Lv-uzvT - Lvizv-Ty-ty-T | » YA~AY =
—3IVHEVT + 3VIZV-lv-Ty !
Js || S = BT(A+ BF) BT(A+BF)V-T+BTYT | YA~ AY =V~Y(A+ BF)TBF
Jo || S5 =2MX 2MXVv-T 4 BTYyT (A+BF)X + X(A+ BF)T = —EET
M := BTP + DT(C + DF) YA-AY =2V-1XMF

Table 1. Gradient Formulas of Performance Indices

The gradients are obtained under the assumption
that the maximum singular values concerned are sim-
ple and this is the generic situation. It may hap-
pen that the infimum of a performance index to oc-
cur at points where the maximum singular value has
multiplicity greater than one. Algorithms may, how-
ever, be suitably designed to terminate at these non-
differentiable critical points such as by considering
the magnitude of difference between the largest two
singular values less than certain prescribed value as
the stopping criterion. Alternatively, smooth perfor-
mance indices Jj := tr(P), J3 = |[VIZIV%
may also be used.

4 Numerical Example

The matrices A, B below represents a nominal distil-
lation model [7, 8] with 5 states and 2 inputs.

[ —-0.1094  0.0628 0 0 0
1.3060 —2.1320  0.9807 0 0
A = 0 1.5950 —3.1490 1.5470 0
0 0.0355 26320 —4.2570  1.8550
| 0 0.00227 0 01636 -0.1625
[ 0 0
0.0638 0
B = 0.0838 —0.1396
0.1004 —0.2060
| 0.0063 -0.0128

The open-loop poles are at —0.077324, —0.014232,
—0.89531, —2.8408 and —5.9822.

Robust Stability Pole Assignment:

The desired closed-loop poles are —1+ 3, —0.2, —0.5
and —1. The performance indices Jj, Ji, J2, Jg, J7,
and J; are minimized and the results are compared
on the size of the implied robust stability bound. To

facilitate comparison, we define

1 4 1
MEEPEY] T T G- A= BF) e
where F* denotes the optimal solution of one of
the above performance optimization problems. Ta-
ble 2 summarizes the results for comparison (figures
in brackets correspond to the maximum values over
the whole iteration processes).

From Table 2, it can be seen that by minimizing
Ji the obtained 7; and -y, are the largest. In fact,
the minimizer of the smooth Ji appears to be a good
compromise in the case if a smooth performance in-
dex is insisted. The performance indices Jz, J§ and

>, which all relate to the condition numbers of the
closed-loop eigenvector matrix, do not give good per-
turbation bounds at their minimized values. The per-
formance index J3 does not reflect well on the allow-
able size of the norm-bounded perturbation A. Fi-
nally, the use of gradient formulas for the nonsmooth
indices J; and Jj derived based on the assumption
of distinct eigenvalues does not present any practical
difficulties in the optimization process.

Sensitivity Reduction:

The same model is now subjected to disturbance
described by (7) where C, D and E are as follows

1 0 0

001 0 0 1 0 0
C=|0 0 01 0}, D=03x2, E=}10 1 0
0 0 0 0 1 01 0

0 0 1

With the same prescribed set of closed-loop poles, it
is found that a minimizing solution is given by

F* o= —51.6668 135.5339 —296.9035 240.2631
Ja T | —25.0055  62.3744 —124.4031 92.0061

with Jy(FJ,) = 4.5571, and ||F}, ||Fr = 443.0413. If
the pole assignment requirement is lifted, the sensi-
tivity reduction problem with A + BF stable corre-
sponds to a singular optimal control problem since
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—30.1735
0.1746

)



Performance Index Minimized Value ¥1 Y2 [[Fll2 1 Flir

J1 =a(P) 36.07 0.0277 0.1111 | 255.71 | 256.61
(0.0277) | (0.1128)

T, =t (P) 73.24 0.0225 | 0.1077 | 268.16 | 268.89
(0.0225) | (0.1100)

Jo =4 (82(V) +3%(V-1)) 31.70 0.0047 | 0.0680 | 283.82 | 285.35
(0.0063) | (0.0768)

Jh=38%(V)e(V—1) 248.06 0.0044 0.0565 | 286.94 | 289.22
(0.0066) | (0.0776)

J="ZIVIZIVTIZ 382.32 0.0052 0.0701 | 354.85 | 355.19
(0.0074) | (0.0800)

Js =LA+ BF|% 111.34 0.0014 | 0.0304 | 168.98 | 174.89
(0.0026) | (0.0349)

Table 2. Comparison of Performance Indices

D = 0. From (8) and Table 1, a state-feedback gain
matrix F which is an optimal solution must satisfy

(A+ BF)TP+P(A+BF) = -CTC
(A+BF)X + X(A+BF)T = -EET
XPB = 0

These conditions may not be easily satisfied and a
typical way to provide suboptimal solutions for singu-
lar problems is to regularize them via perturbation.
Consider D, = e[ Iz 02x1 ]T with € > 0 being a
small number. The sequence €, &k = 1,2,... gives
a sequence of suboptimal state feedback controllers.
When € = 1074, the optimal H, sensitivity state feed-
back is F;m_4 given by

[ 2.8369 47321 -6786.6279 -—7181.5156
—5.8810 —10.5824 —7320.0206  6412.6708
and the optimal H, sensitivity equals 1.0967. The
closed-loop system poles are —1450.6269, —221.5889,
—8.6094, —0.099793, and —0.5308. It can be seen
that there is a pole very near to the origin which
might be undesirable due to its associated slow tran-
sient characteristics. The state feedback gain ma-
trix has [|[F*_;,-4]|F = 1.5043 x 10%. Over the range
0.0001 < € < 1, the magnitude of the optimal state
feedback matrix is O(e~1). Finally, it should be real-
ized that the set of closed-loop poles may be viewed
as a set of design parameters not only to characterize
the dynamics of the closed-loop system but also to
control the gain of the optimized feedback.

5 Conclusion

Robust designs for state-space systems based on per-
formance index optimization with state feedback pole
assignment constraints are considered. By exploiting
the extra degrees of freedom beyond pole assignment,
a unified gradient-based treatment is offered through
the introduction of a free parameter in the optimiza-
tion process. The robust stability pole assignment
and Hs sensitivity reduction are used to illustrate the
technique.

—2755.7949
5133.3939
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