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Abstract 

This paper considers robust H ,  control problems via state 
feedback and measurement feedback for a class of affine 
nonlinear systems with gain bounded uncertainties, and the 
solutions of the problems are derived in terms of smooth 
solutions of Hamilton-Jacobi inequalities. It is also shown 
that the results are extensions of the corresponding results 
for linear systems. 

1 Introduction 

In recent years, the Hm control problem for nonlin- 
ear systems has been extensively investigated by sev- 
eral authors [1,3-5,10,11]. In particular, in [ll] it was 
shown that the solution of the Hw control problem via 
state feedback can be determined from the solution of a 
Hamilton-Jacobi equation (or inequality), which is the 
nonlinear version of the Riccati equation considered in 
[2] for the corresponding H ,  control problem for lin- 
ear systems. Sufficient conditions for the solution of 
the problem in the case of measurement feedback have 
been given in a series of papers [1,3,4], and [l] and [5] 
discuss the necessity of these sufficient conditions. 

This paper consider the robust H ,  control problem 
affine nonlinear systems with gain bounded uncer- 
tainty. Specifically, we consider an uncertain nonlinear 
system modeled by equations of the form 

x =  

y = h 2 ( ~ )  + Ah2(z) + k z i ( z ) w  

f (.I + A f  (.) + g l ( z ) w  + ( 9 2 ( 2 )  + & 7 2 ( 2 ) ) U  

z = hi(z) + k i z ( z ) ~  (1) 

where x is a state vector defined on a neighbourhood 
X of the origin in R", U E R" denotes the control in- 
put, w E RP the disturbance input, z E Rs the penalty 
variable and y E RP the measured output. Functions 

known smooth (i.e. C") mappings defined in a neigh- 
bourhood of the origin in R" with f (0) = 0,  h l ( 0 )  = 0 
and hz(0)  = 0. The smooth uncertain mappings satisfy 
0-7803-3590-2/96 $5.00 Q 1996 IEEE 

f(.), g1(z), 9 2 ( 4 ,  h1(z), h2(z), 4 2 ( z )  and k2l(.) are 
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Definition 1.1 ([9]) : Consider an uncertain nonlin- 
ear system C given by  

j . =  f (2) + A f  (2) + g b b  
Y = h ( 4  (5) 

with x E Rn, U E R", y E RP, and A f ( x )  E R f .  
Let y > 0 be given. The system C is said to  have 
locally robust disturbance attenuation performance y in 
U C X (v is a neighbourhood of the origin in Rn) i f  
for any A f ( x )  E O f ,  the free system with U = 0 is 
locally asymptotically stable with domain of attraction 
containing U ,  and the system C is with an L2 gain less 
than or equal to  y, i.e., 

T lT IlY(t>l12dt 5 7 2  J 0 ll.(t)1I2dt 

for every T > 0 and U E D with D being defined as 

D = {U : U E Lz(0,T)I ifz(0) = 0,  z ( t )  E U f o r t  5 T} 

where Lz(0, T )  denotes the set of vector-valued function 
u(t) satisfying s,' llu(t)112dt < 00. 

In this paper, the following two problems for the system 
(1) will be addressed. 

Robust disturbance attenuation problem via 
state feedback: Given the system ( l ) ,  find a state 



feedback controller 

U = a(%), a(0) = 0 (6) 

such that the resulting closed-loop system has local ro- 
bust disturbance attenuation performance y. 

Robust disturbance attenuation problem via 
measurement feedback: Given the system (l), find 
a controller with the following form 

t = rl(t ,Y) 
= (7) 

such that the resulting closed-loop system has local ro- 
bust disturbance attenuation performance y, where 6 is 
defined on a neighbourhood V of the origin in R", and 
q : V x RP -+ R", and 0 :-+ R" are smooth functions 
with q(0,O) = 0 and O(0) = 0. 

It should be noted that nonlinear models of the form 
(1) can be used to represent many real physical systems 
[6,7,12]. The uncertainty structure in equations (2)-(4) 
has been used in [9], and it was shown that the solu- 
tion of the problem of robust disturbance attenuation 
via state feedback for the system of the form (1) with 
A g z ( x )  = 0 and Ah,(%) = 0 is related to the existence 
of solution of a Hamilton-Jacobi inequality. The pur- 
pose of the present paper is to extend the result in [9] 
to the more general class of systems given by (1). 

The following assumptions will be used in the sequel. 

Assumption Al:  The matrix g&(x)gzz(x) + 
k g ( x ) k l z ( z )  is nonsingular for each x E X. 

Assumption A2: For each A f ( x )  E Q,, &a(.) E 
fig, any bounded trajectory x ( t )  of the system 

i ( t )  = f(.(t)) + M(.(t)) + k?2(34t ) )  + Agz(x ( t ) ) Iu ( t )  

h l ( X ( t ) )  + klZ(Z(t))U(t)  = 0 

satisfying 

for all t 2 0, is such that limt+m x ( t )  = 0. 

Assumption A3: The matrix h l l ( x )hT l (x )  + 
kzl ( x ) k g  (x) is nonsingular for each x E X .  

2 Robust disturbance attenuation via state 
feedback 

The following results present sufficient conditions for 
the solvability of the problem of robust disturbance at- 
tenuation via state feedback for the system (1). 

Theorem 2.1 Consider the system (i) and suppose 
Assumptions A i  and A2 hold. Suppose there exist 

scalar smooth functions X,(x) > 0 and &(x) > 0 such 
that the Hamilton- Jacobi inequality 

Then, a solution of the robust disturbance attenuation 
problem via state feedback is  given by 

Theorem 2.2 Consider the system (I) and suppose 
hypothesis AI holds. Suppose there exist scalar smooth 
functions Xl(x) > 0 and Xz(x) > 0 such that the strict 
Hamilton- Jacobi inequality 

~,(x, vZ., ~ l ( x ) ,  ~ z ( z ) )  < 0 f o r  x # 0 (14) 

has a C1 positive definite solution V ( x ) ,  which is de- 
fined locally defined in a neighbourhood of x = 0 and 
vanishing at x = 0.  Then, a solution of the robust dis- 
turbance attenuation problem via state feedback is given 
by (13). 
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Remark 2.1 When Agz(x) = 0, Theorem 2.1 coin- 
cides with Theorem 2 in [9]. 

By Propositions 2.1 and 2.2 in [4], it is easy to  see that 
the state feedback control law given by Theorem 2.1 or 
Theorem 2.2 also is a solution for the problem of local 
disturbance attenuation with internal stability for the 
following extended system E,: 

j . =  f(.) + 92(z)'Ll 
+ [ r m f l l ( 4  $"11(4 91(4  I *  

Next section will discuss the relation between the un- 
certain system (1) and the extended system E, with- 
out uncertainty. In particular, the controller given by 
Theorem 2.2 guarantees that the resulting closed-loop 
system is uniformly asymptotically stable, which corre- 
sponds to the quadratic stability for an uncertain linear 
system if V(z) = xTPx  for some positive definite ma- 
trix P. 

In linear case, consider the uncertain linear system 

where the uncertainties Fl(t) and F 2 ( t )  satisfy 
FF(t)Fi(t) 5 I and F,T(t)FZ(t) I I. = &(., v:, A1 (.), A2 (.I) +(.-(.(.))TR2(.)(.-a(x)) 

- 7 2  w - -gT(.)VZ (15) Then, for the quadratic stabilizability with an Hw- 
norm bound y ([13]) of the uncertain system (17), we 
have the following corollary. 

Corollary 2.1 Suppose that the matrix ETE2 + 
DT2Dla i s  positive definite. Then the uncertain sys- 
tem (17) is quadratically stabilizable with an Hw-norm 
bound y > 0 if there exzst constants €1 > 0 and €2 > 0 
such that the following Riccati inequality 

/ IZ  1 I1 2Y2 
By inequality (8) and U = Q(z), we have 

v , ( f (Z)  + Af(.) + (92(5) + Ag2(5))4Z)) + V,g1(.)w 

I Y211w1I2 - 1 1 ~ 1 1 2  
which implies from Assumption A2 and the results in 
[4] that the closed-loop system 

f =  
z =  h(.) + k12(.)4.) 

f(.) + A f k )  + (92(.) + Ag2(.))4.) + gl(.)w 
Ht,(Q, €1, €2) = ATQ + Q A  + (??(?I + QRQ < 0 (18) 
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1 R = 

with 

- B1 BT + €1 D I D ;  + € 2  D2 0: - B2 Rzl ( ~ 2 )  BT 
Y2  

1 
€ 2  

R 2 ( ~ 2 )  = -E,TE2 + DF2Di2 

Moreover, a suitable feedback control law is given by 

U = -Rz1(~2)(BrQ + D12C1) 

Proof. It is immediate from Theorem 2.2. a 

Remark 2.2 It should be noted that the Riccati in- 
equality (18) involves the choices of two parameters €1 

and €2. When choosing E = €1 = € 2 ,  from Theorem 3.1 
in [13], the condition under which the Riccati inequal- 
ity 

has a positive definite solution Q is sufficient and neces- 
sary for the quadratic stabilizability with an H,-norm 
bound y of the following system 

f f l s ( Q , € , ~ )  < 0 (19) 

k = ( A  + AA(t))x  + B ~ w  + (B2 + AB2(t))u 
z = C ~ X + D ~ ~ U  (20) 

where 

with F T ( t ) F ( t )  5 I. By the notion of overbounding 
in [8], the system (20) is an overbounding system of 
the system (li"), so the condition given by (19) only 
is a sufficient condition for the quadratic stabilizability 
with an €$,-norm bound of the system (17), and 
applying it to the system (17) may bring about some 
conservativeness. The condition given by (18) may be 
less conservative, but the necessity of the condition is 
a problem to be investigated. 

3 Robust disturbance attenuation via 
measurement feedback 

If the state z of the plant is not available for measure- 
ment, then consider a controller K for the system (1) 
of the following form 

such that the resulting closed-loop system has locally 
robust disturbance attenuation performance, where E E 
R" . 

Consider an auxiliary system CO given by 

Applying the controller K to  the system (1) and the 
system CO, respectively, we obtain the following two 
closed-loop systems. 

=z fe(xe) + Afe(xe) + ge(xe)W 

where 2, = [zT 

f e  (xe ) = 

Let U(xe )  be a C1 function defined in a neighbourhood 
of (O,O) ,  denote 

J1(u1  Cc1, af1 a.92, ah)  Uze(fe(Xe) + a fe (xe ) )  
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Lemma 3.1 For any A f ( x )  E R f ,  Ag2(x) E (iii): There exists a C3 positive definite function Q(x) ,  
a,, Ah2(.) E O h ,  and X l ( X )  > 0, X2(x), A,(%) > 0, locally defined in a neighbourhood of x = 0 and vanish- 
the following inequality holds ing at x = 0,  which satisfies the following inequality 

Proo$ Omitted due to space limitation. 0 

Remark 3.3 From the inequality (32) and the results 
in [ll], we know that if there exist positive smooth 
functions X1(x), X2(z) and &(x)  such that the closed- 
loop system CCo of (27) is dissipative, with a CT stor- 
age function U(xc,) ,  with respect to the supply rate 
s(W,i)  = y211W(/2 - 11i112, then the closed-loop sys- 
tem Ccl of (23) also is dissipative, with the same 
storage function U ( x e ) ,  with respect to the supply 
rate S(W,E) = y211w112 - 1 1 ~ 1 1 ~  for any A f ( x )  E O f ,  
Ag2(z) E R, and Ahz(x) E Oh. 

Combining the above lemma, and Theorem 3.1 on [4], 
we have the following theorem. 

Theorem 3.1 Consider the system (1) and the system 
CO of (22), A I ( % ) ,  A,(%) and As(%) are given positive 
scalar smooth functions, and suppose the following: 

(i): Assumptions A2 and A 3  hold, and the matrix 
lcT2(x)klz(x) i s  nonsingular for each x, 

(ii): There exists a C3 positive definite function V ( x ) ,  
locally defined in a neighbourhood of x = 0 and vanish- 
ing at x = 0,  which satisfies the following inequality 

\ 

Denote 

is a solution of the robust disturbance attenuation prob- 
lem via measurement feedback for the system (1). 

Theorem 3.2 Consider the system ( I )  and suppose 
the following: 

(i'): Assumptions A1 and A3 hold, 

(ii') There exists a C3 positive definite function V ( x ) ,  
locally defined in a neighbourhood of x = 0 and van- 
ishing at x = 0,  which satisfies the following strict in- 
equality 

HO(~,V,,X1(2),XZ(x),X3(~)) < 0 f o r x  # 0 (50) 

(iii'): (2) and (iv) in Theorem 3.1 hold. 

Then, the controller K given by (21) with (48) and 
(49) is a solution of the robust disturbance attenuation 
problem via measurement feedback for the system (1). 

Proofs for Theorems 3.1 and 3.2 axe omitted here due 
to space limitations. Q 
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Remark 3.4 From the above results, it is easy to see 
that the solution of the robust disturbance attenuation 
problem via measurement feedback for the uncertain 
system (1) can be conducted by the extended system 
CO without uncertainty, which is similar to the result 
for linear systems in [14]. For the case of state feedback, 
the similar conclusion holds for the system (1) and the 
extended system C, of (16), i.e., the controller given in 
Theorem 2.1 or Theorem 2.2 can be conducted by the 
extended system E,, but the proofs of Theorem 2.1 and 
Theorem 2.2 are direct from the standard “completion 
of the squares” argument. 

Remark 3.5 By computing directly , we have 

%(., v:, A1 (21, A2 (.)I = Ho(., v:, A1 (21, A2 (21, A3 (.)I 

which is different from the H w  control system design 
for affine nonlinear systems without uncertainty. This 
is caused by the uncertainty of the measured output. 

Remark 3.6 For the linear case, the similar can be 
made as Corollary 2.1 and Remark 2.2, the details are 
omitted . 

4 Conclusions 

This paper addresses the robust H ,  control problems 
via state feedback and measurement feedback for a 
class of uncertain affine nonlinear systems. The pro- 
posed solutions rely upon the existence of positive defi- 
nite smooth solutions of Hamilton-Jaccobi inequalities, 
which can be conducted by solving the corresponding 
H ,  control problem for the extended systems without 
uncertainty. 
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