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Abstract

This paper considers robust Hy control problems via state
feedback and measurement feedback for a class of affine
nonlinear systems with gain bounded uncertainties, and the
solutions of the problems are derived in terms of smooth
solutions of Hamilton-Jacobi inequalities. It is also shown
that the results are extensions of the corresponding results
for linear systems.

1 Introduction

In recent years, the H,, control problem for nonlin-
ear systems has been extensively investigated by sev-
eral authors [1,3-5,10,11]. In particular, in [11] it was
shown that the solution of the H, control problem via
state feedback can be determined from the solution of a

Hamilton-Jacobi equation (or inequality), which is the

nonlinear version of the Riccati equation considered in
[2] for the corresponding H, control problem for lin-
ear systems. Sufficient conditions for the solution of
the problem in the case of measurement feedback have
been given in a series of papers [1,3,4], and [1] and [5]
discuss the necessity of these sufficient conditions.

This paper consider the robust H,, control problem
affine nonlinear systems with gain bounded uncer-
tainty. Specifically, we consider an uncertain nonlinear
system modeled by equations of the form

& f@) + Af(@) + gi(z)w + (g2(z) + Aga(z))u

z = hl (.’B) + klz (III)U (1)
y = hz(.’L‘) + Ah2($) + ko1 (a:)w

]

where z is a state vector defined on a neighbourhood
X of the origin in B", u € R™ denotes the control in-
put, w € R" the disturbance input, z € R® the penalty
variable and y € RP the measured output. Functions
f(z), 91(2), 92(2), ha(x), ha(%), ki2(z) and ke (z) are
known smooth (i.e. C°°) mappings defined in a neigh-
bourhood of the origin in R™ with f(0) =0, h1(0) =0
and hz(0) = 0. The smooth uncertain mappings satisfy
0-7803-3590-2/96 $5.00 © 1996 IEEE

Af(z) € Qy, ADgy(z) € Q, and Ahy(x) € Qp with
Qs £ {f11(2)51(2) : 67 ()5 (3) < fH(@) faa(x), V& ezz))c}

Q, 2 {91 (2)8, (x) : 6T (2)3,(2) < g5 ()g2(2), ¥ e(;)(}

2 (k1 (2)6n(2) : 67 (2)3n(x) < W, (@)hoa(e), Ve ¢X)

where f11(z), g11(z) and hii(z) are known smooth
mappings, the smooth mappings fi2(z), gs2(x) and
ha2(z) are given weighting mappings with f22(0) = 0
and hgy(0) = 0.

Definition 1.1 ([9]) : Consider an uncertain nonlin-
ear system ¥ given by

& = f(z)+Af(z) +g(z)u
y = h(z) (5)

with z € R*, w € R™, y € RP, and Af(z) € Q.
Let v > 0 be given. The system X is said to have
locally robust disturbance attenuation performance <y in
U C X (U is a neighbourhood of the origin in R") if
for any Af(z) € Qy, the free system with u = 0 is
locally asymptotically stable with domain of attraction
containing U, and the system ¥ is with an Ly gain less
than or equal to vy, i.e.,

[ worea s [ e
for every T > 0 and u € D with D being defined as
D={u :u€ Ly(0,T) ifz(0) =0, z(t) €U for t < T}
where Lo(0,T) denotes the set of vector-valued function

u(t) satisfying [ |[u(t)||?dt < co.

In this paper, the following two problems for the system
(1) will be addressed.

Robust disturbance attenuation problem via
state feedback: Given the system (1), find a state




feedback controller

u = a(z), a(0) =0 (6)

such that the resulting closed-loop system has local ro-
bust disturbance attenuation performance «y.

Robust disturbance attenuation problem via
measurement feedback: Given the system (1), find
a controller with the following form

13 n(¢,9)
u 0(z)

= (7)
such that the resulting closed-loop system has local ro-
bust disturbance attenuation performance -, where £ is
defined on a neighbourhood V of the origin in RY, and
n:V x RP - RY and 4 :— R™ are smooth functions
with 7(0,0) = 0 and 8(0) = 0.

It should be noted that nonlinear models of the form
(1) can be used to represent many real physical systems
[6,7,12]. The uncertainty structure in equations (2)-(4)
has been used in [9], and it was shown that the solu-
tion of the problem of robust disturbance attenuation
via state feedback for the system of the form (1) with
Aga(z) = 0 and Ahs(z) =0 is related to the existence
of solution of a Hamilton-Jacobi inequality. The pur-
pose of the present paper is to extend the result in [9]
to the more general class of systems given by (1).

The following assumptions will be used in the sequel.

Assumption Al: The matrix g5 (z)g22(z) +
kL (2)k12(z) is nonsingular for each z € X.

Assumption A2: For each Af(z) € Qf, Aga(z) €
2, any bounded trajectory z(t) of the system

&(t) = f(z(t)) + DF(2() + [g2(2(t)) + Dga(z(t))]u(t)
satisfying

hl(a:(t)) -+ klz(iE(t))u(t) =0
for all ¢ > 0, is such that limy_, o z(£) = 0.

Assumption A3: The matrix hyi(z)hf(z) +
ko1 (x)k3, () is nonsingular for each z € X.

2 Robust disturbance attenuation via state
feedback

The following results present suflicient conditions for
the solvability of the problem of robust disturbance at-
tenuation via state feedback for the system (1).

Theorem 2.1 Consider the system (1) and suppose
Assumptions Al and A2 hold. . Suppose there exist
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scalar smooth functions A;(z) > 0 and Ao(z) > 0 such
that the Hamilton-Jacobi inequality

H,(z, VI, M(x), Ao ()

(8)

has a C' positive definite solution V(z), which is de-
fined locally defined in a neighbourhood of ¢ = 0 and
vanishing at x = 0, where Vy = 9V s the Jacobian
matriz of V', and

2V, F@) + F @ (o) + gVR@VT <0

oz

F@) = f(z) - @R @)k (@M (2) (9
mfzz( z)
ha(z) = \7;2=(m)gzz(x)R2 @)kl (2)ha(z) | (10)
hy (w) — k12(z) Ry () k() ha ()
R@) = o gl(w)gl (@) + A (2)fu (=) fi ()
+/\z(z)gn(w)gﬂ (=) — g2(z)R; H(2)gs (=) (1)
with
Ry(2) = —— 9 (z)g22(z) + k5 (2)ki2(z)  (12)

A()

Then, a solution of the robust disturbance attenuation
problem via state feedback is given by

u(z) = a(z) = —R; ' (z) ( T(@)V.T + kL (z)h (x))
(13)

Theorem 2.2 Consider the system (1) and suppose
hypothesis A1 holds. Suppose there.exist scalar smooth
functions Ay (z) > 0 and Az(z) > 0 such that the strict
Hamalton-Jacobi inequality

Ho(z, VI, M\ (z), x2(z)) <0 for z #0 (14)

has a C!-positive definite solution V(z), which is de-
fined locally defined in a neighbourhood of x = 0 and
vanishing at x = 0. Then, a solution of the robust dis-
turbance attenuation problem via state feedback is given

by (13).

Proof of Theorem 2.1. For any Af(z) € Qp, Hgafz) €
Qg, A1(z) > 0, and Xo(z) > 0, from (2) and (3), we
have
Va(f(2) + &f(2) + g1 (2)w + (g2(2) + Lga(z))u)
+||ha (@) + Fa()ul)? — y*lwll?
= Vi f(2) + Vg (@)w + Vaga (@)t + || b1 () + Frz ()ull?
—llwll? + Vi f11(2)85(z) + Vogi1(z)dg (z)u
< Vo (@) + Vagi(@)w + Vaga(@)u + |ha (2) + krz (2)ul®



7wl + V2 0 0o () () el @) )V

3y B (o) + o @)oo

Vet (2) + 3V (0100 (@) + () s () 5 2)
L T()vT ’
w 27291 T x

5 B ) + W @) @)

+ha(2)g11(2)gf1 (2))V; ~

+u” (ﬁay;";(w)yzz (z) + k};(z)klz(z)) u

+Vega(z)u + 2uT kL (2)hy ()
By Assumption A1, we know that the matrix Ry(z) is
positive definite for A2{z) > 0, which further implies
from (8)-(13) that
Ve [f(z) + Af(2) + g1(@)w + (92(2) + Dga(2))y]
+lh () + ka2 (z)ull® = v?||lw]|®
f3(@) faa(z)

1

/\1 (a:)

V(50 @] () + (@) () @)

< Vo f (@) + b (@) () +

+X2(2)g11 ()91 () VT — 42

1
w— ng(x)VzT

—a’(2)Ry(z)a(2) + (u — &(2)) " Ra () (u - a(z))
Ve(f(2) — 02(2) Ry () ki3 (2)a (2)) + hf (2)ha (2)

F12(@) fo2 (@) =R (2)k12(2) B3 ()kaa (2)a (2)

L1
/\1 (.’L‘)

+1% (F0 @ @) + 1@ @) @)
+X2(@)gn ()5 () - 9 @R (2)ga(@)) VI

+(u—a(2)) Ra(z)(u—a(z))

1 7 T
w— 5;591 (z)V,

= Hy(z, V', \i(2), X2 ()) +(u—(2))" Ra(2) (u—a(z))

2

2

1
-7 lw - =7 (z)VT
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By inequality (8) and u = a(x), we have
Vao(f(2) + AF(@) + (92() + Dga(2)) (@) + Vegi (z)w

< Pl — 21

which implies from Assumption A2 and the results in
[4] that the closed-loop system

(15)

T
z

hi(z) + k12(z)a(z)

2

f(@) + Bf(z) + (92(2) + Dga(2))a(z) + g1 (z)w

825

is with an Ly gain which is less than or equal to ¥,
and asymptotically stable for any Af(z) € Q; and
Agz(z) S Qg. q

Proof of Theorem 2.2. By inequalities (14) and (15),
we have

Va(£(2) + Af(2) + (92(2) + Dga(2))o(2)) + Vog1 (2)w

<Ylwh? — ||z||? for z #0

Thus, the conclusion of Theorem 2.2 is immediate from
the results in [4]. <

Remark 2.1 When Ags(z) = 0, Theorem 2.1 coin-
cides with Theorem 2 in [9].

By Propositions 2.1 and 2.2 in [4], it is easy to see that
the state feedback control law given by Theorem 2.1 or
Theorem 2.2 also is a solution for the problem of local
disturbance attenuation with internal stability for the
following extended system X,:

& = f(z)+g(z)u
+ [wWh@ ) WR@au() oz o
L f3(z) 0
- [;7,\1&’622 ]+[ﬁ"m(z)] (16)

hl (:17) k12 (17)

Next section will discuss the relation between the un-
certain system (1) and the extended system ¥, with-
out uncertainty. In particular, the controller given by
Theorem 2.2 guarantees that the resulting closed-loop
system is uniformly asymptotically stable, which corre-
sponds to the quadratic stability for an uncertain linear
system if V(z) = 2T Pz for some positive definite ma-
trix P.

In linear case, consider the uncertain linear system

(A + D1F1 (t)El)Z + Blw + (Bz + Dng(t)Ez)’u
Cl.’I} + Diou (17)

z
z =
where the uncertainties Fi(t) and F3(t) satisfy
FT()F;(t) < I and FF(®F(8) < I.

Then, for the quadratic stabilizability with an He.-
norm bound v ([13]) of the uncertain system (17), we
have the following corollary.

Corollary 2.1 Suppose that the matriz EJ E» +
DI,Dy, is positive definite. Then the uncertain sys-
tem (17) is quadratically stabilizable with an Ho,-norm
bound v > 0 if there exist constants € > 0 and e > 0
such that the following Riccati inequality

Hls(Q,Ehég) = ATQ + QA'F C'irc_'l + QRQ <0 (18)




has a positive definite solution @, where

A = A- BzR;l(Q)D%Cl
] T=B
Ci = | Z=BR;' ()DL
C1 — D1aR; e2) D, Ch
R = ;153133’ +e1D1DY + e2D; D3 — BaRy " (e2) By
with

1
Ra(e2) = -E—2E2TE2 + DI{ZDH
Moreover, a suitable feedback control law is given by

u=—Ry"(e2)(B] Q + D15C1)

Proof. It is immediate from Theorem 2.2.

Remark 2.2 It should be noted that the Riccati in-
equality (18) involves the choices of two parameters €;
and €. When choosing € = €; = €2, from Theorem 3.1
in [13], the condition under which the Riccati inequal-
ity

His(Q,¢,€) <0 (19)

has a positive definite solution @Q is sufficient and neces-
sary for the quadratic stabilizability with an H,-norm
bound ~ of the following system

(A + AAWM)z + Biw + (Bs + ABy(t)u
Ciz + Diou (20)

il

where
[AA(E) A By(t)] = [D1 Do)F (1) [%1 1(’7)2]

with FT(t)F(t) < I. By the notion of overbounding
in [8], the system (20) is an overbounding system of
the system (17), so the condition given by (19) only
is a sufficient condition for the quadratic stabilizability
with an He-norm bound v of the system (17), and
applying it to the system (17) may bring about some
conservativeness. The condition given by (18) may be
less conservative, but the necessity of the condition is
a problem to be investigated.

3 Robust disturbance attenuation via
measurement feedback

If the state z of the plant is not available for measure-
ment, then consider a controller K for the system (1)
of the following form

3

U

a(8) + b(&)y
o(8)

l

21
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such that the resulting closed-loop system has locally
robust disturbance attenuation performance, where ¢ €
R*.

Consider an auxiliary system g given by

i = f@)+n@u VN ),
+ VA (z)g11(2), O, gl(m)] W
= f(z) + g10(2)® + ga(z)u
e L@
5 = ) Oh (w) + mgmﬂf
/—As(z) 22 0
Ry (z) k1a(x)
= h10+k120(:1,‘)’u, (22)
y = h(@)+[0 0 yv/X@hu(e) ku(z) |

ha(x) + ko210 (z)w

Applying the controller K to the system (1) and the
system X, respectively, we obtain the following two
closed-loop systems.

. e = fe(Te) + Afe(me) + geTe)w
Sar {30 D e (@)
where z, = [z £7]7,
[ f(2) + ga(z)e(€
re) = 0D TG e
sy = [MGFLERO] @)
‘ge(we) = _b(fg)lk(;)(x)] (26)
. Te = feO(me)+ge (il?e)’lfl
Beo { Z = hlﬁ(w)’*'kl;:)(fl?)c(f) (27)
where
feO(xe) = fe(xe) (28)
geo(ze) l:b({g)llé)z(lsf))(a:) } (29)

Let U(z.) be a C* function defined in a neighbourhood
of (0,0), denote

(U, Se1, A F, Dga, Ahg) 2 U, (Fo(@e) + D fo(ze))

1
+ZTZ -+ Z’y—z'Uzege(me)g’er(xE)Ui (30)

Jo(U, Teo, A1 (), A2(2), A3 () 2 Us, (feo(ze) + 272
1
+WUzegeO($6)gz;)(me)Ui (31)

Then the functions J; and Jy have the following rela-
tion.



Lemma 3.1 For any Af(z) € Qf, Aga(z) €
Qg, Dho(z) € Qp, and Ai(z) > 0, Aa2(z), /\3(.’17) >0,
the following inequality holds

Jl (U> 2017 Af: A921 Ah?) < JO(U, 260) )\1 (.’E), )\2 (.’l}), ’\3 (z))

(32)
Proof. Omitted due to space limitation.

Remark 3.3 From the inequality (32) and the results
in [11], we know that if there exist positive smooth
functions A1 (z), A2(z) and A3(z) such that the closed-
loop system Y. of (27) is dissipative, with a CT stor-
age function U(z.), with respect to the supply rate
s(w,2) = %@l — ||2||2, then the closed-loop sys-
tem X, of (23) also is dissipative, with the same
storage function U(z.), with respect to the supply
rate s(w,z) = V?[lw|® - ||z|* for any Af(z) € Qy,
Aga(z) € Q, and Aho(z) € Q.

Combining the above lemma, and Theorem 3.1 on [4],
we have the following theorem.

Theorem 3.1 Consider the system (1) and the system
Lo of (22), M(z), A2(x) and A3(z) are given positive
scalar smooth functions, and suppose the following:

(i): Assumptions A2 and A3 hold, and the matriz
ki, (x)k12(x) is nonsingular for each z,

(it): There exists a C*? positive definite function V(z),
locally defined in a neighbourhood of x = 0 and vanish-
ing at x = 0, which satisfies the following inequality

Ho(z, Ve, A1 (2), X2 (2), As(2)) = Vo f(2)
@k @)+ REVE <0 (39)

where
F(@) = f(z) - g2(2) B7* (@) ka0 (2) P10 (z)
h1(z) = h1o(2) — k120(z) Ry (2)kizo (z)h10(z)  (35)
R(z) = ;15910(95)9%(93) ~ (@R @)eT(z)  (36)

Denote

(34)

o(e) = ~Rz () (508 @)VT + Ko (z)hiolz))

= B @A @V +Hh@m@) @D
ar(z) = '21?9%(‘5)‘/5 (38)

fo(2) = f(z) + groa:1(x) (39)

ha(z) = ho(z) + karo(z) a1 () (40)

827

(i1i): There exists a C® positive definite function Q(z),
locally defined in a neighbourhood of x = 0 and vanish-
ing at x = 0, which satisfies the following inequality

Fo(z,Qq, M1 (2), A2(2), M2 () = Qo fo + T'(2)

Q@ @QT <0 fora 0 (41

and the Hessian matrices of Fo(z,Q4, A1(x), A2(z) and
A2(z)) are nonsingular, where

fol@) = fu(x) — g10(2)kd10 () R (2)has ()

§1(z) = gio(z) [I - "72T10($)R1_1(’3)k210(-’5)] (43)
T(z) = of (z)Ra(z)a(z) — v2h, (2)R7 ! (2)has(2)
: (44)

(42)

with
Ry(z) = ¥*As(2)ha1 (2)h]; () + kan (2)k3, (z)  (45)

(iv): There exists a matriz function L(z) such that

Q2L(z) = hi, (z) (46)
Denote
G(@) = (27°L(2) + g10(2)k310()) R ()
= (27°L(z) + 91 (@)k3; ()R (2)  (47)
Then, the controller K given by (21) with
a(£) £+ () + 92(8)a(§) — G(©)hax(§) (48)
o) = G§), §=0af) (49)

is a solution of the robust disturbance attenuation prob-
lem via measurement feedback for the system (1).

Theorem 3.2 Consider the system (1) and suppose
the following:

(i’): Assumptions A1 and A3 hold,

(i4’) There exists a C® positive definite function V (z),
locally defined in a neighbourhood of x = 0 and van-
ishing at £ = 0, which satisfies the following strict in-
equality

HO(my Vz,Al(E),)\z(a:),Ag((B)) <0 fO"‘IL'#O (50)
(iii’): (ii1) and (iv) in Theorem 3.1 hold.

Then, the controller K given by (21) with (48) and
(49) is a solution of the robust disturbance attenuation
problem via measurement feedback for the system (1).

Proofs for Theorems 3.1 and 3.2 are omitted here due
to space limitations. 4




Remark 3.4 From the above results, it is easy to see
that the solution of the robust disturbance attenuation
problem via measurement feedback for the uncertain
system (1) can be conducted by the extended system
Yo without uncertainty, which is similar to the result
for linear systems in {14]. For the case of state feedback,
the similar conclusion holds for the system (1) and the
extended system X, of (16), i.e., the controller given in
Theorem 2.1 or Theorem 2.2 can be conducted by the
extended system ¥, but the proofs of Theorem 2.1 and
Theorem 2.2 are direct from the standard “completion
of the squares” argument. ‘

Remark 3.5 By computing directly , we have
HS(IE, V:z;Ta A (11), A2 (x» = HO("”) Va;T7 A1 (m)’ Az (:II), A3 (IL‘))
1
>\3(CL‘)

which is different from the Hy, control system design
for affine nonlinear systems without uncertainty. This
is caused by the uncertainty of the measured output.

h3a(z)haa(z)

Remark 3.6 For the linear case, the similar can be
made as Corollary 2.1 and Remark 2.2, the details are
omitted.

4 Conclusions

This paper addresses the robust Hy, control problems
via state feedback and measurement feedback for a
class of uncertain affine nonlinear systems. The pro-
posed solutions rely upon the existence of positive defi-
nite smooth solutions of Hamilton-Jaccobi inequalities,
which can be conducted by solving the corresponding
H, control problem for the extended systems without
uncertainty.
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